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CONGRUENCES ON CLOSED SETS OF SELF-DUAL FUNCTIONS
IN MANY-VALUED LOGICS AND ON CLOSED SETS OF
LINEAR FUNCTIONS IN PRIME-VALIED LOGICS

V.V. Gorlov and D. Lau

A congruence on a closed set M in the k-valued logic Pk’
k>2, is an equivalence relation on M which is compatible with
the operations (permutation and identification of variables,
addition of fictitious variables and substitution) of Pk'

In this paper we prove that the congurences on closed
sets of self-dual functions of Pk are determined by congruences
on closed sets of non-self-dual functions.

Moreover, we determine all congruences on the closed sets

of linear functions (see [1] and [8]) in prime-valued logic.

1. Basic concepts

Let E, denote the set {0,1,...,k-1}, where k>2, Let P

n

k

denote the set of all functions fn:EZ+Ek (n>1) and put

B, = U PZ. If there is no danger of confusion, the super-
n>1

script n of the function fn is omitted.

The set of all function of Pi having exactly 1 values we

denote by Pk[Z].

n : n e
The functions e 6P, (1<2<n) defined by ei(xl,...,xn)—xi

are called projections. The n-ary constant function with value

a is denoted by cZ.

The operations on P, are z, T, A, V, *, which are defined
by

(Cf)(ml,...,xn)= f(xz,xs,...,xn,xl)

(Tf)(xl,...,xn)= f(xg,xl,xs,...,xn)

(Af)(xl,...,xn_1)= f(xl,xl,xz,...,x )

n-1
(Vf)(xl,...,xn+1)= f(xz,xs,...,xn+1)



i, B

(f*g)(xl,xz,...,xn+m_1) = f(g(xl,...,xm),xm+1,...,xn+m_1),

where f", g6p, (see [5] or [6]).

Superpositions over the set A_Pk are functions obtained
from A by using the operations ¢,T7,A,V,* finitely many times.

The closure [4] of a set AcP, is the set of all superpositions
over A. A set 4 is said to be closed if [4]=4.

An equivalence relation k on a closed set A is called a
congruence on A iff f~g (K ), s~t (K ) imply f*s~g*t (K ) and
af~ag (k) for all a6{z,7,A,V} and for all f,g,s,t64. A.I.Mal’cev
showed in |5| that every closed set A_Py has three trivial

n nce K K n i
congruences 0* ®g and 1

f=g (€y) s e=b f=gMf,glcA
fn...gm (Ka):<=)n=mA{f,g}_c_A

f~g (K ):¢==b {f,glcA.

Let K and K’ be two congruences on A. We write KeK' iff
f~g (K ) implies f~g (K') for all f, gfA.

For the other undefined notations we refer the reader to
[1]-[8], particularly to [6].

For the proofs of our theorems we need the following lemma
which is well known.

1.1 CEMMA ([2]). Let 4 be a closed set in P, containing the
projections. If «k is a congruence on 4 with «xg Ka, then

K _Kl.

2. Congruences on closed sets of self-dual functions of Pk

Let s(x)=x+1 mod k and let S be the set of all functions
of P, preserving the relation {(a,s(a)) | aGEk}. The functions
of 5 are called self-dual functions. If k is a prime number
then 5§ is a maximal closed set of P, C([7]1>« In [3] for a
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maximal closed set of self-dual functions it was proved that a

function fnGPk is a function of S iff there exists a function

Fn-JGPk with the property

k-1 . . ;
FE)= 5 G (z)-e"(F(s* F(zy), . .,d" Pz 0)) mod k, (1)
i=0 * %
; L af o T
where s " (x): x+7 mod k; J.(x)= { and
* 0 otherwise

F(xl,...,xn_1)=f(0,x1,...,xn_l). The proof in [3] does not
use the property that k is prime. Therefore (1) is right for
every k. Because of this property we can define a bijective

mapping o of S(_Pk) onto Pé: {fn:EZ+Ek} as follows:
n>0

a2 Fal,

2.1 LEMMA. The mapping o has the following properties:

A A

(i) For the operations E,T,A,G,; defined by

(Cf)(xl,...,xn)=f(x1,x3,x4,...,xn,xz)
(3f)(xl,...,xn)=f(w1,x3,x2,x4,...,xn)
(éf)(xz,...,mn_1)=f(x1,x2,x2,x3,...,xn_l)
(Vf)(xl,...,xn+1)=f(x1,m3,x4,...,xn)
(f*g)(xl,...,xn+m_21=f(x1,g(x1,x2,...,xm),:%#1,”.,xnﬁr%)

A

is a(gf)=cF, a(tf)=1F, a(zf)=AF, a(Vf)=VF and
a(f*g)=F*G, i.e. the algebra <S;E,?;3;§,?> is isomorphic

to the algebra <Pé;c,1,A,V,*>.

(ii) For every closed subset A(#f) of S is a(4) a closed
set, a(4)g€S and Aca(4).

PROOF, (i) is easy to check.
Let A be a closed subset of S. Then by (i) we get that a(4)
is likewise a closed set. Assume a(4)CS. Then

B gk ouits, Joa CRTR PAR ) vy 2 )00
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TOr 180, 1,. v, Kk~1 8nd foxr every'fnGA (see [3]). Thus by (1)

we get that the variable x_, in every function f64 is fictitious.

v/
however, this is not possible. Therefore is a(4)ZS.

Let f6A. Then is Vf6é4 and therefore a(Vf)=f6a(A), i.e. Aca(4).

2.2 THEOREM. Let A be a closed subset of 5,k a congruence
on A and let o( k) defined by

Follal K )) s e=—by L1P~a-2G (&)

an equivalence relation on oa(4). Then
(i) a( k) 1is a congruence on a(4) and
o ” gk
fx1) af )/A ’
restriction of the congruences on a(4) to A.

i.e. the congruences on A4 we can get by

PROOF. (i). Since K is a congruence on 4 K is also compatible
with the operations 2,?,A,V,*. Then by 2.1 (i) follows that
o( K) is a congruence on o(4).

(ii) By 2.1 (ii) 1is A<€a(A4A) and therefore a( K)/A is a con-

gruence on A. Let f and g be functions of 4. If f~g (K ) then
Vf~Vg ( X) and by definition of a( K) is a(Vf)=f~g=a(Vg) (a( K)
i.e. "caf K)/A‘ If- fag f(al K')/A) then by definition of a( K)

/4’

we get that a_1f~ o« lg (k). since f and g are functions
of S is a—1f=Vf and a_lg =Vg. Therefore is Vf~Vg ( K) and
A(VFf)=f~g=A(Vg) (K), 1.e. af K)/Ac_: k . Thus af( K)/A= ’

3. Congruences on some closed subsets of [Pi}

In this section we prove a theorem which we need for the
determination of the congruences on the closed subsets of
linear functions.

Let C g‘PkEZ],G a subgroup os <Pk[kl;*>, where the func-
tions of G preserve the set (, U a normal subroup of the group
G and let p be an equivalence relation on ¢ which is preserved

by the functions of gG.
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It is easy to check that the equivalence relation U,u on

[euc] defined by

g (V) ce—sn=mh (31 3 f1,g766UC: FIE)=F1 (x )N
g(§)=g'(xi)A(f'*U=g'*UVf’~g'(u)))

is a congruence on [GUC].

3.1 THEOREM. Let G be a subgroup of <p£k];*>, cgp%l] and
GEPol C. Then exactly on [GUC] there exist the congruences
Kgs Kgo Kg and congruences of the type KU’“, where U is a
normal subgroup of G and p is an equivalence relation on G

which is preserved by the functions of G.

PROOF. Let k be a congruence on [GUC] and « # ;. Then by 1.1
is K ¢ Ka' We have to ditinguish the following cases:
Case 1: There exist «k-congruent functions fn and gn with
A" lrgg ana A" 1gec.
Then is A" 1f.a""1g¢ k). Thus e§~An-1g=:ca( <), abE,.

By this we have for every function hme[GUC]f

el*h=h~cm=c Al K)y tves K 3 K
1 a a a

Case 2: There exist K-congruent functions fn and gn with
f(xl,...,xn)=f'(xi),g(x1,...,xn)=g'(xj), tPt, gtice
and Z#j.
Without loss of generality we can assume that <=1 and j=2.
The inverse functions of f'’ and g’ we denote by f” and g” ,
respectively. Then we have
2
f(f"(xl),g"(xg),xg,...,x2)=e1(x1,x2)
2
2

~g(f”(x1),g"(x2),x2,...,x2)=e (xl,xz) (k). Therefore is

e?(s(:'ﬁ),1;(3:))=s(55)~t(5':)=e§(s(35),t(.‘i’:)) (k) for every s

and t of [guc]™, m>1, i.e. K=K .
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Case 3: Two n—ary functions f and g are «k-congruent if and
only if either {f,glc[c] or there exist an 7 and
f',g'€G with f(xz,...,xn)=f’(xi), g(xz,...,xn)=g'(xi).

In this case the congruence g is exactly determined by K/G
and K/C'
As we know, the congruence on a group G are determined
by a normal group U of (G and f~g( ) iff f*U=g*U for all f,
geéaG. .
Obviously, /C is an equivalence relation on (¢ which is
preserved by every function of G.

Thus = U €.

4, Congruences on closed sets of linear functions in

prime-valued logics

Let p be a fixed prime number. I denote the set of all

linear functions over <Ep; +, ' mod p> in Pp’ i.e.

NI

L:= U {f"epP |3ai:f(3§)=a0+

a.*x. mod p}.
n>1 p 7 bk

1

In |1| it was proved that I has exactly the following

closed subsets:

Ihs= U {f"éL|a, +a

+...*a =1 mod ks
n>1

2

LAPol(a)= U {fnGPplaai:f(?c)=a+ a - (z,=a)l,

n>1 7

™I

1

aGEp,

INSNPol (0) and closed subsets 4 with ASLLJ].

s Ag[L[Z]], then it is easy to see that the closed set A4 has

only congruences of the type k" and of the type Kz defined

by
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g V) s ammmp AP 1o am=1, (1) and
Flag™(x 2):q==q»n=mAAn-1f~An_lg(u),

where y is an any equivalence relation on A1.
If A¢[L[1 ] and 4 ¢ [z?] then the congruences on 4 follow by
theorem 3.1.

We denote by K, an equivalence relation defined by

g ( K ) : e=b n=mh(3a:f(%)=a+g (%) mod p).

Obviously, K, is a congruence on L. We will show that . is

the only nontrivial congruence on 4 ¢ L for A'¢ [Lz].

4.1 THEOREM ([4]). Kps K,s ¥, and Kk, are the only con-

gruences on L .

4.2 THEOREM. Kps K, and K, are the only congruences on
LONPol(a) for every aGEp.

PROOF. Clearly, the closed sets LnPol(a), aGEp, are mutually
isomorphic. Therefore we can assume that ¢=0. Let Kk be a con-
gruence on LNPol(0). The following two cases are possible:

Case 1: K & K5
By 1.1 is Kk = Kl.
Case 2: K. ¢ K c—E

0 a

n
and an »n-

Then there exist K -congruent functions fn, g
tuple 5=(a1,...,an) with f(a)#g(a). Therefore is
f(a1°x,a2°x,...,an°x)=:a-x~b-x :=g(a1°x,a2'x,...,an-x) (K,

where a#b.

The functions A(z,y)=xz-y mod p and t(x)=(a—b)_1-x belong
to LAPol(0). Thus we get h(ax,ax)=co~h(ax,bx):=h'(x) (o)

cz=t*c(1)~t*h’=e§ ( K). This implies that cé

for every »"6LNPol(0), m>1, Therefore K = Ka‘

m_.m 7
*p =c0~p=e1*r (K
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4,3 THEOREM. Kps K are the only congruences

on LANS.

Ka and K7

PROOF. Obviously, a(LNS)=L. Therefore, using 2.2 and 4.1 we
have the the theorem.

4.4 THEOREM. KO’ Ka and Kl are the only congruences on
LNSNpPol(0).

PROOF. The theorem follows from oa(LNSOPol(0))=LOPol(0), 2.2
and 4.2.

We also remark that the structure of the congruences be-
comes more complicated, if k is not a prime number. If k is
square-free, then follows by [8] and by [4] (theorem 3.6)
that every closed subset of L has only a finite number of
congruences. But, if k is not square-free then there exist
closed subsets of I with an infinite number of congruences.
Finally we give an example for a closed subset with a such a
property.

n
Let Z:= U {fnGP4 3a.6{0,2}:f(%)= T a.-x. mod p}, let »(f)
n>1 4 o S

be the number of the non-fictitious variables of the function
f.
Further let X4 be. an equivalence relation defined by

g (x,) : == f=gV(n=mAr(f)<ilr(g)<i),

t=1,28,... +» I£f 18 easy to prove that Xz for all Z>1 is a

congruence on Z of P4.
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