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The phase behavior and structural properties of hard anisotropic particles (prisms and dumbbells) are exam-
ined in one-dimensional channels using the Parsons–Lee (PL) theory, and the transfer-matrix and neighbor-
distribution methods. The particles are allowed to move freely along the channel, while their orientations
are constrained such that one particle can occupy only two or three different lengths along the channel. In
this confinement setting, hard prisms behave as an additive mixture, while hard dumbbells behave as a non-
additive one. We prove that all methods provide exact results for the phase properties of hard prisms, while
only the neighbor-distribution and transfer-matrix methods are exact for hard dumbbells. This shows that
non-additive effects are incorrectly included into the PL theory, which is a successful theory of the isotropic-
nematic phase transition of rod-like particles in higher dimensions. In the one-dimensional channel, the
orientational ordering develops continuously with increasing density, i.e., the system is isotropic only at
zero density, while it becomes perfectly ordered at the close-packing density. We show that there is no orien-
tational correlation in the hard prism system, while the hard dumbbells are orientationally correlated with
diverging correlation length at close packing. On the other hand, positional correlations are present for all
the systems, the associated correlation length diverging at close packing.

I. INTRODUCTION

It is generally accepted that hard-body interactions
play a key role in the structural properties and phase be-

havior of molecular liquids, colloids and soft matter.1 In
addition to this, the shape of the particles is also impor-
tant, as the anisotropic shape is responsible for the sta-

bilization of complex meso- and crystalline structures.2

Moreover, geometric confinements (e.g., pores and
channels) and interfacial confinements (e.g., particles
at solid-liquid, liquid-liquid, and gas-liquid interfaces)
complicate further the ordering and phase properties of

the particles.3,4

Of particular interest are quasi-one-dimensional
(q1D) systems, in which particles form a necklace-like
structure in either side-by-side or end-to-end config-
urations, in such a way that all particles are trapped

between their first neighbors.5,6 In such an environ-
ment, and if the interaction range is short enough, the
phase behavior of the system is very different from that
of three-dimensional bulk, since each particle interacts

only with its first neighbors and the confining wall.7,8

For example, water molecules cannot form H-bonding
networks in q1D ultaconfinement, which changes sev-
eral properties of water dramatically, such as the con-

ductivity, the diffusivity, and the fluid structure.9 Simi-

lar changes occur in colloidal and soft matter systems in
q1D confinements, where the shape of the particles can

be rod-like or plate-like.10

Therefore, it is not surprising that the changes arising
in physical and chemical properties make q1D systems
very attractive for both practical and theoretical stud-
ies. A practical importance of q1D systems is that the
necklace-like nanostructures from rod-like and plate-
like building-blocks of semiconducting nanoparticles
have outstanding quantum properties, which offer new

electric and optical applications in nanotechnology.11

They can also be used in biological and chemical sens-
ing due to their anisotropic properties, because they can

be embedded into solid matrices.12 The theoretical im-
portance of these systems is that some fundamental is-
sues can be addressed by studying q1D systems. These
issues are, for instance, the existence or nonexistence
of first-order phase transitions,13,14 glass formation,15,16

jamming,17,18 or the possibility of long-range order in

low dimensional systems.19

The minimal model of q1D necklace-like structures is
made of hard-body building blocks, where the particles
(building blocks) can be either spherical or anisotropic,
can rotate to some extent, but are restricted to a straight

line.20 The system of strictly confined hard spheres cor-
responds to a one-dimensional (1D) system of hard rods,
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where the length of the rod is equal to the diameter of
the sphere. This system belongs to the class of exactly
solvable models, i.e., the equation of state, the pair dis-
tribution function, the percolation length, and several
other thermodynamic and structural properties of 1D

hard rods are analytical.21–24 The general feature of 1D
hard rods is that the pressure and the pair correlation
length diverge at the close-packing density, but no phase

transition occurs in the entire range of density.25 Inter-
estingly, this system can also be realized experimentally
to study some dynamical and structural properties, such
as the diffusion coefficient, the structure factor, and the
pair correlation function.26–30

To induce a true phase transition, either a long-
range attractive interaction should be added to the ex-
cluded volume interactions, like in the case of van
der Waals theory,31,32 or anisotropic particles should
be placed on a 1D lattice with some degree of orien-

tational freedom.33–36 In general, q1D systems of hard
anisotropic particles with rotational freedom do not be-
long to the class of analytically solvable models, but
the thermodynamic properties and the pair correlation
functions can be determined exactly by the numerical
solution of an eigenvalue equation coming from the

transfer-matrix method.37–40 In this regard, the excep-
tions are q1D additive hard-body systems, where the
equation of state and the direct correlation function can

be obtained analytically.41,42 Adding some out-of-line
positional freedom to the particles can lead to structural
transitions, jamming, and glassy behavior. In the case
of hard spheres, a weak fluid-zigzag structural transi-

tion takes place with increasing density43–51 and, ad-
ditionally, the presence of special jammed states shows

the existence of glass-like structures.52–55. Moreover, the
correlation lengths diverge at the close-packing density

as infinitely long zigzag order evolves.56 If the shape of
the hard particle is anisotropic, the competition between
fluid-like and solid-like structures gives rise to anoma-
lous structural transition, which looks like a first-order
phase transition.57 In addition to this, the phase behav-
ior of both spherical and non-spherical hard-body fluids
becomes very complex by allowing the particles to pass
each other, since tilted, chiral, and achiral structures be-
come the close-packing structure by changing the size of

the pore.58–61.

To test the reliability of approximate theoretical meth-
ods, such as the classical density functional theory (DFT)
and the integral-equation approximations, which are
devised for two- and three-dimensional systems, 1D
and q1D systems with short-range interactions can be
considered as an ideal playground, since the output
of these theories can be compared with the exact re-
sults coming from transfer-matrix (TM) and neighbor-
distribution (ND) methods. The above approximate the-
ories have the advantage that they can be easily gen-
eralized to higher dimensions, while the extension of
exact methods is still challenging, even in one dimen-

sion, if the pair interaction is not restricted to the first

neighbor.62 The TM and ND methods proved to be very
successful for 1D and q1D systems with continuous po-
sitional and orientational freedom, such as the fluid of
hard needles17,38 and that of hard disks.43,51 Note that
the freely rotating hard needles can be considered as

a simple model of liquid crystals in one dimension40

and even the liquid crystal elastomers can be stud-
ied with the inclusion of harmonic elastic forces be-
tween the neighboring needles.63 Regarding the devel-
opment of DFT, exact functionals have been derived

only for hard rods64 and hard-rod mixtures,65 while
even the fundamental-measure density functional is ap-

proximate for non-additive mixtures.66 The problems,
failures, and challenges in obtaining accurate DFT of
non-additive and q1D fluids are reviewed in Refs. 67
and 68.

Another possibility to study q1D systems is to use the

Parsons–Lee (PL) theory,69,70 which is also approximate,
but it proved to be quite accurate for describing the ori-
entational ordering properties and the isotropic-nematic
transition of hard nonspherical particles in two and

three dimensions.71–73 Interestingly, its success is poorly
understood for the equation of state and the transition
densities of isotropic-nematic phase transition. More-
over, to our knowledge, its applicability has not been
studied in one dimension yet. Therefore, one can get
some insight into the success of the PL theory by study-
ing some 1D hard-body fluids, where the shape of the
particle can be both convex and concave.

In this study, we examine the phase behavior and
structural properties of q1D hard-body fluids, where the
shape of the particle is rod-like. The particles are placed
into a very narrow channel with either rectangular or
circular cross section, where they form a single-file fluid
with only first-neighbor interactions. The effect of out-
of-line positional freedom is completely neglected, i.e.,
the particles are allowed to move freely only in one spa-
tial dimension, while the out-of-line orientational free-
dom is restricted to two and three states in rectangular
and circular channels, respectively. We show that hard
prisms behave as an additive mixture, where all com-
ponents have the same chemical potential. Contrary to
this, the hard dumbbells can be represented as a non-
additive mixture with the same constraint for the chem-
ical potentials. Both systems exhibit orientational order-
ing with increasing density, where the phase is isotropic
only at vanishing density. The fluid of hard prisms be-
comes identical with that of hard rods at close packing,
where the shortest length of the prism along the chan-
nel corresponds to the diameter of the rod. This system
can be characterized by diverging positional correlation
at close packing, while it lacks orientational correlation.
The phase behavior of hard dumbbells is very differ-
ent because it forms crossed structures at high densi-
ties, where the angle between the neighboring particles
is 90◦. Moreover, the dumbbells are more ordered since
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both the positional and orientational correlation lengths
diverge at close packing. We show that the PL theory,
which is devised for isotropic and nematic phases of
two- and three-dimensional hard-body fluids, is exact
for additive q1D fluids, while it is only approximate for
non-additive ones. To take into account exactly the ef-
fect of non-additive interactions, TM or ND methods
should be used. In addition, these two exact methods
complement each other because the ND method pro-
vides information about the changes occurring in the
positional order, while the TM method is more suitable
to study the orientational ordering properties of the sys-
tem.

The organization of this paper is as follows. The prism
and dumbbell models are presented in Sec. II. Then,
Sec. III is devoted to the PL theory and the exact TM and
ND methods. The results for the bulk properties, the
pair distribution function, and the correlation lengths
(both orientational and positional) are presented and
discussed in Sec. IV. Finally, Sec. V offers the main con-
clusions of the paper.

II. MODELS

We use simple hard-body models for our q1D study,
where the possible orientations of the particles are re-
stricted to two or three orientations only, as sketched in
Fig. 1. We assume that the centers of the particles are
restricted to the z axis, but the particles can move freely
along this axis. The particles are not allowed to over-
lap as they are hard objects. We can see in Fig. 1 that
the occupied length of the particle can be σ1, σ2, and
σ3 along the z axis as the particle can orient its largest
length along the x, y, and z axes, respectively. For the
sake of simplicity, we assume that σ1 ≤ σ2 ≤ σ3 for hard
prisms and σ1 = σ,σ2 = σ, and σ3 = 2σ for hard dumb-
bells. We measure all lengths and make all quantities
dimensionless with σ1, which is then the unit of length.
The hard prisms are additive, because the contact dis-
tance between two prisms is given by σij =

(
σj + σj

)
/2

for any pair of orientations (i, j = 1,2,3). This is not true
for hard dumbbells because σij 6=

(
σj + σj

)
/2 for i 6= j;

more specifically, σ12/σ = 1/
√

2 ≃ 0.707 and σ13/σ =

σ23/σ = (1 +
√

3)/2 ≃ 1.366. With these two models
we can examine the effects of additive and non-additive
hard-body interactions.

III. THEORY

In this section we present three different theories for
q1D hard-body fluids. We start with the PL theory,
which provides the equation of state and the fraction of
particles (xi) having length σi along the z axis. Then,
we present the TM method for the exact calculation of
the Gibbs free energy and other thermodynamic prop-

FIG. 1. Schematics of (a) hard prisms and (b) hard dumbbells
in q1D channels. The particles are allowed to orient along x,
y, and z axis with the corresponding lengths (σ1, σ2, and σ3)
along the z axis. In the case of dumbbells, σ1 = σ, σ2 = σ and
σ3 = 2σ.

erties. In addition we show that this method provides
information about the orientational correlations along
the z axis. Finally, we derive the exact equations for the
orientation-dependent pair distribution function using
the ND method.

A. Parsons–Lee (PL) theory

The easiest way to derive the PL theory from the three

possible ways74–76 is to start from the virial series of the
excess free energy density Fex,

βFex

L
=

∞

∑
i=2

Bi

i − 1
ρi, (3.1)

where β = 1/kBT is the inverse temperature (kB being
the Boltzmann constant), L is the length of the channel,
Bi is the ith virial coefficient, ρ = N/L is the linear num-
ber density, and N is the number of particles in the chan-

nel. According to Lee’s idea,70 a mapping procedure
can be made between the system of anisotropic parti-
cles and that of spherical particles through the virial co-
efficients. In the case of 1D confinement, the hard rods
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having length d can be used in the mapping procedure
as follows,

Bi ≈
B2

BR
2

BR
i , (3.2)

where BR
i denotes the ith virial coefficient of the hard

rods. This equation assumes that the virial coefficients
of the hard rods and those of anisotropic particles are
proportional to each other. Substituting Eq. (3.2) into
Eq. (3.1), we obtain, after simplification, that

Fex = FR
ex

B2

BR
2

, (3.3)

where FR
ex is the excess free energy of the hard rods. Due

to Tonks,21 this free energy term is analytically known
as

βFR
ex

L
= −ρ ln(1 − ρd). (3.4)

Using an n-state representation of the possible orien-
tations of the hard-body anisotropic particles, it can be
shown that the second virial coefficient is given by

B2 =
n

∑
i,j=1

xixjσij. (3.5)

In the case of hard rods, Eq. (3.5) simplifies to BR
2 = d.

Thus, Eqs. (3.3) and (3.4) yield

βFex

L
=−ρ ln(1 − ρd)

1

d

n

∑
i,j=1

xixjσij. (3.6)

To complete the determination of the excess free en-
ergy, a relationship between the hard-rod length d and
the lengths {σij} of the anisotropic particles is needed.

A natural choice is d = 〈σ〉 = ∑
n
i=1 xiσi, which ensures

that the occupied length of the rods and that of the
anisotropic particles are the same along the z axis in the
case of additive cross interactions. Here we note that the
generalization of Eq. (3.6) is straightforward in higher
dimensions as the hard disk and sphere can be used as a
reference mapping particle in two and three dimensions,
respectively. The total free energy, which is the sum of
ideal and excess terms (F = Fid + Fex), can be written as

βF

L
=

n

∑
i=1

ρi (ln ρi − 1)− ln(1 − η)

η

n

∑
i,j=1

ρiρjσij, (3.7)

where ρi = ρxi is the density of component i and η =
∑

n
i=1 ρiσi = ρd = ρ〈σ〉 is the linear packing fraction.

Here, without loss of generality, we have taken the ther-
mal de Broglie wavelength equal to unity. The chem-
ical potential of component i and the pressure can be
obtained from Eq. (3.7) using standard thermodynamic
relations as follows,

βµi =
∂ (βF/L)

∂ρi
, (i = 1, . . .n), (3.8a)

βP = − βF

L
+

n

∑
i=1

βµiρi. (3.8b)

In the case of additive excluded length, one has
∑

n
i,j=1 ρiρjσij = ρη, so that the total free energy simplifies

to

βF

L
=

n

∑
i=1

ρi (lnρi − 1)− ρ ln(1 − η). (3.9)

From this equation one gets the chemical potentials and
the pressure using Eqs. (3.8), i.e.,

βµi = ln ρi − ln(1 − η) +
ρσi

1 − η
, (3.10a)

βP =
ρ

1 − η
. (3.10b)

The fraction of particles can be obtained from the condi-
tion that the chemical potential of all components are

fixed to a given value (µ),77 i.e., µ = µ1 = · · · = µn.
Therefore, in the case of additive interactions, we have

xi =
e−ρσi/(1−η)

∑
n
j=1 e−ρσj/(1−η)

. (3.11)

Note that this actually represents a set of transcendental
equations for {xi}, since η depends on {xi}. Thus, it is
not possible to provide a closed formula for xi as a func-
tion of ρ. However, the density dependence of Eq. (3.11)
can be replaced with the pressure one using Eq. (3.10b).
The result is

xi =
e−βPσi

∑
n
j=1 e−βPσj

. (3.12)

Using Eqs. (3.10), one can express the chemical potential,
density, and packing fraction as functions of pressure:

βµ = ln(βP)− ln
n

∑
i=1

e−βPσi , (3.13a)

ρ−1 =
∑

n
i=1 σie

−βPσi

∑
n
i=1 e−βPσi

+
1

βP
, (3.13b)

η =
βP ∑

n
i=1 σie

−βPσi

∑
n
i=1 (1 + βPσi) e−βPσi

. (3.13c)

These results show that the pressure is the natural input
of 1D additive systems, which is consistent with the TM
and ND methods.

It is worth mentioning that Eqs. (3.13) can be repro-
duced from the virial theorem using the decoupling
approximation of the positional and orientational de-

grees of freedom.74 In this approximation, the following
three steps are used: (1) the pair potential of anisotropic
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hard bodies
(
uij

)
is scaled into that of hard rods, i.e.,

uij(z) = u
(
zd/σij

)
, where z is the distance between two

particles, (2) the pair distribution function can be deter-

mined from gij(z,ρ)≈ gR
(
zd/σij,ρ

)
, where gR is the pair

distribution function of hard rods, and (3) the occupied
distance of the particles equals to that of hard rods.

We finally note that the PL theory for the non-additive
case, i.e., σij 6= (σi + σj)/2, does not produce analytical
results for the fractions xi and the thermodynamic quan-
tities.

B. Transfer-matrix (TM) method

The simplest way to determine the partition func-
tion and the derived thermodynamic quantities of q1D
systems is to work in the isothermal-isobaric ensemble,
where the partition function can be factorized as a prod-
uct of matrices given by

Kij =
e−βPσij

βP
, (3.14)

where, as said before, σij is the contact distance between
two neighboring particles having i and j orientations,
respectively. According to the TM method, the impor-
tant quantities are the eigenvalues and the correspond-
ing eigenvectors of the matrix Kij. In the n-state system,
the eigenvalue equation is given by

n

∑
j=1

Kijψ
(k)
j = λkψ

(k)
i , (3.15)

where λk is the kth eigenvalue, while ψ
(k)
i is the ith com-

ponent of the corresponding eigenvector. One gets the
eigenvalues from the condition that the determinant of
the matrix Kij −λδij must be zero, while the correspond-
ing eigenvectors are obtained from the eigenvalue equa-
tion, Eq. (3.15). If the eigenvectors are normalized, then

λk =
n

∑
i,j=1

Kijψ
(k)
i ψ

(k)
j . (3.16)

From here, it is easy to prove50 that

∂(βPλ)

∂βP
= −βP

n

∑
i,j=1

Kijσijψiψj, (3.17)

where λ = max (λ1, . . . ,λn) and ψi is the corresponding
eigenvector.

The Gibbs free energy can be obtained from βG/N =
− ln λ. The equation of state, which connects the pres-
sure and the density, is given by

1

ρ
=

∂βG/N

∂βP
= − 1

λ

∂λ

∂βP

=
1

βP
+

1

λ

n

∑
i,j=1

Kijσijψiψj, (3.18)

where Eq. (3.17) has been used. Further information
about the ordering can be gained from the (normalized)
eigenfunction ψi, since the fraction of particles having a

length σi along the z axis is xi = ψ2
i . Moreover, the orien-

tational correlation between two pairs can be character-
ized with the help of the orientational correlation length

(ξo),40 which is obtained from the two largest eigenval-
ues as

ξ−1
o = ln

λ

|λ∗| , (3.19)

where λ∗ is the second largest eigenvalue (in absolute
value) of Kij.

In the additive case, i.e., σij =
(
σi + σj

)
/2, the eigen-

values and the eigenvectors can be obtained easily, be-
cause the matrix elements can be factorized as follows,

Kij =
√

KiKj, (3.20)

where Ki = Kii = e−βPσi/βP. Inserting Eq. (3.20) into
Eq. (3.15) one gets that

λkψ
(k)
i =

√
Ki

n

∑
j=1

√
Kjψ

(k)
j . (3.21)

Actually, Eq. (3.20) expresses that the matrix Kij is the

Kronecker product of a vector
√

Ki by itself. As a conse-
quence, apart from a constant multiplier, Kij is the ma-
trix of a rank 1 projector, and therefore, all its eigen-
values are zero except one, which is the largest, λ =
∑

n
i=1 Ki; moreover, the corresponding eigenvector is pro-

portional to the vector
√

Ki. From the normalization
condition we have

xi =
Ki

∑
n
j=1 Kj

=
e−βPσi

∑
n
j=1 e−βPσj

, (3.22)

which is identical to Eq. (3.12) of the PL theory. It is
easy to show that the TM method provides the same re-
sults for the equation of state, the packing fraction, and
the chemical potential as that of the PL theory. As the
TM method is exact, it turns out that the PL theory is
also an exact theory for q1D n-state hard-body systems
in the additive case. At this point it is worth noting that
the PL theory provides only the thermodynamic prop-
erties, while the TM method can be used to determine
the structural properties, too. For example, Eq. (3.19)
shows that there is no orientational correlation between
the particles, i.e., the orientational correlation length is
zero for additive systems because λ∗ = 0.

As far as non-additive systems are concerned, the ma-
trix element Kij cannot be factorized as a product of two
one-body terms, as in Eq. (3.20). Therefore, the result-
ing equations are more complicated for the ordering and
thermodynamic properties, since the determinant of the
matrix Kij − λδij becomes an nth-order polynomial with
nonzero eigenvalues λ1, . . . ,λn. Using these exact re-
sults, we will show that the PL theory is not exact for
non-additive systems.
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C. Neighbor-distribution (ND) method

To calculate the pair distribution function gij(z) in
q1D systems, one needs to use the isothermal-isobaric
ensemble and start from the determination of the
nearest-neighbor probability distribution function, from
which the ℓth-neighbor distribution function can be ob-
tained by iterated convolutions. For this reason, here we
will refer to this methodology as the ND method. In ad-
dition to gij(z), the equation of state and other thermo-
dynamic quantities can be calculated with it, yielding
exactly the same results as those from the TM method.
A drawback of the ND method is, however, that it does
not provide information about the orientational correla-
tions.

In this section, we summarize the main results de-
rived from the ND method and refer the reader to
Chap. 5 of Ref. 78 and, especially, Sec. III of Ref. 51 for
further details. The exact pair distribution function is

gij(z) =
1

ρ
√

xixj

⌊z/σmin⌋
∑
ℓ=1

Q
(ℓ)
ij (z)

λℓ
, (3.23)

where

Q
(1)
ij (z) = R(1)(z;σij), (3.24a)

Q
(ℓ)
ij (z) =

n

∑
k1=1

n

∑
k2=1

· · ·
n

∑
kℓ−1=1

R(ℓ)(z;Σik1k2···kℓ−1j), ℓ ≥ 2,

(3.24b)
with

Σik1k2···kℓ−1j ≡ σik1
+ σk1k2

+ · · ·+ σkℓ−1j, (3.25a)

R(ℓ)(z;α)≡ e−βPz

(ℓ− 1)!
(z − α)ℓ−1Θ(z − α). (3.25b)

In the upper summation limit of Eq. (3.23), ⌊· · · ⌋ de-
notes the floor function and σmin = min{σij}. Note

that gij(z) presents a jump at z = σij, kinks at z = Σik1 j
(k1 = 1, . . . ,n), and, in general, singularities of order ℓ− 1
at z = Σik1k2···kℓ−1j.

The Laplace transform G̃ij(s) =
∫ ∞

0 dz e−szgij(z) is

given by51

G̃ij(s) =
1

λρ
√

xixj

(
Ω(s + βP) ·

[
I− λ−1

Ω(s + βP)
]−1

)

ij

,

(3.26)
where Ω(s) is the n × n matrix with elements Ωij(s) =

e−sσij/s. Note that Kij = Ωij(βP).

In the additive case, Ωij(s) =
√

Ωi(s)Ωj(s), where

Ωi(s) = Ωii(s), and this simplifies Eq. (3.26). After sim-

ple algebra, one finds

G̃ij(s) =
1

ρ
√

xixj

Ωij(s + βP)

λ − ∑
n
k=1 Ωk(s + βP)

=
1

ρ

βP

s + βP

e−sσij

1 − λ−1 ∑
n
k=1 Ωk(s + βP)

, (3.27)

where in the second step we have taken into account

that xi = e−βPσi/λβP in the additive case. The second
equality in Eq. (3.27) implies that all the pair distribution
functions gij(z) for additive systems are the same if the

origin is shifted to z = σij,
66,79,80 i.e.,

gij(z) = f (z − σij), (3.28)

where the function f (z) is common for all pairs. Also in
the additive case, Eqs. (3.23) and (3.24) can still be used,
but Eq. (3.25a) simplifies to

Σik1k2···kℓ−1j = σij + σk1
+ σk2

+ · · ·+ σkℓ−1
. (3.29)

The asymptotic decay of gij(z) − 1 is characterized

by the nonzero poles of G̃ij(s), i.e., the roots (differ-
ent from s = 0) of the determinant of the matrix I −
λ−1

Ω(s + βP) for non-additive systems [see Eq. (3.26)]

or of 1 − λ−1 ∑
n
k=1 Ωk(s + βP) for additive systems [see

Eq. (3.27)]. If we denote by s± =−κ ± ıω the pair of con-
jugate poles with the real part closest to the origin, its

residue being |Aij|e±ıδij, then, for asymptotically large z,

gij(z)− 1 ≈ 2|Aij|e−κz cos(ωz + δij). (3.30)

Thus, ξp = κ−1 represents the positional correlation
length, whereas ω is the (angular) oscillation frequency.
As density increases, the imaginary part (ω) can expe-
rience a discontinuous jump at a certain density, giving
rise to a structural crossover from oscillations with a cer-
tain frequency to oscillations with a different one. The
origin of this jump resides in the crossing of the real part
of two competing poles with different imaginary parts.

IV. RESULTS

In this section, we present our results for the phase
behavior and structural properties of hard prisms and
dumbbells in q1D channels (see Fig. 1) using the PL the-
ory, as well as the TM and ND methods. The particles
are allowed to move freely along the channel, but their
orientational freedom is restricted to either two (n = 2)
or three (n = 3) orientations. The main difference be-
tween hard prisms and dumbbells is that the contact
distance between two prisms is additive for any pairs
of orientations, i.e., σij =

(
σj + σj

)
/2, while hard dumb-

bells are nonadditive as σij 6=
(
σj + σj

)
/2 for i 6= j orien-

tations. We use the following dimensionless quantities:
z∗ = z/σ1, ρ∗ = ρσ1, and P∗ = βPσ1.
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FIG. 2. Phase behavior of hard prisms in a q1D channel: (a)
pressure, (b) mole fraction, and (c) packing fraction as func-
tions of density. Particles can orient along the x and y axes
only in the 2-state model, while the x, y, and z axes are al-
lowed in the 3-state one. The lengths of the prism are chosen
as follows: σ1 = 1, σ2 = 1.6, and σ3 = 2.4. The pressure and
density are dimensionless: P∗ = βPσ1 and ρ∗ = ρσ1.

A. Bulk properties

1. Hard prisms

We start with the simple q1D fluid of hard prisms and
compare the bulk properties of 2-state and 3-state mod-
els. It is easy to show that the prisms are parallel with
their shortest length σ1 along the z axis at close packing.
Therefore, they must behave as a 1D fluid of hard rods
at high densities, where x1 → 1 and η → ρσ1 describe the
phase properties of the system. In the low-density, ideal-
gas limit, the particles form an isotropic phase in both
models, with xi → 1/n holding for the n-state model.
This can be obtained from Eq. (3.11) or Eq. (3.22) by tak-
ing the limits ρ → 0 or βP → 0, respectively. We can
see from these limiting results that the structure of hard
prisms changes from isotropic to a perfect nematic fluid
with increasing density. The results of Eqs. (3.11), (3.13b)
and (3.13c) are shown together in Fig. 2. Starting with
the equation of state (P∗ vs ρ∗), we can see in Fig. 2(a)
that there are some differences in the resulting curves
at intermediate densities, while the 2-state and 3-state
prisms behave almost identically at very low and high
densities. The low-density agreement is trivial because
of the ideal-gas limit, but the high-density one is due
to the orientational ordering of the prisms into the state
with length σ1 along the z axis. This can be seen clearly

in Fig. 2(b), where x1 goes to 1 with increasing density
for both 2- and 3-state models. The effect of increasing
density is that neighboring particles get closer to each
other, which reduces the available room for the particles.
To minimize the translational entropy loss, the particles
reduce their length along the z axis with orientational
ordering, which manifests in an orientational entropy
loss. Therefore, the competition between the transla-
tional and orientational entropies results in a continu-
ous structural change from the isotropic to the perfectly
ordered nematic fluid. It can be seen in Fig. 2(b) that
the ordering is more pronounced for the 3-state model
than for the 2-state one, since the translational entropy
gain is higher as the number of particles having length
σ3 (which is the longest side of the prism) decreases. As
the orientation with length σ3 is missing in the 2-state
model, the changes are smoother in the 2-state model
than in the 3-state one.

It is also obvious that the pressure and the packing
fraction are higher in the 3-state model than in the 2-
state one at a given density [see Figs. 2(a) and 2(c)] be-
cause the particles are always closer to each other in
the 3-state model since the orientational entropy makes
x3 6= 0. The difference between the two models virtu-
ally disappears at ρ∗ = 0.8, because x3 is almost zero be-
yond this density. Moreover, both systems become al-
most a 1D fluid of hard rods with length σ1 for ρ > 0.9,
where x2 and x3 are practically zero. Note that the
equation of state of 1D hard rods of length d, which is

given by βP = ρ/(1 − η) with η = ρd,21 can describe
n-state additive hard-body systems, such as the 2- and
3-state prisms, if d = 〈σ〉 is the average length of the
particle along the z axis, as done in the PL theory [see
Eq. (3.10b)]. In the light of this result, the curve η vs ρ
measures the deviation from 1D hard rods, because the
curve is a straight line for 1D hard rods since η = ρσ1 in
that case. Figure 2(c) shows that the deviation from the
1D hard-rod system increases with the number of ori-
entational states mainly at intermediate densities, while
the n-state system converges toward the 1D hard-rod
system at very high densities, where 〈σ〉 ≈ σ1. These
results show that the addition of more and more out-
of-line orientational freedom to the system increases the
deviation from the 1D fluid of hard rods.

2. Hard dumbbells

The phase behavior of q1D hard dumbbells is more
complicated due to the presence of non-additive inter-
actions. As the two hard spheres making a dumbbell are
in contact (see Fig. 1), the length of the particle can be ei-
ther σ (in states 1 and 2) or 2σ (in state 3) along the z axis.
Keeping in mind the symmetry property of the contact
distance (σij = σji), one can get all σij using the follow-

ing special values: σ11 = σ22 = σ, σ33 = 2σ, σ12 = σ/
√

2,

and σ13 = σ23 = (1 +
√

3)σ/2. These contact distances
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and the pressure are the inputs of the exact TM and ND
methods. Note that the input of the PL theory is the
density and the effective length d = 〈σ〉. We examine
the following 2- and 3-state systems: (a) a 2-state model
in which the state 1 with length σ and the state 3 with
length 2σ are allowed, and (b) a 3-state model where all
states are included.

To understand the phase behavior of the q1D dumb-
bell fluid, it is worth considering the close-packing
structure of the system. The possible shortest dis-
tance between two dumbbells is σ in the 2-state model,
i.e., one dumbbell occupies a distance σ and the close-
packing density is given by ρcp = 1/σ. Therefore, the
dumbbells are parallel at close packing and form a per-
fect nematic order with x1 = 1. Consequently, the dumb-
bells behave as a 1D hard-rod fluid at high densities
with βP = ρ/(1 − η) and η = ρσ. This shows that the
close-packing behavior of 2-state dumbbells and that of
prisms are the same. In the 3-state model, however,
the shortest distance between two dumbbells is given

by σ/
√

2, i.e., the neighboring dumbbells must be per-
pendicular with respect to each other and both perpen-
dicular to the z axis at close packing. This means that

one dumbbell occupies a distance σ/
√

2 and the close-

packing density is given by ρcp =
√

2/σ. This ordered
structure is not planar nematic, because the order of
particles with states 1 and 2 is not random along the z
axis. Note that if two particles are parallel, the short-
est distance between them is σ, which is higher than

σ/
√

2. Therefore, the close-packed structure of the 3-
state dumbbell system is the sequence 1-2-1-2-· · · of the
states along the z axis. We use the name “crossed” for
this ordered structure because neighboring particles like
to be perpendicular to each other. The consequence of
the crossed ordering for the close-packing properties is

that x1 = x2 = 1/2 and ηcp =
√

2.

From these results, we can see that, whereas η =
ρ ∑

n
i=1 xiσi is the real 1D packing fraction of additive sys-

tems, it is just a density-dependent quantity for non-
additive ones. This fact has a serious consequence for
the applicability of the PL theory because the PL excess
free energy diverges at η = 1 [see Eq. (3.7)], which is be-

low the maximal value (ηcp =
√

2) for the 3-state dumb-
bell model. Therefore, the PL theory is not exact and is
unable to predict the phase behavior of hard dumbbells
if η > 1.

This shortcoming of the PL theory and the devia-
tion from additive prism systems is illustrated in Fig. 3,
where the exact and the PL results are shown together
for the bulk properties of 2- and 3-state hard dumbbells.

In the 2-state model, only the contact distance σ13 ≃
0.91 × (σ1 + σ3)/2 induces some negative non-additive
effects in the results. Therefore, due to the very weak
non-additive character of σ13, the resulting equation of
state and the ordering properties are almost identical
with those of 2-state hard prisms. Similarly to hard
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FIG. 3. Phase behavior of hard dumbbells in a q1D channel:
(a) pressure, (b) mole fraction, (c) packing fraction, and (d)
(1 − η)βP/ρ as functions of the reduced density. Particles can
orient along the x and z axes in the 2-state model, while the
x, y, and z axes are allowed in the 3-state one. The dashed
curves correspond to the results of the PL theory, while the
solid curves are the exact results. The lengths of the dumbbells
are chosen as follows: σ1 = σ, σ2 = σ, and σ3 = 2σ. The pressure
and density are dimensionless: P∗ = βPσ1 and ρ∗ = ρσ1. The
corresponding close-packing densities are given by ρ∗cp = 1

and ρ∗cp =
√

2 for the 2-state and 3-state models, respectively.

Note that the PL curves do not exist above ρ∗ = 1.

prisms, 2-state hard dumbbells undergo a continuous
structural change from the isotropic fluid to the per-
fectly ordered nematic one with increasing density. This
can be seen clearly in Fig. 3(b), where the fraction of par-
ticles in state 1 (x1) increases continuously from 0.5 to 1.
In the 2-state dumbbell model, η cannot be considered as
a 1D packing fraction, but it becomes identical with the
packing fraction of hard rods of length σ at high densi-
ties (ρ∗ > 0.8). It can be seen in Fig. 3(c) that η is higher
than the packing fraction of hard rods at intermediate
densities since there are some dumbbells with length 2σ
along the z axis. This positive deviation is due to the ori-
entational entropy, which favors the orientational disor-
der. However, this entropy term weakens with increas-
ing density due to the decreasing available room.

To analyze the deviation from the additive hard-prism
system, we plot (1 − η)βP/ρ, which must be equal to 1
for additive systems [see Eq. (3.10b)], as a function of
density in Fig. 3(d). We can see that the 2-state dumb-
bell fluid produces values lower than 1 at intermedi-
ate densities since two dumbbells can get closer to each
other in perpendicular orientation than two prisms can,
i.e., σ13 < (σ1 + σ3)/2, which manifests in a lower pres-
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sure and a higher packing fraction at a given density.
Figure 3(d) shows that the PL theory underestimates
the effect of non-additivity, producing higher values for
(1 − η)βP/ρ than the exact results obtained from the
TM and ND methods. Apart from this deviation, the PL
theory describes accurately all quantities of the weakly
non-additive system of 2-state dumbbells.

The phase behavior of the 3-state hard dumbbell sys-
tem is more complicated due to the inclusion of state
2, which is a competitor of state 1 in the ordering pro-
cess. This can be seen in Fig. 3, where the range of di-

mensionless density (ρ∗) extends to
√

2 due to the extra
orientation state. Therefore, the equation of state of the
3-state system deviates substantially from that of the 2-
state one, as can be seen in Fig. 3(a). We observe that the
3-state pressure curve is below the 2-state one because
there is more space between particles with the inclusion
of state 2. This is due to the orientational entropy, which
is maximal if the number of particles is the same in all
orientations. This entropy term prevails at very low
densities, where the system has an isotropic distribu-
tion, i.e., x1 = x2 ≃ x3 ≃ 1/3. However, the competition
between different entropy terms produces orientational
ordering in such a way that x1 = x2 → 1/2 and x3 → 0 at
close packing, as clearly observed in Fig. 3(b). The ori-
entationally ordered structure develops at ρ∗ ≈ 1, where
the average distance between the neighboring particles
reduces to σ, which do not allow the particles to occupy
a distance 2σ along the z axis, i.e., x3 ≈ 0.

One might think naively that the phase behavior of
3-state dumbbells becomes identical with that of hard
rods of length σ for ρ∗ > 1 because particles in states 1
and 2 occupy the same distance along the z axis. This
idea would be supported by Fig. 3(c), where the curve η
vs ρ∗ becomes linear for ρ∗ > 1, as in the fluid of hard
rods. However, this equivalence turns out not to be
true, since the entropic contributions of σ11 = σ22 and
σ12 contact distances are still dominant for ρ∗ > 1. The
difference between the 3-state hard dumbbell and addi-
tive hard-body fluids can be visualized with the help of
(1 − η)βP/ρ, which is shown as a function of density
in Fig. 3(d). We can see that the 3-state hard dumbbells
do not obey (1− η)βP/ρ = 1 because the non-additivity
decreases pressure and increases η at a given density, as
compared to an additive system. Moreover, it changes
sign at η = 1 (which corresponds to ρ∗ ≃ 1). There-
fore, the equation of state of 3-state dumbbells cannot be
mapped onto that of hard rods of length σ, even at very
high densities. Instead of random orientational order-
ing of states 1 and 2 along the z axis, the particles form
clusters, where neighboring particles are perpendicular
to each other, i.e., dimers, trimers, tetramers, . . . , m-
mers form with increasing density. At close packing, the
length of the cluster must go to infinity and the structure
is crossed through the whole system to reach the maxi-
mal density. As a consequence, what actually happens
is that the 3-state dumbbell model for ρ∗ > 1 becomes

progressively closer to hard rods of length σ12 = σ/
√

2,
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FIG. 4. Pair distribution function between two hard prisms,
both having a length σ1 along the z axis, as a function of dis-
tance between the two particles (z∗). The results are shown for
(a) 2-state and (b) 3-state systems for densities ρ∗ = 0.3, 0.5,
0.65, and 0.8. The other pair distribution functions can be ob-
tained from g11 by applying the shift property, Eq. (3.28).

so that βP/ρ → (1 − ρ/
√

2)−1 as density approaches its

close-packing value ρcp =
√

2.
Regarding the PL theory as applied to the 3-state

model, it is accurate for the ordering properties [see
Fig. 3(b)], but it fails to predict the crossed structure.
This can be seen in the equation of state [see Figs. 3(a)
and 3(d)], in which case the pressure of the PL theory
diverges at ρ∗ = 1, precisely where the crossed structure
starts to develop.

B. Pair distribution function

We can get more insight into the ordering proper-
ties of hard prisms and hard dumbbells by studying the
positional pair distribution function along the channel,
gij(z).

1. Hard prisms

As the hard prisms obey the shift property of addi-

tive 1D hard-body mixtures [see Eq. (3.28)],66,79,80 only
g11(z) is shown in Fig. 4. We can see that the prisms be-
come more and more ordered locally and the positional
order propagates to larger and larger distances with in-
creasing density. At low densities, g11(z) is structureless
because the orientational ordering is very weak, while
it becomes oscillatory at high density with the period
of shortest length (σ1) due to the development of per-
fect nematic order with x1 = 1. Therefore, g11(z) be-
comes identical to g(z) of hard rods having a diame-
ter σ1 at very high densities. On the other hand, g11(z)
is more structured at intermediate densities (ρ∗ = 0.5
and ρ∗ = 0.65), where the fractions of particles having
lengths σ2 and σ3 along the z axis are not negligible. The
effects of x2 and x3 on g11(z) are present in new singu-
larities at z = iσ1 + jσ2 + kσ3, where i, j,k are positive in-
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FIG. 5. Pair distribution function between two hard dumb-
bells, having lengths σi and σj along the z axis, as a function of
distance between the two particles (z∗). The results are shown
for (a) the 2 -state system at ρ∗ = 0.3, (b) the 2-state system at
ρ∗ = 0.8, (c) the 3-state system at ρ∗ = 0.6, and (d) the 3-state
system at ρ∗ = 1.2.

tegers [see Eq. (3.29)]. Among those singularities, three
of them are kinks at z = 2σ1, σ1 + σ2, and σ1 + σ3 (the lat-
ter only in the 3-state model), which correspond to ℓ= 2
in Eqs. (3.25b) and (3.29); the other singularities are of
higher order and thus they are not visible in Fig. 4. This
shows that gij(z) cannot be mapped onto an effective

hard-rod g(z) with d = 〈σ〉, since in the latter the singu-
larities appear only at multiples of d.

We can also see in Fig. 4 that the pair distribution
functions of the 2-state and 3-state prisms at a common
density are almost identical, the main difference being
that the 3-state prisms are positionally slightly more or-
dered than the 2-state ones at intermediate densities be-
cause the 3-state system has a higher packing fraction
[see Fig. 2(c)].

2. Hard dumbbells

Now we turn our attention to the positional ordering
of hard dumbbells. Since the shift property of additive
fluids is not valid for hard dumbbells, g11(z), g13(z),
and g33(z) are calculated for 2-state dumbbells, whereas
g11(z) = g22(z), g12(z), g13(z) = g23(z), and g33(z) are
considered for the 3-state model.

We can see that the shift property of gij(z) obtained
for additive systems is violated even at ρ∗ = 0.3 in the
2-state model, although the shapes of all gij(z) are very

similar [see Fig. 5(a)]. However, the pair distribution
functions become very different from each other at high
densities [see Fig. 5(b)], since the dumbbells tend to
align with their short lengths (σ) along the z axis. The
consequence of this fact is that g11(z) becomes very sim-
ilar to the pair distribution function g(z) of hard rods
having a diameter σ, whereas g33(z) shows a second
peak higher than the first one at ρ∗ = 0.8. This peculiar
behavior of g33(z) is due to the fact that two dumbbells
having lengths 2σ do not like to form a neighboring pair.
Opposite to this, g13(z) is very similar to g11(z) because
two particles like to form a pair if they have different
orientations. In fact, it can be proved from Eq. (3.26) for
the 2-state model that, in the high-density limit, the shift
property g13(σ13 + z) ≃ g11(σ1 + z) is fulfilled. Also in
that limit, g33(z) depletes in the interval σ3 < z < 2σ13.
Beyond z = 2σ13, g33(z) replicates the behavior of g11(z)
for z > 2σ1, i.e., g33(2σ13 + z) ≃ g11(2σ1 + z).

Figures 5(c) and 5(d) show that 3-state hard dumb-
bells behave very differently because the shortest dis-

tance between two dumbbells reduces to σ/
√

2. At this
distance the neighboring particles are perpendicular to
each other, and g12 has the highest contact value among
all gij. Due to the favorable crossed alignments, the
pair distribution functions of the 3-state system are more
structured than that of the 2-state one at both low and
high densities. In addition to this, the distance between
peaks of gij is shorter in the 3-state model, since the par-
ticles can get closer to each other in crossed ordering.
We can see in Fig. 5(d) that the structures of g11 and g12

are very special at the high density ρ∗ = 1.2, because the
first, third, fifth, . . . peaks of g11 (g12) show increasing
(decreasing) trends, while the second, fourth, sixth, . . .
peaks exhibit the opposite trends. Moreover, the sec-
ond peak of g11 (g12) is much higher (smaller) than the
first one. Therefore, the trends observed in g11 and g12

prove that the first neighbors like to be perpendicular,
while the second ones tend to be parallel to each other,
i.e., particles form crossed clusters in 1-2-1-2-· · · orien-
tational order. We mention that the distribution func-
tions g13 and g33 do not provide information about the
crossed order, but they show enhanced positional order
at ρ∗ = 1.2.

C. Correlation lengths

The extent of positional order and the propagation of
orientational ordering are measured with the help of po-
sitional and orientational correlations lengths, which are
shown as a function of density in Fig. 6.

1. Hard prisms

The hard prisms are not orientationally correlated be-
cause only the highest eigenvalue of the transfer matrix
is nonzero, while the other ones are zero. This results in
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FIG. 6. Orientational (ξo) and positional (ξp) correlation
lengths as functions of density. Results for hard prisms are
shown in panel (a), while those for hard dumbbells are shown
in panel (b). The vertical bars show the location of kinks ap-
parent in ξp.

ξo = 0 for both 2- and 3-state prisms. The positional cor-
relation of hard prisms (ξp) coming from the oscillatory
exponential decay of the pair distribution functions [see
Eq. (3.30)] has quite a complicate dependence on den-
sity because of the crossing of the real part of two poles
with different imaginary parts (structural crossover). As
a consequence, two kinks are present in the 2-state prism
model, while only one in the 3-state one. This can be
seen in Fig. 6(a), where the nonmonotonic behavior of ξp

is shown for both prism models. The presence of kinks
and the saturation of ξp at intermediate densities may
be the result of competition between orientational and
positional ordering, because the orientational ordering
weakens the positional correlations and shifts the posi-
tional ordering towards higher densities. It can also be
seen that the 3-state system is more correlated than the
2-state one at intermediate densities. This may be due to
the fact that the 3-state system is more packed than the
2-state one at a given density, as shown in Fig. 2(c). For
densities ρ∗ > 0.8, both models become equivalent to a
1D hard-rod fluid and, thus, they have the same posi-
tional correlation length.

2. Hard dumbbells

Figure 6(b) shows that the positional correlation of
hard dumbbells is qualitatively similar to that of hard
prisms, with the difference that the 2-state dumbbell
system has only one kink, while two kinks are present
in the 3-state model. Moreover, at the same ρ∗, the po-
sitional correlation is stronger in the 2-state model be-
cause it is more packed at a given density [see Fig. 3(c)].
The result of packing effects is that the positional cor-
relation length of hard dumbbells diverges at ρ∗ = 1 in

the 2-state model, while this happens at ρ∗ =
√

2 in the
3-state one. The orientational correlation is very weak
and only present at intermediate densities in the 2-state
system. This is due to the fact that the dumbbells with
length 2σ like to form pairs with dumbbells with length

σ, but the fraction of the former dumbbells decreases
with density. This is not the case in the 3-state model,
where the orientational correlation length diverges at

ρ∗ =
√

2.
Therefore, 3-state dumbbells exhibit long-range ori-

entational and positional correlation near close pack-
ing. This is the consequence of the crossed close-packing
structure, where the dumbbells form infinitely long
clusters with an orientation sequence 1-2-1-2· · · . We
believe that these findings keep being true even in the
freely rotating case because the close-packing structure
does not change.

V. CONCLUSIONS

In this paper, we have examined the effect of additive
and non-additive hard-body interactions on the phase
behavior of q1D hard-body fluids, where the particles
are allowed to move freely along a straight line and to
rotate into a finite number (n) of orientational states.
Only two perpendicular orientations are allowed in the
2-state model (n = 2), while three mutually perpendic-
ular ones are present in the 3-state model (n = 3). The
2-state model can be considered as a minimal model of
some single-file fluids placed in a nanopore with rectan-
gular cross section, while the 3-state one can represent a
single-file fluid in a cylindrical pore.

The additive system has the feature that the contact
distance between two particles obeys σij =

(
σi + σj

)
/2,

where σi and σj are the lengths of a particle with orien-
tations i and j along the z axis, respectively. The proto-
types of additive systems are hard spheres, but prisms
can also be additive in the above 2- and 3-state repre-
sentation. However, some systems can deviate into pos-
itive

(
σij ≥

(
σi + σj

)
/2

)
or negative

(
σij ≤

(
σi + σj

)
/2

)

direction from the additive systems. In this regard, the
hard-dumbbell model belongs to the class of negative
non-additive systems.

We found that the phase behaviors of additive and
non-additive systems differ significantly. While the
equation of state of additive systems can be mapped
onto that of 1D hard rods with an effective length d =
〈σ〉, this is not so for the non-additive systems. We
found that (1− η)βP/ρ can measure the effect of nonad-
ditive interaction since that quantity is exactly equal to
1 for all n-state additive systems. By including just one
non-additive contact distance, as in the 2-state dumb-
bell model, (1 − η)βP/ρ deviates from 1 only at inter-
mediate densities, since the 2-state dumbbell system be-
comes identical to the fluid of hard rods as it approaches
close packing. This comes automatically from the TM

method, where K11 = e−βPσ11/βP becomes the domi-
nant matrix element and determines the phase behavior
at high pressures, assuming σ1 = σ is the shortest con-
tact distance. In the 3-state model, the deviation from
the 1D hard-rod behavior is much more pronounced

due to the presence of σ12 = σ/
√

2. The consequence
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of this non-additive interaction is that the particles like
to form crossed clusters and (1 − η)βP/ρ becomes neg-
ative for ρ∗ > 1. In the 3-state dumbbell model, the

dominant transfer matrix element is K12 = e−βPσ12/βP,
while the other elements can be neglected at high pres-
sures. It can be easily shown in this limit that the largest
and second largest (in absolute) value eigenvalues are
λ → K12 and λ∗ →−K12, respectively. Therefore, the re-
sulting equation of state of the system at high pressures

is given by βP = ρ/(1 − ρσ/
√

2), which corresponds to
an equation of state of 1D hard rods having a length

σ/
√

2. However, the structure is crossed at high pres-
sures and the orientational correlation length diverges

since ξ−1
o = ln (λ/|λ∗|) → 0. This argument is strictly

valid only in the limit βP → ∞, which corresponds to the
close-packing density, while the size of the crossed clus-
ter is finite for densities below the close-packing one.

We showed that the additive q1D fluids can be stud-
ied exactly using the PL theory, as well as the TM and
ND methods. While the PL theory provides only the
bulk properties, such as the equation of state and the
orientation order parameter, the TM and ND methods
can also be used to determine the local structure of the
systems. The study of the structural and bulk prop-
erties of q1D hard dumbbells revealed the importance
of non-additive interactions, which can be the driving
force in the formation of complex necklace-like struc-
tures of anisotropic building blocks, such as the crossed
structure. Those systems can be studied exactly using
the TM and ND methods, but the PL theory cannot ac-
count for the high-density and close-packing structures.
Therefore, the success of the PL theory of anisotropic
2D and 3D hard-body fluids may be due to the cor-
rect description of side-by-side and end-to-end config-
urations even if the effect of “T” and other intermedi-
ate configurations are incorrectly included into the the-
ory. Regarding the role of the DFT, the exact density
functional of additive 1D hard-body n-component mix-

tures, which was devised by Vanderlick et al.,65 can be
applied to one-component anisotropic hard-body fluids
with n orientational states using the equal chemical po-

tential condition.77 It can be shown that hard prisms can
be described exactly within the DFT, while hard dumb-
bells cannot. It is worth noting that the ND method
pointed out the weaknesses of the DFT in describing
the positive and negative non-additive 1D hard-body

mixtures.81 Therefore, the only possible way to get exact
results for more realistic systems, such as the freely ro-
tating q1D rods and single-file fluids in cylindrical pore,
is to use the TM and the ND methods. We believe that
these exact methods can explain some of the simula-
tion results on the ordering properties of real rod-like
nanoparticles, which can move freely in q1D diblock

copolymer templates.82
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