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ON THE ESTIMATION OF REGRESSION COEFFICIENTS
IN CASE OF AN AUTOREGRESSIVE NOISE PROCESS

I. H. Gaudi

INTRODUCTION

In statistical time series analysis one of the most frequently discussed problem has the
following formulation: a time series on the form

y)y=m()+x, t=1,2,...,N

is observed, where m(f) is an unknown deterministic function and x(¢) is a stochastic
process with 0 mean and known spectrum. The purpose is to draw some conclusions for m(7)
from the observed process y(?). In the practice we seek the function m(#) in the form

k
m( = 2 a,9" (),
)<

where a, are unknown coefficients and ¢*)(r) are known functions (usually polinomials or
trigonometric polinomials). We have to estimate the coefficients a,. The most natural way is
the method of least squares.

With the following notations

a, y(1) e (1)

a, »(2) ¢ (2)
a= . , y= . J o) =

a; y(N) ¢ ()

and
=, 0?,...,¢")
the least square estimator a of the vector « takes the form
& = (d*P)- lc])"y_
In the case of normal white noise estimator a coincides with the maximum likelihood
estimator of the vector a. If we suppose, that the noise process x(f) is normal, but not

white and it has known correlation matrix R, we have the maximum likelihood estimator @,
of the vector a« in the form
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ay = (P*R-1@)"1o*R~1y.

It is well known, that «, has minimal dispersion among the linear unbiased estimators of

0
a. From the point of wiew of computational technics the inversion of the matrix R for enor-
mously large N is a difficult problem. Both the estimators a and a, are normally distrib-

uted (as linear combinations of Gaussian variables) with expectations and variances

Ea= (®*®) '®*Ey = (&* )" ' d* Pa = «
E@— o) @ — a)* = (P*®)~ 1 d* Rd(d* o)~ !
Eoqy=(®*R™'®)"'9*R~'da=a

E(ay, — a)(ay —a)* = (P*R™19)~ L.

In this work we investigate the problem of the distribution of the estimators by the
method of computer simulation. The question is, how they depend on simple parameters as
damping and hidden periodicity.

1. Let us regard the process

y()=acoswt+ x(1)

where the frequency w is a given constant, « is the unknown parameter and x(¢) is a
discrete time parameter second order autoregressive process i.e. x(¢) satisfies the difference

equation

x(t) = ax(t — 1)+ Bx(t — 2) + €(2).

The coefficients a« and § are known real numbers satisfying the condition o? + 48< 0,
the process €(r) is a standard discrete time parameter white noise. The “period” of this

scheme is 21r/w1 , where

Iall

Gy = AreCos ———
Y~y

On this example we can investigate another curious problem of the time series analysis,
namely the distinction of a process with periodic mean value function from a process with
hidden periodicity. We summarise the results of our computer simulation experiments about
the statistical behaviour of the least square estimator @ and the maximum likelihood esti-
mator a, of the unknown parameter in tabular form, when the damping parameter A\ and

the hidden frequency w, of the process x(f) where varied.

1
The least square estimator ¢ has the form

N
E (1) coswt
t

>
Il

2

M |~

Ccos” wt

o

t=
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(The estimator a is the maximum likelihood estimator of a under the false hypothesis that
the noise is white.)

The maximum likelihood estimation a,, can be calculated from the conditional densi-
ty function

1 1 2
f=——=exp{- 5 2 (x(t) — ax(t — 1) — Bx(t — 2))
QmVI2 { 2 }
of the process x(f)= y(t) —acoswt, t=1,2,...,N, under the condition that x(0) = Xq-
The solution of the likelihood equation '
dinf _ 0
da

can be written in the form

-

where
A= : {cos? wt+ a? cos? w(t — 1)+ B2 cos? w(r — 2)
— 2a coswtcosw(t — 1) — 2B coswt cos w(t — 2)
+ 2af cos w(t — 1) cos w(t — 2)|

and

B = Z {y(t) coswt + azy(t— I)cosw(t —1)+
;

+ By(t —2)cosw(t —2) —ay(t — 1) coswt —
—ay(t)cosw(t — 1) —By(t — 2) coswt —

— By(t) cosw(t — 2) + afy(t — 2) cosw(t — 1)
+ afy(t — 1) cosw(t — 2)} .

2. In our concrete example the parameters were chosen as follows:

a=68, a=183. f=—0098 w=%.

So the period of the noise is 16.04 and the damping parameter is small (y0.98). Table 1.
shows the dependence of estimators on the number of observations. In the first column we can
find the numbers of observations, in the second column the type of the estimator, in the 2.nd—
6.th columns the 0.05, 0.1, 0.2, 0.8, 0.9 and 0.95 respectively, quantiles of estimators (calcu-
lated from 200—500 samples), and the last two columns contain the mean value and the dis-
persion of the estimators.
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We get similar results in every case, when the period of m(f) and the hidden period of
x(¢) are far from each other (e.g. w < 2m/40 or w > 2n/12). The two estimators differ
essentially in the case of small number of observations, while for N > 300 they almost
coincide.

Table 2. shows the dependence of estimator on the frequency w — in this case N = 40.
The construction of table 2. is similar to the first one.

When the frequency of m(¢) is equal to the hidden frequency of x(r) (2m/w = 16) the
signal and the noise cannot be separated. In this case the least square estimator is better than
the maximum likelihood one — in the sequel we return to this phenomenon. For large w
both estimators are better: there are more waves on the interval of observations. To avoid this
effect we investigated the behaviour of estimators on the intervals the length of which is 2 or

1 waves.

These results are contained in tables 3. and 4.

The least square estimation gives very bad results for 7 < 5, while the maximum
likelihood estimator becomes continuously better as the distance between the frequencies of
the noise and the signal grows.

Figure 1. shows the dependence of dispersions of the two variant of estimators on w in the
neighbourhood of the frequency of the noise, observing 2 waves.

Experiments were made to determine, how the damping influences the statistical
behaviour of the estimates. In a natural way, when the damping grows, the distance between
the two estimates decreases. [f a = 1.488 and 3= —0.64 (then the frequency of the noise
coincides with the previous, and the damping equals 0.8) the two estimates are not essentially
different.

So far we have supposed that the noise was a second order autoregressive process with
known parameters. By simulation we examined the behaviour of the estimators in the case if
the noise is a higher 4—5 order autoregressive process and we use a second order approximation
for the maximum likelihood estimation, the so called R-estimators (see Holevo [2]).
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Teopuss BeposTHOocTei XIY (I969) I.

Pe3wnue

OC oLeHKe NnapaMeTpa perpeccum, Korza
npouecc myMa SABJIAETCA NPOLECCOM aBTO-
perpeccuu

B nacrosmeit paGoTe paccMaTpPUBAETCA MPOLECC y(r) = acoswt + x(1),
TIne w-JaHHAf KOHCTAHTa, a« — HEW3BECTHHN mapaMeTp M x(r) yZOB-
JIETBOPAET CTOXACTUYECKOMY DPa3HOCTHOMY YPaBHEHHD

x(t)=ax(t — 1)+ Bx(t — 2) + €(2).

[IOCTOAHHHE o M B YZOBISCTBODPAKNT YCIOBUO o + 48< 0, x(1) Impealoya-
TaeTCsA CTALUMOHAPHHM M e(r) ABIAACTCA CTAHZAPTHHM OEJHM MyMOM
C ZUCKDETHLHM BPEMEHEM.

MeTozoM CTATUYECKMX MCINTAHRUR UCCIEAYETCH MOBENEHHE pA3HHX
THUIIOB OHEHOK.

PesynpraTH NOKA3HBAWNT, YTO IIpM MAJOM YHUCJIE HAOIOZEHMit
33YMTHBAA CHEeLuaabHyl (opMy NOJNYy4YanTCA Jyumuue OLEHKM IlapaMeTpa
a (ZmoBEepMTENBHOE MHOXECTBO yXe). B ciyuae OOIBWOr0 BHOOPA
OLICHKM TaKMM OOpa30M HE CTAHYT JIyulUMM.

Ecniu mepuoz curHaza ¥4 CKPHTHit nepuoz wyMa OAU3KM ZApyT
K ZApyry, TO TOI'Za HENb3s1 OTZAEJNMUTH CUT'HAA OT WyMa.
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