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Let A Rn be a (geometric) lattice and let A z = (a1 3 a • • . л an),
a .6Rn, be a basis of A, i.e. A={u9Rn : u=T.n. , u. a.,г 3 3 3 3 г=1 г г3

Yb YLи. inteqevs The set P:={x9R :a? = E . , X . a ..г a 3 г з  г=1 г г3
0<\.<13 г=1л...лп} is the unit cell of A. Denote by y(S) the 
Lebesgue measure of S Rn and by |s| the cardinality of the 
finite set S. The zero vector of Rn is denoted by 0. By S+H we 
mean the algebraic (or Minkowski) sum of E3H Rn3 i.e. S+H := 
{x6Rn '.x-s+hy sGSy hGH) . The number dA:=\det (â  3 . . . 3 an) | is the 
determinant of A, we assume that dA>0.

A generalized form of Minkowski's convex body theorem
Ylasserts that if KCR is convex and 0-symmetric (i.e. K=-K) and 

( у (ЦК) /dA) >13 then |lf/)A|>l.
The aim of this note is to show that it is not the ratio 

(]i(%K)/dA) that decides upon the number of lattice points 
being in K, but rather the ratio (у(%K) /о (% K3A))3 where 
o(%K3 A) \<_ dA) is a number that might be called "the measure 
of covering Rn by %Z".

Before the exact definition of this number, let us recall 
that the pair {S3A}3 S C R n3 is called an " (S, A) -covering of Rn " 
if

(1) U (S + u) = Rn.
ив A
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The ratio (\i(S)/dA) is called the density of (S, A) -covering 
(see [l] , p. 182.).

Definition 1. We say that {5,A} is an "almost (S,A)-covering 
of En” if

(2) yftf” \ U ( S+u) )—0. О
uGA

The condition (2) is equivalent to

(3) \i(P\ U ( (S+u) ПР) )=0
uG A

(an excercise for the reader).
Denote

(4) Sv := U ((S+u)PiP).
e uG A

Assertion 1. Let A: = (a13 . . . .a ) and A' := (al. . . . .a ') be two— ^--------  l3 3 n l3 3 n
bases of A and P and P ' be unit cells of A and A', respecti
vely. Then

(5) M(Sp ) = li ( Sp , ) j 

consenquently

(6) \i(P\Sp) = y(P' Spr) . D

Proof :
\x(Sj = \i( U(( U ((S+u)/)P) )n(P’+v) ) ) = 

vGA uGA

= м( и и ((s+r)f\p’{\(p+w))) = \\(S ,) 
wGA rGA

and \i(p) = у ГР') = dA.



117

Definition 2. The measure v(Sp) is called "the measure of co
vering Rn by S" and is denoted by c(S3A) ((5) shows that it
depends only on S and A). □

Assertion 2. The pair {S,A} is an "almost (S3A)-covering of Hn"
if and only if o(S3A)=dA. □

Proof : Trivial consequence of definitions. ■

This assertion justifies the name given to o(S3A) in Def.2. 
Denote by фд the canonical map of R onto the torus group 
T:=Rn/A. There is an interesting connection between o(SyA) 
and qj , namely we have.

Assertion 3. For any ^-measurable set S C R n

(5•) e(S3A) = рГф k(S))9

where у is the measure on T generated by у. □

Proof : Denote by \pp the isomorphism of T onto P. The measure 
у on T is then defined as ц(Н) := \i(\l>p(H))3 H T (this does not 
depend on P). Now, we can see easily that sp=^p( фл (р ;;. ■

Now, we have

Theorem 1. Let К C.Rn be convex and 0-symmetric. If (\i(%K)/ 
/c(%K3A) )>m (where m is a positive integer), then К contains 
at least m pairs of non-zero lattice points и .3 -u .GA3 и .7̂ 03Ъ "Is ъ
i=l3...3m3 such that all members of the set Hi={u^3 ...3u^3-u^3 .
., 3—u^} are mutually different (i.e. |ff|=2m ). Q

•4
Proof : We shall prove that

(7) %ri+|AAA|; > (]i(hK)/c(%K3A) ) .
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The proof of (7) depends on the following two trivial facts:
- For any sets S3HC.Rn of finite cardinality

(FI) \S+H\ > |S| + IЯ I - 1.
Yl- For any Lebesgue-measurable set S C.R

(F2) \i(S) = f\(S-x)f)A\ dx .
P

As to the proof of (7), first we can easily see that

(8) (hK) := U ( (h>K+u) )Г\Р)={х9Р: ( h K - x ) O . 
uG A

Secondly, for any xG(kK)p we have

О) ялл = ( (hK-x)-(HK-x))(\K э ((kK-x) n k)-((%k-x ) П л;.

[Here we used the convexity and 0-symmetry of K, i.e. %K-%K=K. 
The assumption \i(K)>0 implies, using (F2), that 
\x((kK)p)>0(=> (hK)pM).']
Using (FI), the relation (9) implies

(10) | Х Л Л |  _> 2 I (kK-x) C\ A I-1.

Integrating both sides of (10) over (%K)p3 using (8), (F2) and
taking into account that у((%K)p)-o(%K3A)3 we get (7). To finish 
the proof, (7) imply

(11) q:= I AT ПЛ J > 2m.

Write К (\ A in the lexicographically increasing order, say
u-<u0<..,<u <u ,,<...<u <u <...<u . Clearly1 2  m m + 1 q-m q-m+1 2m q
QGKClh3 i.e. u^=0 for some l<r<q.

This means that tiiere are exactly r-1 elements and
exactly q-r elements u.>0. Assume that r<m. Inequality (11) 
implies q-r>_q-m>m. But К Л Л is 0-symmetric, hence q-r>m implies 
that at least m elements u^<0 belong to Х/1Л (all -u  ̂) and this 
is a contradiction (because there are exactly r-'l<m-l such
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elements only). We come similarly to a contradiction if we 
assume that r>_q-m+l. Hence

(12) m+1 <_ V <_ q-m3

showing that we have at least m mutually different elements 
и .<0j so -u .>0 are also mutually different and also different
from и .. Вг

Remark. The above idea can be used to prove that the cardina-
Yllity of any 0-symmetric set S R containing 0 is odd. Indeed, 

assume \s\=2k. Writing S in the lexicographic order, the index 
of 0 cannot be <k, hence it is >k+l that is again a contradic
tion. □
Using the same method of proof as in Theorem 1 we can prove: 

Theorem 2. Let SC.Rn be any L-measurable set. Then

(13) h(l+\(S-S) fi A|; > (\i(S)/c(S3 A))3

consenquently, if Yy(S)/d(S3A))>mt then S-S contains m pairs of 
mutually different non-zero lattice points u.3-u.Gh3 i=l3 ...3m3

such that the cardinality of H: = {u .3-u .3 i=l3 ...3m } is 2m. p'l' ъ

This theorem contains Thm 1 as a special case. The first 
generalization of Minkowski's theorem of this type is due to 
Blichfeldt (see |l|). It is clear that g (S3A) <_ dA3 hence (7) 
and (13) yield substantial sharpening of Minkowski's and 
Blichfeldt's result, respectively. Many examples can be found 
such that c(%K3A)«dA (i.e. {%K3A} is far from being an (%K3A)- 
covering of J? ) and \i(K)<< 2 dA3 but their ratio is great 
enough to ensure many lattice points in K.

A deatiled discussion and further development of the proof 
of Minkowski's theorem via (9), (10) and (7) can be found in
E2] ' E3J and E4] •
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A Minkowski-féle konvex-test tétel és 
az Rn-nek egy adott halmazzal vett lefedési

mértéke

Uhrin Béla

Os s z efoglaló

Legyen Л Rn egy geometriai rács, P az alapcellája és 
dk = \i(P) a determinánsa. Egy tetszőleges S Rn Lebesgne mér
hető halmaz esetében az ö(S.,A)=y( U ((S+u) P) ) mértéket az

ивк
'U?n-nek az S halmas által vett lefedési mértékének" nevezzük. 
Bebizonyítjuk, hogy az S-S (algebrai) differencia-halmazban le
vő rácspontok számánál nem \i(S)/dk hányados számit (ahogyan 
eddig ismert volt), hanem а у (S)/cis,Л) hányados. Ez élesiti 
Minkowski ill. Blichfeldt klasszikus eredményét.
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ТЕОРЕМА МИНКОВСКОГО О ВЫПУКЛЫХ ТЕЛАХ И МЕРА 
ПОКРЫТИЯ Rn МНОЖЕСТВОМ

Б. Ухрин

Резюме

В статье доказывается, что число точек решетки А с Rn содержа
щихся в /алгебраической/ разнице S-S множества S с Rn измеряет
ся числом y(S)/c(S,A) , а не числом y(S)/dA . Здесь
c(S,A) £ dA есть мера покрытия Rn множеством S, определенная
как c(S,A)=u (U ((S+ u)0P)). Этот результат улучшает класси-uGAческие результаты Минковского и Блихфелдта.
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