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Patch loading resistance of slender plate girders with 
multiple longitudinal stiffeners

Balázs Kövesdi, László Dunai

There is currently no reliable and simple design method availa-
ble in international literature for the determination of the patch 
loading resistance of slender plate girders having multiple lon-
gitudinal stiffeners. The current research focuses on the patch 
loading resistance of girders having multiple longitudinal stiff-
eners. An advanced numerical model is developed and verified 
by own laboratory test results. A numerical parametric study is 
executed to investigate the load-carrying capacity of girders 
having typical bridge geometries. Analysing the numerical sim-
ulation results, the structural behaviour obtained is classified 
based on the stiffener stiffness. Effect of the different geometri-
cal parameters on the patch loading resistance is evaluated 
with special focus on the stiffener stiffness and distance be-
tween the longitudinal stiffeners. The failure modes depending 
on stiffener stiffness are investigated and the local buckling 
type failure is characterised by minimum stiffness. For this spe-
cific failure mode, an improved design method is developed, 
giving reliable resistance within the analysed parameter range. 
The presented resistance model is consistent with the design 
philosophy of EN 1993-1-5. The applicability of the improved de-
sign equation has been investigated for multiple stiffener plac-
es in unequal distances, which is the common case in praxis, 
and for bending and transverse force (M–F) interaction.

Keywords patch loading; stiffened girders; bending and shear interaction

1 Introduction

In the case of slender plate girders with longitudinal stiff-
eners, it is known that the patch loading resistance model 
of EN 1993-1-5 [1] had a large scatter and it can lead to 
significant underestimation of the resistance. Numerous 
previous experimental and numerical research pro-
grammes [2–10] have studied the patch loading resistance 
of longitudinally stiffened girders to develop a reliable re-
sistance model. After all, there is currently no reliable and 
simple design method available in international literature. 
The main part of the previous investigations focuses on 
the patch loading resistance of girders having one longitu-
dinal stiffener. In the bridge design, however, usually not 
only one stiffener is applied on the web but multiple stiff-
eners distributed quasiuniformly along the plate width. 
For these cases, the applicability of the previously devel-
oped design methods is not proved. It is also known that 

the design method of EN 1993-1-5 [1] does not consider 
the location of longitudinal stiffeners properly, even hav-
ing one stiffener placed on the web. Therefore, the focus 
of the current article is on the investigation of the patch 
loading resistance of slender web girders with multiple 
longitudinal stiffeners. In the current bridge design praxis, 
launching (Fig. 1a) is one of the mostly used erection 
methods for steel bridges due to its numerous advantages.

It might introduce a large local concentrated force within 
the web which might cause web crippling-type failure. In 
many cases to avoid this failure mode, additional vertical 
stiffeners are welded on the slender web, as shown in 
Fig. 1b. However, this solution is usually extremely cost 
and time-consuming. Numerical simulation results for 
existing bridge girders show in many cases that these stiff-
eners can be eliminated by applying a more appropriate 
design method for the patch loading resistance calcula-
tion for longitudinally stiffened girders. The research aim 
of the current study is a comprehensive investigation of 
the web-crippling phenomena of longitudinally stiffened 
girders with multiple stiffeners and improvement of EN 
1993-1-5 [1]-based patch loading resistance model.

Within the research programme, all the existing experi-
mental, analytical, and numerical investigations were 
overviewed, evaluated, and compared. A laboratory test 
programme is designed and executed to investigate the 
patch loading resistance of girders with multiple longitu-
dinal stiffeners. The test results showed the dominant 

This is an open access article under the terms of the Creative Commons Attribution-
NonCommercial-NoDerivs License, which permits use and distribution in any medium, 
provided the original work is properly cited, the use is non-commercial and no modi-
fications or adaptations are made.

Fig. 1 Typical layout of the launched box section bridge a) launching 
phase and b) internal stiffeners to avoid patch loading failure
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sistance calculation uses the analytical mechanical model 
of Lagerqvist and applies reduction factor developed by 
Graciano, Lagerqvist and Johannson [2–6]. In recent 
years, the patch loading resistance model has been widely 
investigated and the reduction factor has been statistical-
ly evaluated. Based on the extensive research work of 
Davaine [7], Gozzi [8] and Chacón et al. [9], the patch 
loading resistance model has been improved and the cal-
culation method of the effective loading length has been 
enhanced. Based on the statistical evaluation of Miram-
bell et al. [10], a new reduction factor calculation method 
has been also implemented into the second generation of 
Eurocodes, in EN 1993-1-5 [11]. According to this im-
proved design model, the resistance can be calculated by 
Eq. (1) in case of patch loading ‘type a’ according to EN 
1993-1-5 Fig. 6.1, and this case is investigated in the cur-
rent article.
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The effective loaded length (ly) is given by Eq. (6).
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The critical load (Fcr) may be calculated by Eq. (7) using 
the buckling coefficient according to Eqs. (8) to (9) for 
longitudinally stiffened girders.
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failure modes and the efficiency of the longitudinal stiff-
eners. Based on the test results, a numerical model is de-
veloped and validated to accurately determine the patch 
loading resistance of girders with multiple longitudinal 
stiffeners. A numerical parametric study is executed to 
investigate the load-carrying capacity of girders having 
typical bridge geometries. Based on a large number of 
numerical simulations, the structural behaviour is studied 
and the obtained failure modes are classified based on the 
stiffness of the stiffener. The effect of each geometrical 
parameter on the patch loading resistance is evaluated 
with special focus on the stiffness of the stiffener and dis-
tance between the longitudinal stiffeners. Finally, an im-
proved design method is developed for girders with multi-
ple stiffeners. The applicability of the developed design 
method has been also checked for girders having multiple 
stiffeners placed in unequal distances, which is a com-
mon situation in case of existing bridges. The applicability 
of the previously developed M–F interaction equation has 
been also studied by applying the new patch loading re-
sistance model. The M–F interaction check is a crucial 
point for bridge launching; therefore, the accuracy of the 
new resistance model regarding the M–F interaction 
check has large importance. The research work is com-
pleted according to the following research strategies:

– literature review in the topic of the previous investiga-
tions on the patch loading resistance;

– conducting laboratory tests on eight large-scale test 
specimens to determine the patch loading resistance 
and analysing the dominant failure modes;

– development and validation of an advanced numerical 
model based on shell elements with variable geometry 
and different longitudinal stiffener configurations;

– a numerical parametric study to investigate the obser-
ved failure modes and the effect of the different geo-
metric parameters on the patch loading resistance;

– a design method development for girders with longitu-
dinal stiffeners;

– a numerical parametric study using unequal stiffener 
distances to check the application range of the impro-
ved design method; and

– a numerical parametric study to check the M–F inter-
action behaviour to prove the applicability of the new 
patch loading resistance model.

2 Literature review: Previous research results

In international literature, a large number of previous in-
vestigations can be found dealing with the determination 
of patch loading resistance. The main parts of these inves-
tigations focus on the experimental and numerical inves-
tigation of the web crippling-type failure and try to devel-
op a more accurate analytical design equation. Within 
these improved design methods, the effect of longitudinal 
stiffener is usually implemented in the critical load (Fcr) 
by improving the buckling coefficient (kF). The reduction 
factor (cF), however, is usually determined by the same 
equation for stiffened and unstiffened girders. The design 
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ciano [16] pointed out that the aforementioned design 
methods should be improved. The best design equation 
for the patch loading resistance calculation can result in 
20 % to 60 % difference (underestimation) compared to 
the measured or numerically simulated resistances. There-
fore, the improvement of the patch loading resistance 
model is still an important task within the design of longi-
tudinally stiffened girders. Based on the literature review, 
it can be also concluded that all the previous researchers 
were mainly focused on stiffened girders having one lon-
gitudinally stiffener and no significant investigation can 
be found on girders having multiple longitudinal stiffen-
ers, which is the topic of the current article. Therefore, 
the present study is a unique analysis and gives new as-
pects to the design of box section steel bridges.

3 Experimental investigations

An experimental research programme was conducted at 
the Budapest University of Technology and Economics, 
Department of Structural Engineering, between 2015 and 
2016. These laboratory tests are used as background for 
the numerical model verification and validation and gave 
intention on the stability failure mode characterisation 
and prove of the expected structural behaviour of the lon-
gitudinal stiffeners. Within the laboratory test programme, 
eight specimens (four different configurations) were in-
vestigated, as shown in Fig. 3.

Two girders had no stiffeners (unstiffened: reference 
specimens) and six specimens had two or three longitudi-
nal stiffeners placed on the web. For each specimen, the 
longitudinal stiffeners were uniformly distributed along 
the girder depth. The geometry of the specimens is shown 
in Fig. 3, and the measured load displacement curves are 
presented in Fig. 4.

All specimens were manufactured with a web plate of 
500 × 4 mm and flange plates of 150 × 10 mm. The length 
of the specimens was constant, 1050 mm. The stiffener 
size and numbers were varied within the test programme. 
Two stiffener sizes are applied, 40 × 4 mm and 60 × 4 mm 

The used notations and the layout of the analysed girder 
geometries are shown in Fig. 2.

It is well known that the Eurocode-based design method 
is reliable and gives accurate patch loading resistance for 
unstiffened girders. However, it does not lead to accurate 
and reliable resistance for longitudinally stiffened girders 
and have relatively large scatter. Therefore, an intensive 
research programme was completed to improve the patch 
loading resistance model in the frame of the COMBRI-
Project [12]. Within this research work, Seitz [13] con-
ducted laboratory tests and performed a numerical para-
metric study to determine the patch loading resistance for 
different girder geometries and stiffener sizes. Based on 
the extensive numerical study, an improved design meth-
od was developed considering the interpolation between 
plate-like and column-like behaviour of the web. The pro-
posed design method gave accurate results for the ana-
lysed girder geometries; however, it is quite complex and 
difficult to use in the design. Davaine [7] also executed a 
numerical parametric study to investigate the critical load 
and the ultimate resistance of longitudinally stiffened 
girders. Based on her investigations, it was found that the 
main reason of the difference within the analytical and 
numerical results comes from the fact that the web crip-
pling-type failure can occur in the upper or in the lower 
subpanel and the design method does not follow the cor-
rect trend for both cases. Therefore, an enhanced design 
method was developed considering the failure mode of 
the different subpanels (failure in the upper or lower sub-
panel). This design equation follows the trend of the nu-
merical simulations and gives much closer resistance to 
the numerically calculated values. However, this design 
equation is developed for girders with one stiffener, and it 
cannot be applied for multiple stiffened girders. Graciano 
and Lagerqvist also studied in 2003 the critical buckling 
load related to patch loading for longitudinally stiffened 
girders [14]. The research was continued by Graciano and 
Mendes in 2014 [15]. Based on their extensive investiga-
tions, the relevant values of the buckling coefficient (kF) 
were determined for all investigated girder geometries, 
and a design equation was developed to determine the 
buckling coefficient (kF). However, further studies of Gra-

Fig. 2 Used geometry and investigated structural layouts with open and closed section stiffeners
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Fig. 3 Geometry of the test specimens

Fig. 4 Load–displacement curve of specimens #1 to 8

Tab. 1 Test specimens and patch loading resistances

Specimen Stiffener 
number

Stiffener 
size

γs ss [mm] fyw [MPa] fuw [MPa] FR,test [kN] FR,test,mod 
[kN]

FR,num [kN] Difference 
[%]

#1 0 – 0 200 286 392 206.4 224.6 204.6 –0.87

#2 2 40–4 27.3 200 318 405 258.4 252.9 254.8 –1.39

#3 3 40–4 27.3 200 311 400 270.9 271.2 266.8 –1.54

#4 3 60–4 80.6 200 314 405 320.4 317.6 268.2 –16.29

#5 0 - 0 100 308 392 180.2 182.1 176.5 –2.05

#6 2 40–4 27.3 100 343 444 214.3 194.5 207.9 –3.45

#7 3 40–4 27.3 100 299 394 218.4 227.4 191.6 –12.27

#8 3 60–4 80.6 100 311 393 223.8 223.9 208.9 –6.66

Average 311.3 403.1 –5.6

CoV 1.04
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buckling, the further focus of the research programme is 
put on the local buckling resistance calculation of the 
web subpanels under patch load.

4 Numerical investigations

4.1 Development of the numerical model

The developed numerical model applied for the patch 
loading resistance calculation is shown in Fig. 6 for two 
test specimens. It is a full shell model using four-node thin 
shell elements. The numerical model is developed in Ansys 
[18]. The two end plates are pinned, supported along the 
lower edges and laterally supported to eliminate the rota-
tion of the end cross sections. The transverse load is ap-
plied in the middle of the test specimens. To consider the 
load introduction plate (which had a large stiffness com-
pared to the upper flange), the rotational degrees of free-
doms (DOFs) are coupled at the load introduction length 
at the location of the patch load. All the applied support 
and load conditions refer to the laboratory test layout.

The numerical model is used for the determination of the 
critical (Fcr) and ultimate load (Fult) of the analysed gird-
ers. The critical load is determined using linear buckling 
analysis (LBA). The ultimate load is determined by geo-
metric and material nonlinear analyses using equivalent 
geometric imperfections (GMNIA).

flat plate stiffeners. Specimens #1 to 4 are loaded with 
loading length of ss = 200 mm; specimens #5 to 8 are 
loaded with ss = 100 mm. Tab. 1 summarises the applied 
stiffener number and sizes and also gives the measured 
resistances (FR,test). The material properties of the differ-
ent web plates had differences; therefore, the measured 
resistances are adjusted based on the material test results 
to make them comparable. The adjusted resistances 
noted by FR,test,mod together with the yield and ultimate 
strength of the web plate are also given in Tab. 1. For the 
calculation of the adjusted resistance, the ratio of the 
average and actual yield strength of the web (given in 
Tab. 1) have been used as conversion factors. The adjust-
ed resistances show the differences coming from the 
structural layout and/or imperfections of the specimens.

The typical failure mode of the test specimens is shown in 
Fig. 5, which is always the local web crippling of the sub-
panels between the loaded flange and the upper longitu-
dinal stiffener. The test programme has been separately 
published with all details in [17]. The main conclusions of 
the test results were that relatively small stiffeners are 
strong enough to localise the failure mode within the web 
subpanel and eliminate global buckling of the entire web. 
This observation drew our attention on the fact that the 
separation of the failure modes (local and global) could 
be efficient, and it could be made based on the relative 
stiffness of the stiffeners. As the test results proved rela-
tively weak stiffeners can be effective to eliminate global 

Fig. 5 The typical obtained failure mode of the test specimens

Fig. 6 Numerical model of test specimens
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modulus. The ultimate strength is defined by ε = 12 %, 
which fits to the average material tests. Within this mate-
rial model, the hardening modulus is set between 680 and 
1250 MPa depending on the analysed specimen.

4.3 Model verification and validation

At first, the numerical model is verified and validated. 
Results of the model verification are shown in Fig. 8 for 
one specific case (specimen #1). Similar studies are 
made for all the eight specimens. Based on the mesh sen-
sitivity analysis, all the web subpanels should be divided 
at least into ten finite elements leading to appropriate 
resist ance.

The model validation is executed at first 1) by the com-
parison of the numerical results to the test-based meas-
ured resistances and 2) by the comparison of the com-
puted and measured failure modes. Results show that the 
developed numerical model is highly accurate. The calcu-
lated resistances are summarised in Tab. 1 for all test 
specimens and the comparison of the failure modes is 
presented for one case (specimen #2) in Fig. 9.

Results prove that the developed numerical model gives 
safe side resistances with the applied most detrimental 
imperfection configurations in case of all test specimens. 
Therefore, based on the verification and validation of the 
numerical model, the accuracy of the model is proved 
and considered to be appropriate for further numerical 
parametric study.

4.2 Material model and imperfections

Imperfections are highly important for the patch loading 
resistance calculation as proved by Kövesdi et al. [17]. 
A  detailed imperfection sensitivity analysis is executed 
before the numerical parametric study. The analysed im-
perfection shapes for a specimen having two longitudinal 
stiffeners are presented in Fig. 7. A similar study has been 
executed for girders having one and three longitudinal 
stiffeners on the web.

Global and local imperfection shapes are both considered 
with an amplitude of hw/200 for the global, and bi/200 
for the local buckling, where hw is the entire web depth 
and bi is the depth of the web subpanels. The most detri-
mental imperfection layout is selected for the determina-
tion of the patch loading resistance, and it was used in 
further numerical parametric study. More details on the 
imperfection sensitivity analysis can be found in [17].

In the presented research programme, two material 
models are applied, which are similar in model types and 
characters, but different in its characteristic values. The 
first one is used to model validation and the second one 
to numerical parametric study. In both models, linear 
elastic hardening plastic material model with von Mises 
yield criterion is used, applying the isotropic hardening 
rule in the plastic domain. The material is assumed to be-
have linearly elastic and obey Hooke’s law with a Young’ 
modulus equal to 210,000 MPa up to the yield stress. 
Thereafter and until it reaches the ultimate stress, the ma-
terial is assumed to behave linearly with a hardening 

Fig. 7 Analysed imperfection shapes: a combination of local and global imperfections

Fig. 8 Results of the model verification (specimen #1)
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stiffeners varying the stiffener size between 40 × 4 mm 
and 80 × 10 mm. The size of the web for this specific case 
is 1100 × 6 mm, the flanges are made from steel plates 
with a size of 220 × 16 mm. All the numerical calculations 
show similar trends as presented in Fig. 10. If weak 
 stiffeners are applied on the web, or no stiffeners are 
used, the failure mode is global buckling of the entire web 
panel. By increasing the stiffener stiffness, the patch load-
ing resistance increases until the global buckling failure 
mode turns into local buckling, where further increase in 
the stiffener size does not affect the resistance, as shown 
in Fig. 10. The patch loading resistance values show a 
clear trend which has an increasing part and a quasi-con-
stant domain. The intersection points between these two 
different structural behaviours can be determined and 
used as a characteristic measure for the separation of the 
global and local failure modes.

4.4 Results of the numerical parametric study

An extensive numerical parametric study is executed to 
analyse the patch loading failure mode and identify the 
trends of the different geometric parameters on the struc-
tural behaviour and resistance. The numerical parametric 
study have two separated parts but refer to the same geo-
metrical configurations.

1. investigation of the critical load (Fcr) and
2. investigation of the patch loading resistance (Fult).

A total of 2500 different girder geometries are investigat-
ed and for all geometrical configurations the buckling 
load (Fcr) and the patch loading resistance (Fult) are deter-
mined. Within the parametric study, the parameters listed 
in Tab. 2 are varied within the given parameter ranges. 
All notations are given in Fig. 2. All the calculations are 
executed using S355 steel grade. The number of longitudi-
nal stiffeners is varied between 2 and 4. The size of the 
stiffeners has been changed between a large extent to be 
able to investigate relatively weak and very strong stiffen-
ers. The stiffener stiffness was the key parameter in the 
stiffener geometry selections. By changing the geometri-
cal parameters, the following characteristic parameter 
ratio ranges are investigated: b1/hw = 0.15 to 0.45, hw/tw = 
80 to 500, b1/tw = 25 to 167, and ss/a = 0.2 to 0.8, whose 
parameter ranges refer to the typical geometries used for 
bridges.

Within the numerical parametric study, it was investigated 
first, how the stiffener stiffness (γs) does influence the 
patch loading resistance. Some of the obtained results are 
presented in Fig. 10 for girders having two longitudinal 

Fig. 9 Results of the model verification (specimen #2)

Tab. 2 Varied parameters and studied parameter ranges

a [mm] hw [mm] tw [mm] bf [mm] tf [mm] ss [mm]

Min. 2400 1200 3 260 12 200
Max. 6000 4000 20 600 40 2000

b1 [mm] hst [mm] tst [mm] γs b1/hw b1/tw

Min. 250 80 4 60 0.15 25
Max. 1000 290 20 4600 0.45 167

Fig. 10 Effect of stiffener stiffness on patch loading resistance
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critical buckling load are determined separately and eval-
uated on graphs. The main parameters have an influence 
on the critical buckling load and their trends are shown 
in Figs. 11 to 12. The horizontal axis of each graph shows 
the analysed geometrical parameter and the vertical axis 
shows the value of the critical buckling load.

Results prove that the critical buckling load increases by 
increasing the thickness of the web (tw), the load intro-
duction length (ss), and by decreasing the subpanel depth 
(b1). There is a clear trend shown in Fig. 12 between 
b1/tw3 ratio and the critical buckling load. The same trend 
can be obtained for various ss/b1 ratios, making the entire 
evaluation process dimensionless. Further studies show 
there are other parameters which might slightly influence 
the patch loading resistance and the critical buckling 
load. For example, increase in the flange size (bf·, tf) can 
cause increase in the critical buckling load; however, this 
effect is marginal compared to the previously presented 
parameters. The trend for each parameter is determined 
that only one parameter was changed within the study to 
be able to clearly separate the effect of each parameter 
independently.

5 The developed enhanced analytical resistance model

Based on the results of the numerical parametric study, 
the calculation method of the critical buckling load and 
the reduction factor for the ultimate load calculation are 
evaluated, and enhanced design equations are proposed 
for both. The numerical results prove that the critical 
buckling load should be calculated for the analysed fail-
ure mode based on the b1/tw3 ratio instead of the hw/tw3 
ratio; therefore, the original design equation of the EN 
1993-1-5 [11] has been changed to Eq. (12). Within this 
equation, all the other terms are kept unchanged and 
only this ratio is modified.

 F k E
t

b
0.9cr F

w
3

1

= ⋅ ⋅ ⋅  (12)

Within the numerical parametric study, the minimum stiff-
ener stiffness is determined for all analysed girder geome-
tries, which can ensure local buckling-type failure mode 
within the subpanel of the web. The calculation results 
show, all these minimum stiffness values were smaller 
(sometimes significantly smaller) than the maximum stiff-
ener stiffness given by Eq. (10) to be allowed to consider 
in the critical buckling load according to EN 1993-1-5 [1].

It is also found this limit value returns usually smaller 
stiffener stiffness values, which are used in the bridge de-
sign praxis. It means that the main part of the real practi-
cal cases is designed using so-called ‘strong’ stiffeners, 
which are able to localise the buckling failure within the 
subpanel. Therefore, in further studies, only girders hav-
ing ‘strong’ stiffeners are investigated and the obtained 
results and tendencies are valid for the local buckling-
type failure mode where strong stiffeners ensure the sepa-
ration of the buckling shapes within the web subpanels.

 
h

b

s

0.3
w

3

1

. lim

γ α
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 −









  (10)

 where 
l

h t
10.9s

s,l

w w
3

γ = ⋅
⋅

 (11)

Fig. 12 Effect of stiffener stiffness on the critical buckling load

Fig. 11 Effect of stiffener stiffness on the critical buckling load
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design equation containing only the first two terms, 
where the results only depend on the b1/tw ratio.

 = + ⋅ − ⋅ + ⋅
⋅

⋅
k

s

b

b

t

b t

b t
4.0 3.0 0.01 0.2F

s

1

1

w

f f
3

1 w
3

4  (13)

A comparison of the analytically and numerically calcu-
lated buckling loads is given in Fig. 14, where the analyti-
cal solution uses Eqs. (12) to (13) for the critical load and 
buckling coefficient calculation, respectively. For the en-
tire database, the average and the maximum difference is 
4.3 % and 17.3 %, respectively, with a standard deviation 
equal to 0,05.

The numerical calculations prove that the closed section 
stiffeners coming from its torsional rigidity provide larger 
buckling coefficients for the web. A similar numerical 
study as presented earlier is also executed for girders hav-
ing open section flat plate longitudinal stiffeners. The re-
sults show that the same geometric parameters have an 
influence on the patch loading resistance and critical 
buckling load values; however, the buckling coefficient is 
smaller, coming from the smaller torsional rigidity, and its 
accurate value might be calculated by Eq. (14). This equa-
tion is similar to the first two terms of Eq. (13), by just 
changing the constant from 3.0 to 1.5.

 k
s

b
4.0 1.5F

s

1

= + ⋅  (14)

A comparison of the analytical results to the numerically 
computed values shows the average difference of 1.9 % 
with a standard deviation equal to 0.1.

Using the improved buckling load, the relative slender-
ness of all the analysed girders is calculated and the nec-
essary reduction factors are back calculated from Eq. (1) 
using the effective loaded length determined by Eq. (6). 
Results are presented in Fig. 15. The horizontal axis 
shows the relative slenderness ratio according to Eq. (4) 
using the analytically calculated critical load (Fcr). The 
vertical axis shows the back-calculated reduction factors 
(cF).

Results prove the analytical solution using the improved 
buckling load and the currently proposed effective loaded 
length calculation method, and the buckling curve related 
to patch loading resistance gives safe side resistances. The 
red dashed line presenting the design value of the reduc-
tion factor (with partial safety factor equal to γM1 = 1.1) 
gives a lower-bound curve for all the 2500 numerical 
simulation results. It proves that the current design meth-
od of the EN 1993-1-5 would give safe side resistances 
using the improved and more accurate buckling loads as 
well. However, results also show that there is a large scat-
ter in the obtained resistance values and therefore, a 
more appropriate calculation method could be devel-
oped. Considering Eqs. (15) to (16), it can be observed 
that the relative slenderness and also the back-calculated 
reduction factor also depend on the effective loaded 

From the numerically calculated buckling load using 
Eq. (12) the required values of the kF buckling coefficient 
are back calculated. It is proved that the mostly dominant 
parameter within the buckling coefficient is the ss/b1 
ratio, whose trend is shown in Fig. 13 for geometries 
using closed section longitudinal stiffeners. Further evalu-
ation proved that the buckling coefficient slightly de-
pends on the b1/tw and ((bf ⋅ tf3)/(b1 ⋅ tw3)) ratios as well. 
The most accurate equation for buckling coefficient is 
given by Eq. (13), in which the first two terms govern the 
calculation. The red line shown in Fig. 13 presents the 

Fig. 13 Effect of ss/b1 ratio on the buckling coefficient

Fig. 14 A comparison of numerically and analytically calculated buckling 
load

Fig. 15 Back-calculated reduction factors for the patch loading resistance
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Based on the numerical results, an improved equation is 
developed for the more accurate determination of the ef-
fective loaded length given by Eq. (18).

 =

+ ⋅ ⋅ ⋅ ⋅ −
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The effective loaded length has also a physical meaning. 
In addition, it adjusts the value of the numerically calcu-
lated datapoints presented in Fig. 17 not only along the 
vertical but also along the horizontal axis. It means that 
by an accurate determination of the effective loaded 
length, the scatter obtained in the numerical simulation 
results can be significantly reduced. Fig. 17 shows the 
back-calculated reduction factors using the improved 
equation for the effective loaded length.

length (ly). All the other parameters of the calculation 
process are geometrical (tw) or material (fy) constants.

 
l t f

FF
y w yw

cr

λ =
⋅ ⋅

 (15)

 F
l f t

1.0Rd F
y yw w

M1

χ
γ

= ⋅
⋅ ⋅

≤  (16)

Therefore, the accurate values for the effective loaded 
length are back calculated from the numerical calculation 
results and the main dominant parameters, which have 
influence on it, are determined. The value of the effective 
loaded length has two terms. At first, the loading length 
(ss), which has a physical meaning, and its value can be 
considered as a given constant parameter for all analysed 
cases. Therefore, its effect has been separated and the 
equation of ly is modified according to Eq. (17). The ac-
curate value of the second term (ladd) is determined to 
each analysed geometry and evaluated in a detailed man-
ner. The second term of Eq. (17) should have a physical 
meaning and its value should depend on the analysed 
girder geometry, especially on the size of the loaded 
flange and the web subpanel bi/tw ratio.

 l s t
b

t
s l2 1y s f

f

w
s add= + ⋅ ⋅ +













= +  (17)

Results show that the main parameters which have influ-
ence on the effective loaded length are the loading length 
(ss) and the b1/tw and tf/tw ratios. The determined trends 
are shown in Fig. 16.

The diagram shows that the effective loaded length in-
creases, if the b1/tw ratio increases. The value decreases, if 
the tf/tw ratio increases. The physical meaning of these 
results is that if the web plate is weaker compared to the 
flange, the flange can better distribute the concentrated 
force along the web, and the patch load can result in a 
more uniform stress distribution, which can lead to larger 
effective loaded length.

Fig. 16 Back-calculated effective loaded length depending on the a) b1/tw ratio and b) tf/tw ratio

Fig. 17 Back-calculated reduction factors for the patch loading resistance 
using improved buckling load and effective loaded length
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loading resistance of girders with multiple longitudinal 
stiffeners. If the results without considering γM1 = 1.1 is 
executed, the average ratio would be 0.97 with a standard 
deviation of 0.06. A comparison of the numerically and 
analytically calculated patch loading resistances is also 
presented in Fig. 18.

6 Effect of nonuniformly placed longitudinal stiffeners

The developed resistance model introduced in Section 5 
is developed for the special case if the longitudinal stiffen-
ers are uniformly placed along the web depth. However, 
in the case of real structures, the distance between the 
longitudinal stiffeners is usually not perfectly equal and 
there might be small differences in the subpanel depths 
(noted by b1 and b2, as shown in Fig. 19). The effect of the 
difference between the b1 and b2 values is investigated 
and presented in this section.

A numerical parametric study is executed by changing the 
b1/b2 ratio of the analysed girders, and the patch loading 
resistances are determined. Within the parametric study, 
the same parameter range is investigated as introduced in 
Section 4 with steel grade of S355. An example for three 
different girder geometries having different web thick-

Results prove that the scatter has been significantly re-
duced and almost all the calculation results are on the 
safe side using the patch loading-type buckling curve of 
EN 1993-1-5 [11] with partial safety factor equal to 
γM1 = 1.1. The average ratio of the analytical and numeri-
cal results has been changed to 0.91 with a standard de-
viation of 0.07, whose values prove the accuracy of the 
new improved design equation to determine the patch 

Fig. 18 A comparison of numerically and analytically calculated patch load-
ing resistances

Fig. 19 Notations of b1 and b2 changed in the numerical parametric study

Fig. 20 Effect of the b1/b2 ratio and web thickness on the patch loading re-
sistance and failure modes.

Fig. 21 Effect of the b1/b2 ratio and loading length on the patch loading re-
sistance and failure modes
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plicability within interaction equations. In case of bridge 
launching, a large accompanying bending moment always 
acts together with the transverse force; therefore, the 
check of M–F interaction is a crucial task of the design 
process. A numerical parametric study has been executed 
to check the applicability of the newly developed patch 
loading resistance model in M–F interaction equations. 
According to the rules of EN 1993-1-5:2006 [1], if the 
girder is subjected to a concentrated transverse force act-
ing on the compression flange in conjunction with bend-
ing and axial force, the resistance should be verified using 
the following interaction expression.

 0.8 1.42 1η η+ ⋅ ≤  (20)

where 
η1:   utilisation ratio against normal stresses coming 

from normal force and bending moment and
η2: utilisation ratio against transverse force.

Braun and Kuhlmann executed one of the latest research-
es on the M–F interaction behaviour of slender welded 
plated structures. The aim of their investigation was to 
collect all the previous experimental and numerical re-
sults and to re-evaluate all the previously developed M–F 
interaction equations compared to the experimental and 
numerical results. Finally, a new interaction equation 
given in form of Eq. (21) was proposed by Braun [19] in 
his Ph.D. thesis.

 
F
F

M
M

1.0
R pl,R

3.6








 +











≤  (21)

where
Mpl,R:  is the design plastic resistance of the cross sec-

tion consisting of the effective area of the flanges 
and the fully effective web irrespective of its 
cross-section class and

FR:  patch loading resistance of the loaded web panel.

Based on their previous investigations on the M–F and 
V–F interaction fields and based on the results of the pre-
vious numerical calculations, Braun and Kuhlmann de-
veloped a combined interaction equation for the M–V–F 
interaction behaviour in the form of Eq. (22).

nesses is shown in Fig. 20. The results prove that if the 
b1/b2 ratio is small, the failure comes in the second 
(lower) subpanel of the girder. If the b1/b2 ratio is in-
creased, the patch loading resistance increases until a 
maximum (optimum) value is reached. For higher values 
of the b1/b2 ratio, the failure comes in the upper subpanel 
and the patch loading resistance decreases by reaching 
the minimum value at b1/b2 = 1.0. If the subpanel depths 
are equal (b1 = b2), the failure always comes in the upper 
subpanel. The maximum points of the diagram always 
represent the change in the failure mode, shown by a red 
line in Fig. 20. A similar comparison is shown in Fig. 21 
for girder geometries loaded by different loading lengths. 
It can be observed that the failure mode change does not 
depend on the web thickness (does not depend on the 
web panel slenderness), but it significantly depends on 
the loading length, as shown in Fig. 21.

Based on the large number of numerical simulation re-
sults, it has been observed that the b1/b2 ratio leading to 
the maximum patch loading resistance (whose value 
characterises the failure mode change) can be described 
by the ratio of the ss/(b1+b2) parameter, as shown in 
Fig. 22. In the current parametric study, the b1+b2 value 
was kept always constant by modifying the b1/b2 ratio.

These results mean that if the actual b1/b2 ratio of the 
analysed girder is larger than the values shown in Fig. 22, 
the failure will always occur in the upper subpanel and 
the patch loading resistance model introduced in Sec-
tion 5 leads to safe side resistance. In another words, if 
the b1/b2 ratio is larger the limit value defined by Eq. (19), 
the newly developed patch loading resistance model can 
be safely applied, even if longitudinal stiffeners are not 
placed in equal distances.

 
b

b
ss

b b
0.351

2 1 2

0.15

≥
+









 −  (19)

7 M–F interaction resistance

One more important point for the applicability of the 
newly developed patch loading resistance model is its ap-

Fig. 22 Critical b1/b2 ratios leading to the failure mode change depending on the ss/(b1+b2) parameter
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search strategy is used, which was previously described 
and introduced by Kövesdi et al. in [20, 21]. At first, the 
pure bending moment resistance of the analysed girders is 
determined 1) by hand calculations using the analytical 
design equations and 2) by the numerical model. Then 
the patch loading resistance has been determined (by 
small accompanying bending moment, which cannot be 
totally eliminated by applying transverse forces) by the 
numerical model and also by the newly developed resist-
ance model introduced in Section 5. Then, for each ana-
lysed cross-section geometries, ten different bending mo-
ments and transverse force combinations (M–F interac-
tion pairs) are analysed and the resistances are determined 
by the numerical model.

The results of the numerical parametric study are pre-
sented in Fig. 23 using the numerically calculated bend-
ing (MR,num) and patch loading resistances (FR,num) as 
reference values. It can be seen that several datapoints 
representing a large transverse force and small bending 
moment are inside the interaction curve, which means 
that the interaction resistances of the girders are slightly 
smaller than those predicted by the M–F interaction 
curve. In the range of large bending moments and small 
transverse forces, there are no datapoints on the unsafe 
side. The reason for it is that the M–F interaction curve 
proposed by Braun and Kuhlmann is applicable together 
with analytical-based patch loading and bending resist-
ance models.

Therefore, the same evaluation process is executed using 
the analytically calculated patch loading and bending re-
sistances. Thus, the plastic bending resistance is used in 
Eq. (21). The evaluation of the numerical results is done 
at first using the numerically calculated bending resist-
ance considering the actual cross-section class and then 
using the plastic moment resistance irrespective of the 
cross-section classes. Results for both are presented in 
Fig. 24. The vertical axis of these diagrams shows for both 
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 ≤  (22)

V, F, and M:  shear force, transverse force, and bending 
moment acting on the loaded panel,

VR:  shear buckling resistance of the loaded web 
panel,

FR:  patch loading resistance of the loaded web 
panel, and

Mpl,R:  is the design plastic resistance of the cross 
section consisting of the effective area of the 
flanges and the fully effective web irrespec-
tive of its cross-section class.

Eq. (21) represents the M–F plane of this 3D interaction 
equation, which will be used in this paper comparing to 
the numerical results. An additional numerical paramet-
ric study has been executed to study the bending moment 
and patch loading interaction behaviour of multiple stiff-
ened girders. The same evaluation methodology and re-

Fig. 23 M–F interaction resistances using the numerically calculated bend-
ing and patch loading resistances (FR,num; MR,num)

Fig. 24 M–F interaction resistances using the a) numerically calculated bending and analytically calculated patch loading resistances (FR,analytical; MR,num) and 
b) analytically calculated plastic bending and patch loading resistances (FR,analytical; MR,pl).
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RTICLE– Minimum stiffness criterion is determined to identify 

the local buckling failure within the loaded subpanel 
of the web.

– Design equation is developed for the critical buckling 
load calculation for the local buckling-type failure mode.

– Improved design equation is developed for the novel 
calculation of the effective loaded length.

– It has been proved that using the improved design 
equations for the critical buckling load and the effecti-
ve loaded length, the buckling curve of EN 1993-1-5 
can be used with adequate safety to determine the 
patch loading resistance.

– Geometrical limit values for the application range of 
the new resistance model are derived ensuring buck-
ling failure within the upper subpanel.

– Applicability of the new patch loading resistance 
model with the previously developed M–F interaction 
equation is proved.

Acknowledgements

The presented research programme was financially sup-
ported by the Grant MTA-BME Lendület LP2021-
06/2021 ‘theory of new generation steel bridges’ pro-
gramme of the Hungarian Academy of Sciences, which is 
gratefully acknowledged.

cases the patch loading resistance divided by the analyti-
cally calculated patch loading resistance according to 
Section 5.

The horizontal axis shows the bending moment resist-
ances divided by the numerically calculated and plastic 
moment resistance, respectively. Results prove that the 
M–F interaction equation according to Eq. (21) leads to 
safe side resistances using both the numerically calculat-
ed moment resistance and the plastic moment resistance. 
It proves the applicability of the new patch loading resist-
ance model in the M–F interaction equation.

8 Conclusions

The present article introduces an improved design meth-
od for the patch loading resistance of multiple stiffened 
girders. An extensive research programme is conducted 
to determine the accurate value of the patch loading re-
sistance. The executed research consists of laboratory ex-
periments, extensive numerical investigations, and devel-
opment of analytical design equations. The new findings 
based on the research results are the following.

– It has been shown that the failure modes can be sepa-
rated between local and global buckling based on the 
stiffness criterion of the longitudinal stiffeners.
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