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Abstract

The scaling properties of a cation selective nanopore mean that the device function (selectivity) depends
on the input parameters (pore radius, pore length, surface charge density, electrolyte concentration,
voltage) via a single scaling parameter that is a simple analytical function of the input parameters. In
our previous study (Sarkadi et al., J. Mol. Liq., 357 (2022) 119072.), we showed that a parameter inspired
by the Dukhin number (therefore, we also call it a Dukhin number) is an appropriate scaling parameter
for infinitely long nanopores. Here, we extend that study to finite pores in a membrane and provide
a detailed analyzes over a large parameter space for 1:1 electrolytes obtained from the Nernst-Planck
transport equation coupled either to the Local Equilibrium Monte Carlo method or to the Poisson-
Botzmann theory. Scaling is exact in a limiting case, where an analytical solution, such as Linearized
Poisson-Boltzmann, is available (infinite pore). Here we show that scaling can work even if the solution
is numerical or provided by computer simulations (finite pore). We discuss how these cases approach the
limiting case as functions of the system parameters.

1. Introduction

Nanopores facilitate the controlled transport
of ions between two bath electrolytes through
an insulating membrane. The nature of con-
trol depends on the properties of the nanopore.
These properties include the geometry of the
pore (length, radius), external conditions, and
the chemical groups anchored on its wall. Ex-
ternal conditions include the properties and con-
centrations of the electrolytes in the embedding
baths and the voltage applied across the mem-
brane. The chemical groups determine the sur-
face charge pattern on the nanopore’s wall, and
the applicability of the device as a sensor or a
DNA sequencer, for example.

A particular case that is our interest is when
a uniform surface charge density is placed on the
wall of the nanopore making the pore selective
for cations or anions depending on the sign of the
surface charge. In this case, an electrical double
layer (DL) is formed near the wall where surface
conductance dominates. If the width of the DL is
smaller than the radius of the pore, a bulk solu-
tion is formed near the centerline of the nanopore
where volume conductance dominates (Fig. 1).
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If we consider the nanopore and the surround-
ing baths as a device, we can define input param-
eters (length, H, radius, R, surface charge den-
sity, σ, concentration, c, ionic valences, z+ : z−,
and voltage, U) and output parameters (electri-
cal current, Ii, or particle current, Ji, carried by
ionic species i; their relation is Ii = zieJi where e
is the unit charge). The relationship between the
input and output quantities is called the device
function.

The question that we posed in a series of stud-
ies [1–6] is whether we can predict the behavior
of the nanopore for different combinations of the
input parameters on the basis of a simple princi-
ple that we call scaling. By scaling we mean that
the output parameters depend on the input pa-
rameters via a single scaling parameter, ξ, that is
a simple analytical function of the input param-
eters, ξ(a1,a2, . . .), and that the device function,
F , is a smooth unambiguous function of the scal-
ing parameter: F = f [ξ(a1,a2, . . .)].

Any monotonic function of the currents (Ii or
Ji) is also a device function. In this study, the
device function is cation selectivity (σ≤0) defined
as

S+ =
|J+|−|J−|
|J+|+ |J−|

. (1)

If we assume that |J+|= |J−| for a non-selective
pore (with the assumption that the diffusion co-
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Figure 1: Illustration of regions of volume conductance
(where the ci(r) and ji(r) profiles are constant and bulk-
like) and surface conductance (where the ci(r) and ji(r)
profiles for cations (blue) and anions (red) separate). The
concentration profiles, ci(r), and the z-component of the
flux profiles, ji(r), have been normalized by the bulk values
at r ≈ 0 denoted by c0 and j0, respectively. The figure
shows NP+LEMC results forR=4 nm, H=6 nm, σ=−0.1
e/nm2, and U=10 mV. The profiles obtained in the middle
of the pore, z≈ 0, are shown.

efficients are the same, D+ =D−), this function
varies between 0 and 1 from the perfectly non-
selective case (σ=0) to the perfectly selective case
(σ→−∞). The real situation is somewhere be-
tween these extremes.
In a previous work [5] we showed that in the

infinitely long pore (H →∞) and the slope con-
ductance (U → 0) limit, the scaling parameter is

Du=
(z++ |z−|)Du0

2+(z+−|z−|)Du0
, (2)

where

Du0 =−σ8πlBλ
2
D

eR
. (3)

Here

λD =

(
ce2

ϵ0ϵkT

∑
i

z2i νi

)−1/2

, (4)

is the Debye length, ϵ is the dielectric constant of
the solvent (78.45 in this work), ϵ0 is the permit-
tivity of vacuum, lB= e2/4πϵ0ϵkT is the Bjerrum
length, k is Boltzmann’s constant, T is tempera-
ture (298.15 K in this work), and νi is the stoichio-
metric coefficient of ionic dissociation. Eq. 2 is
valid for any z+ and z−. For a 1:1 electrolyte (con-
sidered in this work), Du = Du0. Note that the
system’s behavior is different for different signs of
σ if the electrolyte is asymmetric.

A related parameter was introduced earlier in
several studies [7–20] in the form

DuBikerman =
|σ|
eRc

, (5)

which is a dimensionless number if we take con-
centration in the appropriate unit. It is equivalent
with Eq. 3 for 1:1 electrolytes. It was called the
Bikerman-Dukhin number [7, 8] or just Dukhin
number. [9–20] The name was introduced by Lyk-
lema to salute Dukhin [21], hence the notation
Du.

The Dukhin number was originally used to
characterize the ratio of the surface and volume
conductances [22–27] that are output properties
of the measurement or calculation. On the con-
trary, the Dukhin number in Eq. 5 contains input
parameters. Relating these two ways of defining
the Dukhin number practically carries the core
idea of scaling.

Scaling holds if an analytical theory provides
the necessary relation between the input and
output parameters. The Linearized Poisson-
Boltzmann (LPB) theory is an analytical the-
ory that provides the simple analytical relation
S+=Du between the scaling parameter, Du, and
the device function, S+, in the H→∞, U/H→0,
and Du→ 0 limits. [5]

At larger values of Du, the full PB is solved
numerically, so the relation is not analytical any-
more, but still unambiguous for a fixed value of
λD/R. For different values of λD/R, different
curves are obtained for large Du values as shown
in Fig. 2A. The inset shows the S+=Du equality
for small values of Du, while the full curves show
that the agreement between the c=0.01 and 0.1
M results is good, while deviation occurs for c=1
M, where LPB does not work so well.

Fig. 2A shows S+ as a function of Du = Du0

on a logarithmic scale for the Du-axis. The ob-
tained curve is a sigmoid with the lower branch
corresponding to less selective pores, while the up-
per branch corresponding to more selective pores.
The inflection point can be regarded as a point
that separates these two regimes. In this work,
by inflection point we mean the Duinfl value at
which the selectivity is 0.5, namely

S+(Duinfl)= 0.5. (6)

We say that scaling works if the sigmoid curves
collapse onto one single curve (“master curve”)
for different parameters of the system. The col-
lapse works if the inflection points are the same.
Scaling, therefore, can be characterized by the in-
flection point, Duinfl.

Equation 2 provides a new scaling parameter,
Du, for asymmetric electrolytes that is a ratio-
nal function of Du0 with a domain of [0 : (z++
|z−|)Du0/2] that is [0 : 1.5] for 2:1 electrolytes and
[0 :2] for 3:1 electrolytes. Using that rational func-
tion, we have a parameter of finite domain, so we

2



Figure 2: Selectivity curves for an infinite nanopore (H →∞) obtained by scanning the surface charge (−3≤ σ≤−0.001
e/nm2) as functions of the Dukhin number (Eq. 2) for 1:1 electrolytes for R= 2 nm at different concentrations, namely,
varying the λD/R values. The curves have been obtained by numerically solving the nonlinear PB equation in equilibrium
(U = 0 V). Panel A shows S+ as a function of Du using a logarithmic scale for Du. The resulting selectivity curves are
sigmoids. The inset shows the same data for small Du values but using a linear scale. In this regime, the LPB theory
provides the analytical solution, S+ =Du. Panel B shows the same data as a function of Du/(1+Du). The data are from
Ref. [5].

can plot the scaling curve on a linear scale of the
Du-axis.

Inspired by this, we introduce a new scaling
parameter for 1:1 electrolytes as

Du

1+Du
(7)

that has the domain [0 : 1] and the slope 1 as
Du→ 0. The curves of Fig. 2A are plotted again
in Fig. 2B as functions of Du/(1+Du). The mes-
sages of panels A and B are the same, but panel B
shows the results in a more concise way in a 1×1
square. Therefore, we show scaling curves using
this parameter in this paper, and when it comes
to a single number to characterize scaling, we use
the inflection point, Duinfl.

The PB results shown in Fig. 2 agree relatively
well with Grand Canonical Monte Carlo (GCMC)
simulation results for the inifinite nanopore. [5]
This indicates that 1:1 electrolytes at room tem-
perature and ϵ= 78.45 can be handled with the
mean-field PB theory. It is a general finding that
scaling works better if analytical, or, at least,
mean-field theories are applicable. This is not
the case for multivalent electrolytes where ionic
correlations are strong. [2, 3, 5]

Scaling is also problematic if the nanopore is
short compared to its radius, namely, when the
aspect ratio H/R is small. In our previous pa-
per [4] we studied nanopores of finite lengths.
We considered nanopores from the nanotube limit
(H/R→∞) to the nanohole limit (H/R→ 0) for
1:1 systems, and showed that Du is not applica-
ble anymore as the length of the pore decreases.
We showed for 1:1 electrolytes in the nanohole

limit that using a rescaled version of Du called
the modified Dukhin number is advantageous:

mDu=Du
H

λD
=−σ8πlBλDH

eR
(8)

mDu seemed appropriate for short nanopores;
what is more, it proved to be the right scaling
parameter for bipolar nanopores where the device
function is rectification. [6]

In this work, we change the parameters, H,
R, σ, c, and U (z+ = 1 and z− =−1 are fixed),
and see how the selectivity curves behave. This
is a large and complex space of variables, so it re-
quired a large number of simulations, much more
than published in Ref. [4]. To make our point,
we need to present our results in a well-organized
systematic way: by fixing all parameters and (1)
changing only one, or (2) changing the ratio of
two (λD/R, λD/H, and H/R).

2. Model and method

A cylindrical nanopore of length H and radius
R spans a membrane that separates two baths.
The thickness of the membrane is H. The cylin-
drical wall of the nanopore and the flat paral-
lel walls confining the membrane are assumed to
be hard. This means that the ions modeled as
charged hard spheres (Eq. A.1) cannot overlap
with these walls.

Ion transport (drift-diffusion) is computed with
the Nernst-Planck (NP) equation (Eq. A.2) that
contains the concentration profile, ci(r), and the
gradient of the chemical potential profile, ∇µi(r)
as the driving force. The relation between ci(r)
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Figure 3: Selectivity curves obtained by scanning the surface charge (−3≤σ≤−0.001 e/nm2) as functions of Du/(1+Du).
A base point, H = 12 nm, R= 2 nm, U = 10 mV, and c= 0.1 M, has been specified (red color), and one parameter is
systematically changed in each panel while the others are kept fixed (H, U , R, and c are changed in panels A, B, C, and
D, respectively) The insets show the data as a function of Du for small Du values (small σ). The gray lines show the
theoretical limiting case with slope 1, where S+=Du that has been obtained from the LPB theory for the infinite nanopore
limit [5]. Symbols and lines show NP+LEMC and PNP results, respectively.

and µi(r) is provided either by the PB theory,
or a non-equilibrium variant of GCMC simula-
tion, the Local Equilibrium Monte Carlo (LEMC)
method. [28] When PB is coupled to the NP equa-
tion, we obtain the Poisson-Nernst-Planck (PNP)
theory. [29, 30] When LEMC is coupled to the NP
equation, we obtain the NP+LEMC method. [31]

In both cases, the system is solved numerically
by dividing the domain of solution into small vol-
ume elements. An iterative procedure provides a
self-consistent solution also satisfying the conti-
nuity equation, ∇· ji(r)= 0.

A basic difference between PNP and
NP+LEMC is that the latter contains all
the many-body correlations (electrostatic and
hard sphere) beyond the mean-field approxi-
mation of PNP. In PNP, the excess chemical
potential of an ionic species is the interaction
of the ion with the mean electrical potential
produced by all the ions and charges in the
system including the external electric field.

More details are found in Appendix A.

3. Results and Discussion

In the following, we uncover the behavior of
the system in the parameter space {σ,H,R,c,U}.
First, we show cases when scaling works; then, we
focus on cases when scaling fails, and we discuss
the reasons.

3.1. The base point and dependence on individual
parameters

Let us define a base point, where scaling works
quite well: H = 12 nm, R = 2 nm, U = 10 mV,
and c = 0.1 M. The surface charge density, σ,
is scanned from zero to high (negative) values
(sometimes even beyond physically meaningful
values) to produce the selectivity curves seen in
Fig. 3. This means that we cover the (0 : 1) range
in Du/(1+Du).

Fig. 3 shows that the slopes are smaller than 1
(see insets), because the nanopore is short (H =
6−24 nm). The slope is closer to 1 for c= 1 M
(panel D), because in this case λD is smaller, thus
the pore is less selective for a given σ. Accord-
ingly, the shape of the curves is different from
those for the infinite pore (compare to Fig. 2). A
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given selectivity, S+, can be achieved only with a
larger value of Du, namely, with a larger value of
|σ|. Short pores are less selective than long pores.
The agreement between the NP+LEMC and

the PNP data is quite good because electrostatic
correlations are relatively weak for a 1:1 elecrolyte
at T = 298.15 K and ϵ= 78.45. The exception is
the c = 0.01 M case, where λD is so large that
the DLs seriously overlap both radially and axi-
ally. This case highlights that there are differences
between LEMC and PNP regarding electrostatic
boundary conditions [30] and approximations in
the model.
If we change parameters individually while the

others are kept constant, we find that scaling is
weakly dependent on the parameters H, U , and R
(panels A-C). Concentration, on the other hand,
has a large effect (panel D). The explanation is
that H, U , and R influence either the radial be-
havior (R), or the axial behavior (H and U), while
c influences both.

3.2. Radial and axial effects

As we already discussed in our previous
work [4], we can distinguish radial and axial ef-
fects in the finite nanopore system. The ability
of the electrolyte to screen the Coulomb forces
and, thus, to suppress either radial or axial ef-
fects, is characterized by the Debye-length, λD.
In an infinitely long nanopore only radial effects
are present.
Nanopores can influence the conductance prop-

erties of the electrolyte because their radius, R,
is comparable with the width (λD) of the DL
that is formed radially at the charged wall of the
pore. The ion selective region of the interior of
the nanopore is this radial DL (see the surface
conductance region in Fig. 1). From the point
of view of the overall selectivity of the nanopore,
therefore, the counterion content and the width
of this region matter (the anions are the coun-
terions in this work). The counterion content is
determined by σ, while the width of the DL with
respect to R is determined by the λD/R ratio (ra-
dial concentration profiles are shown in Fig. S1 of
the Supplementary Information (SI)).
If λD/R is small, the counterions are restricted

to a thin layer near the wall, a bulk electrolyte is
formed in the centerline of the pore (see Fig. 1),
volume conductance dominates, and the nanopore
is less selective. If λD/R is large, the DLs over-
lap in the centerline, coions are exluded from
the pore, surface conductance dominates, and
the nanopore is more selective. Variables λD/R
and σ together, therefore, has a major effect
on the radial behavior of the pore. For long
enough nanopores (such as in experiments for

PET nanopores), the radial effects in the mid-
dle of the pore along the z-axis dominate selec-
tivity, because this central region is far from the
entrances of the pore and the axial electric field,
E∼U/H, is small.

If the nanopore is short, however, the concen-
tration profiles and selectivity are seriously af-
fected by charge accumulation near the membrane
surfaces at the entrances of the pore on the two
sides. These axial DLs are formed either because
the structural charges of the nanopore are par-
tially neutralized from outside by the counterions
accumulated in these DLs or because the polariz-
ing effect of the external electric field (for details
see Figs. S2 and S3 of the SI).

The effect of the axial DLs in the middle of
the pore can be decreased either by increasing H
(Fig. S2 of the SI) or by decreasing U (Fig. S3
of the SI). As λD/R in the case of the radial be-
havior, the relevant parameter is the λD/H ratio
because it characterizes how far the axial DLs can
extend into the pore from the entrances.

The electrolyte concentration has importance
in both dimensions, because the ability of the elec-
trolyte to screen electrostatic interactions is rele-
vant, whether we talk about the ability to screen
the pore charge in the radial dimension or the
ability to screen the membrane charges in the ax-
ial dimension.

3.3. Dependence on the R/λD ratio

Let us examine the R/λD dependence of scaling
by plotting the inflection point (Eq. 6) for differ-
ent values of H in Fig. 4. A given color refers to
a given R, while the data points are obtained by
changing the concentration: c increases from left
to right.

Using R/λD as a variable is advantageous be-
cause the asymptotic behavior of the curves is bet-
ter seen: they converge to some limiting values as
R/λD →∞. These limiting values depend on H:
they decrease with increasing H. The nanotube
limiting value is

lim
H/λD→∞,
λD/R→0

Duinfl ≈ 0.58 (9)

indicated by a magenta dashed line in the figure,
as also depicted in Fig. 2. The curves approach
the limiting value faster if R is smaller, namely, if
the aspect ratio, H/R, is larger.

The PNP and NP+LEMC results show the
same trend; quantitative deviations can be ob-
served for R= 1 and 2 nm due the finite size of
the ions.
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Figure 4: Inflection points, Duinfl (Eq. 6), as functions of the R/λD ratio. Various panels refer to various values of H (6,
12, and 18 nm), while various colors refer to various values of R (1, 2, 3, and 4 nm). The data points for a given curve
correspond to concentrations c= 0.01, 0.1, and 1 M (from left to right). Voltage is U = 10 mV. Symbols and lines refer
to NP+LEMC and PNP results, respectively. The dashed magenta line indicates the limiting value Duinfl ≈ 0.58 in the
H → 0, U → 0, Du→ 0 limit.

Figure 5: Selectivity curves obtained by scanning the surface charge (−3≤σ≤−0.001 e/nm2) as functions of Du/(1+Du)
(left panels) and mDu/(1+mDu) (right panels). mDu=mDu0 (Eq. 8) for 1:1 electrolytes. Top and bottom panels refer
to R=1 and 4 nm, respectively. Various colors refer to various values of H (H =1, 2, 6, 12, and 18 nm). Concentration
is c=0.1 M, while voltage is U =10 mV. Symbols and lines refer to NP+LEMC and PNP results, respectively. The insets
show the data as functions of Du for small Du values (small σ). The gray lines show the theoretical limiting case with
slope 1, where S+ =Du that has been obtained from the LPB theory for the infinite nanopore limit [5].

3.4. Dependence on the H/λD ratio

Let us examine theH/λD dependence of scaling
via the appropriate scaling curves (Fig. 5) and the
inflection points (Fig. 6) for different values of R.

Fig. 5 shows S+ as a function of Du/(1+Du)
(left panels) and mDu/(1+mDu) (right panels)
for varying values of H (indicated by different col-
ors). Top and bottom rows refer to R= 1 and 4
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Figure 6: Inflection points of Du (Eq. 6), as functions of the H/λD ratio. The insets show the inflection points of mDu
(defined similarly to Eq. 6), as functions of the λD/H ratio. mDu=mDu0 (Eq. 8) for 1:1 electrolytes. The left panel shows
results for various pore radii (R=1, 3, and 4 nm) at c=0.1 M, while the right panel shows results for various concentrations
(c=0.1, 0.1, and 1 M) at R=4 nm. The curves have been obtained by scanning H from 0.5 to 36 nm. Voltage is U =10
mV. Symbols and lines refer to NP+LEMC and PNP results, respectively. The dashed magenta line indicates the limiting
value Duinfl ≈ 0.58 in the H → 0, U → 0, Du→ 0 limit.

nm, respectively. The curves have been computed
with NP+LEMC (symbols) and PNP (lines) for a
wide range of H from 1 nm to 18 nm. The mDu
parameter (Eq. 8) was introduced in our previous
work [4] and it was shown that it is a more ap-
propriate scaling parameter for short nanopores
in the nanohole limit (H/R→ 0).

Our present results are in agreement with the
findings of Ref. [4] for c=0.1 M. The left panels
of Fig. 5 show that the H = 12 nm curves col-
lapse onto the H = 18 nm curves if we use Du
as the scaling parameter. Accordingly, the main
panels of Fig. 6 show that the inflection point of
Du converges to the nanotube limiting value 0.58
(magenta dashed line; Eq. 9) as H/λD→∞. The
left panel of Fig. 6 shows R-dependence for c=0.1
M, while the right panel shows c-dependence for
R=4 nm.

If we use mDu as the scaling parameter (right
panels of Fig. 5), the H = 1 nm curves collapse
onto the H =2 nm curves. The limiting case now
is the nanohole (H → 0) limit that does not pro-
duce a single value such as ≈ 0.58 in the nan-
otube (H →∞) limit. Here, this limiting value
depends on R and λD. Furthermore, H cannot
be smaller than a physically meaningful minimum
value (about the thickness of a graphene sheet).
In any case, the inflection points of mDu indi-
cate convergence to some state-dependent value
as functions of λD/H (insets of Fig. 6) confirming
the findings of Ref. [4].

3.5. Dependence on the H/R ratio

Let us examine the H/R (aspect) ratio depen-
dence of scaling by plotting the inflection point
(Eq. 6) for different values of c and R in Fig. 7.
The curves converge to the nanotube limiting
value 0.58 (magenta dashed line) as soon as λD/R
is small (λD is small or R is large).

3.6. Voltage dependence

Voltage dependence was already shown in our
previous work [4], but there we showed only PNP
data forR=1 nm. Figure 8 shows results forR=3
nm for both the PNP and NP+LEMC meth-
ods. Stronger U -dependence can be observed for
smaller concentrations (c=0.01 M results are seen
in Fig. 9 of Ref. [4]) and for shorter pores.

Voltage dependence is not linear as opposed to
our study for bipolar nanopores [6], where mDu
rescaled with U linearly (mDu U/U0) proved to
be an appropriate scaling parameter.

3.7. Inflection point vs. slope

As it was shown in Ref. [5] for the infinite
nanopore (H/R→∞), the slope of the S+ vs. Du
curve at the Du→ 0 limit is 1 because S+ =Du
in this limit. The inset of Fig. 2A shows this lim-
iting case for the infinite nanopore and it is also
indicated by gray lines in the insets of Figs. 3 and
5.

So far, we used the inflection point as a single
parameter to characterize scaling (Figs. 4, 6, 7,
and 8). The slope of the S+ vs. Du curve at the
Du→ 0 limit, however, could also be used for this
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Figure 7: Inflection points of Du (Eq. 6), as a function of the H/R ratio. Various panels refer to various pore radii (R=1,
2, and 4 nm from left to right). Various colors refer to various concentrations (c=0.01, 0.1, and 1 M). Voltage is U =10
mV. Symbols and lines refer to NP+LEMC and PNP results, respectively. The curves have been obtained by scanning H
from 1 to 18 nm. The dashed magenta line indicates the limiting value Duinfl ≈ 0.58 in the H → 0, U → 0, Du→ 0 limit.

Figure 8: Inflection points of Du (Eq. 6), as a function of
voltage, U , for R= 3 nm. Various curves refer to various
values of H (H =6, 12, and 18 nm), while colors red and
blue refer to concentrations c=0.1 and 1 M, respectively.
Symbols and lines refer to NP+LEMC and PNP results,
respectively.

purpose. In Fig. 9, we collected our results by
plotting the inflection points against the slopes.
The two panels correspond to R=1 and 3 nm, col-
ors correspond to different concentrations, while
H increases from left to right for a given c. The
limiting values for Duinfl and the slope, ≈0.58 and
1, respectively, are also indicated with magenta
dashed lines.

From the behavior of the scaling curves de-
scribed either as a S+ vs. lgDu function or as

a S+ vs. Du/(1+Du) function, it is evident that
the smaller the slope is, the larger Duinfl is. This
is clearly shown in Fig. 9. The nanotube limit-
ing case corresponds to a single point in the fig-
ure given by ≈ 0.58 inflection point and 1 slope.
The data points approach this limiting point as
c and/or H increases. This convergence is more
obvious in the right hand side panel (R=3 nm),
where hard-sphere effects have less relevance in
the case of NP+LEMC.

4. Summary

This study synthesizes the findings of our two
previous papers [4, 5] by providing a broader pic-
ture on the basis of a more expanded data base ob-
tained with NP+LEMC and PNP calculations. In
Ref. [4] we proposed the Dukhin number (Du) to
be a useful scaling parameter for finite nanopores
and 1:1 electrolytes on the basis of empirical re-
sults.

Later in Ref. [5], Du was derived from the PB
theory in the nanotube limit (H →∞, U → 0).
The derivation was based on the limiting case of
Du→ 0, where LPB provides the analytical solu-
tion of S+ =Du, where Du is a rational function
of Du0 (see Eqs. 2 and 3) . For 1:1 electrolytes,
Du=Du0.

The idea of scaling is based on analytical solu-
tions and the corresponding limiting cases where
these solutions are valid. The question is whether
scaling can be extended to cases where analytical
solutions are no longer available. Even if scaling
is not exact, it can be accurate enough to provide
good predictions for device behavior.
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Figure 9: Inflection points of Du (Eq. 6) plotted against the slope of the S+ vs. Du curves (see the insets of Figs. 2, 3,
and 5) for radii R=1 and 3 nm (left and right panels). Colors correspond to various concentrations (c=0.01, 0.1, and 1
M). For a given color, data points correspond to pore lengths H = 6, 12, and 18 nm. Voltage is U = 10 mV. Filled and
open symbols refer to NP+LEMC and PNP results, respectively. The dashed magenta lines indicate the limiting values
(Duinfl ≈ 0.58 and slope 1) in the H → 0, U → 0, Du→ 0 limit.

For example, scaling is exact for the Du→ 0,
H →∞, U → 0 limits using the LPB theory. For
larger values of Du, the numerical solution of the
PB theory provides approximate, but still good
scaling behavior in the λD/R → 0 limit. Com-
puter simulations (GCMC) based on the charged
hard sphere model of the electrolyte provide good
agreement with the mean-field PB calculations
as soon the electrostatic correlations are not too
strong; practically, for 1:1 electrolytes.

To step forward and to expand the parameter
space, two questions should be addressed. (1)
What happens if the pore is finite? (2) What
happens if the electrolyte is multivalent?

In this work, we consider the first question and
study finite pores for 1:1 electrolytes. It was
shown already in Ref. [4] that Du is not necessar-
ily an appropriate scaling parameter for pores of
finite length. What is more, a rescaled parameter
(mDu) appeared to be a better scaling parameter
in the nanohole limit (H → 0). Here, we focus
our analysis by using the limiting case as a cor-
nerstone and show that the system approaches
the limiting case (Duinfl ≈ 0.58) as various in-
put parameters are varied, namely, as λD/R→ 0,
λD/H→ 0, R/H→ 0, and/or U → 0.

The second question will be addressed in a
subsequent study, where we discuss whether Du
(Eq. 2) is an appropriate scaling parameter for fi-
nite nanopores and multivalent electrolytes. This
case is complicated by the fact that PNP and
NP+LEMC give different results due to the
strong electrostatic correlations present in the sys-
tem.
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sions.

Appendix A. Details of model and meth-
ods

The electrolyte is modeled in the implicit sol-
vent framework, namely, the interaction poten-
tial between two hard-sphere ions is defined by
Coulomb’s law in a dielectric background when
the ions are not overlapped:

uij(r)=

 ∞ if r <d
1

4πϵ0ϵ

zizje
2

r
if r≥ d

(A.1)

where r is the distance between two ions. Here,
we consider only 1:1 electrolytes, namely, z+ = 1
and z−=−1. The ionic diameters are assumed to
be equal for cations and anions: d=d+=d−=0.3
nm. A uniform negative surface charge density σ
is placed on the wall of the nanopore.

The z dimension is the one perpendicular to
the membrane along the pore. Because the sys-
tem has rotational symmetry about the z-axis,
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the other relevant coordinate is the radial one,
r, which represents the distance from the z-
axis. The Nernst-Planck (NP) transport equa-
tion [32, 33] is used to describe the flow of ions
through the pore:

ji(r)=− 1

kT
Di(r)ci(r)∇µi(r), (A.2)

where ji(r), Di(r), ci(r), and µi(r) are the flux
density, the diffusion coefficient profile, the con-
centration profile, and the electrochemical poten-
tial profile of ionic species i, respectively. To make
use of this equation, we need a relation between
the concentration profile, ci(r), and the electro-
chemical potential profile, µi(r). Note that we
ignore the motion of the solvent here due to the
relatively small pore radii and voltages. The elec-
trical and particle current is obtained as

Ii = zieJi = zie

∫
A

ji(r)da, (A.3)

where A=R2π.
In one method, we relate the concentration pro-

file, ci(r), to the electrochemical potential profile,
µi(r), with the Poisson-Boltzmann (PB) theory.
This continuum theory is known as the Poisson-
Nernst-Planck (PNP) theory.
The other method is based on a Monte Carlo

(MC) technique that is an adaptation of the
Grand Canonical Monte Carlo (GCMC) method
to a non-equilibrium situation, where µi(r) is
not constant system-wide: the system is not
in global equilibrium, only in local equilibrium.
The method is called the Local Equilibrium
Monte Carlo (LEMC) technique, while it is called
NP+LEMC when we couple it to the NP equa-
tion.
In LEMC, the simulation cell is divided into

small (about 0.12 nm width) volume elements in
the (z,r) plane. We assume local equilibrium in
each volume element by fixing the local chem-
ical potential. In the NP+LEMC method, the
chemical potential is changed in an iterative pro-
cess until the ci(r) and µi(r) profiles provided by
LEMC and substituted into the NP equation pro-
duce a flux density, ji(r) that satisfies the conti-
nuity equation, ∇· ji(r)= 0.
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[1] E. Mádai, B. Matejczyk, A. Dallos, M. Valiskó,
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