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1. PRELIMINARIES

M. H o s s z ú  [H-67] considered the functional equation

f(x+y-xy)+f(xy)=f(x)+f(y) (1.1)

with real variables x,y,f and solved it under the assumption 
that f: F — ► P is a differentiable function on the set P of 
real numbers. Several authors investigated equation (l.l).
There have been two directions of generalization.

Weakening of the conditions for the function f : F~* F 
was the f i r s t  d i r e c t i o n  of generalizations; e.g. requiring the 
continuity at certain points [S-68.a] or, supposing integra- 
bility [D-69], [S-68.b]. Let us consider the well-known Jensen- 
equation

f ( ^ )  = f(x)+f(y) (1.2)

and the Cauchy -equation

f(x+y)=f(x)+f(y) ( 1 . 3 ) .

The equivalence of equations (l.l) and (1.2), and of 
equations (l.l) and (1.3) - has been proved for the sets
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{fif: F--* F}, { f I f : C— >-C } in the papers [S-68.b], [B-70],
[D-71] and [V-69] (C denotes the field of complex numbers).

Some generalizations of the equation (l.l) and its so
lutions have been given in the papers [F-69], [L-72] and [L-74].

The definition and solution of the equation (1.1) over an 
algebraic structure (different from the field of real or 
complex numbers) is the second direction Of generalizations.
By the end of this section F,R,e,G denotes a field, a commuta
tive ring with identity, identity of the field or ring and an 
Abelian group, respectively. In Swiatak's paper [S-71] it has 
been shown that: if F is a field, whose characteristic is not 
2 or 3, G is an Abelian group without 2-torsion and for every 
fixed gGG there is a homomorphism x:F+---»G such that x(e) = g, 
then equation (l.l) is equivalent to equation

2f(x+y)=f(2x)+f(2y) (1.2»)

for functions f:F--G. Aczél noticed [S-71] that Balnu^a's proof 
for functions f:C--C is also valid for functions f:F--*-F, if F 
is a quadratic closed field with certain additional conditions. 
In Davison's paper [D-74.a] functions of the type f:R--G have
been investigated, where R is one of the three rings Z (rational

*

integers), Z / ^  (integers mod k) and Q (the field of rational 
numbers). In case of I FI>5, the equivalence of equation (l.l) 
and the equation

f(x+y)+f(0)=f(x)+f(y) (1.3*)

has been proved in [D-74.b] for functions f:F--*G. Finally, if 
R iß additively generated by their units and there exists a 
unit element uGR such that e-u and e-u-u 1 are units, then the 
equations (l.l) and (1.3*) are equivalent for functions f:R--*G 
if and only if, the equations (l.l) and (1.3') are equivalent
for the functions f ’ : R/ — >-G.Z К



27 -

2. RESULTS

We prove that, over a finite field, the class of genera
lized Hosszú-functions and the class of quasi-linear functions 
of I F i-valued logic are the same (in connection to our earlier 
results [B-D-76], [B-79], see also [R-77]). This fact refute a 
statement of [D-R-80], which asserts that for I F K 4  there 
exists a Hosszú-function which is not a solution of the 
equation (1.3*). Our proof is entirely different from the proof 
of [D-74.b]; it is less complicated but it is valid only for a 
restricted domain. However, our proof is valid for n-ary func
tions, too. To the present knowledge of the author, the g e - ■ 
neralized Hosszú-functions have been introduced first in this 
paper.

For finite fields we solve a problem of H.áwiatak and 
remark that we can extend the proofs to fields of character
istic p. Some of the proofs can be extended to more general 
classes of functions, (flf:R— *-G}. However, in this paper, the 
statement is restricted to finite fields. To formulate our 
theorems we need some defintions.

Let R=<R? + , •> and R ' =<R ' 5 (+) , О  > Ье commutative rings 
with identity, denote G=<G; Щ  > and N an Abelian group and the 
set of non-negative integers, respectively. For a function 
f:Rn--*-G (n€N) we define the Hosszú-operator with the identity

Hx,y f=f ( x+y-xy ) ш  f(xy) в  f(x) В  f(y), where

x=(xj.... xn ), x+y=(xj+y
We call the equation

5 • • • 5

H —  f =0 
x y

(2.1)

and their solutions ( g e n e r a l i z e d )  H o s s z ú - e q u a t i o n , and 
( g e n e r a l i z e d )  H o s s z ú - f u n c t i o n s ,  respectively.
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It is easy to see that the following two lemmas hold:

Lemma 1 : (l) The constant functions are Hosszú-functions.
(2) For every pair of functions (f ,f2 ) of the type 

Rn— ►G and every numbers n ,n2£N, the equality 
El n 2f2 )=n *Hf El n 2 *Hf 2 is an identity.

Lemma 2 : For every pair of functions (f ,f2 ) of the type
Rn--*-R' and every constants C j ,c 2ER', the equality

H(cj О f j © c2 © f2 )=cl © Hf 1 0  c2 О Hf2 iS an
identity.

Further on, let q=pa , where p is a prime, a>_l integer,
F =GF(q). q
Theorem 1: The function f:F — *F is a Hosszú-function if and-----------  ÇL 1

only if, f is a polynomial function of the form:

a- 1
f(x)= E 

i = 0

i
а . xP +a . i a (2.2)

Sketch of the proof: The functions of the form (2.2) are
solutions of the equation (2.1) by the lemmas 1. and 2., be
cause the identity (a+b)p X = a p + bpl holds for rings of 
characteristic p. We have an indirect proof for the necessity 
of the condition (2.2) using the automorphism-group of Fq.
We mention that this method could also be applied to fields of 
characteristic p .

Using this theorem and lemmas we h a v e ,

Theorem 2: The function f:Fn--»F is a Hosszú-function if and-----------  q q
only if, f is a polynomial function of the form

n a-1 i
f(X )— E E a..xP +a . (2.3)

j-1 i=l 1J J a

The next theorem solves a problem of ^wiatak (P.2, in
[S—71]) if f is a function of the type f:F — *F . The theoremq q.
is formulated for unary functions and finite fields, but it 
can be extended to n-ary functions and fields of characteristic 
p in a similar way as it could be done to theorem 1.
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Theorem 3 : Let P i(x ,y)+Qi (x ,y) = T (x ,y) , i=l,2 and p 1^p 2
be two partitions of a polynom T(x,y) over F .* 4.
Assume that for every elements u,v e F theq.
system of equations P 1(x,y) = u, Q 1 (x,y) = v 
has a solution (x,y). Then the function f is 
a solution of the equation

f(P1(x,y))+f(Q1(x,y))=f(P2(x,y))+f(Q2(x,y)) (2,4)

if and only if, f is a polynomial function of the 
form (2.2).

Remark: The sets A of functions f:F--F with I FI<4 which-------  q ~
are not a solution of equation (1.3'):

2
A 2=0, A 3={f(x)=ao+ajX+a2x la2#0} and

2 3A ,={f (x )=Ъ +Ъ.х+Ъ0х +x }.4 о I i

It is easy to see that no elements of A (q=3,4) areQ.
solutions of equation (l.l).
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ÖSSZEFOGLALÁS

Az irodalomban szereplő Hosszú-egyenletet általánosítjuk 
többváltozós függvényekre, s az általánosított Hosszú-egyenle 
tét megoldjuk véges testek fölött értelmezett függvényekre. A 
megoldásokat általánosított Hosszú-függvényeknek nevezzük.

Megmutatjuk, hogy véges testek fölött az általánosított 
Hosszú-függvények osztálya azonos a k-értékü logikai kvázi-li 
neáris függvényeinek osztályával (1. és 2. tétel).

Eredményeink megcáfolják Davison egy állítását.

Véges testek esetére megoldjuk Swiatak egy problémáját, 
más irányba jelentősen általánosítva a Hosszú-egyenletet (3. 
tétel).

Megjegyezzük, hogy a bizonyítások átvihetők p-karakte- 
risztikáju testekre.



33 -

Р Е З Ю М Е  

Б адински Янош

У р ав н ен и е , названное в л и те р а ту р е  о М. Г о с с у , расш иряется на  

функции со многими переменными и реш ается в сл учае ф ункций, 

определенны х над конечными полям и. Решения назы ваю тся обобщен

ными функциями Г о с с у .

П о казы в а ет, что  над конечными полями кл а с с  обобщенных функций 

Го ссу  сов п ад ает с классом  кв ази -л и ней ны х функций к -зн а ч н о й  л о 

г и к и .  /Теоремы  1 . и 2 . /

Эти р езул ь таты  отрицают одно утверж дение Д ав и со н а . Решается од  

на проблема Ш виатака в сл учае  конечных п о л е й . При этом  д а е тс я  

д р у го е  обобщение уравнения Г о с с у . /Т е о р е м а  3 . /

Заметим , ч то  метод д о к а з а т е л ь с тв  можно прим енить и в случае по  

лей х а р а кте р и с ти ко й  р .
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