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ON THE SPEED OF COMPUTERS WITH PAGED AND INTERLEAVED MEMORY

Ivinyi A. — Katai A.

Abstract:

A performance measure (the speed) of computer mathematical models is defined. This
measure is given as a function of hardware and program behaviour for Bélddy’s computer
model with paged memory and Volihiman’s model with interleaved memory.

KEY WORDS AND PHRASES: computer systems performance, demand paging, interle-
aved memory behaviour.

1. Intruduction

Computer performance is investigation by empirical, simulation and analytical methods
(1].

Tha analytical methods is based on the analysis of mathematical by “exact” methods
(e.g. queueing or Markov-chain theory, compinatorics etc.).

Due to the inacuuuracy of models the analytical method usuallly gives only a rough
estimate, but the results are general and convenient for computer plannning or development.

In this lecture we recommend and analytical method, based on Bélady’s[2], Coffman’s [3)
and Kogan’s [4] methods and give some concrete formulas derived by this method.

2. Definition of the speed

The set N = { Vis oo, } (1 < n<ee) is called a program, and the sequence
Wp=17r «o oIp (1 € T <oo, r, € N, t=1,...,T) consisiting of elements of N. (7T-elements
permutations with repetition) is called a program realization of lenght 7. Denote NT the
set of all possible sequences w,. Denote 7{w, ] the processing time of a sequence w, on
given computer model. The distribution of the elements of N in the sequence w, is called
program behaviour [S]. This behaviour is given by theset D= |D,,...,D,| of
distribution function D, ..., D, where DT[wT] gives the probability of Wy in the space
of events N7, that is

(21)  VYw, 0<D,[w,]<I

/4

and -

(2.2.) VT > ZNT DT[le — l
T€
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Further we supppose

(23) 2 Dy lwpp,) = Dilw,).

=1

Instead of D [w, |A we use the marking D[ w
conditions (2.1), (2.2) and (2.3) by D.

r1- Denote the set of D’s satisfying the

In this lecture we use 6 simple behaviour model: homogeneous [6], cyclical [6],
random [2], random with step [3], random with repetition [7] nad independent [5] ones,

Let HOM, CYCL, RAN, S'I‘EPP, REPp and IND denote then.

Pl a5 Py
According to the homogeneous model the references are equivalent, that is
1

n and r, = (= 23 o 3 ' IR 1) 11

(2.4) P{rle,'}:'

This formula is equivalent to the following definition:

1
=, if in Wy r, S r S =0
n

(2.5) HOM[w, ] = 4 (/22 e SR, 1

(08 otherwise.

.
According to the cyclical model the step vy v, (v, € vls) has a probability 1, that

is

1. £ =@,

(2.6) Py = V,.} = ;11_ and Plrg= Vm: =

0, if r, %u,
(b= 1.2, ; i= 1, , n).
This formula is equivalent to the following definition:
¢
(2.7) ’l—z if in Wy from r,= v, Tl = Y
follows j =i+ | (mod n)
CYCLwe] =4

0, otherwise.
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According to the random model the references occur randomly, that is

(2.8) Plr,=y, }

This formula is equivalent to the following definition:

(2.9) RAN [w; ] = —lk (k= 1,2,. wkeNk).
n

According to the random model with repertition the repertition has a probability p,

and other references have a probabiliy l:_ﬂl .
P

] p; lf r[: Vi'
(2.10) P{r, =y} 6 p.tr'=,,”|=W
LEH
L n_l lf r’ *Vta
(’= 2,3, ’ i= l, ’n)

This formula is equivalent to the following definitiom:

1

l—p =J=
(2.11) REPp[wk]—— pf(l_l a

(k=12,..),

where f is the number of the repertitions incw, .

Acccording to the random model with step [3] the step v;, v, (v, , =¥
gl B
probability p, and other references have a probability n_—_€ :
p;, if ¥ q ™=,
1
(2.12) P{rl=v”' - P,’r‘=t+ /=%
1—p .
r—ztll” if P
-
(t=23,...; i=1, ,n).
This formula is equivalent to the following definition:
1 k-f-1
(2.13)  STEP [w)=-;  STEP[w;]= (n_ 1 (k=12,.

in w, has a

)
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where f is the number of the stepsin w, .

According to the independent model [5] the reference to the page v; hasa probability p,,
that is

(2.14)  Plr,=y }=p, @=12,...).
This formula is equivalent to the following definition:

n f{
(2.15) 1NDpl,_._’p"[wk]='_[{(p,) ,

where f; is the number of the references to the page »,.

Computer performance is characterized by the number of operations in a time unit: V.V is
called the speed of the computer model and is determined by the formula

def . . 1
(2.]6) V= lim inf = lek_]

k —> oo
w‘,:éNk Dlw, ] 7%

If in (2.16) we have existance of the lim in addition to the lim inf, then this limit is denoted
by V.

Our aim is to determine the speed for various computer and program behaviour models.

3. The mathematical model of computers with paged memory

For the investigation of computers with paged memory we use the well-known model proposed
by Bélady [2] in 1966.

B
Tyy Tyguss | 000 ATE
(D> m oages n paszes

Fig. 1. The scheme of a computer with 2 level paged memory

The computer consists of a central processor unit (CPU),~ an m-paged main memory (MEM)
and an n-paged backing store (BS).The CPU has direct access to MEM-access time A, — while
an indirect access to BS-access time A, + a,. The paging is controlled by a demand paging
algorithm. The set of demand paging algorithms by A

For this model speed Vp is [8]
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where C is the average cost of a reference, that is the page fault probability [5]. By definition
k

> b
= ﬁ i
(3.2) C= C(m,nA,D) = lim sup 2, ¢ Dlw, ][ ]
) wkeN k
wherc AeA, DeD,
rO, if r€sS,,

(3.3) 5, = B(i,m,n,wT,A) = 1

\

and S, is the set of pagesin MEM at time . S, is the set of pages in MEM at time ¢. S
is called the memory state. If in (3.2) there exist a limit, then it is denoted by C’.

t

4. General assertions on the speed of computers with paged memory

Lemma 1. ([7)) If A, >0, and 1<m< n<e, then
(4.1) 0= C(mnAHOM) < C(m,nA,D) < C(m,n, LRUCYCL) = 1,
that is for the speed
4.2) —_— = Vp(Al A,, mnLRUCYCL) < Vp(Al yB8,,mnAD) <
2

{1
< VP(A,,Az,m.n.A. HOM) = A_n

holds.

Definition. 1. ([9]). The demand paging algorithms, for which

T

1 T,
(4.3) V7,,VT. > SGimnw, A) = 2 Simnw, w, A)
1* 792 i T i1 T,"T,

are called sequential [6]). The set of the sequential algoritﬁms is denoted by B.

Lemma 2. If | < m < n< e, then for every BeB and for every DeD

(44) G =liminf 2 , D[w,]8, < CmnBD)<limsup 2 , D[w;]5,.
wkeN koo wpeN
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Definition 2. Let DeD and Nf (k= 1,2,...,; N*C N¥) be given. Denote a, the

sum Zk D{w,]. If
wkeN+

4.5)  lim a =0,
k =00
then we shall say, that the sequence Nf has zero limitdensity in NE.

Lemma 3. ([7]). If for a given D there exist an m-tuple of pages p,, ..., 1,
and py,...,H, and € >0, for whicg

(4.6) Vw, Dlwyy;] 2 €. Dlw] holds, then the sequence Nf has zero limit-density
in N¥ , Where Nf is the set of wkeN", for which IS'I = LS"(m,wk B < m.

Definition 3. Let «w, be given. The sequences of lenght (T + f) (f=0,1,...)
identical to w;, up to the 7-th element, are called the bundle [l f[‘*’T] with root w,
and lenght f.

Definition 4. The average cost of a references C‘]7 in a given bundle / ]}[wr] is by
definition

I

4.7) C=C (mnAD,wy) = lim E Diw, 16, ,
ko0 wkenk_r[wr

where D [w,] is the probability of sequence w; (wke[/k_T[wT]) within the bundle, that
is
/1 Dlwy]

(4.8) D [we] = D]
wkenk_T[wT]

Lemma 4. ([7]). Let Nf denote the set of wj not belonging to any bundle, which has
a cost C'' . If the sequence NF, then C(m,n,B,D) exists and is C'' .

5. Theorems on the speed of computers with paged memory
Theorem A. (Belady, 1966) [2]. If L is a nonlookahead demand paging algorithm, then

n—m
n

(5.1) C(m,m,L,LRAN) =

Theorem B. (Aho, Denning, Ullman 1971/([5]). If 1 <K m < n < oo,



then n
n ..2' /)iz
(5.2)  C'(mnOPT,ND) = r':: p - —Lm
pt
=m

where OPT s the optimal paging algorithm, always replacing the page of S, with minimal
p15].

Theorem C. (Stoyan, 1975/([8]). If | < m< n<e, then

(53)  C'(mnREF,RAN) = =T @=0,1,...,m - 1),

1

where REF, is a lookahead algorithm, which knows a references ahead, and holds required
pages in the memory if possible, and chooses randomly among the others.

Theorem 1. ([7]). If < m<n<e, and 0<a<m, then
C’(m,nREFa,REPp) =

(n—m)(l1 —p)

(5.4)
' = =i
n—1 + [minfayn — 1/]1 — p; + [max/0a — m + /)| 1 — m! §-l-——12/£~":——1— (1 -p)
-
Theorems A and B follow from theorem |1 (in cases a= 0, p='17 and

0<a<m-—1, p='17).
Theorem 2. ([7]). If 1 < m < n < e, then

- o b
(5.5)  Clm,nPP, RAN) = in—”i("—n') (b=0,l),
where PPb is a lookahead algorithm, which knows at time ¢ the next b references,
differing from r, and each other, and hold these pages if possible, in the memory, and chooses

randomly among the others.

Incase b=1, m= 2, n= 3, it follows from theorem 2. the partial resolutionof the
problem, investigated by Bélady in 1966, namely C'(2,3MIN,RAN) = %

Theorem 3. ([7]). If a > 0, then



CVI
(2,3.,R EFa.REPp)

(5.6) or
= 2 + [min/a, 1/)/1 — p/+ signimax/0a — 1/}p/l — p®~ !/

From this theorem it follows (in the case a - o, when

REF, > MIN), that

(5.7)  C'(23MINREP,) = lT*e :

6. Mathematicalmodel of computers with interleaved memory

We investigate the following model of computers with interleaved memory due to
V.E.Vulihman [10]:

c2U i 7 20

J

L Wp=T" ’r;n--~

B é? ¥ = B g

H

Fig. 2. Scheme of computers with interleaved memory

The computer consists of a central processor unit (CPU) and models of memory
B] s -+ -,B,. The set of modules is denoted by B. The elements of wp are genoted by the
CPU requiering t,= 0 time per element. A request to a module reserve that modude for a
time 7, > ¢, during this time other request can’t be served by this module. If the module
being request is occupied, then the generation of w, will be susepended until the modul
is free.

The speed of this modul is denoted by V.

7. General assertions on the spead of computers with interleaved memory
Hellerman in his book [6], Bokova and Tzaturyan in their paper [11] proved the

following assertions.

Lemma §. ([6]). If I, >t » 0, then for every DeD and for every r = 1

ly

T
(7.1) TL= V; (4,.T, #HOM) < V,(t,.T,,,r.D) < V(t,.T, ,CYCL) = rmin(r, 2),
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where HOM and CYCL are the homogéneous and cyclical bahaviour models.

Definition 5. Let pipy = 0) denote the processing time of w, up to i-th element.
Then the increment due to the i-th element is 0, = p, — p, _ g

Example. For every w, eN?

(7.2) o = Ty + 1,0, =4

t if 7, + E

a’

-

Lemma 6. ((11)). If T, > 1,> O, then

1
3 Lim inf < Vit Ty r.D)
(7.3) iy 1o > . Diw,lo, i‘tar'p

wkeNk

1
k Dlw, o,

< lim sup —
ko0 i
WGN

Lemma 7. ((11). If T,> t, >, >0, then
(74 VET,rD) < V(L' T, D).

Lemma 8. ((11]). If T, >, >0, and r'>r", then

(75) VLT, XD Vi T, 7.0

8. Theorems on the speed of computers with interleaved memory

Theorem 4. ([7]). If Tb > t,2 0, then for r > 1 Vl'(ta T, 7,RAN) <

(7.6) |



=145

and the equality holds

a) if ¢, = 0, then for r = 1;
& Tb
b.) if —2——<ta<Tb, then for r > 1;
Ty
et O<€a, S, then for r = 1,2.

In the formula (7.6)

1.7 p=r(r—l)...gr—i+l),.(l<l.<r),

i 'J.'.l
and
P;
(7.8) piJ= = - (< i<y, 1 €j<i).
i-p;

—

i=
The following corollaries foolow from theorem 4. as special cases.

Corollary 1 (Hellerman, 1967.) ((6]). If ¢, =0 and r> 1, then
r
(79  VOT, rRAN) === 2 i - p,.
p i=1

Burnett, Coffman [3] and Stone [12] proved a more general assertion.

Theorem D. (Burnett, Coffman, Stone 1974.) [3.12].

If i, = 0 and r=1, then

V; (0,T, r.STEP,) =

(7.10)
r k-1 :
o 2 oo Jeiksg=l %
_Tl:k;l' <0 (k'l.— l)Pl(n-—- 1) cl’l—]'k—]’
where
k-1 -
75 L < =l% [(— 1)’(‘; m—j—1n=j—2...(n—k+ D).

v
Corollary 2. If _2” <t,<T, and r>1, then

(7.12)  V/(t,,T, 7,RAN) = : T

| |
2 i -
y Tb (1 r)ta
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Corollary 3. If T, > ¢, > 0, then

1
(7.13) V;(t‘,Tb ,2,RAN) —l : l .
3 R 2T + — 3 max(ta,Tb —r‘)

On the base of the formula (7.9) it is not easy to estimate the order of

V,'(O,Tb 7, RAN), therefore the following theorems are interesting.

Theorem E. (Hellerman, 1967)([6]). If 1 < r < 45, then
(7.15)  0,96./°3¢ < V/(0,T, /,RAN) < 1,04 - /*-36

Theorem F. (Vulihman, 1972.)([10]). If r > 1, then
(1.16) V0T, rRAN) < | 2T 7.

We proved the following more general theorems.

Theorem 5. ([13)). If ¢,= 0 and r> 1, then

r-1 ,k
1 ¢ k‘?{) 3
(7.17) —(VE- 1)< V'(0,T, r,RAN) = ; L
Tb 2 i b Tb « Tb ( 2 ).

In our paper [7] we used a simple direct proof. Using a result due to G. Szeg6 [14] we
can proof a formula with a smaller additive constant, which is exact.

Theorem G. (Szegd, 1928)([14]). If ¢ is a nonnegative integer number, then

q
(7.18) ]—e‘1=1+fl, —q—+...+g!—@q,

[ 38

where ©, =;— and ©, thends monotonically to :l;— as q = .
Theorem 6. If ¢, = 0 and r> 1, then

(ITI' l

(7.19) Vi(0,T, y,RAN) = =+ p),

where p_ tends monotonically to zero as r -+ « and

4 T 11
3—\5 0,08 and p2= ~\J7= 0.06.

It seems a hard but resolvable problem to estimate the order of expression in Coffman’s

(7.20) P,

theorem, as a function of p.
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1T =
Osszegoglalo

Lapozott és atlapolt memoridja szamitogépek sebessége
Ivanyi A. — Katai 1.

Az elBadasban definidljuk a szamitogépek teljesitményét jellemzd mennyiséget, a sebességet.
Ezt a sebességet megadjuk a hardware és a programviselkedési paraméterek fliggvényében a
lapozott memoridju szamitogépek Bélady-féle és az atlapolt memoridgju szamitogépek
Vulihman-féle modelljére.

Kulcsszavak és kifejezések: szamitogépek teljesitménye, igénye szerinti, lapozas, dtlapolt memoria,

programviselkedés.
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PE30OME

O ckopocTu OBM CcO CTPAHUUHON U 6JIOUHOM NaMATHI

A. VUBanu u U. Karau

PesnMe: omnpenesneHa Mepa /CcKopocThb/ NMPOU3BOMNUTENBHOCTH MaTeMa-
THYECKUX Mogmesied 9BM M 3ajaHa 3Ta CKOPOCTh, Kak (GyHKUHUA mnapa-
METDPOB annapaTyps U [NOBEOEeHUA NporpaMM IJiA MaTeMaTHUYEeCKOH Mo-
nenu OBM co cTpaHMYHOM naMATheL /npemiyoxedHoit JI.A. Benamu/ u
MaTeMaTHUYecKoM momend OBM ¢ 6JI0UHOM NMaMATBND /NDeInJIoXeHHOM
B.E. BynuxmaHowm/.

KnoueBble CJIOBA M BEHIPAXEHHUA: IMPOU3BONUTENIBHOCTH BBIUYMCJIIUTEJbHBIX
CHCTeM, CTPaHH4YHaA I[aMATH, 6J10uHaA naMATh, NOBeldeHHe MNPpOor'paMM.
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