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We shall study the solutions of the Cauchy problem for the 
equation

Lu = -и, + (г^) - e-uV - 0
t XX (1)

xn R - { (tj,x) : 0<_t<coi -°° <x< °°}

with initial value

u ( O j X )  = u o ( x ) } -°° < X  < (2 )

Here y > ij V > 0 and a > 0 are constants. The function 
и (x) is nonnegative, continuous, and it has compact sunnort. 
Let supp uß = i > 0.

A great number of problems in physics leads to the equation 
(1). For example, it describes both the filtration of eras in 
porous medium and the process of heat conduction with absorp­
tion when the coefficients depend on the density or the 
temperature in polynomial way.

The equation (1) is parabolic when и > 0 and it decrene- 
rates and becomes of the first order when и - 0.
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It has been known for a long time that the nroblem (1), (2) 
has no classical solutions in general (e.g. see [ID). For this 
reason the class of admissible solutions must be extended.

The definition for the generalized solution of the nroblem 
(1), (2) and the proof of its existence and uniqueness can be
found in [3,6]. Some comnarison theorems necessary to Drove the 
following theorems 1-4 are stated there, too.

We shall investigate the solutions for sufficiently large 
t (t _> t > 0). Therefore we assume v _> 1. This is con­
nected with the well-known fact that if v < 1 then u(t,x) = 0
when t _> Tq > 0 (see [3D). It is also known (e.g. see C2D) 
that in the case of the problem (I), (2) "the perturbation 
propagates with finite velocity": for any t > 03 the func­
tion u(t,x) has compact support with respect to x (this fact 
is a simple corollary following from the results of the present 
paper). There exist two continuous curves x = ç.(t), г-2,2"Z'
such that < 0 and ç^(t) > 0 and

supp u(t3x) = {(t3x ) : t _> 0 j < ï < („ (t)}.

The functions ç.(t) are often called free boundaries.и

The basic results of this paper concern the functions 
u(t3x) and ç^(t). One can find the detailed proofs in [5D.

Let u(t3x) be the generalized solution of the Problem
(1 ), (2) .

Theorem 1. Let v > y. Then there exist positive constants 
that depend only on the initial data and such that for

t _> to the following inequalities hold:



- 99 -

1) и {t, ж ) £ ajt-1/iM + l )

2) I Ç„. (t) I £ a2t1/iV+l) i=l,2,

When V < y + 2 then

3) u(tjX) >_  ̂ ^  for small | ж [,

4) |ç^(t)| £ a^i(v y)/2(v 7), г-2,2.

When V > у + 2 then

5) и (tjX) _> a

6) ç . (t) > a tг — 6
l/(y+2) г-2,2

Remark 1. When v у + 2 - 0 then the differences in expo­
nents on the right hand sides in 1), 3) and 2), 4) tend to
zero.

The first time the estimates for ç . (t) were proved by 
B.F. Knerr differently (see C7 3).

Theorem 2. Let y - v. Then for t £ tQ the inequalities

1) и (t,ж) £ ayt -i/(y-2) for small I ж I,

2) I I  £ ae (£n t)I/2, i=l, 2



1 0 0  -

3) u(t3x) <_ a gt-Vív-:)

hold with positive constants a7, a , a and a .f Ö %y J. О

Remark 2. The inequality 2) means that for p - v there 
is no localization of the perturbation i.e. there does not 
exist L > 0 such that supp u(t3x) |r| _< L}.
The first time this fact was proved in 1973 by me and published 
in 1976 in my dissertation (see nil). The estimate

|Ç^(t)| >_ a In (£n t) was obtained there, it is weaker than

2). First the estimate 2) was shown by B.F. Knerr E73 by a 
method different from that in C 5 3.

Theorem 3. Let 1 < v < y. Then for t _> t the inequa-o
lities

1 ) и (tj 0) _> a 1j

2) и (t3x) <_ aj g

3) I < a12, i=l j 2

are valid.



101 -

Remark 3. The inequality 3) states - by definition - 
that in this case the localization of the perturbation takes 
place. This fact is known from [2 1.

We recall that in all above cases u(t,x) tends to zero as 
a polynomial. The next theorem establishes the case v = 1 
when this is not valid.

Theorem 4. Let 1 - v < y. Then for t j> t the follow­
ing inequalities hold:

— Q  -h I I1) u(t3x) _> e for small \x\,

2) u(t3x) <_ g J ß e -»

3) I (t) I 1 a2 6> i-1 >2-

Here о > 0 is the constant given in the equation (1).
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