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The subject of our lecture is the second order differential
equation of the form

() y" +p fly,y') =0

for y = y(t) where the function p = p(t) 1is piecewise
continuous on the interval Ig¢(-«,~) and f(u,v) satisfies

the following relations

(2) Plw) = u Flus 1) 2 0 and continuous for u € R\{0},
(3) fleu, ev) = ¢ Ff(u,v), c € R,(u,v) €R x R.

The existence and the uniqueness of the solutions of the
initial value problem for (1) is also assumed. The property
(3) ensures that if y = y(t) is a solution of (1) and e
is some constant then the function ¢ y(tf) 1is also a solution
of (1). Thus the differential equation (1) resembles the
linear differential equation indicating the name of*half-
-linear one (see [11). The special case f(u,v) = u" Ivll_n
with n >0 was studied in [2] and [3]. Here we make an
attempt to deal the oscillatory case (in view of the inequal-

ity (2) )} as generally as possible.
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= S(¢p) Dbe the solution of the following differen-
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with the initial conditions §(0) = 0, §(0) = 1. If

>
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then S(9) is an oscillatory function with the period 2w,

and there are quantities TsT_K depending only of f with

the properties

(5)

If ofe =T, +

T = T(9) by

Owing to (5)
m and it has

- tOo » as

é(ﬂ+) = é(—ﬂ_) = 0, §(¢)>O for =W <Q<T s

S@) = K S(e=m), K > O.

~
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the function T 1is periodic with the period
discontinuities at ¢ = 9, and it varies from

9 varies from 9, to LEPE Moreover T

fulfils the differential equation

(6)

7 =1 + F(T),



= 9=
where the function F is nonnegative due to (2).

Let us consider the curve 7 on the plane (xz,x2) given in
parametric from by (S(9), S(9)) for =-= < ¢ < o, Since K
is in general not equal to I, the curve 7 is winding round
the origin (0,0). Let ¢ = g be fixed. Then the pointé of

the halfray starting from the origin and crossing the point

PO(S(wo),S(wO)) are z, = p 5o ), x, = p S(p ) with p > 0.

Hence for the point PO of 7 we have p = 1. Thus we have a

generalized polar transformation on the wnlane (xz,xz)

x4 =p S(p)

(7)
o =p S(0)

which depends on the equation (1) in the above sense.

Let us consider a solution y = y(¢) of (1). This solution

defines a curve ¢ on the plane (xz,xg) given by (y'(¢),y(¢))
for t e I. We fix the values ¢, and Py by the initial condi-

tions y'(to) X é(wo), y(to) =R S(wo). Then by (7) we have

two welldefined functions o¢(¢t) and p(¢t) as polar coordinates
of the curve e

y'(t) = p(t) S5(o(t))
(8)
y(t) = p(t) S(o(¥)
which is a generalization of the Priifer transformation.

The functions o¢(t) and p(t) satisfy first order differential
equation system

et | F(T)
=7 T PO ToE

(9)

()
=0 B a-p.
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It is interesting to remark that the system (9) is of
triangular form because the right hand side of the first equa-
tion depends only on the unknown ¢ but not on p, while in
the second equation both the unknowns occur. This property of
the system (9) enables us to generalize several properties
known for linear second order differential equations (see e.g.
o & W )

We start with a simple lemma.

LEMMA. Let the functions pl(t), pg(t) be piecewise

continuous and let the relation

(10) p;(t) <py(t) for t eI

be valid. If ¢l(t),w2(t) are the solutions of the differential

equations

' 1 F(T((Pj))
(11) *i T TRF@ G Fite T+F (T (o))

with the initial condition q,j(to) = o, (j=1,2). Then the
inequality

0,(t) £ 9,(t) for Lt oo nr

holds. In the case %7, = P we have also

@l(t);%(t) for (-oo,tojnf.

Let y = y(t) be a solution of (1), and ¢t be

t
v 1.’
consecutive zeros of yLE) 0. Then by (8) we have
S(w(ti)) = 0, hence w(ti) O(modm). By (9) w'(ti) =1 % 0
thus ¢(t) is strictly increasing in the neighbourhood of

t = ti' Therefore w(ti+1) = w(ti) + m and ¢GE)‘<w(t)< o(t

PERRR

i+1)
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“for ti <E <ti+1' Similarly we have for the zeros ti,té,.

of 3'(t) = ¢ that ¢ (¢t) = my(mod m). If p(t) is
positive on the interval (ti:ti+1) then by' (9) the function
9 1is strictly increasing hence there is exactly one value

t% € (ti’t ) where y(t) has local extremal value and

1+17

1 pa—
o(t2) = o(t) + 7.
This observation and the Lemma has many avplications.

Theorem 1. Let ¢; and t2 be two consecutive zeros of a
nontrivial solution y(t) of (1). Then every solution y(¢t)
different from cy(t), where ¢ is any constant, vanishes once

and only once in (tl’t2)'

Usually we recall this theorem saying that the zeros of
linearly independent solutions of (1) are interlacing. In the
next theorem we formulate a stronger version oc this inter-

lacing property.

Theorem 2. Let y(t) Dbe a nontrivial solution of (1)
and J = (T],T?) be an interval such that J ¢ I and
;y(t) y(t) # 0 on J, y(Tj) y'(Tj) =@ for g = 1.9, Let

g(t) be other linearly independent solution of (1) satisfying
either §(t,)y(1;)>0, ¥'(T)y'(1,) > 0 if yy'<0 or

y(t )y (t,) >0, y' (1)) y'(1;)>0 if yy'> 0. Then there is

* - *
a value t € J with y(t )=0 in the first case or
= 0

— *
y'(t ) = in the second case.

Concerning the strong interlacing property we conjecture
that if the solutions of differential equation

"+ p(E) glys5") = 0

has the property given in Theorem 2 then the eguation is half-

linear, i.e. the function g(y,y’) satisfies the homogenity
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relation of type (3). In fact we could orove this conjecture

only in the case when g(y,y’) = h(y) k(y’). We have found

*
that g =y ly'|1'n, which was treated already in [3]. On the
other hand similar statement is not true in general if we as-

sume only the common interlacing property formulated by Theorem 1.

Now we want to compare the solutions of the differential

equations

n

12, . * Do G¥ i =8, j= :
( J) Y P f(y‘7 yJ) J=1,2

We say that the equation (122) is a Sturmian majorant to (12])
if the inequality (10) holds.

Theorem 3. Let t° € T and J e 41,9}, and let ‘the

solution yj = yj(t) of (12,) satisfy the initial conditions

J
o o o ] o
JCT = 5 0 (it = with
yJ( ) Y Z 0, yJ( ) Y
1O 10
i
0 o)
If to,t1 are two consecutive zeros of yz(t) = © /such. that
t0< £ <t,, and if (12,) is a Sturmian majorant to (12¢)
then
y, () yz(t)
—— > — for t <t<t,
Y1 Yo
Theorem 4. Let the conditions be the same as in

Theorem 3 with the only exception that we assume now

10
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Denote . o T are e the zeros of y.(¢t) = 0 on
Jd7 ) J

(67%) M.F,  THen #., 3 £

TOY K = ls2;.00 w IL the coet-

1k 2k

ficient pz(t) > 0 then similar statement is true for the

1
zeros of yj(t) =10y oo,
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