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The terminology used in this paper is from [1-153. The
paper treats the Boolean functions f, which essentially
depend on at least six (seven) variables and for which there
are variables . and x such that {xi,xj} € S and the sub-

r

shape of an elementary chain, opened or closed.

graph of f with the elements of R \{xi’xj} as apexes has-vhe

The set of all essential variables of f and all spea-
rable sets of arguments of f 1is denoted by Rf and Sf’ respectively,

Sf 5 stands for the set of all separable two-element sets
3
of arguments of £

The number of all separables pairs of the function
jYxl,...,xn) wherein x takes part, will be referred to as
the order of the variables z for the above mentioned func-
tion.

Theorem I. I1f the set {xi,xj} is separable for a Boolean
function f(x,,...,z,) which essentially depends on (n > 6)
variables and the subgraph of f with the elements of the set
{xl,...,xn}\{xi,xj} as apexes has the shape of an elementary
open chain, then one of the variables X g% g is of order n-I
for f, and the other variable is of order not smaller than

n"'4o

Proof. Under the conditions stated in the theorem for the

function flz,,...,z

that the subgranh of f with apexes LysLgseees® o has the

), let us accept that {xn_l,xn} € Sf and
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shape of an elementary open chain, where for every

f = yow o mg =8

At least one of the variables = _,, =  1is of order wun-i
for f. Without restricting the subject examination let us
accept that z,_7 is of an order n-1 for f. We shall prove

that z, is of an order not -smaller than n-4.

We shall do it by using the method of mathematical induc-
tion.

We shall prove the theorem when »n = 6. We must prove that
s 1s of an order not smaller than 2. Let us assume the oppo-
site. So z, must be of order 1 for f, moreover
{x5,x6} € Sf'

Let us denote by a the value of x; for which it is
true that
z e = Rf(xSZOL)

Then it must be true that

Rf(acf&) = lwg.x g gyl
and

Sf(xS:&),Z = Hagaept o pow o)y o oz 31,

which is impossible, according to theorem 21 from [1L41. Let
us prove the theorem for =n=7. We must prove that =z, 1is of
order not smaller than the 3. Let us suppose it is not true,

that is =z, 1is of order 1 or 2 for j%xz,...,x7).

The variable z, cannot be of order 1 for foZ,...,x7).
Indeed, if fo6 = o) depends essentially on «
that

73 it means

Sfo6:&)’2 {{xl,x2},{x2,x3},{xs,x4},{x4,x§} "

which is not possible.

So x .,

'M6,x7}e Sf

must be of order 2 for f&nl,...,x7) where
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Thus ., forms exactly one separatable nair for f with
a variable from the set {z,,...,x;}. Let us accept that
o ,,2,) € Sf‘ Let o be a value for =z, for which
I = foS = a) depends essentially on x,. According to

theorem 26 from C1L41,

sz - Rf\ {x_s}.

From theorem 21 and 26 from C1L1 it follows that

{x6,x7} € Sf}’

and the subgraph of f with the apexes LyseessT, has the
shape of elementary open chain. Moreover x, must be of order
l; for 7 with respect to the separable pairs, which contra-

dicts to the already proved case of the theorem when =»n = 6.

By analogy we come to a contradiction if we accept that

{xl,x7} € S, Let us gccept that

#
{x4,x7} e Sf'
Let 138 be a value of T, for which
By ERp Fp =T 18y = Bghs
Then

ng = Rf\{x2},
and x4 will be of order 1 for fq and

{xz,x6} € Sf2'
Let C, be a value for =z, such that the function [, (x6:c6)
depends essentially on x,. Then
ng = Rf % {xz,xg,xn_z},
where

ig = Iy (x6 = 56).

The function f; must have three variables of order 1. But

this is impossible (see CL] and C1L1).

By analogy we come to a contradiction if we accept that

zyo2,} €5



Let us accent that

{x x7} € S

g :
Let ¢, be a value for =z, such that the function
Yo = flz, = 03) essentially depends on .. In this case g

must be of the order 5 for i nd separable pairs for f
must not be formed from the elements of the set {x7},{x1,x2},
{x4,x5}, which is impossible.

This proves the theorem when =n = 7, too.
Let us accept that the Ttheorem is true for sSome % > 7. We shall
prove, that it is also true for the Boolean functions, which
essentially depend on =»n + 1 variables and fulfil all the con-

ditions of the theorem.

Let f(x],..,,xn+z) be a Boolean function, which essenti-
£

ally depends on =n + 1 (n > 7) variables and {z ,z , .} € S
According to the conditions of the theorem the subgraph of f

with the elements of the set {x],...,x } as apexes has the

n-1
shape of an elementary open chain. For example let us accept

that for every <4 = I,...;0~8,

3 8 i
{xi,xi+]} € ’

At least one of the variables x5 & 15 of order n. For

nt 172
example, let x_  be of order = for the function

f(x],...,mn+1), with respect tothe separable pairs. We shall
prove that X, g is of order not smaller than = -3 for
f(xz,..,,xn+]).

We shall prove that under the conditions given in the theo-

rem {x,,z .} € S, or le, ;. = .} € S p-

Let us assume this is not true, i.e.

{xl,x } ¢ Sf and {xn_l,xn+]} € 8a

n+l ]

Let ¢ be a value for =z such ‘that

2 2

x, € Rf5’ Fe = f(x2 = CZ)‘



Then

s 5000 T

= {«x n=-1

R

I 3"

The variable x, must be of order 1 for fs- Thus x, € Rf :

: 5
We shall prove that € .1 € Rfs. If we assume the opposite
and choose o in such a way that

0)s

then the function

fg = 5 (=, o),
will depend essentially on #n-3 variables and its graph will
have the shape of an elementary open chain; and this is impos-

sible. Therefore T 47 € Rf5'

Since we have assumed that {xn_l, xn+1} g 850 B0

{xn xn+1} Z Sf5' Let o be a value for x, éuch that

_]’

xlERf5(xn :0«).

Then the function

fg = Fs(x, = a)

n

will essentially depend on =n-2 variables. So X 1 will be
of order 1 for f, and {z,_;, xn—Z} € Spp,- Therefore it must
be true that {xg, xn—2} < Sfe, and {xz,xn_g} € Sf where

n > 7. The last statement contradicts to the initially given

conditions.
We proved that

} € s or {x

Let us discuss the case when {=z
a value for x4 such that



But

and the subgraph of f, with the elements of the set

{xg,...,xn_l}as apexes has the shape of elementary open chain.

From the inductive assumption it follows that one of the
variables Lo T, .9 i5 of erder (»n —~ 11 £for f7, and the
other one is of an order not smaller than n-4.

Therefore the variable X will be of order not smaller
than z-¢4 for fo- Thus = will be of order not smaller

n+1l
than #»n-3 for f.

v

x } € s

By analogy we can prove the theorem if {xn_J, —— 7

The theorem is proved. m]

Is it possible to strenghten theorem 1 in the sense that,
under the conditions of the theorem, one of the variables T
x is of order n-1 (n > 6) and the other one is at least
of order =»n-3 for f, 1in regard to the separable pairs? The
answer 1is NO.

For example, let us take the Boolean function

fo=a(x,xy + 22, )t o (z,x, + x.0,) (mod 2).

The subgraph of f with apexes Loy Tgs Tyy g has the
shape of an elementary open chain. The pair {xl,xG} is separ-

able for I, x, 1is of order 5 and = is of order 2 for f

6
in regard to the separable pairs.

Theorem II. 1f the set {xi,xj} is separable for the
Boolean function f(x,,...,z ), which essentially depends on
n (n > 7) variables and the subgraph of f with the ele-
~ments of the set {x],...,xn}\{xi,xj} as apexes has the shane

of an elementary closed chain, then one of the variables ., z;

is of order =»n-I for f, and the other one is or order not
smaller than =n-4.
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Proof. Let us assume that the function f(xl,...,xn)xn > Fhs
satisfies the conditions of the theorem. We may assume that

79 xn} € Sf’

and that the subgraph of f with the elements of the set

{002, o)1 as apexes has the shape of a closed elementary
chain, and for every ¢ = I,...,n=$
{xi, xi+1} S Sf and {xn_z,xl)éfsf.
At least one of the variables =« .,z  1is of order =n-I
for f. Let us accept that x _q is of order n-1 for f. We

shall prove that @, is of order not smaller than n-¢ for f.

It is impossible for «, to be of order 1 for f. Let

us assume the opposite. If o 1is a value of T such that

L. & R ok S
n flz, _,=0)

then the graph of f(xn_z = a) must have the shape of a closed

elementary chain, which is impossible.

From what we have assumed it follows that there is a
variable «x, 2 € {2,¢4.sn=8} such that {xi, xn} € Sf'
Let x . be such a variable and let c. be a value such that

{xn xn} € S

-1° flx,y=e )’

T

But in this case

R _ = B 1.}

f(xi—ci) - 5 2
and the subgraph of f(xi = ci) with the elements of the set
{xl":"xn-z}\{xi} as apexes has the shape of an elementary
open chain. According to theorem 1 the variable x, must be
of order not smaller than =n-5 for f(xi:ci)' Then =z will

be of order not smaller than =»n-4 for Fe

Thus the theorem is proved.
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8 S ZEFOGLALAS

A BOOLE FUGGVENYEK EGY OSZTALYANAK STRUKTURALIS TULAJDONSAGAIROL

v .
K.N. Cimev, M. Aslanskz

A szerzdk a cikkben n{z 6) valtozds Boole filiggvényeknek egy
osztalyara adnak jellemzést. Bebizonyitjak, hogy a fliggvény
valtozo6i kdzil egynek a rendje n-1 és egy masiknak a rendje

legalabb n-4.

O CTPYKTYPAJIbHEIX CBOWCTBAX OIHOI'O KJIACCA BYJIEBHIX OYHKIHHA

K.H. YumeB, M. ACJIaHCKH

B cTaTke HaeTcs XapaKTepus3alusa OOHOTO KJjacca ByneBHX OYHKLUHR
n(=6) nepeMeHHHX. JOKa3HBAETCH, YTO IO GYHKLHH H3 OOHOI'O KJlac-—
ca omHa M3 OBYX IEepeMeHHHX HMeeT MOpPAINOoK n-1 U NOpSANOK IOpyIroH

He MeHbue n-4.
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