MTA Szdmitéstechnikai és Automatizdldsi Kutaté Intézete, Kozlemények 18/1977.

A BAYESIAN APPROACH TO THE PROBLEM OF
OPTIMAL PROGRAM-PAGING STRATEGIES

A. Benczur — A. Kramli

Several works in the recent literature on computer sciences are devoted to the optimal
program-paging problem (see e.g. Franaszek and Wagner [1], Denning [2]‘. Starting from the
standpoint of these works M. Araté [3] proposed a statistical approach to this problem using
Bayesian sequential decision theory developed by Bellman (see. e.g. [4]).

We give the most important special case the exact proof of the optimality of the “least
frequently used” strategy

We repeat briefly the model used by Arat6, to make more understandable this note.

The program consists of n pages and the computer has a twolevel hierachical memory.
We suppose that k pages can be stored in the high speed memory (central memory), and
n — k pages (in fact the whole program) is stored on a slower access memory device (disk).

The sequence of references to the different pages forms a sequence {7n,} of i.d.d. random
variables with unknown probability distribution
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In Aratd’s model the pages can be rearranged before each reference without extra cost.

(Such a situation is realized if the pages are subroutines of a main program, and between two
consecutive calls there is a relatively great time interval .) But if the main program calls a rou-
tin, which is absent from the central memory the cost increases with 1 unity.

As in the case of known distribution {Pi'} the optimal strategy depends only on the
order of probabilities P, (before every call we muststore the first & most probable pages in
the central memory) we suppose, that the unkown parameter of the distribution is the permu-
tation w of n elements giving the right order of P;s in the following way:

If {Pl v wy By } is a decreasing sequence of probabilities (P, + ...+P =1), then

Py = Py i) where w(i) denotes the one to one mapping realized by the permutation w.

By the Bayesian principle we suppose that the parameter w is also a random variable. If
we have no previous information about its distribution, we can consider every permutation
equally like, i.e. the apriori distribution §{ of n is the uniform distribution on n! elements.
In Araté’s work is treated the case of arbitrary apriori distribution. Let us denote by D,, the
set of sequential decision procedures {do, coesdy_ l} for a program consisting of N step.
By Arat6’s model d, is a subset of the labels of the pages, wich are absent from the central
memory after the observation of references
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Before the program is started we define d, on the basis of the a priori distribution §; by
the symmetriry of §£, d0 can be choosen arbitrarily.

Let us introduce the random process x, !

"o it n,fd,_,

l 1 otherwise

By this terms the utility function has the form:

M VEN =, om
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ax B2 X =1
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EE means the expectation taken on the basis of the uniform a priori distribution §.
Our aim is to determine the class D;v c D, of sequential decicion procedures for which
the maximum in (1) is reached. The solution of this problem can be obtained by solving

recursively the Bellman equation

2 4 , N—t+ 1) = max E Ap1
( ) (’c’(ﬂl 77,_1) ) dr?:”; Et(nl ..... n’“l)(X’ )+
i+ I/\(E(nl' . .n,)‘N'—‘ t),
where £(n,, ..., n,) means the aposteriori distribution of the parameter w after ha-

ving observed the references Ms = o =5 Nye

As the aposteriori distribution does not depend on the decision procedure the right
hand side of (2) has maximum for such a d‘—l which maximize Et(n
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We shall prove the following

. d
Lemma 1. The expectation ES(nl )(Xt‘“l) reaches its maximum for the
=i

--ﬂt

decision d,_, consisting of the n — k least frequently used pages.

If there are pages of equal frequencies their changing by each other has no influ-
ence on the expectation
E ( th - l)
E(ny, - - . P B
The proof of the Lemma can be carried out by direct calculation and comparison of the
aposteriori probabilities.

First we calculation the aposteriori probabilities of a fixed permutation w. If we
denote by W the set of all permutations of natural numbers 1 ... n, and by
{k,,...,k,} the frequencies of pages (k, + ...+ k, =t - 1), then
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It is sufficient to prove that for every pair of frequencies

k, <k,

k +5 p
Py, = = [T p;w® = Cwier
W= Me-1) w‘;;v 1 o

4)

k + Sw(i),s
P(n, = = ” (i) '
n‘—Alnly-.-,nt_l)_wZG'w 21 p‘W

where 6;, F is the Kronecker’s symbol. Inequality (4) follows by comparing the terms on the
left and right hand side, which belong to pairs (w,w*) of permutations with the following
properties:

There on i< j< n are two fixed natural numbers for which

w(i) =r w() = s
w¥i) = s w'j) =r

and w(k) = w'(k) for every k # ij.

The second assertion of Lemma follows from the symmetry of inequality (4). Lemma | and
the Bellman equation written in the form (2) gives.

THEOREM 1. For the uniform a priori distribution { of the parameter w, and for
every N the optimal Bayesian sequential decision procedure is the "least frequently used”
stategy.
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Osszefoglalé

Optimilis program lapolisi eljarasok Bayes-féle targyaldsa
Benczur A. — Kramli A.
A dolgozat a Bayers-féle szekvencialis dontéselmélet segitségével igazolja, hogy bizonyos

fel‘tctelek mellett a legritkabban hasznalt lap™ stratégidja minimalizalja a lapolasi hibak vérhato
szamat, ‘

PE3NOME

BAIECOBCKU{ 1OAXOL K MPOBJEME ONTHAMAJBHOTO
[IOCTPAHUYHOT'O MPOT'PAMMITPOBAHUA

A. Beununyp - A. Kpamnu

B paGore, ucnoab3ysa bailecoBcKyl TEOPUI IOCIEN0BATEIHBHO=
ro pelieHusi, NOKa3nHBaeTCA, YTO IpM HEKOTOPHX YCJIOBUAX CTPaTE-
rusi "HauMeHee 4acTo MCIoNb30BaHHON cTpaHulib" MUHUMUBUDYET

OXuzaeMoe 4MucJO CTpPaHNYHOT'O cOod.
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