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FOR THE NUMERICAL SOLUTION OF VOLTERRA FUNCTIONAL
DIFFERENTIAL EQUATIONS
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INTRODUCTION

In this paper a generalization of Tavernini’s results (13
on the numerical solution of one-step methods of Volterra

functional differential equations is given for the case of
variable stepsize.

Let us consider the initial value oroblem
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where g 1is a given initial function continuous on [a,al
and the functional F:[a,b]xcnta,bj+Rn is such that the
conditions of the existence and uniqueness theorem for the

solution are fulfilled (Driver ([2]), namely the following
assumptions hold:

1), for Hixed .y Flz,y) 18 continuous in .2

ftor "2'@°bta,bl,

ii) the functional F satisfies the Lipschitz condition
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for any Y1599 € C Losb] and’ e - dniLa, bl where. L  is
constant.
Here for real x, and T, with x, = Lo, Cn[x],xgl denotes
the space of continuous functions on Exl,xzj and for
Yy -E Cntxl,xgj the norm is defined as
(e 9t iy
¥ = agll = mazx || y,(8) = y, (&) .
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A consequence of 1ii) 1is that F(x,y) is independent
of y(s) for g>x, 1i.e. F 1is a Volterra functional.
Obviously, this class of functional differential equations
contains for example the class of ordinary differential equa-
tions, delayed differential eqﬁaiions, etc.

NOTATION AND DEFINITIONS

Let us intrpduce the grid 4, = {xo,xl,...,&N} e [a,b]

and the norm IIANH s moz ' Ky where hy = @, = @,
0<T<N-1

The solution of (1), (2) is always denoted by y.

Definition 1.

We call a general one-step method the following:

(3) y(cju+r hj Y = yer)+rhj¢ij,hj,yj,r), xie{AN}’ ref0,11,

o<1<N

&) @ =g, S8T6L 1,
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where ¢ chr e o S v e " is the increment function
[2

~

of the method and § = {(x,68)| a<x<b and 0<8<b-x} and g is

some continuous approximation to the initial function g.

In the following we suppose &(x,k,y,r) to be continuous

in r for fixed z,y,# and let ¢ satisfy the Lipschitz
condition, namely

” B,

4

“‘b(x,h:yzgl”)—q’(x,h,yz,lf’) ” i K l[ y] = y2

where K 1is constant.

It can be seen that the numerical solution of (1) is
defined by the method (3) everywhere in the interval of integ-
ration and not only in the gridpoints as it is typical when

solving ordinary and partial differential equations.

Definition 2.

The general one-step method (3) 1is called to be convergent,
if for every gridpoint

o, =~ gl 0 28 iRl w05 g =g il =@

Definition 3.

The truncation error Tt of the method (3) at x + rhi
is defined as follows:

T(xi,hi,r)::y(xi) + hi @Cri,hi,y,r) - y(xi + rhi).

® is supposed to be such that the truncation error satisfies
the condition
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where ¢e(x,r,h) 1is a given error function.

Definition 4.

The method (3) is called consistent if

(e, TY > Ble,u)s 3 @)

w
1

uniformly in x, or (an equivalent condition)

e w3

for all «elfa,bl.

It might be regarded as a more natural generalization of

the consistency, if we suppose, that

e(x,r,h) > 0 (|| ANll+0)

for all r € [0,1]. However one can see that the error is
simply accumulated at the gridpoints while in other points it

is multiplied by rhi.

Definition 6.

The global error of the method (3) is

it Eab
Iy = »ll

Next we define the function
V(z,8) = § T [y(z+&)-y @)1, & 5.0,
y’ (x) " § = @

for, all . (x,8) € 8.
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Finally, let us have the

Definition 6.

The method (3) is called to be stable, if there are

*
constants e,A > 0 such that

* Ca,bl
- yll

g
|y <ec {llg -gll +
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provided that IIANH < h and y* is the solution of the

perturbed recursion

* * *
Y (xi+rhi) -y (xi) + rhit¢(xi,hi,y ,r) + 6i+13'

Theorems

In the remaining part of this paper we give some conver-
gence and stability results for general one-sten methods (3).
Theorem 1.

Assume that

i) the increment function ¢ is such that the truncation

error satisfies the inequality

| @ (x,n,y,2) -V(z,rh) || < e(x,r,h)

for all =x e {AN}, » & L0,13 and s B,

= *
ii) € is a monotone function of % and e(x,r,h)ie(xﬂgh)fpz

is constant)
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iii) furthermore
™ *
E(x_,]_,h) » 0 (HANH o 91 Yo

Then the error is bounded by

% i ]
gy ] Hoe2

) EHQ = 1 +
b
+ [ B, 1,k )ded 11 + (b - aykeX P,
a

By the help of the above estimation we obtain the follow-

ing convergence and stability result.

Theorem 2.

If the general one-step method (3)
i) 1is consistent and

ii) the increment function ¢ is uniformly bounded in

and r, for all HANII > 0

*
H ¢(.’L'_, h,y,l”) H i MJ M - constant,
then it is convergent for any {AN} such that
N=1
- ~
mazx he = h + 0 and lg - gll »o.
0<i<N-1

Theorem 3.

The general one-step methods (3) are stable.

The proofs of these theorems can be found in [31].
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