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ABSTRACT 

A new theory for the electrostatic component of the chemical potential for homogeneous 

electrolytes modeled with the primitive model is developed. This Mean Countershell 

Approximation (MCSA) is an analytic theory derived by including the interactions between the 

ions’ screening clouds. At molar concentrations, these contribute substantially to the excess 

chemical potential but are absent in classical Debye-Hückel and Mean Spherical Approximation 

(MSA) theories. Simulations show MCSA is highly accurate, including at the low dielectric 

constants of ionic liquids. While sharing a mathematical framework with MSA, MCSA has simpler 

formulas and is qualitatively more accurate when there is ion size asymmetry. 

INTRODUCTION 

A number of technologies are based on electrolytes (e.g., supercapacitors,1 energy 

conversion mechanisms,2,3 analytic tools4). Moreover, today’s fabrication techniques produce such 

devices with new surface properties5 and nanometer length scales6 where ion correlations dominate 

and create new device functionalities.7,8 

Two important types of ion correlations are due to excluded volume and electrostatic 

screening. The former correlations are due to ions having finite size so they cannot occupy the 

same space. The physics of this is generally understood, and theories describe it well.9-11 The 

physics of the latter correlations, due to ions rearranging around each other to most optimally 

screen the individual ions’ charges, is less well understood. These screening correlations produce 

counterintuitive phenomena like charge inversion, where the sign of the electrostatic potential can 

change,12-14 resulting in ionic current changing sign also15,16 or reversing the flow of 

electrophoretically-driven fluids.7,17,18 

While simulations capture these phenomena,12,18-22 elucidating the physics behind the ionic 

correlations requires a physical theory, preferably one with explicit analytic formulas. However, 

even for the simplest systems with excluded volume and screening correlations, creating such 

theories is challenging. Take, for example, the primitive model of electrolytes, in which ions are 

charged hard spheres in a dielectric medium. Although simple in concept, even for a homogeneous 

bulk system where ion concentrations are uniform, there are few analytic theories for this model 

that accurately describe the excess chemical potential due to screening correlations. 
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Integral equation theories describe the homogeneous primitive model well,23 but usually 

require numerical solutions of the Ornstein-Zernike (OZ) equation. Exceptions include the Mean 

Spherical Approximation (MSA)24-32 and the generalized MSA (GMSA),33-36 which are analytic 

solution of the OZ equation, specifically for the direct and total correlation functions. Both still 

require numerical solutions to algebraic equations, with the GMSA having 13 unknowns36 while 

the MSA has only one. Therefore, despite its thermodynamic inconsistencies,33-35 the MSA is more 

commonly used, and its simple formulas do capture much of the underlying physics. 

The MSA has been used to study electrolytes in various systems37-39 and is the basis for 

many theories of inhomogeneous systems.40-45 Those inhomogeneous theories have, in turn, been 

used to describe (and predict) experimental results in systems where ion correlations play a 

dominant role, like biological ion channels46-49 and nanofluidic channels.50,51 Their real-world 

success comes despite the fact that the primitive model is an oversimplification of a real electrolyte 

and that the MSA describes that model only approximately. 

Thus, a simple accurate analytic theory for the homogeneous primitive model is highly 

desirable. This is not only true for application modeling, but also for basic physics: without 

understanding the physics of a relatively simple system like the primitive model, one cannot 

understand more complex and realistic models of electrolytes. 

Here, we present such a theory, which we call the Mean Countershell Approximation 

(MCSA). The derivation is based in large part on Blum and Rosenfeld’s reexamination of the 

underlying assumptions of MSA.52 They found that the MSA can be obtained (to leading order) 

using three physical assumptions. The MCSA is derived by adding the interactions between the 

ions’ screening clouds to Blum and Rosenfeld’s three pillars. In the end, the MCSA adds a simple 

term to the MSA’s excess chemical potential, while at the same time simplifying the MSA 

equations in general. We show that MCSA is very accurate compared to simulations and a 

qualitative improvement over the MSA with lower computational cost. 

THEORY 

Review of MSA 

The MSA was derived by assuming a closure relationship with which the OZ equation can 

be solved exactly.24-26 If the ions of species i  have density i , diameter i , radius iR , and valence 
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iz  and are immersed in a fluid with relative permittivity (dielectric constant)  , then that closure 

leads to a Helmholtz free energy density of the form 
HS MSAA A A= + . 

HSA  is the Helmholtz free 

energy for a fluid of uncharged hard spheres with Percus-Yevick equation of state.9,11,23,53 

Here, we briefly summarize the MSA equations related to 
MSAA  (reviewed in Ref. 39). This 

screening contribution splits into two terms: MSA MSA MSAA E TS= − . The screening excess 

electrostatic energy density is 
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contributes only when there is ion size asymmetry. The entropy’s screening component is 

 3MSA .
3

k
S


= −    (4) 

The quantity   is a reciprocal length where ( )
1

2
−

  is the MSA’s screening length.   is 

defined by the variational principle 
MSA / 0A  = , which gives an implicit formula for  : 
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Intuitively, ( )
1

2
−

  is a generalization of the familiar Debye screening length 
1 −
 that includes ion 

sizes; in the limit of point-sized ions, ( )
1 12 
− − → . 

With this, the screening component of the excess chemical potential is 

MSA MSA MSA MSA MSA/ / / / /i i i i idA d A A E     =   +     =    (see Table S1 in the 

Supplementary Material for formula). The latter equality uses that MSA / 0A  = . The pressure is 
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For the special case when all ions have the same size (called the restricted primitive model), 

0 =  because the numerator in Eq. (3) is 0  from charge neutrality when i =  for all i . 

However, even when ions do not all have the same size, 
2

i  is small and   terms produce only 

small corrections to the leading order (i.e., 0 = ) for 
MSAE ,  , 

MSA

i , and 
MSAP .39,52 

Derivation of MCSA 

Here, we derive the screening component of the excess chemical potentials not by using a 

new closure for the OZ equation, but by using several properties of MSA’s leading order ( 0 = ) 

internal energy and entropy that were found after the MSA’s original derivation: 

1. As described by Wei and Blum,54 the form of the first term in 
MSAE  in Eq. (1) is the same as 

the internal energy of Debye-Hückel theory, but for a capacitance radius ib  with 
1 −
 instead 

of ( )
1

2
−

  in Eq. (2).55 Therefore, a term of this form can be derived generally with the same 

Güntelberg charging process56 used to derive Debye-Hückel theory in textbooks.57-60 We call 

this the Debye-Hückel-Güntelberg term (with   as yet unspecified): 

 
( )

2

1

DHG .
2 2

i iB

i i

E
z

R



−

+ 
= −   (7) 

2. As described by Blum and Rosenfeld,52 the requirement that / 0A  =  defines the screening 

length in a way that minimizes the Helmholtz free energy. 

3. Blum and Rosenfeld52 also showed that the entropy in Eq. (4) can be derived using a general 

argument that follows from the previous two ideas. Specifically, one assumes: 1) S  is solely 

a function of  ; 2) E  has the Debye-Hückel-Güntelberg form in Eq. (7); 3) A  is minimized 

by  . A dimensionality argument shows that only a term proportional to 
3  has the correct 

units, and enforcing the known low-density Debye-Hückel limit gives Eq. (4).52,61 We will also 

define entropy this way. 
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4. For the restricted primitive model, Blum and Rosenfeld52 showed that the MSA’s second-order 

direct correlation function62 
(2)( )ijc r , when i jr R R + , is ( )ss

ij r− . Here, ( )ss

ij r  is the 

interaction potential of two infinitely-thin spherical shells with surface charge density 

2

0 / 4k kz e b  and radius kb  ( ,k i j= ), separated by center-to-center separation r . 

The arguments in the first three points are quite general and sufficient to recover the leading 

order ( 0 = ) MSA.52 Here, we combine these three pillars with a fourth one. Specifically, we 

assume that the ion screening cloud around a central ion with charge 0iz e  is a shell of charge with 

radius ib , like that described by the 
(2)( )ijc r  function. We call this the “countershell” because we 

give the shell total charge 0iz e− . 

We combine these four pillars to define the MCSA’s Helmholtz free energy density 

MCSA MCSA MCSAA E TS= −  and screening parameter   (which differs slightly from the MSA  ). As 

detailed below, the internal energy density 
MCSA DHG ssE E E= +  will have a Debye-Hückel-

Güntelberg term 
DHGE  (Eq. (7)) and a countershell-countershell interaction term 

ssE . This latter 

term is a new additional internal energy term in the MCSA that is absent in Debye-Hückel and 

MSA. The entropy MCSAS  will be given by Eq. (4) and   defined by / 0A  = . Thus, all terms 

except 
ssE  come from the first three points described above. 

To derive 
DHGE , we note that the electrostatic potential inside the countershell is constant 

with value 0 0/ 4i iz e b− .63 The work to charge up the central ion seated inside the countershell 

via the Güntelberg charging process is 
2 2

0 0/ 8i iz e b− .56-60 This is obtained by giving the central 

ion charge 0iz e   and increasing it from 0 =  to 1 =  via integration. Charging iN  ions of species 

i  with this process gives the energy density in Eq. (7) since /i iN V =  where V  is the volume of 

the system. As in Debye-Hückel and MSA theories, this term is the ion-counterion contribution to 

the internal energy density. 

Next, we add the fourth pillar by taking the idea of charged countershells one step further 

by including their interactions with each other. For the new 
ssE  term, we include the shell-shell 

interactions in the mean-field approximation. This is motivated by the fact that ion-ion interactions 

are often included in a mean-field way. For example, Poisson-Boltzmann theory (upon which the 
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Debye-Hückel theory is based) includes the ion-ion interactions in an inhomogeneous system via 

the mean-field expression (i.e., approximating radial distribution functions by 1 ) 

 ( ) ( ) ( )
3 3

C

,

1
.

2
i j ij

i j

d d    −  x x x x x x   (8) 

Here, ( )C 1

ij B i jr z z r  −=  is the Coulomb interaction potential of two point charges separated by 

distance r = −x x . In a homogeneous system with charge neutrality, however, this energy is 0. 

We include the interactions of two countershells in a similar way for our system with 

constant densities (superscripted “ss” for shell-shell): 

 ( )3 3

ss ss

,

1
.

2
i j ij

i j

E d d    = −   x x x x   (9) 

Here, again ( )ss

ij r  is the interaction potential of two charged shells described above. ( )ss

ij r  can 

be written compactly in terms of the Coulomb potential and a function of the shells’ center-to-

center separation r :64 
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where ij i jb b b= +  and ij i jb b b = − . (The three conditionals, from top to bottom, define the shells’ 

interaction when the shells are far apart and their interaction is Coulombic, when the shells overlap, 

and when the small shell is completely inside the large shell.) 

Performing the integration in Eq. (9) gives64 

 ( )ss 2 2

,

.
3

B i j i j i j

i j

E z z b b


   = − +   (11) 

Interestingly, 
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because charge neutrality makes the first factor 0. However, its derivative is generally nonzero: 

 
ss

22
.

3
B i j j j

ji

E
z z b

 
 




= −


   (13) 

Thus, 
ssE  does not contribute to the internal energy because the system is charge neutral, but it 

contributes to the chemical potential because this counts ions added in a non-charge-neutral way. 

We now have all the components to define the MCSA theory for the screening component: 

 MCSA MCSA MCSAA E TS= −   (14) 

 
A

2
ssMCS

2

B i i

i i

z
E E

b


 
+= −    (15) 

 3MCSA

3

k
S


= −    (16) 

and ( )
1

2i ib R
−

= +  . Since ss / 0E  =  and by requiring 
MCSA / 0,A  =  the MCSA screening 

parameter   is defined implicitly: 
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1
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(Note that this equation has exactly one positive root for  .) The screening component of the 

excess chemical potential then is 
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MCSA ss

2

B i
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i i

z
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where64 

 ss 22

3
B j j j

j

z b


  =   (19) 

The pressure is 

 
3

MCSA .
3

P



= −   (20) 

In Eq. (15) we formally include 
ssE  even though ss 0E =  as a reminder of where the new 

ss  term 

in Eq. (18) originated. 
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RESULTS AND DISCUSSION 

Properties of MCSA 

Comparing the MCSA thermodynamic quantities to the corresponding MSA terms 

(recapitulated in Table S1), we see the MCSA equations are the MSA equations with   formally 

set to 0 (and thus a good measure simpler). The sole exception is the new 
ss  term in 

MCSA

i . Thus, 

except for the excess chemical potential, the formulas for the internal energy, entropy, screening 

parameter, and pressure are identical to the MSA formulas after formally setting 0 = . (Note that 

the output of the MCSA and MSA are not identical since usually 0  . We merely point out the 

similarity in the formulas.) As we will see later, however, this single adjustment to the excess 

chemical potential significantly increases its accuracy. 

The MSA is known to satisfy various thermodynamic relations and have known limiting 

values. Here, we list some of these and show that the MCSA also satisfies these fundamental 

relations but sometimes has different asymptotic values: 

1. For both the MSA and MCSA, the Gibbs free energy density’s screening component is given 

by i ii
G A P   + = , where the respective theories’ values are used (Table S1). 

2. From this form of G  it follows that the Gibbs-Duhem equation i ii
d S dT dp  = −  +  is 

satisfied by the MCSA.55 The MSA is already known to satisfy it. 

3. The MCSA preserves the MSA’s correct low-density Debye-Hückel limits of the Helmholtz 

energy and excess chemical potential as 0i → . In that limit, 0→  in the MSA, while 

ss 0 →  in the MCSA (Eq. (18)), so MCSA MSAE E→  and 
MCSA MSA

i i → . 

4. In the low temperature limit ( 0T → ), also called the asymptotic high coupling limit where 

→ , both 
MSAE  and 

MCSAE  approach the Onsager limit, an exact lower bound for the 

internal energy of a charged, hard sphere system.65,66 

5. In the high temperature limit (T → ), 0→  and MCSA 0E →  while 

( ) ( )MSA 2

0 0/ 4 0 i i ii
E e z  → −  =  . 
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6. In the MCSA, the electrostatic energy to insert an uncharged particle into a charged system is 

0 . This is in contrast to the MSA where 
MSA 0i   for a species with 0iz =  when 0  , 

although this is generally very small (on the order of ~ 0.01 kT). 

Besides these thermodynamic limits and relations, other similarities and differences 

between the two theories include that the MSA and MCSA are identical in the restricted primitive 

model. This is because then 0 =  in the MSA and 
ss 0 =  in the MCSA by charge neutrality. It 

follows from this and the concentration dependence of 
ss  that differences between the MSA and 

MCSA are biggest with large ion size asymmetries and high concentrations. Moreover, these 

differences are amplified by large valences, given the valence dependence of the second term in 

MCSA

i  (Eq. (18)). This point is significant for the very asymmetric electrolytes used in some 

experiments15,16 (e.g., aqueous Cobalt(III) sepulchrate trichloride, whose trivalent cation is ~0.9 

nm in diameter67,68 and monovalent anion ~0.36 nm in diameter69). 

Lastly, we note that the value for the MCSA   is different from, but very close to, the 

MSA   because of the relatively small contribution made by   in the MSA (Table S1). In all the 

cases we studied (detailed below), the MCSA   differed from the MSA   by <0.6%. Therefore, 

the MCSA pressure also differed little (<2.7%). 

Comparisons to simulations 

To assess the MCSA, we computed the screening component of the excess chemical 

potential with Grand Canonical Monte Carlo (GCMC) simulations. Each ion species’ chemical 

potential i  is the sum of ideal gas, hard-sphere, and screening components. In the simulations, 

values for i  are iterated until the desired ion concentrations i  are achieved,70 defining both i  

and the ideal gas component. Thus, once the hard-sphere component is determined, so is the 

screening component (by subtraction). The hard-sphere component is computed from the 

acceptance/rejection ratio of attempts to inset uncharged hard sphere “ions,” as previously 

described.71 High packing fractions for large ions limited the maximum concentrations we could 

simulate; higher concentrations required unreasonably large simulation boxes. More details are 

provided in the Supplementary Material. 
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In our calculations of both the 

MCSA and MSA, we updated 
HSA  to the 

more accurate one based on the Boublik-

Mansoori-Carnahan-Starling-Leland 

equation of state.72,73 

In the Supplementary Material, 

we provide an overview of the accuracy 

of the MCSA. Specifically, we show how 

the MCSA screening excess chemical 

potential for 24 different electrolytes 

compares to GCMC simulations and 

MSA as cation concentration, diameter, 

and valence vary. Here in the main text, 

we highlight specific significant aspects. 

Fig. 1 shows the accuracy of the 

MCSA for large ion size asymmetry and 

high valences. In Fig. 1(a), the MCSA 

correctly predicts the trivalent cation 

screening contribution (solid black line 

versus black symbols) and is 

significantly better than MSA (dashed 

black line). MCSA also correctly predicts 

the upturn for the anion (solid red line 

versus red symbols) that is missed by the 

MSA (dashed red line). 

The results in Fig. 1(b) for a 2:2 electrolyte are significant in a different way. At first glance 

it may appear that the MSA and the MCSA are comparably correct. However, a closer look reveals 

that the MSA’s anion result (dashed red line) follows the GCMC and MCSA cation results (black 

symbols and solid black line, respectively). Conversely, the MSA’s cation result (dashed black 

line) incorrectly follows that the others’ anion results (red symbols and solid red line). Thus, for 

this case, the MCSA corrects a qualitatively incorrect trend of the MSA. For this 2:2 electrolyte, 

 
Fig. 1. (color online) Comparison of screening 

component of excess chemical potential as a 

function of cation concentration. GCMC (symbols), 

MSA (dashed lines), and MCSA (solid lines) for 

cations (black) and anions (red). (a) 3z+ = , 

1z− = − , 0.9 + =  nm, 0.3− =  nm, 78.45 = , 

and 298.15T =  K. (b) 2z+ = , 2z− = − , 0.9 + =  

nm, 0.3− =  nm, 78.45 = , and 298.15T =  K. 
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the MCSA predicts a minimum for the anion, like that in Fig. 1(b) (solid red line), which is not 

present in the GCMC simulation results. Since the GCMC simulations no longer produce reliable 

results above 1.25 M for this case due to high packing fractions, we are currently unable to 

determine whether the MCSA result is incorrect or if the minimum occurs at a higher concentration 

in the simulations (as they do for 1:1 electrolytes, as shown in the Supplementary Material). 

The figures in the Supplementary Material place the comparisons in Fig. 1 into a broader 

context. Besides showing the onset of the nonmonotonicity of the anion curve, they also verify 

that the differences between the MSA and MCSA increase with cation size asymmetry and ion 

valences. 

Fig. 2 confirms that the MCSA scales correctly with the system’s dielectric constant. Not 

only are the screening excess chemical potentials quantitatively accurate, but Fig. 2(a) shows that 

the MCSA correctly predicts that the cation screening component has a maximum as cation 

diameter increases.  

Fig. 2(b) focuses on the anion, and breaks out the Debye-Hückel-Güntelberg and shell-

shell terms of Eq. (18) to highlight both the importance of the latter new contribution and that the 

two components can have opposite signs. The relatively large magnitude of the shell-shell term 

shown here is particularly relevant because room temperature ionic liquids have static dielectric 

 

Fig. 2. (color online) (a) Varying the 

dielectric constant  . From top to 

bottom: 120, 78.45, 40, and 20. For all, 
298.15T =  K. The cation’s screening 

component of the excess chemical 

potential is shown as cation diameter +  

varies (solid lines: MCSA; dashed lines: 

MSA; symbols: GCMC). The anion 

diameter is always 0.3  nm and 

1z z+ −= = . (b) The anion’s screening 

component of the excess chemical 

potential versus +  for 20 = . Solid red 

lines: MCSA; dashed red lines: MSA; 

symbols: GCMC; green line: MCSA 

Debye-Hückel-Güntelberg term; blue 

line: MCSA shell-shell term. 
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constants74,75 of ~8–20 and because the dielectric constant of aqueous electrolytes varies with ion 

concentration.76 In addition, a positive anion shell-shell term like the one in Fig. 2(b) (blue line) 

drives the increase in the anion screening component at high concentrations seen in Fig. 1 (solid 

red lines), creating the minimum as it works against the negative Debye-Hückel-Güntelberg term. 

Taken as whole, Figs. 1 and 2 show that MCSA is systematically accurate over a very wide 

range of electrolyte parameters (from monovalent to trivalent, from micromolar to >1 M, from 

very small (0.15 nm diameter) to very large (0.9 nm), from low (20) to high (120) dielectric 

constant). The figures in the Supplementary Material further support the MCSA’s accuracy. 

Physical insights and interpretation 

The physical interpretation of the MCSA shell-shell term is that the interactions of the two 

clouds of screening ions around two central ions contribute significantly to the energetics of an 

electrolyte. For ionic liquids, with their high concentration, ion size asymmetry, and low dielectric 

constant, these interactions’ contributions are on par with the traditional Debye-Hückel-

Güntelberg term (Fig. 2(b)). For aqueous electrolytes, the shell-shell interactions are also 

significant, as they produce a minimum in the screening component of the excess chemical 

potential with concentration (Fig. 1(a) and Supplementary Material) that, to our knowledge, has 

not been explained before. 

While this work applies to the primitive model of electrolytes, the energetic contributions 

of counterion cloud interactions are likely to be important for more complex models of electrolytes 

as well. Moreover, the derivation technique we employed to define internal energy, entropy, and 

the screening length is potentially a new methodology to create theories for other models of 

electrolytes beyond the primitive model. 

CONCLUSION 

Within the primitive model, the MCSA is an analytic theory that provides a very accurate 

excess chemical potential. Moreover, it is significantly more accurate than the commonly used 

MSA theory (which is more accurate than Debye-Hückel), especially for electrolytes with large 

ion size asymmetries. It does so using the MSA mathematical framework, but with simpler 

formulas for all components. However, the MCSA is only theory of free energy and the quantities 
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derived that. It does not, for example, output correlation functions, and other theories like GMSA33-

36 are needed for these. 

SUPPLEMENTARY MATERIAL 

The Supplementary Material file contains comparisons of the MCSA theory to GCMC 

simulations for 24 different electrolytes, a table of MSA and MCSA formulas, and further details 

about the simulations. 
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