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Let V = { 1,2, . . . »  к — 1} for к > 2, VQ = FU { 0 } a finite alphabet and L a 
language over VQ : L Q V* . Notations: V* = и { e }, = и , Vl • V2 =

П- 1
= { Vj v2 Ivj eV1, v2eV2 }, and ” e ” is the empty sentence. A language L is termed 
symmetric, if it contains the word а0ая(1). . .an(n) for any aQax . . . aneLQV^ and 
for any permutation ireSn over the index-set N  = ( 1 , 2 , . . . , « } .  The class of symmetric 
languages (^-languages) over the alphabet VQ :

/ =  { Ц а 0ах . . . aneLc V£) iff (VneSn)(a0an(1). . .an(n) eL )j .

A language L ç  VQ V * is said to be invariant under inner linear transformations (IL-language) 
if it is closed under the following two operations Oj and 02 (a0<Zj • • • a„ ^ Qbl . . . bm eL):

1. )  O j ( a 0 ) ű q j O j I ű q Űj ) a 0 a y

Ojíajjűj . . . an) = aQ . . . an 2 a for n >  2, a
i a n - i  +  V  i f  a n - i  +  an ф  °* 

^ e  j i f  an - i  + a n =  °-

2.) 02(aQ,b0b l . . . bm ) aQ, 02(aQal ,bQb l . . . bm ) (aQ + c10)cn c 12 • • • c \ m ’

° 2 (a 0 a l • • an ’ b Ob r  ■ - b m ) =  0 +  C« 0 )fll • • - an - l Cn \  • • • Cn m ’ f ° r  П >  2 ’
r\
a( • b., if /  = 0 or a{ ’ b. Ф 0;

' CH = j '
e , if j  Ф 0 and a{ • = 0.

(the addition ”+” and multiplication are carried out mod к in this lecture.)

The class of IL-languages over the alphabet VQ is

J  = { L\ if a,b e L ç V ç V * , then 0,(^), 0 2(&&)eZ, } .

The main purpose of this lecture is to investigate the class of symmetric languages invariant 
under inner linear transformation (SIL-languages):

* Presented at the Internat. Colloquium on Automata and Formal Languages, Szeged, (Hungary), Aug 30 -  Sept. 2, 1977.
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Results:

a. ) The complete lattice-structure of SC and therefore the exact (finite) cardinality of SC
are presented for к = p prime number.

b. ) The base and the rank of each languages Le SC are given.

c. ) The elements o f SC are generable by regular grammars.

d. ) The correspondence between i SC and the class of linear functions on the set VQ
is presented.

Remark: A. Salomaa presented in [6] very impressive results concerning closed sets of 
sequences over the set VQ. Still, he defined the closedness of a set in a way according to 
Malcev-algebras and thus a little different from ours. Besides, his essential results concern the 
case of infinite cardinalities. Moreover, according to his definition, it is not languages what he 
deals with. In the case к = p with p being a prime number he presents the sets corresponding 
to the sets with the remark that because of the finiteness of L(1) the
cardinality in question must be finite as well.
A word a0al . . . an can be interpreted as a linear polynominal over GF(p); by the correspon­
dence aQa1 . . . a„ <— aQ + alx l + . . .  + anx n a connection between many-valued 
logics and our results is presented. Some significant results on many-valued logics are tabelled 
as follows:

Structure of 2-valued logics (Post-lattice)

All precomplete subsets in P3 

Closed and precomplete subsets in Pk

All precomplete subsets in Pk
infinitely generated in P. (k>3) 

Closed subsets! K
'w ithout bases

Maximal and precomplete sets in L(k)

Lattice of S7L(p)-languages

— E. Post, 1921. [4]

— Sz. \ i  Jablonszkij 1953. [7]

— Sz. V. Jablonszkij, 1958. [7]

— 1. Rosenberg, 1965. [5]

— Ju. I. Janov, A.A. Muchnik, 1959. [&}

— A. Salomaa, 1964. [6]

— J. Bagyinszki, J. Demetrovics, 1976. [1], [2].

Table 1.
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It can be checked, that the following sets are S/A-languages (notations:
eV  for />  1, 2  а.

ifi 1
= a, aeVQ):

L(k) = I Ű0Ű1 ■ ■ ■ а гг 1 п = 0,1,2, . . .

*II

= { ŰqŰj . ■ • а п
\а = 1)

La = { űqŰ! - ■ ■ ап 1а0 = а(1 -  а), п > 1} U { а }

L(l) = о

с V0 V
£<°> = ^0
A(1) \ £ ( ° 4  = V0 V)

^Aa Ад П Lа ^До
L ÿ ' - L à n L < »

La )= La П L(l)  = { a0al I % = “O “  «i)} u  l a }
L ™ \  { e } ( - L e n ( l ( l ) \ £ ( 0)))

L^0) = I a n  L(0) = {a}
LU) и L(0)

Theorem 1: I f  k =  p (prime), then < - £ ? u { 0 } , c >  is a finite lattice, with the unit element 
L(p) and zero element 0 (empty set).
The linear sublattice of the known Post-lattice (k = 2) is given for an example on Fig- 1 •
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In the rest of the paper к is supposed to be a prime number p > 3.

Let [A\eL£ be the least language in L£ containing A (thus, Ас.А<1_[А], A,[A]e5f 
implies A = [A].)- The set BÇfL'eLT is a base of L \  if [B\ = L' and B'ç_B, [B'] = L' 
implies В' = В .
”A ” is called to be complete in V  eL£ , if [A] = LJ.

Let L',L"eLT. L" will be called precomplete in L', if f " c f  CL '  implies [A] = L ' .

Let L' be a SIL -language. To prove that all the precomplete SIL-languages in L' are 
given, we need bases of the S/L-languages. Bases of L(p), precomplete languages in L(p) and 
their bases are given in theorems 2 — 6. (without proofs). This is the first level in the lattice 
< { 0 } , ç > .

Theorem 2. The following sets are bases in L(p):

(a) { Oi l ,  11 } .

(b) { aQal a2 ,bQ ,cQ} ; a = 1, aQ = 0, bQ Ф cQ,

(c) {a0a .a 2 ,è0 } ; a = l , a Q* 0 *

(d) {aoa\ a2 ,^0 } > аФ l, b0 Ф (p -  aQ)(a -  1 )P ~ 2 #

Theorem 3.

(1) Languages L a are precomplete in L(p), a = 0,1, . . . ,p  — 1.

(2) The language Тд is a precomplete in L(p).

{3) The language is a precomplete in L(p).

Theorem 4.

(a) The set o f  base-functions (bases with one element each) in the language La is:
I . ' t t j U I ™ ) .

(b) The set o f  base functions in the set Тд ts : Тд \ (Тд0 U L( ^ ) .

(c) The set o f  base functions in the set ZAo is' LLo ^ П )-

Let cQeV0, В = { а юа ц >a2 0 a2 i > • ■ • ’asoasi^ > an<̂  ri ~ (ал )  ^ e the multiplicative order o f  
an eV.

Theorem 5.

A.) The following statements are equivalent:

(1) The set В is a base in the language 

( 2) The set B Q = В и {cQ } is a base in the language L( 1 ) ,

(3) For elements o f  the set В are valid :



(a) l.c.m. {rx, . . .  ,rs \ = p  -  1.

(b)  B \L < V  ФФ a = 0,1.......p — 1*

(c) i f  В' с  В, В' Ф B, then (a) and (b) cannot hold for B' at the same time.

B.) I f  В is a base o f  L n )  \L ^ > ,  then \B\> 2, IBQ\> 3.

Theorem 6.
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Every language Le У  different from L(p) is a subset at least in one o f  the precopmlete 
languages LQJLl>. . . ,L p _ x Х д / (1)-

Languages of the next level can be determined in a similar way. Results are presented only 
in a more compact form on Fig. 2. giving the structure of the lattice <L£ и { 0 }, c  >. If the 
language L" is precomplete in L'e У , then L" is of the next level and there is an edge connec­
ting it with L'.

It can be seen that the set L(1) \ Z /0) constitutes a group of order p(p — 1) with respect 
to the operation 02. Let p — \ = q xl . . . q u be the canonical decomposition of p — 1, where 
2 = q { < q 2 < . . . < qu are prime numbers, к( > 1, p. = ^----- and L( 1 •'* = }а0аИа) divides p . }

U *i ' i = 1,2__ и
(Ka) is the order of ”a” in the group < V, • >).

To complete the structure of it needs, юг example, the following statements:

(1) The group * is contained in a subgroup G of the group Z,( 1 ) \Z,(0), if and only 
if the order of G, IG’I > p.

(2) The subgroup G c L (1) \  I (0) of order IGI< p — 1 is cyclic, G is a subgroup of 
L^  * \ { a } for some suitable a.

The next theorem involves the result on cardinality cited in theorem 1. 

Theorem 7.

( 1) &  has the cardinality

\ 2 ’\ = p +  2 - { p - 2 ) 2 pl + 2 d { p -  1 )+  2p-  2  2e .
elp — 1

и
(2) & has maximal and minimal chains of lenght p + 2 + 2  к- and 3, respectively.

i-1 '

At last, we shall show that i f  is a subclass in the class of regular languages . Thus we shall describe 
the regular grammars which generate the elements of У  , and finite accepting automata.
The grammars G for languages L,L^, L ^ 0 and La are given as follows. Let 
G = (К, be with non-terminals K, terminals VQ, productions P.



L\ KL = . PL -  Vy {A Q -*■ j, A q -*■ jAl ,A l -*■ i, A x -*■
/6Kq

~ ^Ao ' *o — { А 0^4^х, . .  . , A p _ x } j

РД = u ^y { Ao ^ b A ’ A A ( - * p - i  + 1 ,A i ^ jA i+J. } .

J0eV0
PA0 = PA \ { A0 ^ j Al j eV} ,

12

La -К { A Q^ i 1, . . . )A p l , B Q ,Z?j, . . . ,Bp j }

pa = u % eV К  -  M o  -  -*■ p — m + l , B m -*■ i • AmH.A ^ p - i+ \A ^ jA

b eV о

ß= aP ~ 2t

It is clear, that for finite languages there are accepting finite automata.
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Fig. 2.
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ö s s z e f o g l a l ó

A belső lineáris transzformációra invariáns szimmetrikus 
nyelvek hálója

Bagyinszki János — Demetrovics János

A VQ alaphalmazon definiált L nyelvet szimmetrikusnak nevezzük, ha aQala2 . .  . aneL 
esetén а0ая(1)ая(2) . . . an(n^eL is igaz minden 7r(x) permutációra. Egy nyelv invariáns a belső

lineáris transzformációra nézve, ha zárt a dolgozatban definiált Oj és 02 operációkra. A szimmet­
rikus és u belső lineáris transzformációra invariáns nyelveket SIL-nyelveknek nevezzük. A jelen 
dolgozatban azokat SIL nyelveket tanulmányozzuk, amelyekben a VQ alaphalmaz számossága 
primszám..

Dolgozatunkban leirjuk a SIL(p) nyelvek osztályának teljes szerkezetét, megadjuk a tartal- 
mazási reláció által indukált hálót, a minimális bázisokat és a pontos elemszámot. Megmutatjuk, 
hogy a SIL(p)- nyelvek mindegyike reguláris és utalunk a többértékü logika lineáris függvény- 
osztályaival való kapcsolatra.
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Р Е З Ю М Е

Структура симметрических языков, инвариантных 
по отношению к внутренним линейным трансфор­
мациям .

Янош Бадински - Янош Деметрович

Назовем язык l симметрическим над алфавитом у ={0 , 1,2 , . . . ,
.. .,к-1},если для каждой перестановки 1Г(х) из аоа а а е-ьI 2 ’ ’ * п

следует, что а а„, ч. . . а„, ч еь. . Язык l является инва-о 1! (1) 11 (п)
риантным поотношению к внутренним линейным трансформациям, 
если он замкнут относительно операций 0- ,̂ 0^ определенных в 
данной работе. Язык L называется SIL-языком, если он симметри­
ческий и инвариантен по отношению к внутренним линейным транс­
формациям. В настоящей работе мы исследовали SIL-язык, в слу­
чае когда мощность алфавита Vq равна простому числу.

В работе описана полная структура SIL-языков относитель­
но операции включения и охарактерезован каждый класс /  SIL-язы­
ков/ в этой структуре. Кроме того, для каждого SIL-языка за­
дан минимальный базис и приведена точная арифметическая форму­
ла для мощности SIL-языков /элементов в структуре/. Доказыва­
ется, что каждый SIL-язык является регулярным и, кроме того, 
указывается связь между линейными замкнутыми классами к-зам ­
кнутой логики и SIL-языками.
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