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The subject of our lecture is the second order differential 
equation of the form

(1) У" + P f(y,y') = 0

for y = y (t) where the function p - p(t) is piecewise 
continuous on the interval Ic(-°°,”) and f(u3v) satisfies 
the following relations

(2) F (u) - и f(u, 1 ) > 0 and continuous for и 6

(3) f(cu3 ov) = о f(u3v)3 о 6 R,(u,v) 6 R X R.

The existence and the uniqueness of the solutions of the 
initial value problem for (1) is also assumed. The property 
(3) ensures that if у = у (t) is a solution of (1) and c 
is some constant then the function о у (t) is also a solution 
of (1). Thus the differential equation (1) resembles the 
linear differential equation indicating the name of half-

-Z Yl-linear one (see C13). The special case f(u,v) - и |u| 
with n > 0 was studied in [23 and C33. Here we make an 
attempt to deal the oscillatory case (in view of the inequal
ity (2) ) as generally as possible.
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Let 5 = 5(ф ) be the solution of the following differen
tial equation

(4) 5 + /(5,5) = 0

with the initial conditions 5(0) - 0, 5(0) - 1. If

A

7T
oo
/—oo

dt
1+F(t) < 00

then 5(cp) is an oscillatory function with the period 2tt , 
and there are quantities т\+3т\_,К depending only of / with 
the properties ,

A

TT+ + IT - 7Г

(5) 5(тт+) - 5(-тг_) - 0, 5(cp)>0 for -тг_ <ф<тт+,

5 (Ф) - -Я 5(ф-тг)j Я > 0.

/ч
If ф^ф .-тг + гтг , г=03+13...3 then we define the function 

Г - Г(ф) by

г ( ф) = .
5 (ф)

Owing to (5) the function T is periodic with the period
Л
it and it has discontinuities at ф - ф . and it varies from ̂г
-oo to °° as ф varies from ф. to ф . 7. Moreover TЪ "Z' » J.
fulfils the differential equation

(6) T = 1 + F (T)
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where the function F is nonnegative due to (2).

Let us consider the curve i on the plane (x^,x^) given in
parametric from by (5(tp), S(cp)) for -°o < cp < °°. Since К

is in general not equal to 1, the curve г is winding round
*

the origin (0,0). Let cp — cp̂ be fixed. Then the points of 
the halfray starting from the origin and crossing the point

.4

P (S' (cp)j<S (cp )) are x, = p 5(<p )л x 0 = p S' ( cp ) with p > 0.

Hence for the point P q of г we have p = 1. Thus we have a 
generalized polar transformation on the plane (x^,x^)

X  j - p S ( cp )
(7)

x2 -p S (cp)

which depends on the equation (1) in the above sense.

Let us consider a solution у = у (t) of (1). This solution 
defines a curve c on the plane (x^,x2) given by (y'(t),y(t))

for t e I. We fix the values cp and p by the initial condi-o о
tions y'(t°) - Po S( tpo), y(t°) = po 5 ( cp o ). Then by (7) we have
two welldefined functions <p(t) and p(t) as polar coordinates 
of the curve a

/ч
y '(t) = p (t) S(y(t))

(8)
y (t) = p (t) S (cp (t) .

which is a generalization of the Prüfer transformation.
The functions cp(t) and p(t) satisfy first order differential 
equation system

1
1+F(T) + p(t) F(T)

1+F(T)

(9)

p ’ =  P f(T,l)
1+F(T) (1-p) -
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It is interesting to remark that the system (9) is of 
triangular form because the right hand side of the first equa
tion depends only on the unknown cp but not on p, while in 
the second equation both the unknowns occur. This property of 
the system (9) enables us to generalize several properties 
known for linear second order differential equations (see e.g.
in E hJ) .

We start with a simple lemma.

LEMMA. Let the functions pj(t)} р^,(£) be piecewise 
continuous and let the relation

(10) p 2 (£) £ p2(i) for t 6 J

be valid. If 4>1 (f)jV2(f) are t îe solutions o'f the differential
equations

(П)
1 W(cp.))

Ф<7 ~ 1+F(T( cp.)) + <pj (t) 1+F(T( cp.))J V

with the initial condition <p.(t°) - cp. (q = 132). Then theJ 0 o
inequality

(£) < <P2 (t) for П j

holds. In the case cp7 - cp 9 we have also
1 0  о о

Let у =

Ф1 (£) > Ф2 (£) for ( - ® ^ о]Л1. 

y (t) be a solution of (1), and . . . be
consecutive zeros of z/(t) = 0. Then by (8) we have

A

S(cp(£.)) - 0j hence cp(t.) = O(modir). By (9) cp '(£.) - 1 > 0Is Is Is
thus cp (£) is strictly increasing in the neighbourhood of 
t = t£. Therefore cp(£̂ . + ̂) - сpit^) + к and cp(t̂ ) < cp(t) <
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fór t . < t < t . 7. Similarly we have for the zeros ti,tl3 ...

of y'(t) - 0 that ф (t£) = тi+ (mod тг) . If p(t) is
positive on the interval {t^3t^+j) then by (9) the function
Ф is strictly increasing hence there is exactly one value

*

tl G (t.,t. where y (t) has local extremal value andг г г+1

Ф (t\) = ф {t T) + 7T+ .

This observation and the Lemma has many applications.

Theorem 1. Let tj and t2 be two consecutive zeros of a 
nontrivial solution у it) of (1). Then every solution у (t) 
different from ay it), where a is any constant, vanishes once 
and only once in itj3t^)‘

Usually we recall this theorem saying that the zeros of 
linearly independent solutions of (1) are interlacing. In the 
next theorem we formulate a stronger version о£ this inter
lacing property.

Theorem 2. Let у it) be a nontrivial solution of (1) 
and J = (t t ) be an interval such that J С. I and
-, у it) y\t) / 0 on J3 У i t y'ii .) = 0 for j - 132. Let' « 3
y it) be other linearly independent solution of (1) satisfying 
either у (т^)у (т^)>03 у '(т^)у1(т^) > О if уу'< 0 or
У it j)y ix 2) > О 3 у ' (t j ) У ' (t j ) > 0 if yy'> 0 . Then there is 

* _ *a value t G J with y it )=0 in the first case or _ *
y '(t ) - 0 in the second case.

Concerning the strong interlacing property we conjecture 
that if the solutions of differential equation

y" + pit) g (y 3 y' ) - 0

has the property given in Theorem 2 then the equation is half- 
linear, i.e. the function giy3y’) satisfies the homogenity
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relation of type (3). In fact we could Drove this conjecture
only in the case when g(y,y3) - h(y) к.(ул). We have found 

*
that g = уп \у'\'1'~п , which was treated already in C 3 П. On the 
other hand similar statement is not true in general if we as
sume only the common interlacing property formulated by Theorem 1.

Now we want to compare the solutions of the differential 
equations

(12) y. + p. f(y.,h'.) = 0, 3=1,2.J d d d V

We say that the equation ( 12 2 ) is a Sturmian majorant to (12j) 
if the inequality (10) holds.

Theorem 3. Let t° 6 I

solution Vj - of 0 2 .)

V ‘ 0) - y°. ^ 0j y\(t°) 
* 3 *3

,o
= У '■3

,0 1 о
yl . У2
0 о

yl У2

and 3 6 {1,2}, and let the
satisfy the initial conditions
with

If t jt, are two consecutive zeros of yv(t) = 0 such that 
t o< t° <tj, and ( 1 2 2 ) is a Sturmian majorant to (12j),
then

y2 (t) y2^t')
ъ for t < t < t - .

о = о о -  - 1
yl y2

Theorem 4. Let the conditions be the same as in 
Theorem 3 with the only exception that we assume now

* о
о

y 2
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Denote t . j t . j the zeros of y.(t) - 0
J

on

(t Then ^ for k. = 1323... . If the coef

ficient p , (t) > (9 then similar statement is true for ther l »
zeros of У  ЛЬ) - 0, too.«7
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