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FINITELY GENERATED CLONES WITH LINEAR
FUNCTIONS IN P3 AND Pg
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INTRODUCTION
Let Ey be the iset 10.li«s.5k=1} for & = 3,
p{n) - {f | £+ E} » E,} for n = 1,2 and let P, = 3 P}
k t Tk k F Fgnetm e k e k?
where Pz is the set of constant functions. A set of
functions 2 < Pk is a clone if it contains the projections
(i.e. the functions ej(xl...xj...xn) = 24 J=1 .8, 3 ,0) and

”

all superpositions over &
An open problem is the following: under what conditions is an
arbitrary 2 < P, finitely generated? (2 is finitely genera-
ted if there exists a finite subset 2 < 2 from which all
functions of Z can be obtained by superpositions.)

It is known that the clone of the linear functions Lp in Pp

(p is a prime) is finitely generated (Demetrovics and

Bagyinszki [11), where Lp = {LIL(xZ,...,xn) = g, # ii1aixi,

n = 1,2...} (addition and multiplication are car-
ried out mod p and a; are residue classes mod p).

We deal with finitely generated clones of P3 and Pe. The pur-

pose of this paper is to prove the following theorem:

A clone Z of P, or P, is finitely generated if it contains

a nontrivial n-ary linear function (»n > 2) and an unary non
linegr function,

For P; a more general result was proved by Marcenkov [21]:

g < Py, is finitely generated if it contains an n-ary linear

function and an arbitrary non linear function. (Lemma 5 and
its corollary). We give another proof, our method works for Pg
too (this part of the theorem is a new result).

The following statements will be useful in the sequel. If



= Pg (Z = P5) contains n-ary linear function then it con-
tains also the function f(x,y) = 2x + 2y (F(x,y) = 2x + 4y)
03

If Z has a near-unanimity function then it is finitely gene-
rated (this is an immediate corollary of the results of

n :
&> B n =
k L 1s a near

Baker's-Pixley's [3]1). The function m: E
~ufaninity function 1If mMiy,%.:w.s8) = WL, Y555 :8) = cus
= wlE, By wn v a®sgd = ¢ For all £,y E Ey
For the proof of.the P -part of the theorem is suffici~
ent to construct with superpositions from the function f(x,y)
and from an arbitrary non linear unary function a three-vari-
able near-unanimity function M: Essﬂ-Eg, for which M(z,x,y) =
=N(x,y,2) = M(y,z,x) = X hold. Moreover it is sufficient to
construct the function Ao(x,y) and vo(m,y) from which one

can obtain the function M wusing the formula of [213:

Mg, ys;8) = VO(VO(AO(x,y), Ao(x,z)), Ao(y,z)) (1)

where the Cayley tables of s and ¥

y| © 1 2 g @ I 2
Ao(x,y) x Vo(x,y) x
0 0 0 0 0 0 1
1 01 0 1 1
2 0 0 2 2 0

PROOF FOR FIRST PART OF THE THEOREM

First we construct the functions A, and Vo' The unary

non linear functions of P, can be given by the table:



al(x) 0 0 1
b(x)
cl(x) 1 0 0

dite) g 0 2
el(x)

o(x)

gila) Q@ I 1
h(x) 1 0
Z(x) L 2 0

gl g £ 2
k(x) 2 0
L) 2 2

m(x) 1 1 2
wilm) T & 1
oifx) 2 b4 2

p(x) i 2 2
q.(a) 2 I 2
r(x) 2 & 1

Among these functions b, d, g, g, m and ¢ are isomorphic in the
sense that all of them fix two elements and to the third they
assign one of the fixed elements. Now we shall obtain %0 and
¥ from the functions f(x,y) and b(z). The function b(xz) is
in the clone generated by either a(z) or e(x). In the groups
of the functions d, g, j, m, and ¢ (in the table these groups
are separated with lines) similar computations can be carried
out. E.g. from g can be produced (with the same steps appli-

cated for b) the functions AZ(x,y) 0 2 2 and
2 1 2
|z & 2



Vz(x;y) [ 2 @ from which the function ¥ is formed accor-
2 .1 A g
o 1 o ding to (1)

THE COMPUTATION FOR b(x)

& 7 oyl |8 2 1 Blf(z,y)) [00 1
21 0 01 0
bzl O 1 710 3 1 5 @
Bl(x,y) = blflblzl)sy)) 0 0 1
0 1 0
0 0 1
Bz(x,y) = Bl fla;b{y))) 00 0
g 1 0
1 0 1
f(B<(x,y),BZ(x,y)) [0 7 2
* 010
2 0 1

1

Ay (2sy) = FIF(B.By), b(flx,y) ))

Vo(x,y) - f(Ao(x,y),fo,y))

THE REDUCTION OF THE FUNCTIONS a(x) AND c(x) TO b(x)

al(a(x)) = 0; a( Flx;0)) bi(z):

flel flz,yls elelflx,ylll) = 253 ef(fle,2)) = ble) and
because of the isomorphisms stated the assertion is proved.

THE SECOND PART OF THE THEOREM CONCERNING P5

The proof is similar to the previous case. We shall obtain
from the function F(x,y) and from an arbitrary non linear
unary function of P, the functions



Ao (xsy) 00000 and V_(z,y) I 1 & 54
01 0 0 0 1 1 0010
9 0 2 0 0 2 0 2 0 0
0 00 320 30 0 30
0000 4 (4 000 4

From these functions, using (1), we get a three variable near-
-unanimity function M of Pg.
The computation gives also the polynomial forms of the functions

A and TV _.
(0] o]

First we derive from F two other linear functions

F(2z2 + 4y;y) 2(2x + 4y) + 4y 4dx + 2y

2(4x + 2y) + 4y = 3x + 3y.

F(4x + 2y,y)

If the functions G, H, K are elements of the clone 2 then

the same is true for the following linear combinations of them:

4G + 4H + 3K = 3(3G + 3H) + 3K
G + H + 4K = 4(4G + 4H + 3K) + 2K
G + 2H + 3K = 3(2G + 4H) + 3K

2G + 2H + 2K = 4(3G + 3K) + 2K

The proof is also a reduction to such '"good" functions as b(x)
was in Pg. In Pg, there are two kinds of such unary non
linear functions:

k(x) = 0 1 3 2 4 (it fixes three values of x and to the
fifth assigns one of the fixed values) 14(x) = 01233 (it fixes
four values of x and to the fifth assigns one of the fixed

values.

THE CONSTRUCTION OF THE FUNCTIONS Ao AND ¥ FROM F(x,y)
AND k(x)

x 01 2 3 4

k(x) 0 1 3 2 4 (The polynomial form of k(x) is xs).
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Let the function F, be Fl(x,y) = klw) + kly) + 4k(ée + 3y)

Ny DN O
QOO RN
Sy O
SO ey
OO

The polynomial form of Fl(x,y) is 4(x3 + x2y + xy2 + Y
The table of 3k(x) + 3k(y) 1is:

Ny O
SR RN ey
N Qg DN
DO
PN S N

[N

Using these functions

N (2sy) = Fy (k{8 + 8y), 3k(zm) + 8k(y))

The polynomial form of A is 4(x%/+'mﬂf2+'x2y34-xy4). To ¢con-

struct V_ it is necessary to take the cube of the function
Fz(x,y). F2(m,y) = k(FZ(x,y)). Its table is

ESELNEVA N
QO i
oM N
S WSS N
N OO KN

With this function
Vo(x,y) = FZ(AO(x,y),F2(x,y))
. z 4 3 2 2 3 o
The polynomial form of Vo, 1is Ty 4Ty F dpy + Ty +xF Y.
L4

Using the same iteration steps one can aerive also the unanimi-
ty function M(x,y,z) from the other 9 such functions of P
which fix three values of &« and interchange the another two

values.
(E.g. from wu(x) = 0 1 4 3 2 can be produced in the way pre-
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sented for k(x) the functions

As(x,y) 0 33 3 3 and V3(x,y) 0 330 3
31 &3 8 31 & 1 8
3 32 8 3 8 8 8 2 &
3 3 3 3 8 012 3 4
3 3 3 3 4 3 3 3 4 4

from which the function ¥ 1is formed using (1) ).

THE CONSTRUCTION FROM THE FUNCTIONS F(x,y) AND 14(x)

x 0 1 2 84

14(x) 01 2 3 3

We need a lot of superpositions since the function Z(x) make
only a little change on .

Flx,y) = 2x + 4y 0 4 3 2 1
21 0 ¢4 3
4 32 1 0
10 ¢4 38 2
321 0 4
Z4(F(x,y) = 0 3 & 2 1
210 38 3
3321 0
2 0 & &8 @
321 0 3
H(xz,y) = 3x + 3y 0 31 4 2
31420
l1 420 3
4 2 0 3 1
g 0 38 1 4
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N My ™
Mo ™My
N Mo ™
313n/.u0
S ™M ™oy

NN NS
SN My
NONOM™M
My NS
M~y

M~
Moo Mey
QAN
NS ™

DO N DS

S s
SO ™y
SQONDSD
DN
My

SISO
(il fllw P B =
SIS @ D
DD O
SIS

™M~ W
™M oy ™M
SHOSH o Ny
N~ O~
QO My NN

SO ™
O Dy
N SN
o~ ™
S M N

~
PRy
™~ A
~N
AN

F(H,1,H)

B =

~NMo o
NSO~ MO
MO NO N
O~ Mo
NSO~ ™

D = A(B,4A)

NS
S MM
DQOIND D
NN~ RS
SN ND

G = C(E,C)

H O W YO
SHOSH o~ N
SN
TH o SH S

S MR

),
i)
pe
&)
N
G
1
BN
(=i s o il
SO MM
SN O
D NS
SOMS Ny

M = H(L,Z4H)

H AN My
MWy o
AN~y ™

NN NS ™

QM N Oy

0 = F(H,N)

b < ilan)
™M SH o
S M ey
N~y
SERCR

~
M~
<H O
M~

H A9

24(H(x,y))

A = F(F,1,F)

C = A(A4,B)

E = H(C,D)

J = G(G,C)

L = F(K,F)

N = E(M,L)
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P = 010,k) g17668 Q = F{P,C) 00200
41000 210824
342 34 122413
R EE 231 3 8
181838z 24214
R = B(K, Q) 00000 8 = R(E,T) 00000
01004 01000
402 44 40240
0 4 4 34 004 34
0 40 4 ¢ 602004
T = 88, ) 00000 Ny = T(T,H)
01000
40200
000 34
0000 4
U = dx+dy+3n, |0 4 3 2 1 W= A (U,F) g 4 321
41210 01000
32204 00200
2310383 000 30
10434 000 0 4
z= A (4 2y,U)[0 0 0 0 0 V= 4 + 47 + 3N
41000
30200
200 30
10004

For the following 4 functions (with 4 fixed values) the same

computations can be carried out as for Z4(x)

@ 01 2
Zo(x)

~
~
[\\]

Zl(.'x:)02234
Zz(x) 01 4 3 4

Zs(‘”)01244

E.g. from Zo(x) can be produced in the manner applicated



for Z4(x) the functions

and V4(x,y)

[T N TN}
TN NN TN
MO Do MY R
HA oy M\ HN R
[TNTNT TN
NS
e N N N
Do R Do AR
(SO I Y
Ny NS

From x and from an arbitrary other function g with 4 fixed
values one can produce with an admissible linear combination
those function Ziﬂr) which has the same 4 fixed values as g.
The proof will be complete if we show that from an arbitrary
non linear unary function of P and from F(x,y) we can ob-
tain a function which has one of the previous two properties of
k(x ) and 14(x). We show this statement first for some types of

functions.

a) If in the clone 2 f and g two functions which differ from
cach other only at one value of x then 3f+29g 1is O for
cxactly 4 values of the argument, i.e. 3f + 2g + x has four

fixed values.

b) Functions with 3 fixed values

Let f be a function which fixed 3 values of «x and inter-
changes the other two values of z : y and z. (From f we
can already derive near-unanimity function). Let g be 3f + 3.
It fixes the same three values as f. Let g (y) =g(z) =
= 3y + 33 = a_ which is different from y and from =z. Next
let & be 4 + 28. Hh(yl = da, + 2y = 2z # 4y, Let Ahly) = a
5 i B
h(z) = 4a, + 22 = 4z + 2y. khiz) differs from a,, 2, y too.

1
from the equations it follows that a, Z a, a, Zy, a

The table of F(x,y) shows that 2z + 4y # 4z + 2y 1i.e.

h(z) # a; - Let A(z) = a Finally let j be 2g + 4=x.

X
x a, a; a5 Y 2
Filx) a, a; a, zy
gla) a, a; a, a, a,
h(x) a, a, a, a; a,
Jilx) a, a; a, a, a,
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From g (x), h(x) or from Jj(x) one can derive the function £
with the following linear combinations:

fle) = 29 x) + 48 flx) = 3h(x) + 3a flx) = 45(x) + 22.
Let mi(x) = a,aja,za; (t=0,2,8). Bor 4=0,1,2, m. o m{(b) =
= a,a,ana.a; and m, o m; differs from m . only at one

value of z. The same is true for the functions niér) =

= a,a;a,a.y (=0T 2.0 5

The remaining 6 functions with the same three fixed values are

(0 (¢ B0/

a a a.aq. a.a.a (o Ao 27 a.,a,a a.a a a,a. a,a
o120 o

7 12 o 27T o 1992 ol eI

. T em with linear
a,q;a,a,a, and a,a,a,a,a, One can reduce th

combinations to the functions m and noe

22 aoaz

(B.g. 3(a0a1a2a2a2) + 3x = nz(b) .

To function with three fixed values can be reduced such a
function 5% which differs from » o » only at two values of
z. The function 3b + 2(b o b) is O for exactly 3 values
of x, 1i.e. the function 3b + 2(b o b)+ x of the clone 2
has three fixed values.

c) Functions with 2 fixed values

The following table shows the functions for which a
and a, are the two fixed values. One (two) point(s) behind
the function f means that f o f differs from f only at
one (two) value(s) of x. (4) means that f o f has 4 fixed
values.

X a a,aa.a X a a,a.,a.a X a a,a,a.a X asadad.a

o 12 3 4 o1 234 o1 234 o 12 34
f (%) f (x) f (x) f(x)
aa;aaa; aaaaa a,a;azaa_ . ajaaza a_.

a a,;aa a, a a,a,aa, a aaza a,. ajaaaa,.
aaaaa,. ajajaaa,. aa,a;a a,.. aoa1a4aoa2 (4)
a,a;a a a,. a,a;a,a as. aja;a;a as.. a,a,3,3 as..



X a a . a.a.a X a a,a,a,a X a a,a,a,a X aaa,a,a

o 127374 01 234 o1 2374 01234
f(x) f(x) f(x) f(x)
aoalaoalao aa;aja,ag a ajajaa . aoa1a4a1ao.
aa,aaa, aoalalala1 I aoalaBalal. ajaja,a.a, .

aoalaoalaZ' aoa1a1a1a2. aoa1a3a1a2.. aoqla4a1a2(4)
aja;aa a,. aa;a,aa,. a ajazaag.. aa;azaag..
aoalaoazao. a ajajaa . aoa1a3a2ao(4) aajaaa_ ..
aoalaoazal. aoalalazal. aoa1a3a2a1(4) aoa1a4a2a1..
aoalaoa2a2'° aja;a,asa,.. aoa1a3a2a2(4) aoa1a4a2a2(4)
aja;a aja,.. aja;a,aa,.. aoa1a3a2a3(4) q: aga,a,a,a,

a a;a a,a. . aa.ajaa_ . ajajazaa .. aja;aza,a ..
aa;aaa, . aa;a,a,a,. ajajajaa; .. aja,a,a,a, ..
aoalaoa4a2.. a aja,aa,.. p: aoa1a3a4a2 aoa1a4a4a2(4)
aoa1a0a4a3(4) aoa1a1a4a3(4) aoa1a3a4a3(4) aoa1a4a4a3(4)

For the function p and g¢ pop=qand g o g =p hold. So
either none or both of them are in the clone 2, 3p + 3q

90 Qg and a,
differ from each other. An easy comnuta-

takes 3 different values for a because 3a ,+3a

4,
3a,t3a, and 3a,+3a,
tion shows that 3p+3q # x. So 3p + 3g such a function at

least with two fixed values which differs from p, ¢ and from

the functions within the frames.

Let flx) = a,a;a;a;ay (8,5sk € {0,1}) one of the two

valued functions of the table. The values 2a;+4a, and

4a£+2a2 differ from a,a, and from each other. So at least
one of them is az Or a,. Therefore at least one of the func-
tions 2f(x) + 4 and 4f(x) + 2x 1is such a function with two

fixed values which differ from every function with the frames.
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Finally if the function 4 differs from % o A at three va-
lues of x then the function 34 + 2(h o h)+ x has two fixed
values. Now we list the unary non linear functions of P and
reduce them to such functions which are in the lexicogranhical

ordering more ahead.

w @1 2 8 4
fe) Reduction of £ (x)

00abe Every of these 124 functions has one of the
previous properties.

01 aba Every of these 124 functions has at least two fixed
values.

02abec 2x+4(02abe) = 00def

0 3gbe dr+2(03abe) = 00def

04abe 3x+3(04abe) = 00def

1 0abe fo f=01a'b'e

7T e:b e Every has one of the listed properties
120ab fo fo f=012a'm’

1271 ahb fo f= 212ed, 4(21 2ed)+2(121ab) = 030ef
1 224D f o f = 222¢d, 4(222cd)+2(122ab) = 022ef
1 823ab fo f= 2%ecd 4(23acd)+2(123ab) = 0lghi
i84abd f o f = 24bed 4(24bed)+2(124ab) = 00ght
idabe f o f = 3bdht 2(3bdht )+4(13abe) = 0gklm
l14abe fo f= dedhi 3(4edhi )+ 3(14abe) = 0gkim
2aebed 3x+3(2abed) = Ighig

3abed 4x+2(3abed) = 1ghig

4abed 2x+4(4abed) = 1ghij
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0 SSZEFOGLALAS

A P3 ES PS—BEN LEVO VEGESEN GENERALT KLONOK JELLEMZES
LINEARIS FUGGVENYEKKEL

Cstkos M.

A cikkben a szerzd a kovetkezd tételt bizonyitja be:

A P, és Ps—ben egy klén akkor és csakis akkor végesen
generalt, ha tartalmaz egy nemtrivi&lis n-szeres lineéris
fliggvényt (n22) és egy egyszeres nemlinearis fliggvényt.
Ez Demetrovics és Bagyinszki ill. Mardenkov idevagd ered-

ményeit egésziti ki.

C JIMHEWHBEIMA OYHKIUAMU

KOHEYHO TOPOXIEHHHBE KJIOHE B P3 E_PS

M. Yuxkom

B cTaThe OoOKa3HBaeTcsa clenaywmas TeopeMa:

KIIoH conepxXamuics B P3 §ZRp0%¢ P5 SAABJIAETCA KOHEYHO IOPOXIeH-
HEIM TOT'IIa W TOJIBKO TOrI'lla, €CJIH COOEPXHT N—apHYl JIHHEeHHYIH QYyHK-—
uuo (n22) ¥ yHaApHYW HEJIMHEeMHYWw OYHKIHIO. 3TOT pe3yjbTaT mo6as-
JigeT HOBHEe HHPOpMalLMM K pe3yyibTaTaM BaIgbHHCKU - JleMeTpOBHYA H

MapyeHKOBa.
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