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Abstract.

We present k- p Hamiltonians parametrised by ab initio density functional theory
calculations to describe the dispersion of the valence and conduction bands at their
extrema (the K, @, I', and M points of the hexagonal Brillouin zone) in atomic
crystals of semiconducting monolayer transition metal dichalcogenides. We discuss
the parametrisation of the essential parts of the k- p Hamiltonians for MoSy, MoSe,,
MoTes, WSs, WSes, and WTe,, including the spin-splitting and spin-polarisation of
the bands, and we briefly review the vibrational properties of these materials. We
then use k- p theory to analyse optical transitions in two-dimensional transition metal
dichalcogenides over a broad spectral range that covers the Van Hove singularities
in the band structure (the M points). We also discuss the visualisation of scanning
tunnelling microscopy maps.
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1. Introduction

Monolayers of transition metal dichalcogenides (TMDCs) [I, 2] are truly two-
dimensional (2D) semiconductors [3, 4, B, 6, 7, & O, [0, 1I], which hold great
appeal for electronics and opto-electronics applications due to their direct band gap
properties (which contrast the indirect band gaps of three-dimensional layered crystals of
TMDCs). Monolayer TMDCs have already been implemented in field-effect transistors
12, 13, 14, 15, 16, 17, 18], logical devices [I5, [19], and lateral and tunnelling
optoelectronic structures [20] 2], 22 23, 24].

Like graphene, the group-IVB monolayer TMDCs of chemical composition MX,
(where M=Mo or W and X=8§, Se and Te) considered in this work have hexagonal lattice
structures, and the extrema (valleys) in the dispersion relations of both the valence and
conduction bands (VB and CB) can be found at the K and —K points of the hexagonal
Brillouin zone (BZ). Unlike graphene, however, these 2D crystals do not have inversion
symmetry. The minimalistic approach to the theoretical modelling of monolayer
TMDCs is therefore based on mimicking them as graphene with a staggered sublattice
potential that breaks inversion symmetry [25, 26]. This approach captures certain
optical and transport effects related to the valley degree of freedom of the electrons
[26, 27, 28, 291 30, 31]. The staggered graphene analogue [26] has also been generalised
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to the tight-binding (TB) description of TMDCs [26, B2, 33, 34, 35, 36, B7, B8],
but this approach suffers from the large number of atomic orbitals that have to be
included on each site and the need for beyond-nearest-neighbour hopping to account
for the variation of the weight of individual atomic orbitals in the band wave functions
across the BZ, as revealed by detailed density functional theory (DFT) modelling (see,
e.g., Figure . The accumulation of experimental data and the drive towards the
implementation of monolayer TMDCs in practical devices call for theoretical models
of their electronic properties that are both detailed and compact, containing a limited
number of parameters while still offering an accurate description.

In this Review, we describe two complementary theoretical approaches that have
recently been used to achieve a detailed description of the electronic properties of
these materials. One consists of ab initio DFT modelling of the band structure,
which has the potential to be accurate. DFT can be combined with transport codes
(177, 38, 39, 40, 41, [42], [43], [44] or used to calculate optical spectra [45] 46| 47, 48], but
ab initio calculations are prohibitively expensive for many practical problems focused
on modelling devices and studies of, e.g., quantum dots [49, [50]. Moreover, magnetic-
field effects [32] [49] 511, 52, 53], 54] and certain questions regarding neutral and charged
excitons [55] cannot easily be addressed by DFT-based techniques. The second approach
uses the k- p methodology [56) 57, [58| [59], which exploits the symmetries of the system.
This approach provides an accurate characterisation of the dispersion of the valence
and conduction bands in the vicinity of, e.g., the K and — K points and other points of
interest in the BZ in terms of a relatively small number of parameters [60]. Magnetic-
field and spin-orbit coupling effects can also be taken into account in a straightforward
way [49]. In contrast to DFT modelling, this method is only valid in the vicinity of
certain high-symmetry k-space points; however, for those intervals, it enables one to
quantify all the essential features of the electronic properties. One can also relate a k- p
Hamiltonian to a particular TB model [26], [32] 34], although it is not necessary to set up
a TB model in order to derive a k- p Hamiltonian. Here we present phenomenological
k- p Hamiltonians derived for all extrema of the bands (at the K, @, I', and M points of
the BZ) using the symmetry properties of TMDC atomic crystals, with specific material
parameters obtained by fitting them to the DFT band structures of MoSy, MoSes,,
MoTey, WSy, WSey and WTey. [[] The DFT calculations discussed in this Review were

1T Most of the recent theoretical and experimental work has focused on the properties of MoSs, MoSes,
WSy and WSey, while MoTe; and WTe, have received much less attention. Bulk MoTes; with a
trigonal prismatic coordination of the chalcogen atoms (see Figure a)) exists below 815°C (known as
a-MoTey), whereas above 900°C the crystal structure is monoclinic and the material becomes metallic
(8-MoTeq) [61], 62]. Monolayer samples using liquid exfoliation technique have been obtained from
a-MoTey [63], and the optical properties of monolayer [192] the transport properties of few-layer a-
MoTe, [64], 191] have been investigated recently, giving a clear motivation to include this material in
our review. Bulk WTe, has an orthorhombic crystal structure, where eight tellurium atoms surround
the tungsten atom in a distorted octahedral coordination [65] [66]. Nevertheless, one would expect
that it may be possible to grow monolayer WTe, with hexagonal prismatic coordination on a suitable
substrate. For completeness, therefore, we include this material as well, assuming that its hexagonal
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performed using the VASP [67] and FLEUR [68] codes. The robustness of our results is well
illustrated by the close agreement between the results obtained from these two different
first-principles codes and through comparison to all available experimental results.

Finally, we note that the field of TMDCs, akin to that of graphene [69, [70, [7T, [72],
has witnessed a large expansion over the last four years, encompassing both fundamental
and more applications-oriented research directions. Here we focus on a particular topic
that we think will be important for the further development of this field. To limit
the length of this review, some fascinating topics related to, e.g., the valley-dependent
optical selection rule or the exciton physics are not discussed in detail here. We refer
the interested reader to complementary reviews [73], [74], [75], [76], [77, [78, [79, [80] instead.

This Review is organised as follows. Section [2|is devoted to the crystalline lattice
parameters and vibrational properties of TMDCs. Sections [3| and {4 discuss spin-
splitting due to spin—orbit coupling (SOC) and band width [relevant for angle-resolved
photoemission spectroscopy (ARPES) studies of TMDCs]. Sections [f] [6] [7, and
describe the structure and parametrisation of k- p Hamiltonians for K, @), I', and M
points of the BZ, respectively. Finally, we draw our conclusions in Section [0}

2. Lattice parameters, band-structure calculations and vibrational
properties

The crystal structure of each MXy monolayer considered in this work consists of three
atomic layers, X-M-X. Within each layer the M or X atoms form a 2D hexagonal
lattice: see Figure[I] The M atoms in the middle plane are surrounded by three nearest-
neighbour X atoms in both the bottom and the top layer so that the crystal has Dsy,
symmetry. The crystal structure is characterised by the in-plane lattice constant ag
and the distance dx_x between the two chalcogen planes. It has already been noted
[81] that certain details of the band structure obtained from DFT calculations depend
rather sensitively on ag and dx_x. Indeed, we have also found that agreement with the
available experimental results regarding, e.g., the effective mass m}® at the I' point of
the BZ or the energy difference Exr between the top of the VB at the K and I' points
can only be achieved if the values of ap and dx_x fall in a rather narrow range.

As a first step, we have used two approaches to calculate the basic lattice parameters
ap and dy_x. The first approach used vasp [67]. The VASP geometries were calculated
using the Heyd—Scuseria—Ernzerhof 2006 (HSE06) exact-exchange density functional
[82]. The plane-wave cutoff energy was set to 600 eV and the BZ was sampled by
a 12 x 12 x 1 Monkhorst—Pack grid. The vertical separation between the layers was
set to 20 A to make the interaction between the repeated images of the layer in the
three-dimensional cell negligible. Optimisation was carried out until atomic forces fell
below 0.005 eV/A. The second approach used the full-potential linearised augmented
plane-wave (FLAPW) method as implemented in the FLEUR code [68]. The FLAPW
method is an all-electron method within DFT. The FLEUR code allows 2D systems

structure is stable.
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Figure 1. Crystal structure of monolayer MX5. a) Side view and b) top view. Metal
atoms are cyan and chalcogens are yellow. The lattice vectors a; and as are also
shown.

to be studied without constructing slabs in three-dimensionally periodic cells and the
resulting electronic spectra are free of plane-wave continua. All our FLEUR calculations
were carried out with a cut-off kyax of 10.6 eV~! for the plane-wave basis set and 144
k points corresponding to a 12 x 12 x 1 Monkhorst—Pack grid in the irreducible wedge
of the BZ. Muffin-tin radii of 1.0, 1.21, 1.27, 1.27, and 1.27 A were used for S, Se, Te,
Mo, and W, respectively. We note that considering local orbitals for Mo (s, p), Se (s,
p, d), and W (s, p, f) to improve the linearised augmented plane-wave basis proved to
be crucial for a correct description of the excited states. We used the Perdew—Burke—
Ernzerhof (PBE) generalised gradient approximation [83] to the exchange-correlation
potential. The structures were relaxed (with the effects of SOC included) until the
forces were less than 0.0005 eV/A.

The calculated values of ay and dg_g for monolayer TMDCs are shown in Table
and compared to measured values for the corresponding bulk materials. The lattice
parameters obtained from the first of the DF'T approaches described above are shown in
the rows labelled by “(HSE)”, the ones from the second approach are in the rows labelled
by “(PBE)”. “(Exp)” indicates experimental results found in the literature. Although
there is some scatter in the experimental data, Table [1| suggests that using the HSE06
functional to relax the monolayer crystal structure leads to a good agreement with the
room-temperature empirical bulk ag values. On the other hand, the PBE functional
seems to slightly overestimates ag. However, the situation is less clear in the case of
dx_x. We note that both the HSE06 and the PBE results are in good agreement with
Reference [84].

Recent experiments show that the energy of the photoluminescence peak is quite
sensitive to the temperature [5, 85, 6], which can be understood in terms of the
dependence of the band structure on ag and dx_x. Indeed, a recent computational
study [87] was able to qualitatively reproduce the redshift of the photoluminescence peak
of MoS, as a function of temperature by assuming a thermal expansion of the lattice.
The good agreement between the calculated lattice parameters and the corresponding
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Table 1. Lattice vector ag and chalcogen—chalcogen distance dx_ x as obtained from
DFT calculations. Experimental values for the corresponding bulk material are shown
in rows labelled by “Exp”. For WTey experimental results are only available for the
orthorhombic structure and are therefore not shown.

MoS, MoSes; WSy WSes  MoTey WTey

ao [A] (HSE) 31565 3.280  3.16 3291 3516 3.521

ao [A] (PBE) 31854 3319  3.18 3.316  3.557  3.553

ao [A] (Exp) 3.1604% 3.288" 3.154%P 3.286% 3.5197 -
3.14°  3.209°  3.1532¢ 3.282¢  3.5220k
3.1602°  3.289° 32827 35170 -

3.14755  3.290¢ -

dx_x [A] (HSE) 3.0996  3.307 3.1176  3.327  3.5834  3.5999
dx_x [A] (PBE) 3.1246  3.4371 3.1529  3.471  3.6195  3.6394
dx_x [A] (Bxp) 3.17° 3.335¢  3.14¢ 3.347  3.604%F -

2[88], *[89], <[90], ¢[91], ¢[92], ¢[93], 7 [94], *[62].
/05], measurement at 293 K.

experimental ones suggests that, interestingly, the predictions based on our DFT results
are expected to be most accurate at room temperature (except for the band gap, which
is known to be underestimated by DFT). To our knowledge systematic measurements
of the temperature-dependence of the lattice parameters of bulk MX, have not been
performed, except for MoSs [95].

As in the case of the lattice parameters, we have used both the vAsp and the FLEUR
codes to calculate the band structures of monolayer TMDCs. For the VASP calculations
we used the HSE lattice parameters as input. The band structures were calculated in the
local density approximation (LDA). SOC was taken into account in the non-collinear
magnetic structure approach with the symmetry turned off. The charge density was
obtained self-consistently using a 12 x 12 x 1 k-point grid and a 600 eV cutoff energy.
The results obtained by this method are shown in rows denoted by “(HSE,LDA)” in
Tables below. For the FLEUR calculations the charge densities obtained from the
geometry relaxation calculations (see Section [2) were used for further calculation of the
band structure and spin expectation values. SOC in FLEUR is included within the second
variational method for the valence electrons, whereas the core electrons are treated fully
relativistically. These results are in rows denoted by “(PBE,PBE)” in Tables
below.

One possibility, which we did not explore, is to use the HSE lattice parameters and
the HSEO06 functional for band-structure calculations, as in Reference [84]. We note that
the results of Reference [84] seem to indicate that the HSE06 functional gives larger VB
spin-splittings than found experimentally.

In addition to the band structure of the TMDCs, which is our main focus in
this work, electron—phonon coupling is also essential in order to understand transport
[39, 401, 41] and relaxation [96] processes. For completeness, we give a brief review of the
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vibrational characteristics of monolayer TMDCs. Ab initio lattice-dynamics calculations
indicate that single layers of the TMDCs MoS,, MoSey, WS,, and WSe, are dynamically
stable [97, 08, [99], in agreement with experiments.

A comprehensive group-theory analysis of the different polytypes and stacking
arrangements of few-layer TMDCs is presented in Reference [I00]. The symmetry of
few-layer structures determines which phonon modes are Raman-active, and therefore
provides an important means of characterising samples. As mentioned earlier, monolayer
MX, has Dy, point-group symmetry (see Table|11|for the character table and irreducible
representations). The six zone-centre optical phonon modes may be classified according
to the irreducible representations under which their eigenvectors transform: in the
twofold-degenerate E” modes the metal atom remains stationary while the chalcogen
atoms vibrate in opposite in-plane directions; in the twofold-degenerate £’ modes the
chalcogen atoms vibrate together in-plane in the opposite direction to the metal atom;
in the non-degenerate A} mode the metal atom remains stationary while the chalcogen
atoms vibrate in opposite out-of-plane directions; finally, in the non-degenerate AJ mode
the chalcogen atoms vibrate together out-of-plane in the opposite direction to the metal
atom. Of these vibrations, all but the A7 mode are Raman-active. Only the £' and Aj
modes are infrared-active.

DFT-LDA and DFT-PBE results for the phonon frequencies are summarised in
Table 1 of Reference [I01]. There is a reasonable degree of agreement between the LDA
and PBE results, suggesting that the DFT phonon frequencies are accurate. Subsequent
theoretical studies [97, 98, 99] have reproduced the results of Reference [101] for the
monolayer. Regarding WTe,, we note that our calculations give real phonon frequencies
in the whole BZ, indicating that the assumed hexagonal structure may indeed be stable.
In experimental studies of thin films of WSy, WSe,, and MoS; it is found that modes
that were Raman inactive in the bulk become active in thin films and that there are small
shifts in the phonon frequencies on going from the bulk to a thin film [102 103} [104].
Where comparison is possible, the experimental Raman frequencies of thin films are in
agreement with the DF'T results.

3. Band-edge energy differences and spin-splittings

Detailed discussion of the conduction and valence band dispersions in the vicinity of
the k-space points of interest (K, @, I', and M) will be given in Sections , @, , and
Bl In this section we briefly introduce the various band-splittings and band-edge energy
differences that we use to characterise the band structure. An overview of the band
structure obtained from DFT calculations is shown in Figure The direct band gap
Eyg of monolayer TMDCs can be found at the K and —K points of the BZ. Due to
the lack of inversion symmetry, all bands are split by the intrinsic SOC except at the
time-reversal invariant points M and I'. We denote by 2A,;, and 2A, the spin-splitting
of the VB and CB, respectively. There are another six minima in the CB that might be
important, e.g., for transport or relaxation processes in certain compounds. We denote
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Figure 2. Overview of the band structure of monolayer TMDCs as obtained from
DFT calculations. a) Dispersion along the '-K—M-T line in the BZ. SOC is taken into
account. Various band-edge energy differences and spin-splittings are also indicated; for
definitions see the main text. b) Dispersion of the VB as a function of the wavevector
k in the whole BZ. The hexagonal BZ is denoted by thick black lines. ¢) The same as
b) for the CB. In b) and ¢) SOC is neglected.

these points by @;, i = 1...6. They can be found roughly half way between the K (—K)
and the I' points. The spin-splitting of the CB at (); given by 2Ay. The importance
of the (); points depends, amongst other things, on the energy difference between the
bottom of the CB at the K and @); points. This energy difference is denoted by Exq.
Looking at the VB now, the energy difference between the top of the VB at K and I is
denoted by Fkr. Finally, since it is directly available in recent ARPES measurements
[106], 107, T08], we also record the width of the VB, which we define as the energy
difference between the maximum of the VB at K and the minimum that can be found
on the I'-K line.

Certain properties of TMDCs are easier to understand if one considers which atomic
orbitals contribute to a given band at a given k-space point. For example, as pointed
out in, e.g., References [20], [36], 37, 109], the different atomic orbital composition can
explain the difference in the spin-splitting magnitude of the CB and VB at the K point.
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Figure 3. Atomic orbital weights in the energy bands of MXs. a) d orbitals of
the metal atom, and b) p orbitals of the chalcogen atoms. The size of each symbol
is proportional to the weight of the atomic orbital. SOC was neglected in these
calculations.

Furthermore, the atomic orbital composition of the energy bands underlies the tight-
binding modelling of TMDCs [26], 132, [33], 35] and was also important in developing the
k - p model [49, [60]. The contribution of individual atomic orbitals to a given band
is shown in Figure |3| for the d orbitals of the metal atoms and the p orbitals of the
chalcogens (the weights of other atomic orbitals are much smaller). Comparing Figures
Ba) and (b) we find that in general more than one type of atomic orbital contributes to
both the CB and the VB and the weight of the atomic orbitals changes throughout the
BZ. Setting up a consistent tight-binding model for TMDCs is therefore more difficult
than is the case for, e.g., graphene.

4. Valence band width D,

An observable that can be directly compared to experimental ARPES measurements
[T06, 107, 108] is the width of the VB Dy,. In order to be able to compare the
experimental and theoretical results, we define Dy, to be the difference between the
top of the VB at the K point and the minimum, which lies between the I' and K points:
see Figure . (Note that the absolute minimum of the VB is not at this k-space point.
However, Reference [107] shows the dispersion only between I' and K; therefore we use
the definition of Dy}, given above.) Comparison between the calculated and experimental
values is given in Table

In the case of MoSs, Reference [106] reported that the VB is narrower than the
calculated one by ~ 10%, whereas for MoSes [107] the opposite seems to be true.
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Table 2. The width of the VB as obtained from DFT calculations. Experimental
values are shown in the row denoted by “Exp”.

Dyp, [eV] MoS, MoSes WS WSey MoTey WTes
(HSE,LDA) 0.911 0.84 1.215 1.132 0.657 0.933
(PBE,PBE) 0.896 0.84 1.207 1.136 0.688 0.965
Exp ~ 0.8, ~ 1.0°¢

~ 0.9-1.0°

2]106], exfoliated samples on a SiO substrate.

P[108], samples grown by chemical vapour deposition on a highly oriented pyrolytic
graphite (HOPG) substrate.

¢[107], samples grown by molecular beam epitaxy (MBE) on bilayer graphene on top
of SiC (0001).

Reference [106] also provides a comparison between calculations and the ARPES band
structures of bilayer, trilayer and bulk MoS,, showing a better agreement than is found
for monolayer MoSy. Furthermore, a good agreement between DFT calculations and
ARPES measurements for the VB was observed for bulk MoS, and MoSe, [62), 110] and
for MoTey [62]. The orbital composition of the VB away from the K point is not purely
of Mo d orbital type: p orbitals of X atoms are also admixed (see Figure ; hence Dy,
in monolayers can be sensitive to interactions with substrates, which are not considered
in our calculations and which might explain some of the differences with respect to
measurements.

5. Effective model at the K and —K points

5.1. K and —K points

The physics around the K and —K points has attracted the most attention both
experimentally and theoretically so far. This is mainly due to the exciting optical
properties of these materials at the direct band gap, which can be found at the K
and —K points. Moreover, it turns out that the effect of SOC is strong at this BZ
point, leading to spin-split and spin-polarized bands. Since the K and —K points are
connected by time-reversal symmetry, the polarization of the bands has to be opposite
at K and —K, i.e., the spin and the valley degrees of freedom are coupled [26]. We
start our discussion in Section [B.2] with a basic characterization of the band structure
in terms of effective masses and spin-splittings. Then, in Section [5.3], a detailed k - p
theory is presented which captures the salient features of the DFT band structure and
allows us to interpret the results of recent experiments [111, [1T2] 113, 114 [115].

5.2. Basic characterization and material parameters

The aim of this section is twofold. First, we want to point out that there is a difference
between the MoX, and WX, materials regarding the sign of the SOC constant in the
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CB (for a microscopic explanation see References [34], [36] and [49]). This difference is
important for the interpretation of experiments in which properties of A and B excitons
[27, 30] are compared (for introduction to exciton physics see e.g., [I16]). Second, we
report effective masses and spin-splittings extracted from our DFT calculations and
compare them to experimental results, where available; see Tables [3] and [4]

One of the phenomena that first sparked strong interest in monolayer TMDCs was
the pronounced effect of SOC on the VB around the K and —K points. SOC leads to
the spin-splitting and spin-polarization of the VB and the energy scale associated with
SOC is several hundreds of meVs: see Table 4, SOC in the VB was first studied using
DFT calculations [109, 117, 118, 119], but it can be readily understood using, e.g, a
tight-binding model and first-order perturbation theory [26, 36, B7]. An experimental
signature of the spin-splitting of the VB is the energy difference of the A and B excitons
27, 50.

SOC also affects the CB. This was initially neglected, mainly because in MoS,,
which is the most widely studied of the TMDCs, it is indeed a small effect and it was
assumed that the situation would be similar in other monolayer TMDCs. In general the
magnitude of the spin-splitting of the CB is only 7-10% of that of the VB, with the
exception of MoSy, where it is only & 2%: see Table [3, However, in absolute terms it
is an energy scale that can be important at low temperatures and in ballistic samples.
Note that the SOC in the CB at the K point is a more subtle effect than in the VB. In
the simplest theoretical approximation, which assumes that it is sufficient to consider
only the d,» atomic orbitals of the metal atoms, the SOC vanishes. DFT calculations,
on the other hand, indicate that there is a finite spin-splitting in the CB at the K point
[60], 109, 117, 118, [119].

As it turns out, the SOC in the CB can be understood in terms of a competition
between two contributions 34, 36, 49| [60], 120]: i) a first-order contribution from the
chalcogen atoms, which have a small, but finite weight [34] 37] and ii) a second-order
contribution due to the coupling to other bands [34, [36, 49, [60], where the d,, and
d,. atomic orbitals have large weights; see Figure . Due to this competition the spin-
polarisation of the spin-split CBs is different in MoX,; and WX,. Our latest results
were obtained using the FLEUR code, which allows the explicit calculation of the spin
expectation value (s,) in a given band. We find that the spin-split CB with (s,) > 0
({(s,) < 0) is higher (lower) in energy in MoX,, while the opposite is true for WXy: see
Figures[4a) and [4[(b), in which the CBs of MoSe; and WSe, are shown, respectively. By
contrast, as shown in Figures[{](c) and[4[(d), in the VB the sign of (s.) is the same for both
MoX, and WX,. Furthermore, as can be seen in Figures [4[a) and [|(b), the band with
the lighter effective mass is lower in energy for MoXs, leading to band crossing of the two
spin-split bands in the vicinity of the K and —K points [34] [36], [49], whereas for WX,
the lighter spin-split band is higher in energy and therefore there is no band crossing.
(MoTe, is somewhat special in that the crossing of the spin-split bands on the I'-K line
is absent. The other band crossing, on the K—M line, is present). These differences
notwithstanding, there is a spin—valley coupling in the CB similar to the VB. In Figure
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Figure 4. Spin polarisation and dispersion of the spin-split CB and VB in the
vicinity of the K point from DFT calculations. Arrows show the direction of the
spin expectation values (red: spin-up, blue: spin-down). a) and ¢) results for MoXa;
b) and d) results for WX,. Note that the order of spin-up and spin-down bands in
the CB is different for MoXy and WX,. The vertical dashed line shows the position of
the K point. The actual calculations were performed for MoSes; and WSes using the
“(PBE,PBE)” approach.

We also introduce the notation KSD) (Kéi)) for the higher-in-energy (lower-in-energy)
spin-split VB, and similarly for the CB. As a consequence of the spin polarisation of the
bands in optical experiments the lowest-energy spin-allowed transition is K‘(,i) — K éi)
for MoXs and K&)) — K C(llj) for WX,. We note that very recently the first spin-resolved
ARPES measurement on bulk WSe, has appeared [121] and seems to indicate an out-of-
plane spin polarisation of the spin-split VB around K and —K points. Assuming that
the measurements predominantly probe the top layer [121], i.e., effectively a monolayer
sample, they are in agreement with the DFT calculations presented here.

The dispersion around the K and —K points is not simply parabolic [60], which
has to be borne in mind when fitting the band structure to obtain the effective masses
and other band parameters. This can already be appreciated in Figures P(b) and (c),
where a trigonal warping (TW) of the dispersion around the K and —K points can
clearly be seen. The TW is more pronounced in the VB than in the CB. In the
simplest approximation this can be taken into account by a cubic term in the dispersion.
Therefore the dispersion of each spin-split band in the VB and the CB can be described
by

h2q2 5
Bie(a) = 5=+ Coulal® cos(3¢q). 1)
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where the wavevector q = (gs, ¢,) is measured from the K point, ¢4 = arctan(g,/q.),
meg is the effective mass of the given band, and C},, is a parameter describing the TW.
The derivation of Ex(q) based on a multi-band k - p model is presented in Section
and We note that a similar model was recently used in Reference [122].

The values of the mqg and C3,, that we have extracted from our DFT calculations
for each band and material are given in Tables |3| and 4} We note that several works
have already presented tables of, e.g., effective masses [43, 45|, 8], 123], 124], [125] [126]
for different monolayer TMDCs. However, the effects of SOC have often been neglected
leading to, e.g., the conclusion that the effective masses of the spin-split VBs are the
same. Recent experimental evidence shows that this is not the case [107,[193]. Moreover,
due to the presence of the TW, some care has to be taken when defining the effective
mass and, especially, when choosing the fitting range that is used to obtain it from a
DFT band structure. All our DFT band-structure calculations were performed along
the '-K—M line in the BZ. We first fitted meg, i.e., we set C3, = 0 in Equation ({1).
The fitting range corresponded to 5% of the I'-K distance. The dispersion over such
range was considered to be isotropic and the difference in the effective masses along
K-T" and K—M was neglected. Therefore the effective masses shown in Tables |3 and
characterise, strictly speaking, a rather narrow vicinity of the band edge. The non-
parabolicity of the band structure and the trigonal distortion of the constant energy
contours, described by the second term in Equation , was taken into account in a
second step, whereby Equation was fitted over a wider range (typically ~ 10% of
the I'-K distance), but meg, obtained in the previous step, was kept fixed. This two-
step fitting was needed to obtain coherent parameter sets between the simple approach
outlined here and a more accurate model presented in Section [5.3] Further details of
the fitting procedure are discussed in [Appendix B] Looking at Tables [3] and [4] one can
see that the effective masses and spin-splittings obtained from the two different DF'T
calculations are in almost perfect agreement, while there are some differences in the
extracted values of C,,.

Considering first the CB, the extracted band parameters and SOC splittings 2A,
for different monolayer TMDCs are shown in Table [3] To our knowledge there are
no direct measurements of Ay, or mg, for any of these materials yet; therefore it is
difficult to tell how reliable these DF'T-based predictions are. In addition we show the
charge density n., at which the upper spin-split CB K C(}l)) starts to be populated. This
charge density is calculated using the effective mass of the K éi) band given in Table
and assuming a simple parabolic dispersion (i.e., neglecting Cj,,), which is a good
approximation in the CB. Note that typical charge densities achieved by gating in
MoS, are reported to be ~ 4-10' ¢cm™2-3.6 - 10'® cm™2 [127)], a few times 10'? cm™ for
monolayer samples [128] and few-layer samples [129]), and up to 10* ¢cm~=2 in few-layer
WS, using ionic liquid gating [130].

Turning now to the VB, the band parameters and SOC splitting 2A,;, obtained
from our DFT calculations are shown in Table In the case of MoSe,, very recent
high-resolution ARPES measurements [107] allow for a direct comparison with the
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Table 3. Band dispersion parameters and spin-splittings at the K and —K points in
the CB from DFT calculations. m&) (m(b)) is the effective mass of the K gé) (K C(i))
band, and similarly for C’é}g (C’éi?) m. is the free electron mass. n. is the electron
density above which the upper spin-split CB starts to fill.

MoSs MoSes WSy  WSey; MoTe, WTe,

m}) /m, (HSE,LDA) 046 056 026 028  0.62 0.26
mfj)) /m. (PBE,PBE) 047 058 027 029 061 025
m? /m, (HSE,LDA) 043 049 035 039 053  0.39
m'?) /m. (PBE,PBE) 044 050 036 040  0.51 0.38
c{Y) [eVA3] (HSE,LDA) ~336 —3.11 -28 -3.02 -385 —b5.86
c{l) [eVA3] (PBE,PBE) 357 -294 —18 -244 —395 —17.54
c{?) [eVA?] (HSE,LDA) —334 —312 —314 -323 —386 —4.90
0(2) [eVA3] (PBE,PBE) —349 2386 -254 -—297 —404 —9.67
2Acp [meV] (HSE,LDA) 3 22 -32 37 36 —52
2A., [meV] (PBE,PBE) 3 20 -31  -37 32 54
» [10'2 em~—2] (HSE,LDA)  0.54 45 468  6.03 797 848

calculations, because the difference between the effective masses of K\(,}la) and Kii) could

be directly observed. We show two theoretical values for the effective masses in the
VB of MoSey. The first one is obtained using the fitting procedure described above,

, by averaging the values along the K-I' and K—M directions. The second value,
shown in parenthesis, is obtained by following the fitting procedure that was used for
the experimental data [I31]. This latter procedure involves fitting only along the K-T"
direction, and a fitting range of ~ 13% of the K-T' distance. One can see that the
theoretical and experimental effective masses that were obtained using the same fitting
range are in good agreement. Moreover, the calculated value of 2A,}, also corresponds
rather well to the measured one. MoS, is the only other monolayer TMDC for which
ARPES measurements are available to extract the effective mass. However, the ARPES
data of Reference [132] do not resolve K‘Elb) and Kéi) separately; therefore the reported

effective mass is the average of mfjo) and m‘(,i)

. Taking into account the experimental
uncertainty, our results are in reasonable agreement with the measurements of Reference
[132]. The available data for MoSs, MoSe, and WSe, suggest that DFT can capture
the VB effective masses quite well even without GW corrections, such as those found in
Reference [47]. For the other three monolayers, to our knowledge, no ARPES data are
yet available.

In optical experiments the difference of the A and B exciton energies are usually
identified with 2A,;, providing the results shown in Table 4l We note that there are
two assumptions behind the identification of the A and B exciton energy difference with
2Ap,: 1) that the spin-splitting in the CB is negligible and ii) that the binding energies of
the A and B excitons are the same. Regarding i), one can see in Tablethat Ay is small,
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Table 4. Effective masses and spin-splittings at the K point in the VB from DFT
calculations. m&) (m‘(i)) is the effective mass of the K\(,lb) (K\(?b)) band, and similarly

for C’éB (C’éi)) me is the free electron mass. The values in brackets were obtained
using a slightly different fitting range, as explained in the text. Experimental values

are shown in rows denoted by “Exp”.

MoS, MoSesy WS, WSey MoTey WTey
m'}) /m, (HSE,LDA) —0.54 —0.59 (—0.64)  —0.35 —0.36 —0.66 —0.34
m{}) /m. (PBE,PBE) —0.54 —0.60 (—0.60)  —0.36 ~0.36 —0.62 —0.32

Exp —0.6+0.08%  —0.67+0.4° —0.35 + 0.017
m'?) /m, (HSE,LDA) —0.61  —0.7 (=0.72)  —0.49 —054 —082 —0.58
m'?) /m, (PBE,PBE) —0.61  —0.7 (-0.69)  —0.50 —054 —0.77 —0.54

Exp ~0.6+£0.08°  —0.75+0.3 —0.49 + 0.05
c{Y) [eVA3] (HSE,LDA) 6.16 5.67 4.59 647 544  6.77
c{l) [eVA3] (PBE,PBE) 6.08 5.21 6.07 579 546 17.61
C{?) [eVA3] (HSE,LDA) 5.78 5.42 5.50 518 514 483
c{?) [eVA3] (PBE,PBE) 5.71 5.064 5.04 478 509  9.08
2Ap, [meV] (HSE,LDA) 148 186 429 466 219 484
2A,, [meV] (PBE,PBE) 148 184 425 462 213 480

Exp [meV] ~ 140° ~ 180°  ~ 4009, ~ 4009 250¢

~ 1507 ~ 180f 380" > 460"

160™ ~ 200™ 4101 400!

1407 400 510m

1407 400! ~ 5007

138" 202" 379" 4047

3911 412t

4307

513°

*[132], sodium intercalated sample and ARPES measurement.
bPrivate communication by Yi Zhang based on ARPES measurements; see [107].
@27, F[133], ‘[134], I[135], [136], "[137], from differential reflectance.
¢[107], from ARPES measurement.
4[138], 9[139], P[140], from photoluminescence.
[141], from differential transmission.
[

=

k23], from electroluminescence.

™[142], from photocurrent spectroscopy of suspended samples.
"[143], from absorbance measurement.

2[121], from spin-resolved ARPES measurement.

t[144), from reflectivity measurement.

*[145], from linear absorption.

Y[192], from reflectance measurements.

#[193], ARPES meauserement.

but finite, and for quantitative comparisons between theory and experiment it should
not be neglected. As for ii), we note that the binding energy of the A and B excitons
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depends on their reduced mass, which, according to Table [4] should be different for the
different exciton species. With these caveats the agreement between the calculations
and the experiments is qualitatively good, especially for MoSs and MoSes.

Comparing the DFT-calculated effective masses in Tables |3 and [4] for the VBs and
CBs that have the same spin-polarisation, one can observe that there is no electron—
hole symmetry in the band structure. The first experimental evidence to support this
observation, coming from magnetoluminescence experiments, has appeared very recently
112, 113) 114, 015, 195]. Regarding the experimental relevance of TW, it has been
argued [111] that it leads to measurable effects in the polarisation of electroluminescence
in p—n junctions. We note that due to the heavier effective mass in the VB and the
larger values of (s, the TW is more pronounced in our DFT calculations in the VB
than in the CB. In the latter a simple parabolic approximation is often adequate.

We finish Section with a brief discussion of the quasiparticle band gap Epgk,
which we define as the difference between the maximum of the K‘(,ll)) and K C(i) bands at the
K and — K points. DFT calculations for monolayer TMDCs underestimate the band gap
(see Table p|) and its evaluation requires the use of GW methodology [45, [46, 47, 8T, T17].
Experimental evidence that supports the conclusions of the GW calculations is now also
emerging. Apart from its fundamental importance, the main reason for discussing Epg x
and showing our DFT results is that Ey, x enters into the fitting procedure that we use
to obtain the parameters of the k - p Hamiltonian that describes the dispersion in the
vicinity of the band edge. The details of the k - p model and the fitting procedure are
given in Section [5.3|and [Appendix B| As one can see, our DFT calculations significantly
underestimate the experimental quasiparticle band gaps. We also note that in heavily
doped samples, which were used in the ARPES measurements [107, [132], the observed
band gap is reduced with respect to results obtained by other methods [24] [135] 142} 146],
hinting at the crucial importance of screening in monolayer TMDCs.

5.3. k- p Hamiltonian

We now present a low-energy effective k - p Hamiltonian that describes the coupled
dynamics of the VB and CB. Part of the theory was previously discussed in References
[60] and [49]; in the present work we both overview and extend these earlier results.
To obtain a model that captures the most important features of the dispersion
of the VB and CB one can start from a seven-band model, which was introduced
in Reference [60, 49]; motivation and details of the model are given in [Appendix Al
An effective low-energy Hamiltonian can be derived from the seven-band model by
systematically eliminating all degrees of freedom other than the ones corresponding to
the VB and CB using Lowdin partitioning [I50]. We keep terms up to third order in
the off-diagonal coupling elements of the original seven-band model and use the spinful
basis {|U"P s), [T s)}, where |¥'P) (|J¥<P)) are spinless Bloch wave functions in the VB
(CB) and |¥P, s) = |UP) @ |s), with b = {cb, vb} and s = {7, ]} denoting the band spin
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Table 5. Band gap FEgk at the K point from DFT calculations, from GW
calculations, and from measurements. Eiq k is defined as the energy difference between
the bands K\(/lb) and K, é;‘;) at K. The GW “flavour” used in the calculations is also
shown. Experimental values are shown in rows denoted by “Exp”. All values are in

eV.
MoS, MoSes WS, WSes MoTes WTe,
(HSE,LDA) 1.67 1.40 1.60 1.30 0.997  0.792
(PBE,PBE) 1.59 1.34 1.58 1.27 0.947  0.765
GW 2.84" 2.41Lm 2.88La 249! 1.77 1.774
2.7654 2.26 (2.13)" 2.70P  2.38¢ 1.79™  1.79*
2.80% 2.33¢ 3.11F  2.51® 1.82¢
2.82! 2.31% 2.91% 1.77%
2.97™
Exp 2.5@ 2.18° 2.14¢ 251 4+0.04"
2.144+0.089 2.02°,2.225  241¢  2.0%2.18°
Exp (ARPES) 1.86° 1.587

*[142], photocurrent spectroscopy on suspended samples, lower bound.
[146], scanning-tunnelling experiments, on bilayer graphene substrate.
°[24], transport measurements using ionic liquid gating.
4[135], differential reflectance, on SiOs substrate.
¢[132], / [107], from ARPES, heavily doped sample.

|

|

=

9[151], °[152], scanning-tunnelling experiments, on graphite substrate.

<

[153], scanning-tunnelling experiments.

haT), GyW.

J[117), quasiparticle self-consistent GW.
k[81], self-consistent GWj.
HA5), ™46], 9[147), *[101], GoWy method.

™146], G1W without (with) substrate screening taken into account.

l
[134], G

degree of freedom, respectively. One finds that the low-energy effective Hamiltonian
is the sum of the following terms:

i) The free-electron term Hy = (12 ®$,), where 15 is a unit matrix in the electron—
hole space, s, is a spin Pauh matrlx, and m, is the free electron mass. Here and
in Equations f the wavevector q = (¢, q,) is measured from the K or —K
points. We note that Hj is usually neglected in the GaAs literature on account of
the light effective mass in this material, but here we want to keep it.

ii) The SOC Hamiltonian H2:°, which contains the diagonal and g-independent

SO )

contributions of the SOC. It reads

TAVbSZ 0

H™® —
80 0 TN, |

(3)
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i.e., it is diagonal in spin space and is proportional to the Pauli matrix s, (for
further details see . H7;® describes the spin-splittings of the CB and
the VB, which are due to the absence of inversion symmetry in monolayer TMDCs.
Since HD® is diagonal, one can also write it in terms of the eigenvalues s = +1
of s.; we will use the two notations interchangeably. Moreover, the index 7 = 1
(1 = —1) denotes the valley K (—K). Where it is more convenient, we will also use
the matrix 7, which acts in the valley space. In the VB, the parameter A, that
describes the strength of the SOC can always be taken to be positive. As explained
in Section , the situation is more complicated in the CB [34] 49, 36], because
DFT calculations show that, in the case of MoXs, the spin-split bands cross close
to the K and —K points, while there is no such band crossing for WXs. This can
be understood in terms of Ay, having opposite signs in MoX, and WXo.

iii) Finally, the k - p Hamiltonian Hy} in Equation is given by

Hyy = Hy® + HZ' + Hi) + HEL (4a)
where
7,8 Evb T-7 qz
Hy”™ = m ) 4b
D T- ’Y:,sqji—- Ecb ) ( )
2
or sq 0
H» = ’ , Ae
0 Bra? ) (4c)
0 firs(q7)°
HTS — T,s\d+ Ad
o KE(q0)? 0 ’ (4d)
1 0 nrsq”
HGp = -7 54 « ’ . de
b,1 2 ( 777_78(1:_ 0 > ( )
7,8 ws 1 O
Haa = =75 lal cos(3ea) ( 0 1 ) | (4

Here ¢7 is defined as ¢ = ¢, £i7q,, pq = arctan(g,/q.), evw», and e, are band-edge
energies, vrs, Qrs, Br.s; Krss Nrs, ald w, are material parameters discussed below.
Hy0 is a generalisation of the results given in Reference [60] for the case in which
the material parameters depend on the SOC.

In general all off-diagonal material parameters appearing in Hﬂf; are complex
numbers such that for 7 = —1 (=K valley) they are the complex conjugate of the
7 = 1 (K valley) values. Concrete values of the material parameters for each MX,
material can be obtained by, e.g., fitting a DFT band structure, see Tables [6] and [7}
Note however, that the fitting procedure (see yields real numbers for each
parameter. We now briefly discuss each of the terms [Equations (48)-(4/)].

i) Terms up to linear order in g, and g— can be found in Equation (4¥). HJ® is
basically the massive Dirac fermion model introduced in Reference [26]. It describes
an isotropic dispersion around the band edge and it does not break the electron—hole
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symmetry. The value of 7, , also depends on the SOC, but the Lowdin-partitioning
calculations suggest that this dependence should be weak. This is indeed what we
have found from fits to the DFT band structure. Therefore in the following we
suppress both the spin index s and, since 7 is taken to be a real number, the valley
index 7.

ii) Diagonal terms quadratic in ¢, and q— are given in Equation (4d). HZ® breaks the
electron-hole symmetry because in general o, # ;5. The recent observation of
photoluminescence peak splitting in magnetic fields [112) 114, 113, 115] suggests
that electron-hole symmetry is indeed broken. Both o, and f3;, can be written
as, €.g., g =g +7-5-aand hence o, s = av_r_, Brs = Br_s.

iii) Off-diagonal terms quadratic in q, and q_ are given in Equation . H;» in

combination with H[)®, leads to the TW of the energy contours that can be observed
in Figures 2b) and (c). [For further details see Equation (B.I) in [Appendix
. The TW is expected to play an important role in the explanation of recent

electroluminescence experiments [I11]. It may facilitate the generation of valley
and spin currents that are second order in the applied bias [122]. Moreover, it was
observed in ARPES measurements [108] [121].

iv) Off-diagonal terms cubic in gy and q_ appear in Equation . H;ﬁ),l is important
for obtaining a good fit to the DFT band structure away from the K point in a
two-band model that describes the coupled dynamics of the VB and CB. They
also play role when one uses the eigenvalues of Hamiltonian to fit the DFT
band structure in order to extract material parameters (see Tables [6] and [7] below).
In particular, combined with the off-diagonal first-order terms, they contribute in

second order in the wavenumber to the eigenvalues (for details see |[Appendix Bj).

v) Diagonal terms cubic in q, and q_. In some cases it is more convenient to work
with a model that gives the dispersions of the VB and CB separately. Cubic terms
in q are needed to capture the non-parabolicity of the bands, and such a model is
given by Equation . It can easily be obtained by applying Lowdin partitioning
to Equation and eliminating either the electron or the hole degrees of freedom.
In this case, for consistency, the term H(:Tﬁig in Equation also has to be taken
into account.

We note that, starting from a TB Hamiltonian, a model containing the terms —
and the VB spin-splitting was also obtained in Reference [32].

In comparison to Equations and f, the widely used gapped Dirac
Hamiltonian model introduced in Reference [26] contains only the terms linear in ¢
and the spin-splitting in the VB. It can be written as

; E o, —1
Hp =~(1q.0, + qyay) + %az + AypTS, 5 (5)

Here the Pauli matrices o, , . act in the electron-hole space. This simple model correctly
captures the large spin-splitting of the VB, that the dispersion in the close vicinity of
the K valley is quadratic, and predicts the valley-dependent optical selection rule [26]
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in accordance with experiments [27, 28, 29]. However, the preceding discussion of the
various terms in Equation clearly indicates the limitations of Equation in the
interpretation of certain experimental results and DFT calculations: it cannot describe,
for example, the spin-splitting of the CB, the electron—hole asymmetry and the trigonal
warping of the spectrum.

The eigenstates and eigenvalues of the k - p Hamiltonian can also be used
as a starting point for analytical calculation of the Berry curvature [148]. The Berry
curvature is relevant for the quantum transport characteristics of TMDCs, such as the
valley Hall effect [26] and weak localisation [154], while a related quantity, the spin Berry
curvature [149], gives rise to a finite spin Hall conductivity for moderate hole doping.

Finally, we show the k - p parameters obtained from fitting of the DFT band
structure (see Tables @ and @ using the model that explicitly contains the coupling
between the VB and the CB. In this case the diagonal cubic term [Equation (4/)]
is not important for obtaining a good fit to the band structure and therefore the wy
parameter is not shown. Close to the band edge the k - p parameters given in Tables [0]
and [7] reproduce the effective masses shown in Tables [3land [ The details of the fitting
procedure are given in [Appendix B] Since the effective masses and Cj,, parameters
extracted from the (HSE,LDA) and (PBE,PBE) approaches are rather similar, we only
show results that are based on (HSE,LDA) DFT band-structure calculations. Due to
the SOC all parameters, with the exception of v, are different for different spin indices
5. Since the Hamiltonian of Equation is diagonal in the spin space, i.e., it describes
the coupled dynamics of the VB and CB having the same spin, it is convenient to
introduce the notation s =1 (s =) for s =1 (s = —1). Regarding the correspondence
between the notation used in Section [5.2] and here, note that the order of the bands
with 1 and | polarisation in the CB is different for MoXs and WXjy. Therefore in the
VB the upper index (1) ((2)) is equivalent to | (1), but in the CB the relation depends
on which material is considered. We note that the parameter v can, in principle, also
be obtained directly as a momentum matrix element between the Kohn-Sham wave
functions of the VB and CB. For these calculations we used the CASTEP code [155],
where the necessary plane-wave coefficients of the wave functions at the band edges are
readily accessible. These values are denoted by |yks| in Tables @ and . On the one
hand, the good agreement between |vy| and |yks| indicates the consistency of our fitting
procedure. This is not trivial, because the fitting involves a non-linear function of the
k - p parameters. On the other hand, one has to bear in mind that |v| is obtained such
that it would give the best fit to the DFT band structure over a certain range in the
BZ. Therefore it may differ from the value of |ykg| that is calculated at a single point
of the BZ. The valley index 7 is suppressed in Tables [0] and [7] because, as mentioned
above, from the fitting procedure we obtain real numbers for the off-diagonal terms.

As explained in [Appendix B] our fitting procedure involves the quasiparticle band
gap g k. For this reason two sets of k-p parameters are reported in Tables @ and |Z|: one
in which we used Ej, k values obtained from our DFT calculations and one in which we
used Eyg x values found in GW calculations; see Table . In the latter case we make the
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Table 6. k - p parameters at the K point.

In columns labelled by “DFT” the

parameters obtained with the help of DFT band gap are shown, for the columns
labelled by “GW?” the band gap is taken from GW calculations.

MoS, MoSe, WS WSe,
DFT GW DFT GW DFT GW DFT GW
Euex [eV] 1.67 2.80 140 226 1.60 288 130 242
Ivks| [eV-A] (HSE,LDA)  3.00 ~ 252 - 385 - 331 -
7| [eV-A] (HSE,LDA) 2.76 222 253 220 334 259 317 260
ar [eV-A?] (HSE,LDA) —597 —6.21 —534 -576 —6.14 —6.56 —525 —5.97
ay [eV-A?] (HSE,LDA) —6.43 —6.65 —571 —620 —7.95 —7.96 —6.93 —7.58
By [eV-A?] (HSE,LDA) 028 052 —095 —0.54 162 203 033 1.08
B, [eV-A?] (HSE,LDA) 054 0.76 —0.52 —0.03 400 4.00 235 3.0
Ky [eV-A?] (HSE,LDA) —1.48 —184 —131 —149 —124 —-1.60 —1.11 —1.36
ky [eV-A?] (HSE,LDA) —1.45 —180 —1.23 —140 —1.09 —1.41 —093 —1.14
m [eV-A3] (HSE,LDA) 13.7 17.74 1511 18.28 21.85 29.49 18.04 23.78
n, [eV-A%] (HSE,LDA) 21.1 2695 17.10 20.93 31.73 40.94 26.17 34.49
Table 7. k - p parameters at the K point. In columns labelled by “DFT” the
parameters obtained with the help of DFT band gap are shown, for the columns
labelled by “GW?” the band gap is taken from GW calculations.
MOTGQ WTGQ
DFT GW DFT GW
Euex [eV] 0.997 1.82 0.792  1.77
Ivks| [eV-A] (HSE,LDA)  2.12 - 284 -
Iv| [eV-A] (HSE,LDA) 233 216 3.04 279
ar [eV-A?] (HSE,LDA)  —4.78 —531 —3.94 —5.02
oy [eV-A?] (HSE,LDA) —4.85 —578 —520 —7.31
By [eV-A?] (HSE,LDA)  —2.19 —1.66 —0.9  0.17
B, [eV-A?] (HSE,LDA) —1.78 —0.84 0.60 2.72
Ky [eV-A?] (HSE,LDA) —1.19 —1.28 —1.01 -1.10
Ky [eV-A?] (HSE,LDA) —1.01 —1.09 —0.96 —1.04
m [eV-A%] (HSE,LDA) 1326 1518 14.72 17.61
n, [eV-A%] (HSE,LDA)  13.54 16.37 19.41 27.12

assumption that the bands above the Fermi energy are rigidly shifted upwards in energy
such that the effective masses and the TW in the VB and CB remain the same. We
believe that this is a reasonable assumption because the available experimental evidence
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(see Tables 4| and suggests that, at least in the VB, the effective masses are captured
quite well by the DFT calculations.

6. Effective models at the @) (a.k.a. A) point

6.1. QQ; points

In addition to the K and — K points, there are six other minima in the CB which may be
important for, e.g., relaxation processes. We denote the BZ points where these minima
are located by @Q;, (i = 1...6); they are also known as A points [see Figures [2[ and
(b)] We note that phonon scattering between the K and —K points and (); points
is symmetry-allowed [96] and that, depending on the energy difference Exq (see Figure
, the electron mobility may be significantly affected by these scattering processes
[39, 140, [42]. However, as we will show, understanding the SOC at the @Q); points is also
important when considering the possible scattering processes, a fact which seems to
have been overlooked in some recent publications. We start in Section [6.2| with a basic
characterisation of the band structure in terms of the effective masses and point out an
important effect of SOC on the spin polarisation of the bands. A detailed k - p theory
is given in Section [6.3]

6.2. Basic characterisation and material parameters

Let us consider the ) minimum, which can be found along the I'-K direction [see Figure
(c)] We choose k, to be parallel to the I'-K direction, while &, is perpendicular to it.
Neglecting SOC for a moment, our DFT calculations show that, close to the ), point,
the energy contours are to a good approximation ellipses whose axes are parallel to k,
and k, [see Figure (a)]. Therefore, to a first approximation the dispersion around (Q;
is quadratic with different effective masses m%@, and mOQ,y along k, and k;:

2 2 h2 2
Fola) = 5+ oL
MQ.a mQ.y

(6)

where the wavenumbers ¢, and ¢, are measured from the energy minimum of the
dispersion (see Section for details). As one can see in Table [§ the ratio of the
effective masses is m%vy/mOQJ ~ 2 for MoXy and WTe,; and m%vy/m%@ ~ 1.3-1.8 for

WS, WSey. The SOC has two major effects [see Figure [5|(b)]:
i) it splits the spin-degenerate levels by an energy 24y, and

ii) the effective masses in the spin-split bands are different.

Similarly to Section , we introduce the notation le) (Q§2)) for the higher-in-
energy (lower-in-energy) spin-split CB at the Q; point [see Figure [f[b)]. The basic
characterisation of these bands therefore requires two effective masses for each of the
two spin-split bands and the spin-splitting energy 2A. In addition, it is also important
to know the energy difference Exq between the band extrema of the Ql(-Q) and K (512)) bands.
These parameters, obtained by fitting to our DFT band structures, are shown in Table
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Figure 5. a) Energy contours at the @ point obtained from (HSE,LDA) DFT

calculations for MoS;. SOC is not taken into account. The energy difference between
the energy contours is 0.04 eV. b) Band structure of WSey along the I'-K direction
around the @ point with SOC (red and blue lines) and without SOC (green line). The
bands without SOC are shifted in energy for clarity. Vertical bars indicate the k,
values at which the corresponding curve has a minimum. The results were obtained
from (PBE,PBE) DFT calculations.

Table 8. Material parameters at the () point. ng is the electron density above which
the carriers start to populate the @ valleys, assuming (HSE,LDA) values for Fkq.

MoSs  MoSes WSy  WSeys MoTes WTey
mb), /me (HSE,LDA) 064  0.54 069 073 042  0.44
mb) /m. (PBE,PBE) 0.66  0.58 086 071 036  0.44
mb) /me (V, HSE,.LDA) 121 111 094 091 116  0.922
mY) /m. (PBE,PBE) 131 1.18 095 093 118  0.94
mY), /me (HSE,LDA) 056  0.48 052 042 043 03
m) /m. (PBE,PBE) 061 051 054 045 044  0.29
my) /m. (HSE,LDA) 113 1.08 074 074 099 081
mYy) /m. (PBE,PBE) 121 115 074 075 122 08
2Aq [meV] (HSE,LDA) 70 21 264 218 22 192
2Aq [meV] (PBE,PBE) 75 26 262 221 13 201
Fxq [meV] (HSE,LDA) 207 137 81 35 158 158
Exq [meV] (PBE,PBE) 246 163 58 32 173 140
FExq [meV] (Exp) >60® 150 + 30° ~ 0P
nq [10'2 cm~2] (HSE,LDA) 7642  54.97 1717 57  66.62  37.27

@ from ARPES; see [156].
b[152], from scanning-tunnelling microscopy.

+7.5% of the 'K distance around the ) point in

the k, direction and roughly half of that in the k, direction. Looking at Table [8{one can
see that the effective masses obtained from the two DF'T calculations are again in good

agreement, while small differences can be seen in the results for 2Aq. However, there
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are noticeable differences in the energy separation Fxq between the bottom of the CB
at the () and the K points, which we ascribe to the different lattice constants used in
the two types of DFT calculations. There are no experimental results for Fkq to date,
except for MoS,, where the data indicate that Exq 2 60 meV [132]. Note, however, that
the ARPES measurements in Reference [132] were performed on potassium-intercalated
samples, and the effects of the intercalation on the band structure of TMDCs have
not yet been studied in detail. We also note that computationally Fkq, in contrast
to the band gap Eyg, appears to be less sensitive to GW corrections [157] if the latter
calculations are well converged. As already pointed out in Section [5.2], due to the lack
of experimental evidence, it is currently difficult to tell how accurate these predictions
for the effective masses and spin-splittings are.

We have also calculated the carrier density ng at which the Fermi energy, measured
from the bottom of the K-point valley in the CB, reaches the bottom of the Q)-point
valley; see Table[8] We assumed a simple parabolic dispersion for the CB in the vicinity
of K, where the effective masses of K éé) and K (Ei) are given in Table . Our results
suggest that for MoXs it would not be easy to achieve the doping levels needed to
populate the le) valleys, but for WS, and WSe, the required doping levels appear to
be attainable.

As noted in Reference [37], the valley—spin coupling is present not only in the K and
— K valleys, but also in the @); valleys, and this may have experimental consequences.
The calculated spin polarisation of the CB between the K and the @); point is shown
in Figure [6] for MoSe; and WSe,. One finds that despite the band crossing(s) between
the K and ); points, for MoS; and MoSe; the spin-polarisation of the Q?) band is the
same as the spin polarisation of the KC(Z) band [see Figure @(a)] For WX, and MoTes,
however, due to the band crossings, the spin-polarisation of K c(g) is opposite to the spin
polarisation of QgQ) [Figure @(b)] The spin polarisation of the le) and ng) bands in
other @); valleys can be deduced by taking into account time-reversal symmetry and
whether they are along the I'-K or I'-(—K) line. The spin-polarisation of bands at the
(Q; points determines which scattering processes are allowed or suppressed between the
K (—K) and Q; valleys. This is illustrated in Figures [6]c) and [6[d). For example, in
the case of MoSy and MoSe, [Figure @(c)] scattering from Kc(f) to Q?), Q:(f), and Qéz)
is allowed, while scattering to le), ff), and Qél) is, strictly speaking, also allowed
but should be suppressed with respect the former processes due to the relatively large
spin-splitting 2A.

6.3. k- p Hamiltonian

Due to the low symmetry of the ); points in the BZ and because there are many nearby
bands in energy, there is a large number of band-overlap parameters that would need to
be taken into account in a detailed multi-band k- p model. Therefore it is more difficult
to develop such a theory and it would offer less insight. Nevertheless, a low-energy
effective k - p Hamiltonian can be derived with the help of the theory of invariants [57]
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Figure 6. a) and b): Dispersion of the CB between the K and () points obtained
from DFT calculations. Arrows show the direction of the spin expectation value (red:
spin-up, blue: spin-down). a) Results for MoSs and MoSes; b) results for WXs.
MoTes, strictly speaking, is different from both a) and b). The actual calculations
were performed for MoSes and WSey using the (PBE,PBE) approach. c¢) and d):
schematic illustration of the lowest energy allowed scattering processes between the
spin-split bands at the K (—K) and @; points. The situation in MoTey corresponds
to d).

(for a recent discussion see, e.g., References [158] and [I59]). The pertinent symmetry
group is Cyy; for convenience, its character table is shown in Table [J] [58].

Table 9. Character table and invariants for the group Cyp.

Clh E Oh
A K2 K2, kaky .k ky 11
A" Z, 84,8, 1 -1

As in the case of the K and — K valleys, the ();-point minima are pairwise connected
by time-reversal symmetry and to describe this one can introduce the matrix 7., whose
eigenvalues, 7 = +1 label individual members of the pairs of valleys. As an example, let
us consider the Q1 (7 = 1) and Q4 (7 = —1) minima, which can be found along the I'-K
and ['-(—K) directions, respectively [see Figure [2|(c)]. This direction is parallel to the
k. component of k. Using Table [0 the most general Hamiltonian, up to second-order
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in k and taking SOC into account, reads:
k2 Rkl Rk,

H® = + Ays,T, + arkys, + ask,s
Q 7,8 7,8 T,S Q°z'z 1hgoz 2hvyoz
2MGa  2MGy  2MGg,
+ blkxTz + b2ky7_z + EQ7 (7)
1/ m(Tc; vyy) A€ effective masses, s = +1 are the eigenvalues of the spin Pauli matrix s..

Furthermore, Egq is the band-edge energy if SOC is neglected, A is the spin-splitting
at ), and a; 2 and b; o are material parameters to be discussed later. Since we are going
to develop a theory in which the dispersion is parabolic, in contrast to Section [5], we
will not keep track of the free-electron contribution explicitly.

To simplify the discussion, let us first neglect the spin degree of freedom. Then
Ay =a;p=0and m(é;my’xy)
are, to a good approximation, ellipses whose axes are in the k, and k, directions [see
Figure (a)], one finds that 1/ m?Q,Iy) = 0. The effect of the terms ~ by, by in Equation

(7) is to shift the minimum of the dispersion. Therefore introducing the wavenumbers

= m?Q7x7y7xy). Since close to @1 (Q4) the energy contours

¢ and ¢, which are measured from k = (7kg, 0), i.e., from the @; (Q4) point, one can
set by = by = 0 and write
HO _ h2q§
@ 90
Q,x

h? qj

f! 0 ’
mny

+

where EKQ measures the energy difference with respect to the K point in the absence
of SOC. The effective masses mg, , and mg) , are in general different.
Taking SOC into account, H;®* [Equation (7)] can be re-written in the following

form:
s h2 $+Sz' wg h2 +82' 2
HEe = (90 +5: - G0a)” | PGy + 52 - dou)” | Ags.r. + o, (9)
ZmQ’w QmQ”y

where Fgq is defined in Figure . One can see that SOC has the following effects:

i) it splits the bands and opens a gap Ag between the spin-up and spin-down bands;
ii) it shifts the minima of the spin-split bands off from the k = (7kg, 0) point by ¢g .,
and qq y;
iii) it makes the effective masses of the spin-polarised bands different, so they are given
by 1/m(757x7y) = l/m((]Q’x’y) — 75/0MQ.2,)-
An illustration of i) and ii) is shown in Figure [f(b) taking WSe, as an example, where
these effects are most clearly seen. The material parameters mgiﬁ’y, 9Q.2> 9Q.y» Dg, and
Ex¢ can be obtained from, e.g., DFT calculations; see Section[6.2 We find that qq,, is

zero within the precision of our calculations and qg , is always very small.

7. Effective models at the I" point

7.1. T point

Next we consider the band structure at the I' point. There are three main motivations
to include the I' point in our work: i) there is a local maximum in the VB at the I'
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point, which could be observed in recent ARPES measurement [106], 107] and therefore
it is of interest to compare the experimental and calculated effective masses; ii) there
are several experimental reports [137, 142, [143] [196] on optical transitions over a broad
energy range showing peak(s) in the absorption of monolayer TMDCs at energies larger
than the one corresponding to the fundamental gap at the K point. Theoretically, it
was argued that in MoS, excitons can also be formed in the vicinity of the I' point [47]
and that these “C-excitons” are qualitatively different from the ones at the K point
because they arise from an effectively one-dimensional energy minimum in the “optical
band structure” (for the exact definition see below); and iii) finally, understanding of
the VB and CB behaviour at the I' point is important in the interpretation of scanning
tunnelling microscopy (STM) experiments [146], [151], 152, [153], 160, 161].

7.2. Basic characterisation and material parameters

We start the discussion with the VB maximum at the I' point (VBMG). The spin-
splitting is at I" point is zero, and in the VB it remains negligible over a considerable
region of k space [see Figure 2fa)]. Moreover, to a good approximation the dispersion
around the VBMG is isotropic (see Figure[2b) and Section[7.3)) and parabolic. Therefore
it can be described by

m

which is characterised by a single effective mass m}" and the energy Fxr, which is the
energy difference between the maximum of the K ‘(111)) band at the K point and the VBMG.
The values of m}" obtained from fitting the results of our DFT calculations are given in
Table [10[and experimental results, where available, are also shown. The effective masses
my? were obtain by fitting the band structure along the I'-K direction in a range of
~ 21% of the 'K distance. The calculated m}" values are in reasonable agreement with
the available experimental results. There are, however, noticeable differences between
the theoretical and experimental Exg values, which we attribute to substrate effects.
Note that the weight of the chalcogen p orbitals is substantial at the I" point (see Figure
or Reference [35]) so that one can expect a stronger interaction between the substrate
and the electronic states. Interestingly, the my"> parameter does not seem to be affected
as strongly as Exr by the substrate. Comparing Tables [4] and [I0] one would expect
the VBMG to be the most important for the transport properties of MoSs because it is
probably quite close in energy to the maximum of the K\(,,la) band (which we denote by
VBMKI1; we also introduce the label VBMK2 for the maximum of the Ké? band), thus
facilitating scattering processes in the VB that do not require spin-flips. Furthermore,
according to our DFT calculations VBMG lies in between VBMK1 and VBMK2 for
MoS; and WS, while it lies below VBMK2 for MoSe; and WSes.

Optical transitions at higher energies than the ones at the fundamental band gap
have attracted considerable theoretical interest [47, 162, 163, [164] recently. To obtain
an insight into the possible transitions, we plot the optical band structure for monolayer
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Table 10. Effective masses m® at the I" point in the VB from DFT calculations. m,
is the free electron mass. The energy difference Exr between the VBMG and VBMK1
is also given. nr is the hole density where the states at the I point start to fill with
holes assuming the (HSE,LDA) values for Exr. Experimental values are shown in rows
denoted by “Exp”.

MoSs, MoSes WS, WSes MoTe;, WTe,
my?/m. (HSE,LDA) —2.60 —3.94 —2.18 —2.87 —29 —5.19
my®/m. (PBE,PBE) —2.45 —3.49 -2.15 —2.70 -10.76  —4.18
m¥P /m. (Exp) —2.4+0.3* -3.940.3
Exr [meV] (HSE,LDA)  —70 —342 —252  —496 —540  —630
Exr [meV] (PBE,PBE)  —46 —329 —269  —506 —526  —646
Exr [meV] (Exp) ~ —140° —380°¢ —880°

—370 + 404 —590 4 40¢

nr[10*2cm~2](HSE,LDA) 15.8 130 36.86 814 259 124.92

*[106], ARPES measurements, exfoliated samples on SiOz substrate.

bprivate communication by Yi Zhang, ARPES measurements, see [107].

¢[107], ARPES measurements, samples grown by MBE on bilayer graphene on top of
SiC (0001).

4[152], STM measurements, samples grown by MBE on HOPG.

¢[193], ARPES measurements, exfoliated samples on SiO, substrate.

TMDCs in Figures over the whole BZ. Here, following References [142] and [165],
the optical band structure is defined as the difference between the dispersions of the
CB and VB: Eg (k) — Eyp(k). For simplicity, SOC is neglected in these calculation. A
clear “gear-shaped” minimum [142] is noted both for MoS,; and WS, around the I' point
[Figures[7j(a) and [§] (a)] and for each material one can also observe saddle point(s). Both
minima and saddle points lead to Van Hove singularities in the optical density of states
(see below) and can have an important effect on the interband optical transitions. For
a more quantitative understanding of the interband transitions therefore one also needs
to consider the optical density of states (optical DOS), which is defined as the density
of states of the optical band structure (the terminology “joint density of states” is also
used; see, e.g., [165]). For 2D systems it reads

peulE) = % [ 8200 — B 0] - B) k. (11)

The calculated optical DOS for the monolayer TMDCs that we have considered are
shown in Figures [7H0. A peak in the optical DOS corresponding to the minimum in
the optical band structure is present at ~ 2.65 eV for MoS, [Figure [7|c)] and =~ 2.75
eV for WS, [Figure [§(c)]. However, other peak(s) and a wide shoulder extending into
higher energies can also be seen in the optical DOS. We attribute these features to
saddle points in the optical band structure, which can be observed, e.g., along the I'-K
line for WS, and to the saddle points at the M point in the optical band structure of all
four MX, materials. These observations motivate us to have a closer look at the band
structure at the M point as well, which is presented in Section [§
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Figure 7. Optical band structures [a) and b)] and the corresponding optical densities
of states [c) and d)] obtained from (HSE,LDA) DFT calculations in which SOC was
neglected. In a) and c¢) data for MoSy are shown; in b) and d) data for MoSe, are
shown. In a) a lighter colour “gear-shaped” region around the I' point is clearly visible.

Finally, we emphasise that for a quantitative understanding of the optical band
structure and the interband optical transitions the effects of SOC are also important.
In general, they lead to spin-splitting of the bands (except along the I'-M line), or
splitting of the Van Hove singularity (see Section . The energies of these splittings
may be comparable to or larger than the linewidth of the optical transitions leading to,
e.g., the possibility of spin-polarised optical current injection [26], [164].

7.3. k- p Hamiltonian

As in previous sections, we use group theory to obtain effective k-p Hamiltonians for the
VB and CB. Similarly to the K point, it is possible to set up a multi-band k - p model.
We have found, however, that the number of necessary bands, even if one neglects SOC,
is quite large and, as will be shown later, terms up to fourth order in k need to be
taken into account in order to capture the features of the band structure related to the
C-exciton terms. Therefore we present here only a simplified discussion of the problem:;
a more complete theory is left for a future work. As we will show, important insight
can be gained from the spinless case, i.e., in the discussion that follows we will neglect
SOC.

The bands of interest are the VB, the (doubly degenerate) CB [shown by green lines
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Figure 8. Optical band structures [a) and b)] and the corresponding optical densities
of states [c¢) and d)] obtained from (HSE,LDA) DFT calculations in which SOC was
neglected. In a) and c) data for WS, are shown; in b) and d) data for WSey are shown.

in Figure[10|(a)] and the first (doubly degenerate) band above the CB, which we denote
by CB+1 [black lines in Figure [10[(a)]. We will rely on group-theoretical arguments,
which are very convenient at the I' point, where, as mentioned above, several atomic
orbitals contribute with significant weight to each band. The pertinent symmetry group
is D3, and the character table is shown in Table

Table 11. Character table of the point group Ds,.
D3h E Op 203 253 3Cé 3Uv
A1 1 1 1 1 1
A, 1 1 1 1 -1 -1
A 1 -1 1 -1 1 1
A1 -1 1 -1 -1 -1
E’ 2 2 -1 -1 0 0
E" 2 =2 -1 1 0 0

Symmetry analysis of the contributing atomic orbitals implies (see, e.g., Table IV
in Reference [60] and the discussion at the end of that the VB at the I'
point belongs to the A irreducible representation of Dsy. As already given in Equation
(0], up to second order in q, the dispersion is parabolic and isotropic [see Figure [2{(b)],

characterised by a single effective mass m{P. Values of m}" obtained from fitting the



k - p theory for 2D TMDCs 31

0-8 3 — 0.8 3 —
[a) 2 ) =
0.4 2 _ 04 2
¢ R 3
= *m & M
&0 4580 12 O
& 1 s 1
0.4 0.4

-0.8 [ -0.8

-0.8-04 0 04 08 -08-04 0 04 08
ky[2m/a ] ky[27/a) ]
18— 12—
— 16rC) | — |
E 14} ““ E 1rd) "
12+t j‘\ . o8} “‘ \‘
2 2ol |
| 0.6f [
0O o8} \\‘ [m)] “ \Vﬂ\‘
T o | \ T 04l l
B 04r L S _|WTey |
S o.2»MQ’Tez S oz fz \
O 5535 5 38 O 5535 5 38
E [eV] E [eV]

Figure 9. Optical band structures [a) and b)] and the corresponding optical densities
of states [c) and d)] obtained from (HSE,LDA) DFT calculations in which SOC was
neglected. In a) and c¢) data for MoTey are shown; in b) and d) data for WTey are
shown.

DFT band structures are shown in Table[I0] Along the 'K direction, the spin-splitting
of the VB is small up to wavevectors corresponding to about half of the I'-() distance.
This is due to the fact that in the vicinity of I' the d,» atomic orbitals of the metal
and the p, atomic orbitals of the chalcogen atoms contribute with large weight to the
VB (see Figure |3| and [34] 35]). Along I'-M all bands remain spin-degenerate due to
symmetry; see Section [8.1] The spin-splitting of the VB is therefore suppressed around
the I' point.

Turning now to the CB [shown by green lines in Figure [10[a)], at the I point it
is doubly degenerate and antisymmetric with respect to the horizontal mirror plane oy,
of the crystal lattice. In group theoretical terms, it corresponds to the E” irreducible
representation (irrep) of Ds,. Since the VB is symmetric with respect to o, one can
show using group-theoretical arguments that the optical matrix element between the
VB, which has A} symmetry, and the CB, which has E” symmetry, is zero at the I'
point.

However, as shown in Figure[10] due to band crossings one of the degenerate CB+1
bands becomes the CB at some distance from I'. The doubly degenerate CB+1 band
belongs to the 2D E’ irreducible representation of Dsj,. This irrep is symmetric with
respect to oy, and optical transitions between bands of A} and E’ symmetries are
allowed. Therefore as a starting point for studying the optical transitions in the vicinity
of the I' point one has to describe the CB+1 bands.
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Figure 10. a) The dispersion of the CB and CB+1 bands along the I'-K direction,
without taking SOC into account. Black lines show the symmetric E’ bands and green
lines the antisymmetric E” bands. b) The same as in a) but the SOC is taken into
account. The actual DFT calculation were performed for MoSs using the (HSE,LDA)
approach; for other materials the results are qualitatively similar, except that the
spin-splittings are larger.

Up to second-order terms in the wavevector k, the effective Hamiltonian describing
the E’ bands in the vicinity of I" reads:

B — o+ H 4 HE, o
Hf) = (€app1 + ak?) - 1o, (20
1_ COS(3¢1<)) l(eiﬁqbk _ 1)6—2i¢k
= —pe | L b -
wr 6 %(6716451( — 1)62“1)1( (1 + COS(3¢k)) ’ ( C)

where 1, is a 2 X 2 unit matrix, and ¢y is the argument of k, + ik, (here the wavevector
components k, and k, are measured from I'). We also keep explicit the free-electron
term Hy = ZX° . 1,. The term ak? in Hf) describes the coupling of the CB+1 bands

2me

to other remote bands with the same E’ symmetry, while HY captures the coupling of
the CB+1 bands to other remote bands with A} symmetry. In contrast to the VB, one
can see that Hg« leads to a hexagonal distortion of the energy contours of the CB+1
bands already in second order of k. Looking at Equation one can also note that,
e.g., along the I'-K line the off-diagonal and one of the diagonal terms become zero.
Therefore Equation alone would suggest that one of the £’ bands is dispersionless.
Since the dispersion of the higher-in-energy E’ band is indeed very flat along T-K [see
Figure (a)], we expect that H, 52) largely cancels Hj.

SOC, as illustrated in Figure [L0[(b), has two main effects:

i) At the I' point it leads to a splitting of the otherwise degenerate states. Therefore,
instead of four-fold degeneracies, which would follow from taking into account the
spin but not the SOC there are only two-fold degeneracies. [For the E’ bands in
MoS, the splitting is too small to be seen on the scale of Figure [L0[b)].

ii) Close to the I' point the band crossings between the £’ and E” bands are turned
into avoided crossings.
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One can observe, however, that beyond these avoided crossings the dispersion of the
spin-split CB follows that of the spinless CB quite closely. This is remarkable for
the following reason: it has been argued [142] that the existence of the C-exciton is
related to a minimum in the optical band structure. Looking along the I'-K or I'—-
M lines, the minimum in the optical band structure can be found for k values where
the spinful CB closely follows the lower-in-energy E’ band. We expect therefore that,
theoretically, the starting point for describing the C-exciton physics in an effective-mass
approximation would be to extend the model shown in Equations and by terms
that contain higher powers of k, especially for the £’ bands, where these corrections
become important closer to the I' point than is the case in the VB. Neglecting the
coupling between the two E’ bands and considering only the one lower-in-energy band
that becomes the CB, the terms up to fourth order in k that need to be added to the
dispersion are

H® + HY = C®K[*(1 + cos ¢y) + [|*[CL + CY (1 + cos ¢y + CSY (1 4 cos ¢)?], (13)

where the constants C® and Cf?})?g can be obtained from fitting the band structure.
Looking at Figures 7] and [8| this approach appears to be most useful for MoS, and
WS,, where a clear minimum in the optical band structure in the vicinity of I' can be
seen. However, the exact location of the minimum in the optical band structure would
also depend on the SOC, which was not taken into account in Figures [7| and [§| and this
introduces additional complexity into the problem. A detailed discussion of the optical
band structure based on k-p theory is therefore left for a future work. Numerically, using
DFT calculations combined with maximally localised Wannier functions, the effects of
SOC on the optical transitions have very recently been studied in Reference [164].

7.4. T point wave functions and STM measurements

The shape and extent of the VB and CB wave functions at the I" point can also play
an important role in the interpretation of STM measurements. Since there is a growing
experimental interest [146] 151, 152, 153} 160}, T61] in STM studies of monolayer TMDCs,
we give a brief account of calculations that can be used to interpret STM measurements.

We first focus on the STM maps that one can obtain using a tip with a curvature
radius larger than atomic distances at scanning distances comparable to or larger than
the lattice constant. In this case the current is dominated by electrons tunnelling from
the metal with the largest k, momentum component at the energy given by the scanning
voltage. Therefore the in-plane momentum components of the tunnelling electron can
be neglected: k,, — 0. On one hand, this implies that the real space 2D maps of the
tunnelling current should reflect the vertical extent of the I'-point wave functions in
the CB and VB. On the other hand, electron tunnelling into the band edges, which
are at the K and —K points, can take place as a two-step process: first, the electron
tunnels into a virtual state close to the I' point in the corresponding band, then it emits
a BZ-corner phonon to scatter into the final state near the band edge. The expected
I-V characteristic therefore should have a tunnelling gap in the current of magnitude
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of the phonon energy, counted from the Fermi level in a doped 2D semiconductor or the
band edge in an undoped one.

STM images of bulk MXs can be simulated from first-principles. Since in STM
measurements one detects the tail of either the VB or CB wave function, depending on
whether electrons or holes are injected into the material, one has to determine the decay
rate of the wave function of the relevant states in different parts of the unit cell. This
can be achieved by numerical differentiation of the logarithm of the square modulus
of the band-decomposed wave function along the z direction (i.e., perpendicular to the
sheet). For this purpose we use a trilayer geometry to model the surface of the bulk
material, since we do not expect the inter-layer interaction to affect the tail of the wave
functions severely. In these calculations we used the optB88 van der Waals density
functional [105]. This functional should provide a significantly better description of the
interlayer interaction than the LDA or PBE functionals. Figure [11]illustrates the decay
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Figure 11. Decay rate in the unit cell of MoS,.

rate of the VB of MoS,. Three points are highlighted: the position of the metal atom
(M), the chalcogen atom (X), and the centre of the hexagon formed by three M and
three X atoms on the surface (H). Large tunnelling currents occur when the decay rate
is low. For example, in the case of the VB, the tunnelling current is dominated by the
contribution of the sublattice where the metal atom is located in the VB. Note that
the centre of the hexagon is also quite bright; this is due to constructive interference
between the p, and p, orbitals of the chalcogen atoms. Table [12] summarises the decay
rates at the three notable positions in the unit cell for the four MX, materials studied
in this work. It can be used to explain which sublattice is expected to dominate the
tunnelling current in a particular MX, material. A recent experiment [I52] has shown
a [-point decay rate of ~ 0.9/ A in monolayer MoSe, and ~ 0.7/ A in monolayer WSe,
on graphitic substrate. These values are in good agreement with our calculated result



k - p theory for 2D TMDCs 35

Table 12. Decay rate of monolayer MXs at the I' point in units of 1/A.

MoSs MoSes MoTes WSy WSey WTey
My g 1.44 0.91 1.20 1.54 1.02 1.35
Xyp 231 219 318 233 210  3.07
Hyp 1.53 1.20 2.03 1.60 1.23 1.98
Meg  5.10 3.50 5.44 3.50 3.28 5.37
Xcp  3.84  4.28 6.0l 450 448 599
Hep 5.01 3.89 5.50 6.40  3.96 5.49

of 0.91 and 1.02 1/A, respectively.

One can also envisage an alternative STM arrangement where the tunnelling current
is determined by coupling with a single atomic site at the end of the tip brought to
atomic/subatomic distances from the 2D material. In this case, momentum transfer
and momentum conservation are not problems for the tunnelling electron; hence, the
tunnelling spectrum may reflect the structure of the electronic wave function at the
band edges in the BZ corners. However, in this case, the actual current maps would be
affected by the form of the atomic orbital of the last atom in the tip and analysis of
such details lies outside the scope of this review.

8. The M point: spin—orbit splitting of the Van Hove singularity

In Section [7] we have already shown that optical transitions in monolayer TMDCs are
expected to occur not only at the K and —K points, but at other points in the BZ
as well. Indeed, a strong light-matter interaction was observed in Reference [20] and
attributed to Van Hove singularities in the electronic density of states. Moreover, strong
absorption beyond the energy range of visible light has been found in MoS, [143] and
in WSe, [196]. High-energy optical transitions (in the range of 1.5-9 ¢V) have also
been studied using ellipsometry in Reference [140]. Very recently, it was argued that
electron-phonon scattering processes involving the M point may help to explain the
origin of certain peaks in the Raman spectrum of monolayer MoTe, [194]. Motivated
by these observations and by the fact that, according to Figures [7] and [§] the optical
DOS is finite at energies that correspond to transitions at the M point of the BZ, we
briefly discuss the dispersion of the VB and CB at the M point. Higher energy optical
transitions in TMDCs were studied theoretically in Refs. [162, 164], and the effects
of a saddle point in the dispersion have also been investigated recently in monolayer
graphene [166].

8.1. Basic characterisation and k - p Hamiltonian

Figure [12| shows the band structure of a monolayer TMDC near the M point of the BZ.
Looking at Figure[12(a) first, where the SOC is neglected, one can see that upon going
from M towards K the energy difference between the VB and the CB decreases, whereas
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along the M-I" direction it slightly increases. This leads to a saddle point in the optical
band structure, as shown in Figures[7]and [§] It is important to point out that for all the
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Figure 12. Band structure of a monolayer TMDC at the M point obtained from DFT
calculations a) without taking SOC into account; and b) with SOC. In a) the labels
above the bands denote the pertinent irreps of the group Cs,. The actual calculations
were performed for WSy using the (PBE,PBE) approach.

monolayer TMDCs considered here the energy difference between the CB and the CB+1
(VB and VB—1) bands is rather small compared to the band gap; the difference between
the CB and CB+1 is around 0.5 eV and the difference between the VB and VB—1 is
0.15-0.3 eV. Therefore, regarding optical transitions, the situation at the M point is
different from the K point, where the CB and the VB are well separated in energy from
all other bands. It is also different from the situation encountered at the I' point, where
the CB was antisymmetric, while the VB and the CB+1 bands were symmetric with
respect to the horizontal mirror plane. Here all four bands are symmetric and in-plane
polarised electromagnetic radiation can, in principle, induce transitions between them.

The discussion of the band dispersion at the M point is simplified if one introduces
the local coordinate system shown in Figure Here both ¢, and ¢, are measured from
the M point, the former being parallel to the K—M direction, the latter to the I'-M
direction. Similarly to the () point, we content ourselves with the construction of a k- p

Figure 13. Local coordinate system at the M point of the BZ. The twofold rotation
axis Cy is also shown.

Hamiltonian based on the theory of invariants. The six M; points in the BZ are pairwise
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connected by time-reversal symmetry. To describe this one can introduce the matrix 7.,
whose eigenvalues, 7 = +1 label individual members of the pairs of M points. In the
simplest approximation, the Hamiltonian of all four bands of interest is

h2 2 h2 2
H{ = g”; + Oy + A q S (14)
2mM7x 2mM7y

One can see that the dispersion is parabolic and characterised by different effective
masses m;;f:x and myy,, along the M—K and M-I directions, respectively. To understand
the implications of Equation , let us first neglect the SOC, i.e., we set Ay = 0 and
My, = My, Looking at Figure (a) one can notice that for the CB (denoted by Bs)
the effective masses myy, and my,, have the same sign. For the VB (denoted by A,),
however, their sign is different. Similar conclusions hold for the CB+1 and the VB—1
bands. Therefore in the optical band structure one has a saddle point in the dispersion
and consequently a Van Hove singularity.
SOC, as shown in Figure [I2|(b), has two main effects:

i) It leads to a linear-in-g, splitting of the bands along M—K, while the bands remain
spin-degenerate along M—I". This means that the saddle point in the optical DOS

of any two bands will also be split along MK In addition, the effective mass m;;
becomes spin dependent.

ii) It turns band crossings into avoided crossings.

As shown in Figure [12[b), the linear-in-g, splitting of the bands is a rather good
approximation close to M. However, the situation is complicated by the fact that the
CB+1 (VB—1) band is quite close in energy to the CB (VB). SOC couples the CB and
CB+1 (VB and VB—1) bands and leads to avoided crossings between them. Therefore
a more complete description would require a model similar to the K point, where the
coupling of nearby bands is explicitly taken into account. We leave the construction of
such a model to a future work.

The Hamiltonian of Equation can be constructed using the theory of invariants.
The symmetry group at the M point (and along I'-M) is Cy,, which includes the
following symmetry operations: a twofold rotation Cy around the I'-M direction, a
reflection o, with respect to the g,—¢. plane, and the reflection o, with respect to the
¢.—qy plane. The character table of Cs, is shown in Table where the relevant basis
functions, in the chosen coordinate system, are also given. The Hamiltonian, which

Table 13. Character table for the group Cs,. Basis functions for a given irrep are
also shown. R, , . denotes the angular momentum components.

Da, E (O Oy Oh
A @ha gy 11 1 1
Ay R, 11 -1 -1
By Revg. 1 -1 1 -1
BQ qxqy Rz ) dz 1 -1 -1 1
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can be constructed with the help of Table [13| and which is at most second order in the
wavenumbers ¢, and ¢, is given in Equation (14). The symmetries of the individual
bands at the M point, which can be deduced by, e.g., considering which atomic orbitals
contribute to a certain band, are indicated in Figure [12|a).

It is important to note that there is another possible optical transition, which may
have a similar energy to the one between the VB and the CB at the M point. This

Table 14. Higher-energy optical transitions in monolayer TMDCs based on DFT
calculations. SOC is taken into account.

MoSs MoSes WSy WSes MoTe; WTey

Emuveocs [eV] (HSE,LDA) 293 2.52 3.60 3.03 1.67 2.04
Emvsocs [eV] (PBE,PBE)  2.83 248 361 3.04 167 2.07
EM,VBHCB [eV] (GW) 3.87¢

ExvBocpi2 [eV] (HSELDA) 356  3.02 377 3.16 246 248
Ex.vsocpi2 [¢V] (PBE,PBE) 340 288 366 3.05 231 237

o« [@7].

transition can occur between the upper spin-split VB and the lower spin-split CB+-2 (see
Figure . Our DFT results shown in Table 14| suggest that for MoX, the transition at
the M point has lower energy, while for WX, they are nearly degenerate. This prediction
does not take into account excitonic effects, which are also expected to be important
and may determine which transition actually has the lower energy, because the exciton
binding energies at K and M may be different. We expect that, e.g., the polarisation of

E-Ef [eV]

r Q K M T

Figure 14. Optical transitions discussed in Sections [7.2] and

the photoluminescence can give important information about these transitions. If the
incident light is circularly polarised, then the photoluminescence related to the transition
VB—CB+2, which takes place at the K and —K points, should also be circularly
polarised, as is the case for the well known fundamental VB—CB transition. Since the
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local symmetry at the M point is different, we do not expect that the photoluminescence
due to the VB—CB transition at the M points is circularly polarised.

9. Conclusions

In this short review we have focused on the band structure of monolayer TMDCs.
Our aim has been to discuss all the details of the band structure that we believe are
relevant for transport and relaxation processes and optical transitions. The two main
tools that we used were the (local) symmetries of the BZ (an essential ingredient of the
k - p expansion) and DFT calculations. The first of these tools allowed us to capture
general features of the band structure. Material parameters, such as effective masses,
spin-splittings, and band edge energy differences depend on the chemical composition
of particular TMDCs and are important for quantitative predictions. For this reason we
also performed extensive DFT calculations which can, in many cases, predict material
parameters accurately. From a theoretical point of view, an important aspect of the
approach used in this work is that it leads to explicit k - p Hamiltonians that can be
used to address a variety of problems. In particular, they are expected to be accurate
when external perturbations vary on length scales much larger than the interatomic
distances. Therefore we believe our results will help to develop further (semi)analytical
approaches to study, e.g., exciton physics [86], 167, 168, [169] 170} 171, 172], plasmons
[173, 174], diffusive transport [I75], spin [176} 177], noise [I78], topological properties
[T79, [180], valley-currents [122], 1811 182], proximity effect [183, 184], electron—electron
interaction [I85], and quantum dots [49] [186]. On the other hand, TB-based methods
are probably more appropriate for studying the effects of, e.g., point or line defects
[38, [187] on transport.

The picture that emerges from this study is that monolayer TMDCs in the ballistic
limit should display a remarkable variety of optical and electronic properties, many of
which are yet to be verified experimentally. Nevertheless, the recent reports of achieving
high-transparency contacts to these materials [I88] [I89] are promising a further rapid
development of this field.
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Appendix A. Seven-band k-p model at the K (—K) point

In this section we give a brief account of the seven-band k- p model, which lies behind
the effective Hamiltonian of Equation . The following discussion is based on our
previous work published in References [49] and [60]; we believe it is helpful to present
the main steps here again to make this work self-contained.

Our seven-band model (without spin) contains every band between the
third band below the VB (which we denote by VB-3) and the sec-
ond band above the CB (denoted by CB+2), ie., we take the basis
{057 ) 02, s), (W), 030, ), (Wi ), W ), [0, )} The upper in-

2 1 2 1 1
dex b = {vb — 3,vb —2,vb — 1,vb, cb,cb + 1,¢cb + 2} denotes the band, the lower index
1 indicates the pertinent irreducible representation of the point group Cjp,, which gives
the symmetry of the bands at the K point of the BZ (see Table|A1|for the character table
of C34). The spinful symmetry basis functions are introduced by [¥),s) = [W!) @ |s),
where s = {1,]} denotes the spin degree of freedom. An important symmetry of the
system is that is has a horizontal mirror plane. As a consequence, the basis states can
be grouped into two sets: the first one contains states whose orbital part is symmet-
ric (even) with respect to the mirror operation oy: 04|Wh) = |¥%). This first group
contains the following states: {|U%%,s), |\I/CEl?1, s), |\I/gz—3, s), |11ch131+27 s)}. The second set
contains antisymmetric (odd) states: 0,|¥%) = —|W). The corresponding states are
{|\I/§?,*2,s>, |\Ifg,°fl,s>, \\IJCAb,,Jrl,3>}.

1 2

2im

Table Al. Character table for the group Csp, (6). Here w =e73 .
C3h E 03 Cg% Op 53 ahC§

A’ 1 1 1 1 1 1
A" 1 1 1 -1 -1 —1
El 1 w w? 1 w w?
Ey 1 w? w 1 & w
EY 1w W -1 —w —w?
Efy 1 o w -1 -—w? —w

Two important questions can be raised at this point:

i) What is the motivation to include seven bands in the model and not more (or less)?

ii) How can we identify the irreducible representation of Cj; according to which a
given band transforms?

To answer i), we remind the reader that, as mentioned in Section , a strictly two-
band model, such as the one introduced in Reference [20] (see Equation ([5])) cannot
describe, e.g., the TW of the bands or the details of the spin-splitting in the CB. In
k - p theory these effects can be understood as arising from the coupling of the VB and
CB to other energy bands. As a first step, let us neglect the SOC. The operator Hy.p,
which describes the interaction of various bands in k - p theory (see Equation
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below) is symmetric with respect to oy: J,jl’Hk.pah = Hy.p. Therefore, non-zero matrix
elements (W?, S|Hk.p|\I/Z/,, s) only exist between states [U?, s) and |\Ilf:,, s) whose orbital
parts are either both even or both odd with respect to oj,. A natural extension of a model
containing only the VB and the CB is to include one more band, which, regarding its
energy, is below the VB and one above the CB. The symmetry properties of individual
bands can be extracted from DFT band-structure calculations. We found that, at the K
and — K points, the first symmetric band below the VB is the VB—3 and the first even
band above the CB is the CB+2 band. Thus we arrive at a four-band model containing
{0 s), |\I/C'?7 s), |\I/Vb 3.s), |\I/CbJr2 s)}. This four-band model can already describe the

electron—hole asymmetry and the TW of the spectrum [60]. The next step is to take
into account the SOC. In the atomic approximation the corresponding Hamiltonian is
given by Equation (A.3). This Hamiltonian can have non-zero matrix elements between
even and odd states. Since our aim is, ultimately, to obtain an effective Hamiltonian
describing the coupled dynamics of the VB and the CB, it is natural to enlarge our
basis of four even states by those odd states which, regarding their energy, lie between
VB—-3 and CB+2: these are {|\II§,—2, s), |\If§7,_1, s), |\I/‘237“1, s)}. In this way we set up a
seven-band model, as indicated above. ’

As for question ii), we next discuss how to find out the symmetries of the bands.
Some DFT codes, such as WIEN2k [190], can directly provide this information. If this
is not available, many DFT codes can calculate the projection of the Kohn—Sham wave
functions of each energy band onto atomic orbitals ®?, where n = {M, X1, X2} denotes
whether the given orbital is centred on the metal (M) or on one of the chalcogen (X1,
X2) atoms in the unit cell, and the lower index v = {s, D, py, P2, do2, dyy, dyz, dyzy dy2 2 }
indicates the type of orbital. Such a calculation is also shown in Figure 3] To take into
account the three-fold rotational symmetry of the system, we use linear combinations
of these orbitals to form spherical harmonics Y;”. We then consider the transformation
properties of the Bloch wave functions formed with these spherical harmonics:

v (k) \/_ZeZk(R"“”)Ylm(r—[Rn~|—tn]). (A.1)

Here the summation runs over all lattice vectors R,,, tj; and tx; = tx2 give the positions
of the metal and chalcogen atoms in the 2D unit cell, and the wavevector k is measured
from the I' point of the BZ. By examination one can then find out how the Bloch wave
functions \Ifzm(k, r) transform at, e.g., the k = K point of the BZ when the reflection
oy, or the rotation by 27/3 around an axis perpendicular to the plane of the monolayer
(denoted by C3) is applied. Considering first oy, it is clear that the d orbitals of the M
atoms are either even ({d.2,d,y, d;2_,2}) or odd ({d;.,d,.}). Regarding the p orbitals
of the X1 and X2 atoms, which are above and below the plane of the M atoms, one can
also form hnear combinations of WX} (k,r) and ¥2(k, r) which are either even or odd
(see Table [A2).

The Bloch wave functions of Equation are also eigenstates of the rotation
operation (3 with an eigenvalue A/, : C3W/ = N W/ . At the k = K or —K points,
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Table A2. Basis functions for the irreducible representations of the Cjs; group
of the K point. The rightmost column shows the band to which a given basis
function contribute. The basis functions for the K’ point can be obtained by complex-
conjugation.

irrep basis functions band

A, S (UL +U2,) VB

AT L (W S wE?) OByl

V2
By |wl), L (0N 9¥?)  cB
E) v, % (T5 — 1955) VB-3
CB+2
By julh), (e - wf3) VB2

EY Uiy, o5 (Wi +¥i)  VB-1

S

/\Zm can take on one of the following three values: 1, ei%w, e (see Table. Note that
C acts on both the spherical harmonics part Y;”*(r) and on the plane-wave component
ek Bnttn) in U7 (k,r) [58], because in a rotated coordinate system the vectors t
and tyx are also transformed. For this reason the eigenvalues )\Zm corresponding to
U/ ,.(k = £K,r) depend on the choice of the unit cell, which determines the centre of
rotation. In our case the unit cell is defined in Figure [I[b) and the centre of rotation
is the centre of the hexagon formed by the M and X atoms. Other possible choices
are, e.g., the position of the M or the X atoms (see, e.g., Table 2 in Reference [76]).
Once the eigenvalues of \D?m(k = +K,r) under the action of o, and C3 are known, a
symmetry label, e.g., A" or E’, of an irreducible representation can be assigned to each
state. These are listed in Table[A2] In the single-particle picture hybridisation between
different Bloch wave functions should preserve symmetry properties; hence, e.g., the CB
at the K point can be thought of as a linear combination of \I/% and \% (\If{(f + \1/{(12)
(third row in Table . The corresponding Bloch wave functions at the —K point can
be obtained by complex conjugation, because the K and —K points are connected by
time-reversal.

The above discussion illustrates how symmetries of each band at each high-
symmetry point in the BZ can be found and used to construct effective Hamiltonians. It
is important to point out the following: although, as mentioned above, the eigenvalues
with respect to C3 and hence the assignment of irreducible representations may depend
on the choice of the rotation centre, the form of the Hamiltonian , up to a unitary
transformation, does not depend on such choices.
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Appendixz A.1. k - p matriz elements

The k - p matrix elements, which characterise the coupling of the bands away from the
K and — K points, are calculated using the Hamiltonian
1 h . .

Hyp = 5%(%297 +q-py) = %kp + Hk P’ (A.2)
where py = p, £ ip, are momentum operators. As the operator (A.2) does not contain
spin-operators, the matrix elements are diagonal in the spin-space. Furthermore, the
matrix elements of Hy., are constrained by the symmetries of the states with respect
to C3. Namely, the relation (U |p+|\IICb+2) (WP|CiCs py C’TC’g\\IICbH) should hold.
Since (UY2|CI = (U], CypoCl = 63“2“/3@[ and Cg|\IICE2+2> = 6_12”/3\\1'%2”) one obtains
that (U2 H," |\I/Cb+2> e U3 (WP | HE |\If0b+2> which means that this matrix element
must vanish. By contrast, (\I/‘;,?]Hk,phll%”} = 74 is allowed to be finite.

The matrix elements H calculated at the K point of the BZ are shown in Table
where the diagonal elements are the band-edge energies. The matrix elements at
the —K point can be obtained with the substitutions v; — v and ¢ — —¢=.

Table A3. Matrix elements of Hy.p at the K point.

0, (W5 s) [WEs) [UERs) [UGtRs) [URts) [Tphs) (U s)
U, 5) Ev V3q— Vot Yaqs 0 0 0
|53 s) V3 d+ Ec Vsq— Y6 0 0 0
(U ts) | e sy Eu-3 0 0 0 0
) | v e 0 Ecta 0 0 0
|\If"}3l, 2, s) 0 0 0 0 Ev—2 V89~ Vrd+
|\1ﬂ*3, Ls) 0 0 0 0 Yiqy vt Yeq-
(e s) |0 0 0 0 V- Wy Eert

Concrete values for the parameters 7; can be obtained for each material by, e.g.,
directly evaluating the matrix elements (\IJZ|]§Q\I’Z/,) using Kohn-Sham orbitals. We
used this method to calculate the values denoted by ks in Tables [6] and [7]

Appendiz A.2. Spin—orbit coupling

In the atomic approximation the SOC is given by the Hamiltonian

h 1dV( ) -
4m202r dr

Hat —

SO

L-S, (A.3)
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where V (r) is the spherically symmetric atomic potential, L is the angular-momentum
operator, and S = (sx,sy,sz) is a vector of spin Pauli matrices S5 Sy, and 8z (with
elgenvalues +1). Note that L-S=L.s, + L+s + L si, where Ly =1L,+ zL and
Sy = (sm + is,). The task is then to calculate the matrix elements of Equation (A.3)
in the ba81s introduced earlier in this section.

The non-zero matrix elements H,, can be obtained by considering the
transformation properties of the basis states and angular-momentum operators with
respect to the mirror operation o, and the rotation C5. Note that in contrast to the
Hamiltonian in Table , the SOC Hamiltonian shown in Table has non-zero
matrix elements between symmetric and antisymmetric basis states as well. This is due
to the fact that the Ly operators are themselves antisymmetric with respect to o,. The
full SOC Hamiltonian at K is shown in Table (A4]).

Table A4. Matrix elements of H2' at the K point.

HE TP, s) |\11Eb s) |x11§;—3, s) |@°Ez+2, s) |\IIYE?72, s) |\I!YEZ,_1, sy U s)
TP, s) S.A, 0 0 0 S_ A, o SiA,, 0
|\1fEb 5) 0 S.A. 0 0 0 S AL,1 SiAn
Iw;ﬂzfa@ 0 0 S:Ay s SAygers SiApzs 0 S_ Ay seit
"I’(,:SZ+2>5> 0 0 SA0 3010 S:Acto S+Act20-2 0 S-Aciaer
I\P}?T ,8) | S+AT L 0 S-A% 302 S-Alig, o S:Ay—2 0 0
|\1f;52,—1,s> SN, SiAL, 0 0 0 SN, 0
"I’?frla s) 0 S_ALen SeALsenn S4ALsen 0 0 S:Act

The SOC Hamiltonian at —/K can be obtained by making the following
substitutions: ’\DJVEZ_S’S> — |\Ij‘;?_3’$>’ \\I/CEbi,s> — |\Il‘;z),s), |\I/§i,_2,s> — |\IIVE'Z,_2,3>,
|\11;52,—1, s) — |\1;ij/—1, s), Apy — Ay, Sy — =S¢, S. — —S.. The change of the wave-
function symmetry notation follows from the assumption that orbital wave functions at
K and —K are connected by time-reversal symmetry, i.e., |U%(K)) = K0|QJZ,(—K)>,
where K denotes complex conjugation.

Low-energy effective Hamiltonian

The low-energy effective Hamiltonian of Equation can be obtained from Hy+ Hy.p,+
Hg, by means of Lowdin partitioning (see, e.g., Reference [150]) by considering terms
up to third order in various off-diagonal couplings.
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Appendix B. Fitting procedure at the K point

The aim of this section is to explain the fitting procedure that we used to extract the
material parameters that appear in the Hamiltonians of Equations f from our
DFT calculations (see Tables[6] and [7)). In order that the parameter sets obtained can
be compared to other works, we think that it is important to give some details of the
fitting procedure.

To simplify the notation, we consider the K point and suppress the 7 index. The
eigenvalues of the low-energy Hamiltonian of Equation (2)) read

S éjVv +éc hQ s+ s éC _gv s — Ws ?
B = S b+( Lo 5)q2i\/< b b+5 aq2> @), (B

2 2, 2 2 2
f(@) = V2@ + |al’ 711512 cos(0x,y + 3¢q) + q*[|5s]* = [7][9s] cos (6] (B.2)

where &, = ey, + 75 Ay, and similarly for &, @q = arctan(q,/qs), s,y (0.,) are the
relative phase of ks and v (s and 7), and + (—) sign corresponds to the CB (VB).
Since Equation depends on the parameters 7, ay, B, ks, and 7, in a non-linear
way, some care has to be taken in the fitting procedure.

First, one can determine ||, ag, and s in the following way. For small enough q,
the largest energy scale under the square root in Equation (B.1)) is the band gap (for a

given spin s) Eé‘;) = Eap — Evp. Expanding the square root one finds

2

9 = h 2K
E-(i-) zgcb'}_ ( +Bs+ | (L)) q2
E

2me
bg
s ~ h2 2
EY &, + + a, — % q°. (B.3)
2me EY

In this approximation Eﬁf ) is described by a simple parabolic dispersion where the

effective masses are given by

h2 h2 2
© = <2m TPt |7<|s>> (B4
2myg; ¢ By
h2 h2 2
® <2m T |LJ>) (B.5)
2myy ¢ By

Since Elgsg) can be directly read off from the DFT calculations and QmE‘E}) and 2m5§

can be obtained by fitting the CB and VB in the vicinity of the K point with a
parabola, Equations f constitute four equations for five unknown parameters
7], as, and B;. As explained in Section [5.2 the fitting around K was done in
a range that corresponds to 5% of the I''K distance. The dispersion over this
range can be considered to be isotropic and the difference in the effective masses
along K-I" and K-M can be neglected. Over the same range in q, one can also

fit the function =i 4 Vg2 + \/(Eésg))Q/ll—kcgs)qQ to the CB and the function
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Ebteon 4 g? — \/(El()‘;))Q/ZL + g2 to the VB such that the fitting parameters c|”

and cgs) simultaneously give the best fit to the dispersion both in the CB and in the
VB. Comparing to Equation (B.1]), one can see that this corresponds to

Qs + 65 (s) h?

Bs — a 2 ¢t
T + | |2 (23) ) (B7)
Ebg

i.e., we have obtained four more equations for |y|, as, and 5. Using Equations (B.4])—
one finds eight equations for the five unknown parameters |y|, as, and s, which
can be solved as a linear least-squares problem. The solution, however, depends on
the value of the quasiparticle band gap Ek(fg)/ 2 used in the least-squares problem. As
shown in Table [5| this is significantly underestimated in DF'T calculations. Therefore we
have performed the fitting using both the DFT band gap and the GW gap. Note that
in order to find Eé‘;) one has to add to the Ey, values shown in Table 5| the relevant
spin-splitting energies, which can be found in Tables [3land 4] The two approach lead to
two sets of parameters. In both cases the same effective masses mci) and m‘(j)), obtained
from our DF'T calculations, were used. Since the available experimental results suggest
that DFT can capture the effective masses quite well, at least in the VB (see Tables
and , we think that this is a reasonable approach to take into account the results of
GW calculations.

Finally the four remaining parameters x, and 7, were determined in following way.
Similarly to the previous step, a function of the form

Evb + Ecb

2
was fitted to the VB and CB. Here cgs) and cés) were kept fixed at the values that were
obtained at the previous step and the parameters c;(f) and cff) were required to give the
best fit simultaneously to both the CB and the VB. The fitting was performed along
the I'-K—M directions around K and the fitting range corresponded to =~ 16% of the
['-K distance. Note, that cos3¢q = —1 (cos3¢q = 1) along I'-K (K-M). Since ||,

as, and [ are already know by this step, ks and 7, is calculated as ks = c:(f) /(2|v]) and

0= [(Be — 0.)?/4 = &)/ e, Equation (B.1)].

+ g%+ \/(Eésg))z/ll +q? + & |qfP cos 3¢y + Vgt (B.8)
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