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CONGRUENCES ON CLOSED SETS OF SELF-DUAL FUNCTIONS 

IN MANY-VALUED LOGICS AND ON CLOSED SETS OF 

LINEAR FUNCTIONS IN PRIME-VALIED LOGICS

V.V. Gorlov and D. Lau

A congruence on a closed set M in the fc-valued logic P̂ , 
k>2, is an equivalence relation on M which is compatible with 
the operations (permutation and identification of variables, 
addition of fictitious variables and substitution) of P^.

In this paper we prove that the congurences on closed 
sets of self-dual functions of P^ are determined by congruences 
on closed sets of non-self-dual functions.

Moreover, we determine all congruences on the closed sets 
of linear functions (see [l] and [ej) in prime-valued logic.

1. Basic concepts

Let E denote the set {0> ls . . . , k-1} , where k~>2. Let рГ ̂ 7Я Yldenote the set of all functions f :Ê -+Ê  (n>l) and put
P^ = ij p”. If there is no danger of confusion, the super

nal
script n of the function fn is omitted.

The set of all function of p} having exactly 1 values we
I’ l l  Kdenote by P^ L J.

The functions еп.6Рь (1<г<п) defined by еП.(х1Л...,х )=x. 
are called projections. The n-ary constant function with value
a is denoted by on.a

The operations on P^ are ç, т, Д, V, *, which are defined 
by

( E,f ) ( X  ̂ , . . . у x n  ̂— xn> x 2 ̂

(̂  f ) (xj* ' * * * xyj ~ f (x2* x2* xZ* * ' ' * xn)
( к f ) ( X j , . . . у X ̂_j) — f ( X j у X 2^ X 2» • • • t '*'n— 2 ̂
(4 f ) ( X ĵ y . . . у xn + 2 ) ~ f(x 2* x • • • » x Yi+i ̂
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(f*g) (x2,x23 . . .3xn+m_1) f(g(xlt . . . ,xj ,xm+13 . . .3xn+m_1)3

where fn3 gmGP  ̂ (see [5] or [б]).
Superpositions over the set A_Pj< are functions obtained 

from A by using the operations ç,x,A,V,* finitely many times.
The closure [л] of a set AcP  ̂ is the set of all superpositions 
over A. A set A is said to be closed if [л]=Л.

An equivalence relation к on a closed set A is called a 
congruence on A iff f~g ( < )3 s~t ( < ) imply f*s~g*t (< ) and 
af~ag ( к J for all a€{Ç/X,A,V} and for all f3g3s3tGA. A.I.Mal'cev 
showed in 151 that every closed set Л_Р^ has three trivial 
congruences <ß3 and <2:

f ~ g  (<q) : ^ — * f = g M f , g } £ A

fn~gm (KQ) • <---> n=mh{f3g}çA
f~g (<2):<— » {f3g}çA.

Let K and K' be two congruences on A. We write KcK' iff 
f-g ( < ) implies f-g ( for all f3 gGA.

For the other undefined notations we refer the reader to 
El] - [8] , particularly to [б].

For the proofs of our theorems we need the following lemma 
which is well known.

1.1 IÎEMMA ([2]). Let A be a closed set in P^ containing the 
projections. If к- is a congruence on A with к , then
к = < 2 .

2. Congruences on closed sets of self-dual functions of P^

Let s(x)=x+l mod к and let S be the set of all functions 
of P^ preserving the relation {(a3s(a)) \ aGE }̂. The functions 
of S are called self-dual functions. If к is a prime number 
then S is a maximal closed sejt of P^ (£7}). In [3] for a
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maximal closed set of self-dual functions it was proved that a 
function /ПРР^ is a function of S iff there exists a function 
Fn with the property

k-1 . ,_. - _.
f(x) = T. j . (x~ ) • sx (F(s г (x ) , . . . , X г(х ))) mod к3 (1) 

г=0 г n

i rl if x i
where s (x) : x+i mod k; j .. (x)= 4 and

г to otherwise

F(x̂ 3 ...,xn_1)=f(0лх ...»xn_1). The proof in [з] does not 
use the property that к is prime. Therefore (1) is right for 
every k. Because of this property we can define a bijective
mapping a of S ( _ P onto P^: {fn : Ê -+Ê } as follows:

n>0
a : f F.

2.1 LEMMA. The mapping a has the following properties:
Л Л A A A(i) For the operations ç ,t ,A,V,* defined by

A
( ) ( X . . . 3X^)—f(Xj3X^3X^t . . X ^2^
( T f ) ( x ̂ j —f . . • 3
( h f ) ( x . . . 3 x^ _ 2  ) —f (х^зХ2 зх 2 *х з3 • • • * Xyi— 1 ̂
f)(x з̂ • • •3xn+2 ^ ^ x2 *x3 3 x^3 . • • 3

(f*g) (х2з • . • >хп+т-2)=?(х1’9(х1>х2> * * '*xm) 3 Xm+l>'"’Xn+m-2>
is a (£,f)=£,F, a(Tf)=TF3 a(hf)=hF3 a (4f)=4F and 
a(f^g)=F*G3 i.e. the algebra <5;ç,т,Д,V, >̂ is isomorphic 
to the algebra <P£;ç ,Д,V,*>.

(ii) For every closed subset A(^0) of S is a(A) a closed 
set, a(A)£S and Aca(A).

PROOF, (i) is easy to check.
Let A be a closed subset of S. Then by (i) we get that a(A) 
is likewise a closed set. Assume a(A)C.S. Then

F(x03 . . . 3x )=s^ (F(s^  ̂(x0) , . . . ,  ̂(x )))и rl Ci 71
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for i-Q,1, . . . jk-1 and for every fnGA (see [з]). Thus by (1) 
we get that the variable x^ in every function fGA is fictitious, 
however, this is not possible. Therefore is a(A)<£S.
Let fGA. Then is VfGA and therefore a(4f)=fGa(А) л i.e. Acql(A).

2.2 THEOREM. Let A be a closed subset of S,к a congruence 
on A and let a( к ) defined by

F~G(a( k )):<--ba~1F~a~1G (<)

an equivalence relation on a(A). Then
(i) a C <) is a congruence on a (A) and 

(ii) a( K )/A = ' i*e* the congruences on A we can get by
restriction of the congruences on a(A) to A.

PROOF, (i). Since к is a congruence on А к is also compatible
Л Л А Л Awith the operations ç,t ,A,V,*. Then by 2.1 (i) follows that 

a( K ) is a congruence on a(A).
(ii) By 2.1 (ii) xs AC a( A) and therefore a( <  ̂/ A is a con
gruence on A. Let f and g be functions of A. If f~g ( < J then 
Vf-Vg ( K ) and by definition of a( K ) is a(V/)=f~g=a(4g)(a( K ) 
i.e. ca( K ) /A- If f~g (a( K' )/A) then by definition of a( < )
we get that a  ̂f~ a ^g ( K ). Since f and g are functions 

— 7 - 1of S is a /=V/ and a g =Vg. Therefore is V/~V^ ( K ) and

/А)»

A (Vf)=f~g=à(4g) ( K )t i.e. a( < ) /A ç  3 Thus a( K ) , /А

3. Congruences on some closed subsets of [p̂ ]

In this section we prove a theorem which we need for the 
determination of the congruences on the closed subsets of 
linear functions.

Let С c P ^ ^ j G  a subgroup os ; *>, where the func
tions of G preserve the set C, U a normal subroup of the group 
G and let y be an equivalence relation on C which is preserved 
by the functions of G.
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It is easy to check that the equivalence relation U on 
[gUc] defined by

^  » n = mk (3 г ЗГ^д'вОиС: f(x)=f'(x.)hЪ
g (x)=g 1 (x .) A( f ' *U=g 1 *U4f '~g ' (]i) ) )ъ

is a congruence on [GUC].

3.1 THEOREM. Let G be a subgroup of < ; *>л CCPW  and
GÇPol C. Then exactly on [GUC] there exist the congruences 
Kq3 <j and congruences of the type K ^, where U is a
normal subgroup of G and y is an equivalence relation on G 
which is preserved by the functions of G.

PROOF. Let к be a congruence on [GUC] and к ф к . Then by 1.1 
is к ç к . We have to ditinguish the following cases:
Case 1 : There exist к-congruent functions fn and gn with 

An~2fGG and Дп~1двС.
Then is An~V~A”~ V  <). Thus e^-t/1'1 g=: в J  к ), aGEk.

By this we have for every function hme[GUc“\:
el*h=h~cm=c *h( <). г.е. к = к .1 a a a
Case 2 : There exist к-congruent functions fn and gn with

f ( x 2 » • • • ~f * ( % » g(x2 » • • ‘3 ̂  ~ ̂ x̂ 3  ̂f ' » g '
and г?j.

Without loss of generality we can assume that i=l and j=2.
The inverse functions of f  and g' we denote by f" and g" , 
respectively. Then we have S

S ( S ( ̂ 2̂  * G ( % э % g3 • • • 3 % 2̂  в 2 ( ̂ 2 3 ̂  2̂
2

~g ( f" (x 2 ) , g" (x 2) ,x 2; . . . ,x 2)=e 2(x 2) (<). Therefore is
e^( s (x) >t(x) )=s (x) ~t(x) =e^( s (x) ,Ь(х) ) (к) for every s 

and t of ['GUC]m3 m>_ly г.е. к=к
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Case 3: Two n-ary functions f and g are к-congruent if and 
only if either if3g}^[c] or there exist an i and
f 1 j g 'CG with f (X , , , j X\ —f (X 3 g (XJ f • • • з &^  ~d ^^-î,̂ '

In this case the congruence к is exactly determined by 
and K jc'

As we know, the congruence on a group G are determined 
by a normal group U of G and f~g( ) iff f*U=g*U for all f, 
gGG.

Obviously, Ю is an equivalence relation on C which is
preserved by every function of G.
Thus _ U, /С.

4. Congruences on closed sets of linear functions in 
prime-valued logics

Let p be a fixed prime number. L denote the set of all 
linear functions over <E : +, * mod p> in P . i.e.p p

n
L:= {fnGP |3 a .:f(x)=an+ £ a.mx. mod p}.

п>1 p г г=1 г г

In 11 I it was proved that L has exactly the following 
closed subsets:

L(\S= U {fnGL I a7 +a 9 +. . . +a =1 mod p},-« 1 Ci Tin>l
n

aGE 3 
V

Lf\S(\Pol(0) and closed subsets A with
If i4C[L^], then it is easy to see that the closed set A has 
only congruences of the type and of the type defined
by
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fn~gm(K У;: <— > bn~2f~bm 2g (p) and 
fn ~gm ( к ^  : <■ » n=mAAn ^ /~ Л П ^ ( y , ) ,

where у is an any equivalence relation on 4̂ .
If and A c \_L2\ then the congruences on A follow by
theorem 3.1.

We denote by an equivalence relation defined by
fn~gm( » n=mA(2a: f(x)=a+g (x) mod p) .

Obviously, к is a congruence on I. We will show that к is ̂  ̂ G
the only nontrivial congruence on A c L for A i [£ ]•
4.1 THEOREM ([4]). к , < 3 к and к, are the only con- L J 0* о3 a 1gruences on L .

4.2 THEOREM. kq3 and are the only congruences on
Lf]Pol(a) for every aGE^.

PROOF. Clearly, the closed sets Lf)Pol(a), aGE^3 are mutually 
isomorphic. Therefore we can assume that a=0. Let к be a con
gruence on Lf)Pol(O). The following two cases are possible:
Case 1 : к £ к .— aBy 1.1 is к = .
Case 2: <n С. K C .и — a

Then there exist < -congruent functions fn3 gn and an те- 
tuple a=(a13...,an) with fCd)^g(a). Therefore is 
f(a^ •!, a2 ’Xj . . . , an ’x) = :a.’x~b ; =g (â  *x3 ‘я, • . . » an ля) ( K )3
where aib.

— 7The functions h( x3y )=x-y mod p and t(x)z=(a-b) belong
to LOPol(O). Thus we get h(ax3ax)=0 ^~h(ax3bx):=h ' (x) ( ) and
c20=t*c2~t*hr=e2j ( K ) . This implies that o2*rm=or̂~r>:=e2̂*x‘ ( K )
for every rmGL(\Pol (0) 3 m>l. Therefore к = < .
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кj are the only congruences4.3 THEOREM. Kq3 ка> ка and 
on LOS.

PROOF. Obviously, a(Li)S)=L. Therefore, using 2.2 and 4.1 we 
have the the theorem.

4.4 THEOREM. ^q3 Ka anĉ  Kj are fbe only congruences on
LOSOPol(O).

PROOF. The theorem follows from a(LOSOPol(0))=LOPol(0), 2.2 
and 4.2.

We also remark that the structure of the congruences be
comes more complicated, if k is not a prime number. If k is 
square-free, then follows by [8] and by [4] (theorem 3.6) 
that every closed subset of L has only a finite number of 
congruences. But, if k is not square-free then there exist 
closed subsets of L with an infinite number of congruences. 
Finally we give an example for a closed subset with a such a 
property.

n
Let Z;= \J {fnGP . |3 a .G{03 2} : f(x) = £ a-'X. mod p}3 let v(f) 

п>1 * г i=l г г

be the number of the non-fictitious variables of the function
f.
Further let be an equivalence relation defined by

f=gV (n=mAr> (f ) <iAr (g) <i) ,ъ
г=1л23... . If is easy to prove that x- for all i>_l is aг '
congruence on Z of P .
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