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1. PRELIMINARIES
M. Hossz( [H-67] considered the functional equation
f(x+y-xy)+f(xy)=f(x)+f(y) (1at)

with real variables x,y,f and solved it under the assumption
that f: R - R is a differentiable function on the set R of
real numbers. Several authors investigated equation (1.1).

There have been two directions of generalization.

Weakening of the conditions for the function f£: R-- R
was the first direction of generalizations; e.g. requiring the
continuity at certain points [S-68.a] or, supposing integra-
bility [D-69], [S-68.b]. Let us consider the well-known Jensen-
equation

f(5§X)=f(x)+f(y) (i02)
and the Cauchy=-equation
flx+y)=f(x)+£(y) (1 .39

The equivalence of equations (1.1) and (1.2), and of
equations (1.1) and (1.3) - has been proved for the sets
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{f1f: R-~ R}, {fIf:C-»C} in the papers [S-68.b], [B-70],
[D-=71] and [V-69] (C denotes the field of complex numbers).

Some generalizations of the equation (1.1) and its so-

lutions have been given in the papers [F-69], [L-72] and [L-74].

The definition and solution of the equation (1.1) over an
algebraic structure (different from the field of real or
complex numbers) is the second direction of generalizations.
By the end of this section F,R,e,G denotes a field, a commuta-
tive ring with identity, identity of the field or ring and an
Abelian group, respectively. In Swiatak’s paper [S-71] it has
been shown that: if F is a field, whose characteristic is not
2 or 3, G is an Abelian group without 2-torsion and for every
fixed g€G there is a homomorphism X:F+——+G such that x(e)=g,

then equation (1.1) is equivalent to equation
2f(x+y)=Ff(2x)+£(2y) (A 2% )

for functions f:F-+G. Aczél noticed [S-71] that Balnu¥a’s proof
for functions f:C--»C is also valid for functions f:F--F, if F

is a quadratic closed field with certain additional conditions.
In Davison’s paper [D-74.a] functions of the type f:R--G have
been investigated, where R is one of the three rings Z (rational
integers), Z/kz (integers mod k) and 0 (thé field of rational
numbers). In case of IFI>5, the equivalence of equation (1.1)

and the equation
Fx+y)+£(0)=F(x)+f(y) { 137

has been proved in [D-74.b] for functions f:F--G. Finally, if
R ig additively generated by their units and there exists a
unit element u€R such that e-u and e-u-u | are units, then the
equations (1.1) and (1.3') are equivalent for functions f:R--0
if and only if, the equations (1.1) and (1.3') are equivalent

for the functions f':R/ZR—+G.
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2. RESULTS

We prove that, over a finite field, the class of genera-
lized HosszG-functions and the class of quasi-linear functions
of IFl=valued logic are the same (in connection to our earlier
results [B-D-76], [B-79], see also [R-77]). This fact refute a
statement of [D-R-80], which asserts that for [FI<4 there
exists a HosszU-function which is not a solution of the
equation (1.3). our proof is entirely different from the proof
of [D-74.b]; it is less complicated but it is valid only for a
restricted domain. However, our proof is valid for n-ary func-
tions, too. To the present knowledge of the author, the ge--
neralized Hosszt-functions have been introduced first in this

paper.

For finite fields we solve a problem of H.Swiatak and
remark that we can extend the proofs to fields of character-
istic p. Some of the proofs can be extended to more general
classes of functions, {flIf:R--G}. However, in this paper, the
statement is restricted to finite fields. To formulate our

theorems we need some defintions.

Let R=<R;+,+> and R'=<R'; (3) , () > be commutative rings
with identity, denote G=<Gj > and N an Abelian group and the
set of non-negative integers, respectively. For a function
£:R%->G (neN) we define the Hosszl-operator with the identity

Hy or=r(x+y-xy) B £(3y) B £(x) B £(3),  where
3

X=(X],...,xn), x+§=(x1+y],...,xn+yn), x-y=(x1yl,...,

We call the equation
He~f=0 (Za1s)
Xy

and their solutions (generalized) Hosszl-equation, and

(generalized) Hosszd-functions, respectively.
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It is easy to see that the following two lemmas hold:

Lemma 1l: (1) The constant functions are Hossz®G-functions.
(2) For every pair of functions (f],fz) of the type
R®-+6 and every numbers nl’n2€N’ the equality
H(nlfl nzf‘2)=n]-Hfl n,*Hf, is an identity.
Lemma 2: For every pair of functions (f],fz) of the type
R®-+R' and every constants cl,cZER', the equality
Hie, (e, (B 25, () Egdme, (O HE, B o, O HE, 18 an
identity.
Further on, let q=pa, where p is a prime, a>1 integer,
F =GF(q).
i (a)
Theorem 1: The function f:Fq—*F is a Hosszi-function if and
only if, f is a polynomial function of the form:
a-1 i

_ P
f(X)—.E a,x" +a . (2.9)
1=0

Sketch of the proof: The functions of the form (2.2) are
solutions of the equation (2.1) by the lemmas 1. and 2., be-
cause the identity (a+b)pi==apl+bpi holds for rings of
characteristic p. We have an indirect proof for the necessity
of the condition (2.2) wusing the automorphism-group of Fq-
We mention that this method could also be applied to fields of

characteristic p.

Using this theorem and lemmas we have,

Theorem 2: The function f:FZ—-»Fq is a HosszuU-function if and

only if, f is a polynomial function of the form
% B aXs +a. . (2.3)

The next theorem solves a problem of gﬁiatak (Bs2, in
[S-=71]) if f is a function of the type f:Fq—»Fq. The theorem
is formulated for unary functions and finite fields, but it
can be extended to n-ary functions and fields of characteristic

p in a similar way as it could be done to theorem 1.
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Theorem 3: Let Pi(x,y)+Qi(x,y)==T(x,y), i=1,2 and Pl#P2

be two partitions of a polynom T(x,y) over F .
* q
Assume that for every elements u,v € Fq the
system of equations Pl(x,y) = u, Ql(x,y) = v
has a solution (x,y). Then the function f is

a solution of the equation

f(P](x,y))+f(Q](X,y))=f(P2(x,y))+f(Qz(x;y)) (2,4)

if and only if, f is a polynomial function of the
form (2.2)«

Remark: The sets Aq of functions f:F--F with [FI<4 which

are not a solution of equation (1.3'):

2
A2—¢, A3—{f(x)—ao+alx+a2x Iaz#O} and

x+b x2+x3}.

A4={f(x)=bo+bl 9

It is easy to see that no elements of Aq (q=3,4) are

solutions of equation (1.1).
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OSSZEFOGLALAS

Az irodalomban szerepld Hosszl-egyenletet &ltaldnositjuk
tobbvaltoz6s fliggvényekre, s az altalanositott Hosszfi~egyenle-
tet megoldjuk véges testek folott értelmezett filiggvényekre. A
megoldasokat altaléanositott HosszG-filiggvényeknek nevezziik.

Megmutatjuk, hogy véges testek fo1l6tt az dltaldnositott
Hosszd-fliggvények osztalya azonos a k-é&rtékii logikai kvazi-li-

nearis fliggvényeinek osztalyaval (1. és 2. tétel).
Eredményeink megcafoljak Davison egy allitasat.

Véges testek esetére megoldjuk Swiatak egy problémajat,
més iradnyba jelentGsen altalanositva a Hosszd-egyenletet (3.
tétel).

Megjegyezziik, hogy a bizonyitasok atvihetdk p-karakte-

risztikaju testekre.
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PES3SBODME

BaguHCKHU sIHOII

VYpaBHeHHe, Has3BaHHOe B JiuTepaType o M. Toccy, pacumHpsieTca Ha
OYHKIIMM CO MHOTHMH IepeMeHHHMH H pemaeTcsa B clayyYae QYHKUHH,
onpenesieHHHX Han KOHEeYHHMH IIOJISMM. PemeHHsaA HAa3HBAaKTCA 0606meH—

HEIMH OyHKIHMAMH I'Occy.

[IoKa3HBaeT, YTO Han KOHEYHHIMH IIOJIIMH KJIaCC OO6OOmMEeHHHX OQYHKIHH
T'occy coOBIamaeT C KJIaCCOM KBa3U-JIMHEHHHX OYHKLUP K—-3HaudHOH JIO-—

TUKH. /Teopemu 1. u 2./

5TH pe3yJIbTaTH OTPHLAKWT OOHO yTBepXneHHe [laBHCOHa. Pemaercs onm-—
Ha npobisiema lliBMaTaka B Cjlydae KOHeYHHX noJier. I[Ipu 3TOM naeTcs

Opyroe o6obmeHue ypaBHeHus I'occy. /Teopema 3./

3aMeTuM, UYTO MEeTOH OoKa3aTeJIbCTB MOXHO INPHMEHUTh H B cllyyae I10-

Jle XapaKTEepHCTHKOH Dp.
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