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UNDER INNER LINEAR TRANSFORMATIONS *

Bagyinszki Janos — Demetrovics Janos
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Let V = {1,2,...,k—l} for k> 2, V, = vu {0} a finite alphabet and L a

language over ¥, : L C ¥/ . Notations: Vo= VoUle}, Vy= nC:Jl Voo Vi = Fym

= { Vv, v, €V, , v, eV, }, and ” € is the empty sentence. A language L is termed
symmetric, if it contains the word Ay, 1y - By (py for any asa, ... a, eL(;V(; and
for any permutation meS, over the index-set N = { 152, « ¢ s 7 } The class of symmetric

languages (S-languages) over the alphabet VO:
I={Lkaya, . ..a,eLcVy iff (VmeS,)aya, ). - 4, ) €L) }.

A language L C V, V * is said to be invariant under inner linear transformations (IL-language)

if it is closed under the following two operations 0, and 02 (aoal. ..a, ’bobl' i s bm el):
1.) Ol(ao) = a,, Ol(aoal) = a,a,,
a._q+da., if a g Fad* 02
0,(aya, ...a))=a,...a,_,a for n>2, d'= {
€ ’1fa"_l+an=0
25 Oz(ao’bobl % b bm) = a,, 02(a0a1,b0b1 i .bm) = (ao + cw)cnc12 cas Bty
Oz(aoa1 oo nllyy Baby. . bm) =@, * Coghly ¢ i B §Cuq v s ol for n=> 2,

ai-bl., it J=0 or ai-b].a&O.;

€, if j#£ 0 and a,.-bl.=0.

”»»

(the addition ’+” and multiplication are carried out mod k& in this lecture.)
The class of IL-languages over the alphabet V0 is

s ={Llifab eLCV,V*, then 0 ,(a), 0,(ableL } .

The main purpose of this lecture is to investigate the class of symmetric languages invariant
under inner linear transformation (SIL-languages):

2L =#N.Ss

*  Presented at the Internat. Colloquium on Automata and Formal Languages, Szeged, (Hungary), Aug 30 — Sept. 2, 1977.



Results:

a.) The complete lattice-structure of % and therefore the exact (finite) cardinality of &£
are presented for k£ = p prime number.

b.) The base and the rank of each languages Le ¥ are given.
c.) The elements of £ are generable by regular grammars.

d.) The correspondence between . £ and the class of linear functions on the set Vo
is presented.

Remark: A. Salomaa presented in [6] very impressive results concerning closed sets of
sequences over the set V. Still, he defined the closedness of a set in a way according to
Malcev-algebras and thus a little different from ours. Besides, his essential results concern the
case of infinite cardinalities. Moreover, according to his definition, it is not languages what he
deals with. In the case k = p with p being a prime number he presents the sets corresponding
to the sets L,L,,Lx,L Ao*L(l) with the remark that because of the finiteness of L(1) the
cardinality in question must be finite as well.

A word aga, ...a, can be interpreted as a linear polynominal over GF(p); by the correspon-
dence aya, ...a, «<—> a;tax, +...+ax a connection between many-valued
logics and our results is presented. Some significant results on many-valued logics are tabelled
as follows:

- Structure of 2-valued logics (Post-lattice) — E. Post, 1921. [4]
All precomplete subsets in P, — Sz. V. Jablonszkij1953. [7]
Closed and precomplete subsets in P — Sz. V.Jablonszkij, 1958. [7]
All precomplete subsets in P, — 1. Rosenberg, 1965. [5]

infinitely generated in P, (k=3
Closed subsets | e ¥ (23) 1 1 Janov, A.A. Muchnik, 1959, [8}

without bases
Maximal and precomplete sets in L(k) — A. Salomaa, 1964. [6]

Lattice of SIL(p)-languages — J. Bagyinszki, J. Demetrovics, 1976. [1], [2].

Table 1.
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It can be checked, that thenfollowing sets are S/L-languages (notations:
aoeVO,aieV for i> 1, Zl a; = a, ael):
l:

Lty={ a.a ...a,0 =012, ...} = Vg V*
L ={aoal...anla=l}

L, ={aoal...an|a0=a(l—a), n>1} ula}
'Y= ¥ UV

L0 = VO

L\ LO0)( = VOV)

Lpya = Lp 0 L= Lpg

LY=L, 0 LD

fol)= L 1Y) o {aja, lay = (1 — ‘11)} U {a}
LI {a}( = 0 (£ A 200

Lg‘o) =L,Nn (0 - {a}

Lg)uL(O).

Theorem 1: If k= p (prime), then <ZU {(0} C > is a finite lattice, with the unit element
L(p) and zero element O (empty set).
The linear sublattice of the known Post-lattice (k = 2) is given for an example on Fig. 1.
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In the rest of the paper k issupposed to be a prime number p > 3.

Let [A]eZ be the least language in < containing A (thus, 4 C ;1-_<;_[A], Z,[A]e.‘t’
implies A = [A].). Theset BC L'e % is abaseof L', if [B]=L' and B'C B, [B']=L'
implies B' = B.

”A” is called to be completein L'eZ |, if [A]=L".

Let L'.L"e & . L" will be called precompletein L', if L" C A C L' implies [A] = L'.

Let L' be a SIL-language. To prove that all the precomplete S/L-languages in L' are
given, we need bases of the S/L-languages. Bases of L(p), precomplete languages in L(p) and
their bases are given in theorems 2 — 6. (without proofs). This is the first level in the lattice
L Lyl ,C.

Theorem 2. The following sets are bases in L(p):

(@ { 011,11},

() { agaya,sbyept 3 a=1, a, =0, by #cye

(c) {aoaiaz,bo} : a=1, a; # 0.

(d) {aya,a,.b,} ; a#1, b0=;ﬁ(p—ao)(a—l)"'‘2 "
Theorem 3.

(1) Languages L, are precompletein L(p), «=0,1,...,p — L.

(2) The language L, isaprecomplete in L(p),
(3) The language LV is a precomplete in L(p).

Theorem 4.

(a) The set of base-functions (bases with one element each) in the language L is:
IV Chyx 9 R,

(b) The set of base functions in the set Ly 1s: LA \ (LA() U L)y,

(c) The set of base functions in the set LpgisiLpg\ AL

Let cyeV,, B= {amall Aopplyys - - ,asoasl} , and r; = (a;,) be the multiplicative order of
a, €v.

Theorem 5.
A.) The following statements are equivalent:

(1) The set B is a base in the language L‘')\ L(O),
(2) The set By = BU {co} is a base in the language L'V ,

(3) For elements of the set B arevalid:
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(a)l.c.m.{rl,-..,rsl=p— 1
D) B\LY #0 «a=0,1,...,p— 1.
(¢)if B'C B, B'+ B, then (a) and (b) cannot hold for B' at the same time.

B.) If B isabaseof L'Y) \L(Y) then B|> 2, B, !> 3.
Theorem 6.
Every language Le<Z different from L(p) is a subset at least in one of the precopmlete

languages Lo’Ll""’Lp—l’LA’L(l)'

Languages of the next level can be determined in a similar way. Results are presented only
in a more compact form on Fig. 2. giving the structure of the lattice <Z U { (1] ], c >. If the
language L" is precomplete in L'e &, then L" is of the next level and there is an edge connec-
ting it with L'.

It can be seen that the set L{1) \ L(®) constitutes a group of order p(p — 1) with respect

to the operation 0,. Let p—1= q:l g q:“ be the canonica‘l decomposition of p — 1, where
2=¢q,<4q,<...<gq, areprime numbers, k,> 1, p, = &q_—‘ and L1 = {ayalr(a) divides p, |
i R T £ T

(r(a) is the order of ”¢” in the group < V, - >).
To complete the structure of L!) it needs, or example, the foilowing statements:

(1) The group LZ” is contained in a subgroup G of the group L)\ L(®) if and only
if the order of G, |G| = p.

(2) The subgroup G € L'V \ L0 of order IGI< p— 1 iscyclic, G is a subgroup of
L&” \{a} for some suitable a.

The next theorem involves the result on cardinality cited in theorem 1.
Theorem 7.

(1) < has the cardinality
1 Ll=p+2—(p—22° +2d(p— 1)+ 2p - 121 2.
elp -
u
(2) Z has maximal and minimal chains of lenght p+ 2+ 2 K; and 3, respectively.
i=1

At last, we shall show that % is a subclass in the class of regular languages . Thus we shall describe
the regular grammars which generate the elements of < | and finite accepting automata.

The grammars G for languages L,L as L A0 and L o are given as follows. Let

G = (K, V0 ,P,AO) be with non-terminals K, terminals VO, productions P.
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LK ={A,4,] B =U{d,>l4;,+]4,A ~i 4~}

ieV
ieVQ
Ep~Lpgily={4gAAys .. cod,_y ),
Py = {4, > pAa, A~ 1,4~ 14, A>p—i+ 1, A~ AL},
To¢V g

Ppo= Py\l4,~jAljeV],

J

EoiKe { A A ol 40 BBy .yB 4

P, = i,j,an)eV {Ao ~>aA, —»ij,ﬂ,Bm wp—m+ 1,8, +i-A_ ASp=i14514
joeVO
6=ap"2

It is clear, that for finite languages there are accepting finite automata.
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Osszefoglalé

A belsd lineéris transzforméciora invarians szimmetrikus
nyelvek hiloja

Bagyinszki Janos — Demetrovics Janos

A V, alaphalmazon definidlt L nyelvet szimmetrikusnak nevezziik, ha aja,a, ...a, €L
esetén a a, (1)%(2) ** * B n)eL is igaz minden w(x) permuticiéra. Egy nyelv invaridns a belsé

linedris transzformdcioéra nézve, ha zart a dolgozatban definidlt 0, és O, operaciokra. A szimmet-
rikus és . belss linedris transzformadciora invaridns nyelveket SIL-nyelveknek nevezziik. A jelen
dolgozatban azokat SIL nyelveket tanulmanyozzuk, amelyekben a V0 alaphalmaz szdmossaga
primszam..

Dolgozatunkban leirjuk a SIL(p) nyelvek osztdlydnak teljes szerkezetét, megadjuk a tartal-
mazasi relacié altal indukélt hdlét, a minimalis bazisokat és a pontos elemszamot. Megmutatjuk,
hogy a SIL(p)- nyelvek mindegyike reguldris és utalunk a tobbértékii logika linedris fiiggvény-
-osztélyaival val6 kapcsolatra.
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PE3NODME

CTPpYKTypa CUMMETPHUYECKHUX AS3HKOB, MHBAPHUAHTHBEX

10 OTHOMEHUI K BHYTPEHHUM JIMHEWHLEIM TpaHCcOOp-
MallvfAM.

flHom BanuMHCKU - fHom JleMeTpOBHUY

HasoBeM fA3HK L CHMMETDHYECKMM Haln ajdaBUTOM v ={0,1,2,...,
C\
..ok-1},eCcaM Oja KaxImou nepecTaHoBKU T(x) us a°a182"'an €L

cyenyeT, 4YTO a a € L. . fBHK ] ABJIAETCA HUHBA-

o 1](1)...aﬂ(n)
PUQHTHEIM ITOOTHOMEHUWI0 K BHYTDEHHUM JIMHEWHBIM TpaHchopmauuam,
€CJIM OH 3aMKHYT OTHOCHUTEJIBHO ONepalul 01’ O2 ONpENEJIEHHHX B
naHHOM paboTe. f3pik L HazswBaeTcA SIL-A3BKOM, €CJIM OH CHMMETDU-
YEeCKHUHM U MHBAGPUAHTEH IO OTHOMEHHKW K BHYTDPEHHUM JIMHEWHBIM TpaHC-
dopmanuaM. B HacTosAmer paboTe Me HCcCIenoBaJu SIL-A3BK, B CIy-
yae Korga MOMHOCTE ajndaBUTa V0 pPaBHE& TIPOCTOMY YHUCIY .

B paboTe onucaHa mnoJsiHaa CTPYKTypa SIL-A3BKOB OTHOCHUTEJb-—
HO onepalvy BKJOUEHHUA U OXapaKTepes3oBaH KaxIi kjiacc / SIL-A3b-
KOB/ B BTOH CTDYKType. Kpome TOro, IOJjAa Kaxnoro 'SIL-a3mka 3a-
IaH MUHUMaJIBHBEIM 6a3MC M TpHUBEIEeHa TOodyHadA apudMmeTuuyeckasd GopMy-—
Ja OJs MOMHOCTH SIL-A3BIKOB /3JIEMEHTOB B CTPYKType/. JloKkas3eBa-—
€TCA, YTO KaXIpli SIL-A3BK ABJIAETCA PEr'yJIAPHEM U, KPOME TOrOo,
YKa3LHBaETCA CBA3b MEXOY JIMHEWHBIMH 3aMKHYTHIMH KJlaCCaMH k —3aM-—
KHYTON JIOTHUKU U SIL-A3BIKaMH.
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