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ON THE REGULARITY OF THE SOLUTIONS 
OF THE VARIATIONAL INEQUALITIES

Robert Kersner

INTRODUCTION

Let X be a real Hilbert’s space , X' be the dual to X space (i.e. the space of linear 
functionals on X).

Let a(u, v) be a bilinear, not necessarily symmetrical form on X satisfying the fol
lowing conditions (||..|l-norm on X):

(1) |a(u , v) I <  с II u H H v II ; u, v from X , c > 0  constant

(2) a(v, v) > a II v II2 for every v G X , a >  0 constant .

R С X is a closed, convex set, f  is an arbitrary element o f X'.

Problem A. Find such an element u of R such that

(3) a(u, v — u) >  (f, v — u) for every v from R, where

(f, v — u) is the value of f  on the element v — u .

In [1] it is proved, that the problem A has a unique solution. The inequalities of type (3) 
are called variational inequalities. Their significance lays in the fact that with their help one 
can search important problems arising in physics and leading to the non-standard boundary 
problems of the equations with partial derivatives. For illustration this see an example (cf. [4]).

Let Í2 be an open, bounded set of the space Rn, Г the bound o f Í2.

Problem B. (cf. [5]). Find the function u = u (x) = u (X j ,. . . , xn), where x from 
Í2, for which

2
(4) -Д и  + u = f in Ü, A = 2 -4Ц -, and

i=l Эх.1

(5) u >  0, > 0 ,  u • - | y  = 0 on Г, where

v  is the external normal to Г .

We verify that the problem В is a simple variational problem of type (3).

Let us denote the Sobolev’s space, i.e. the space o f functions belonging together with 
their first derivatives to L2(£2), by This is a Hilbert’s space, the scalar product is
defined by
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(y, u) = /  (V • u + Д | | -  - § ^ ) d x .
SI 1=1 0Xi o x i

Define a functional on W*(£2) (supposing that f from L2(£2))

J(v) = ~y  f  (v2 + Z ( 4 ^ ) 2 )dx -  f  fvdx .
П i= 1 i Í2

Let K c  W'(i2) be a set of (almost everywhere) non-negative on Г functions. К is 
obviously a closed and convex set.

Let us prove that the problem В is equivalent to the problem of finding Inf J(v), where 
v from К and consequently, it allows a unique solution. Indeed, the function J(v) is con
tinuous and strictly convex on W* and J(v) -»• + <» when || v || -+ °o . There exists a unique 
u from K, that

(6) J(u) <  J(v)

for every v from K. (cf [7]).

Set a (u, v) = /  (u • v + 2 ) dx. It is clear, that
n i=l 0Xi 0Xi

(7) (J'(u), v) = a (u, v) -  (f, v) .

The inequality (6 ) is equivalent to (J'(u), v — и) > 0 for every v from К .

From this and (7) we obtain

( 8)
< a (u, v — u) > (f, v — u) for every v from К 

I u comes within К .

So we came up to the problem A. We shall verify that (8) is equivalent to (4) - (5).

Let us suppose, that the function у  is infinitely differentiable and let has a compact 
support. (The support o f a function у  (denoted supp^) is the closure of the set of the 
points, where  ̂ is different from zero.) Substitute v = u ± у  in (8). We obtain

(9) a(u, ip) = (f, у ) ,

consequently u satisfies (4) in sense of distributions in £2 . Multiply (4) by v — u, and 
integrate the obtained equality on £2 and apply the Green’s formula, we obtain

~  f  "fir (v -  u) dr + a (u, v -  u) = (f, v -  u) .

Thus, (8) is equivalent to the following:

( 10)

u e K . ,  — Ди + u = f

(v — u) dr > 0 for every v from К .
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It can be easily proved that и > 0 on Г, /  (v — u )d r >  0 for every v from К are 
equivalent to (5).

Other problems of physics and functional analysis leading also to variational inequal
ities one can find in [6 ]. In this paper we have proved the a priori estimations of the solution 
of the inequalities of type (3).

A few words on the notations:

a G A means, that the element a comes within A; Va for every a; Va G A 
a from A a = || a.j || a matrix with element a.j.

( , ) the scalar product in the number space R | £ | = 2 £. , u = u (x)
i = 1 1 X X

The essential maximum of a measurable in Í2 function f  (x) is the constant M, that 
f (x) <  M almost everywhere and Ve >  0 mes jx  G Í2 : f (x) >  M - e } > 0 .

Riesz’s theorem: When u (x )G L p(í2) Vp >  1 then

lim II u H = vrai max | u | , 
p->oo P n

where || u || = ( /  I u |p dx) lp and vrai max | u | is the essential maximum of | u | . 
p n n

THE A PRIORI ESTIMATIONS

Let 12 be a bounded domain in Rn, Wj = is the Sobolev’s space, (u G «•

u G and u = 0  on 3Í2 ) R = j v G W*: v >  0 on S2}.

Let f  G L, (12), a = II a.. ||, a.. = a..(x) be bounded, measurable functions on

Í2, (I ay I <  A) and (a£, £) >  X- 1 1 £ |2 , V£ G Rn, Vx G Í2 .

Let us see the following problem (’’problem A ”):

Find the function u (x) from R, that

(11) /(a u  ( V - u )  ) d x >  /  f(V  -  u)dx W g R.
n n

It is known (cf. [1]), that the problem A has a unique solution. Further the properties of this 
solution are studied.

Theorem 1. Let u (x) be the solution of the problem A;

f G Lp(í2), p >  - y .

= for every

/ Эи
 ̂ Эх. ’ * • •1
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Then vrai max u2 <  c|| f  |L ,пЛ, where c = c(n, p, X, £2 ) . 
si

Proof. Let the function F (u) satisfy the conditions

a) F''(u) > 0, F''(u) = 0, at u > uQ

b) F (u) is defined at ü > 0

c) F (u) > 0, F'(u) >  0, F (0) = 0 .

The function  ̂ is bounded on the u-axis, so if e >  0 is suffi
ciently small then the function V = u — eg (u) comes within R .

Substitute it (11):

( 12) /  (au , (g(u)) )dx <  /  f  • g(u)dx .
si si

As (g(u))x = F'2 (u ) u x + F(u)F''(u)ux , we obtain from (12)

(13) /  (au F'(u), u F '(u ))d x+  /  F (u)F"(u)(au , u ) dx <  /  fF(u)F '(u)dx .
si x si x x n

The second integral in the left-hand side is non-negative, we omit it.

Set w = F (u). From (13) we have

/  w2dx <  X I /  fF (u)F '(u)dx | = XI . 
si si

Estimate I in two cases: 1) F (u) =' u. Then

(14) I <  /  | f |u d x <  | | f | |T - Hul l ,  .
si L2 L2 '

о -
The following fact is known (Sobolev’s inequality, cf. e.g. [3]): if u e  then

(15) ( J 4 u |2kdx)1,k <  c ( n ) /  u2dx ,
si si

where 1 <  к <  ̂  ̂ at n > 3 and к is an arbitrary positive constant at n = 2.

From (14) and (15) we obtain the estimation

(16) ( /  u2kdx)1,k <  c|| f  II .
si P

2) F (u) is one of the members of the serie convergent to um (m >  1) in norm of C1. 
Set z = um. Suppose that z e  L2 (£2), = 1. The function w = F (u) can be

chosen so, that uF'(u)F(u) < mu2m = mz2 and F(u)F '(u) <  mu2m_1 = mz 2m .
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Due to Holder’s inequality we have

As

I <  m I /  fz ( 2m)dx I <  m ||f||L • ( /  z 4( 2m̂ dx)q .
n n

24(1- ï b ) .  1 , ( 1 -( /  z 2m dx)q <  (mes £2) 2mq ( /  z2qdx) 2m ч = 
n n

1 i- l
= (mes£2) 2mq- N 2m .

(17) I <  m II f IIL • m V s í l ) 2” 4 - m - N  2m .

Apply the inequality | ab 1 < — I— ^ + j  = 1, a > 1 to (17), setting

1- l l
2m= mN 2m , b = m 1(m esí2) 2mq , a = 2rrt -  1 anc* ß = 2m:

I <  c(m áN + m 2m) • H f II, , that is

(18) /  w2dx <  c II f  IIT [m3( /  z2qdx)q + m 2m ] . 
n  x Lv a

In this inequality due to Fatou’s lemma one can take w -> z where w = F (u), z = ur

1
/  z2dx <  c II f  ||T [m3( f  z2qdx)q + rn"2m] .
n x Lp n

Having combined this inequality with (15) (at u = z) we obtain the estimation

J_ i
(19) ( /  z2kdx)k < c H f IIL [m3( /  z2qdx)q + rn~2m ] .

n  P n

Set к = n j ~2 - As q = P j and p >  к >  q (at n > 3) .

If n = 2 then let к e  (q, 2) .

Set m = (-ĵ -)", и = 1 , 2 , . . . ,  and

0  = ( J u
V n

2k q dx)k 4 = ( /  z2kdx)km
n

(as z = um ) .
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Note, that m3 < c". (19) gives 

0
( 20 ) - j - <  (c"+10 ™ j + cm zm) m <  c'_ ' ” k ' (©„-! + •-2m r <L'v2"i

l | f l iLm

From the inequality (15) follows, that ©Q = ( f  uZkdx)K <  <*> . From (20) we obtain succes
sively &v < °°, &2 < 00 , etc. Iterate (20): П

© < Cl [0 O + 2 (-g-)2"] Ilf II L

Due to Riesz’s theorem

vrai max u2 <  lim 0  <  c[( /  u2k dx) k + 1] .
П  V  -+«> v  П

Having combined this with (16) we obtain the statement of the theorem.

К -ball with radius p ; vrai max u = M, vrai min u = m, osc (u; К ) = M — m;
P кг

vrai max u = Mn . 
n u

£2 , = | x  G Í2: dist(x, Э£2) >  б }  , S <  1, dist(x, SÍ2) the distance from x to ő£2.

Theorem 2. Let u (x ) be the solution of the problem A. Then for each XjX2 G £2g 
the estimation

lu(Xj) -  u (x 2) | < c5 |x : -  x2 I“

is valid, where cg and a depends only on n, p, X, A, M, f and 5 .

Lemma. Let u (x )  be the solution of the problem A; f  G L (S2), p >  -2— ;
P z

Г II  ̂Il L p (K 2r) ^  ̂ w^ere T = 1 — ~ 2 p  ’ r ^  c •

When <  1

osc(u; Kr ) <  T? • osc(u; Kr) where r? G (0, 1) is constant.
У

(If m > 1 then obviously osc(u; K r ) <  osc(u; Kf) = M — m < r7 ).
У

Proof of the lemma. Suppose that K9r c  £2 . Let \p (x) > 0 be a function satisfying 
the Lipschitz’s condition, supp 1p (x) c  K2r.
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т? (I X I) — s  О

2r — 1X I

О <  I X I <  г 

at I X I >  2r

at r <  I X I <  2:r .

Take one more function G (a) defined at a > 0 and satisfying the conditions

1) G"(o) > G'2(a),  G ' ( a ) < 0 , G ( o ) >  0

2) G (ст)-----In a at a -*■ + 0

3) G (ст) = 0 at a > 1 .

There exists such a function, e.g.

G (a) =
J - - £  + 2a -  In a — J- at

l  0 at

There are two cases:

a) u >  M_+jn on a certain set N с  К with
Г

b) u <  M ^ jn on the set N .

1
~T

M + m 
u .  —  ^

If the case a) is true the function v(1) = 1 H------- _  —— on N is not less then 1. It is
m  2 

clear that v( 1 ' > 0 .

Let e >  0 be an arbitrary number, we shall choose it later. The substitution 

V = u -  G'(v(1) + е)ф 

is allowed in (11). Having substituted we have

/ ( a v ^ ,  (G'(v(1) + e)fl)x ) d x <  M j  m | / f  • G'(v(1) + e ) ^ d x |  . 

(Here and further the integrals are taken on supp ф .)

M + m u —-----л—
In the case b) we take the function v(2) = 1 ------- —------------  . It is obviously that

— 2—
v(2) > 1 on N and v(2) >  0.

Verify that the substitution

V = u + XG'(v(2) + е)ф ,

when X >  0 is sufficiently small, is ailoved in ( 11).
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Indeed, when v(2) > 1, G'(v(2) + e) = 0 due to the definition G. And if v(2) <  1, then 

M — v(2) > ^  £ m >  0 and when X >  0 is sufficiently small X |G'(v(2) + e) |<

<  ^  2 since G'(v(2) + e) is bounded.

Substitute V in (11) and divide both sides by X >  0:

J(av<2), (G'(v(2) + e)\p)x) dx < M j m | / f  • G'(v(2) + е)ф dx | .

Thus, both functions v = v(1) and v = v(2) satisfy the inequality

(21) /[(avx , G"(v + e)vx i//) + (avx , G'(v + e) t fx )]dx <  -~M ^ m / i f -  G >  |d x  . 

As G'' >  G'2 and |G'(v + e) |<  - y  , from (21) follows

(22) / [ aG'(v + e) vx , G'(v + e) vx ) ф + (aG'(v + e) vx , ^x )] dx <  7(M -  m) ^ I   ̂dx ■

If one omit the first component on the left side of (22) (which is non-negative), then one can 
see from the obtained inequality that the function z = G(v + e) is the non-negative general
ized subsolution of the equation

- 2  (a. .(x)z ) = ,A. z . |fI .
i,j=l 4 x i xj e(M — m) 1

It is known (cf. [2]) that if M E-m <  1, - y  < 1, W 2 || f | |L  ̂ then

(23) vrai max z2 <  c(r n /  z2 dx + 1) .

* 4
Set in (22) ф(х) = 172(I x |) and z = G(v + e)

(24) J(azx77, zxr?) dx + 2/(azxT?, r?x) dx < e(M 1  m) /  I f IV2 dx .

Apply the inequalities (azxr?, zxr?) >  X-1 Uxv i2 and 2 | (azxi?, tîx) | <  A(E | zxr? |2 + у  r?2) 

where E >  0 is an arbitrary number; we have from (21 )

- у  Л  zxr? I2 dx <  A E / | z x t? I2 dx +  у  /г ? 2 dx +  /  If Ir?2 dx .

Set E = “2Хл~ :

(25) J I zxv I2 dx <  4X2A2 / t?2 dx + m-) /  I f I y 2 dx .

Estimate the right-hand side of (25): 4X2A2 /  t?2 dx <  crn“ 2 since It? I <  у  .
* 2r X
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4Л
(М -  ш)е к f  I f I т?2 dx <

2г

4Х
(М — ш)е l f " w (mes K2r )

Il fil L p ( K 2r)
2

since 2-y + n — 2 = n(l —

Due to the conditions of the lemma, we have

(26) /  z 2 dx <  crn“ 2.
Kr

It is known (cf. [3] or [2]) that if w(x) G W2(Kr), N 1 C Kr, mes N 3 >  -j- mes Kf
then r~n /  I w I2 dx <  c(r_n+2 /  w2 dx + r~n /  w2 dx).

Kr Kr n 2

Set here Nj = N, w = z. As v = 1 on N, z = G(v + e) = 0 on N and consequently

/  z2 dx = cr2 f  z2 dx , 
кг Kr x

and this inequality combined with (26) gives the inequality

(27) /  z2 dx <  cr"
к.

Having combined (27) and (23) we obtain

vrai max z2 < c3 i.e. —z >  —V c2 = —1
к

or due to the definition of the function z = G(v + e): ln(v + e) > —c2 that is

(28) v + e >  e C2 = c3 in , c3 G (0, 1) .
2

, 4- c3
Beside the condition e 1 • r z <  1 we require that e <  — were fulfilled, which can be
reached by decreasing r, since c, doesn’t depend on r. If it is valid, then from (28) fol-

c3 á 1
lows that in v >  = c4 , c4 G (0, -j-). This means in case a) that

2

M + m
ц ~ ---- 5----

1 + M -  m > c4 i.e. u >  M 2~rjl c4 + m in K.
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osc(u; K r ) <  M -  c4 -  m = (1 — )(M -  m) = r\ • osc(u; Kf)
T

In case b)

M + m
u _ -----2—  ^

M -  m >  c4 i.e. u <  M — M — m
T “  l 4c. in К ,A  j _  >

2

SO

osc(u; K ^ ) <  M — ^  2 m C4 — m = Tj osc(u; Kr) . 
2

The lemma is proved.

The theorem 2 can be easily obtained from this lemma (cf. [2]) if we set a = minflog^p, 7 ).
2
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S u m m a r y

On the regularity of the solutions of the variational inequalities

The paper deals with apriori estimates of the solutions of the so-called variation inequalities. It 
proves that on adequate conditions the solutions have bounds and satisfy the Hôlder condition.
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Р е з ю м е

О регулярности решения вариационных неравенств

В работе рассматриваются априорные оценки решений так называемых ва

риационных неравенств. Доказывается, что при подходящих условиях реше

ния ограниченные и удовлетворяют условию Гельдера.
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