Advances in Mathematics 399 (2022) 108258

Contents lists available at ScienceDirect z
. . MATHEMATICS
Advances in Mathematics
www.elsevier.com /locate/aim
Typical absolute continuity for classes of )
dynamically defined measures

Baldzs Barany *"

Adam Spiewak ¢

, Kéroly Simon *"

, Boris Solomyak ¢,

& Department of Stochastics, Institute of Mathematics, Budapest University of
Technology and Economics, Miegyetem rkp. 3, H-1111 Budapest, Hungary

P MTA-BME Stochastics Research Group, Budapest University of Technology and
Economics, Miegyetem rkp. 8, H-1111 Budapest, Hungary

¢ Alfréd Rényi Institute of Mathematics — Edtvds Lordnd Research Network,
Redltanoda w. 13-15, 1053 Budapest, Hungary

4 Bar-Ilan University, Department of Mathematics, Ramat Gan, 5290002 Israel

ARTICLE INFO

ABSTRACT

Article history:

Received 8 July 2021

Received in revised form 29 January
2022

Accepted 2 February 2022

Available online 23 February 2022
Communicated by Lars Olsen

MSC:
37E05
28A80
60G30

Keywords:

Iterated function systems
Transversality

Absolute continuity
Place-dependent measures
Sobolev dimension

We consider one-parameter families of smooth uniformly
contractive iterated function systems {fj)‘} on the real line.
Given a family of parameter dependent measures {ux} on
the symbolic space, we study geometric and dimensional
properties of their images under the natural projection maps
I1*. The main novelty of our work is that the measures py
depend on the parameter, whereas up till now it has been
usually assumed that the measure on the symbolic space is
fixed and the parameter dependence comes only from the
natural projection. This is especially the case in the question
of absolute continuity of the projected measure (IT*).pux,
where we had to develop a new approach in place of earlier
attempt which contains an error. Our main result states that
if py are Gibbs measures for a family of Holder continuous
potentials ¢*, with Holder continuous dependence on A and
{I1*} satisfy the transversality condition, then the projected
measure (IT*), uy is absolutely continuous for Lebesgue a.e. A,
such that the ratio of entropy over the Lyapunov exponent is
strictly greater than 1. We deduce it from a more general
almost sure lower bound on the Sobolev dimension for
families of measures with regular enough dependence on

E-mail addresses: balubsheep@gmail.com (B. Barany), simonk@math.bme.hu (K. Simon),
bsolom3@gmail.com (B. Solomyak), ad.spiewak@gmail.com (A. Spiewak).

https://doi.org/10.1016/j.aim.2022.108258

0001-8708/© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


https://doi.org/10.1016/j.aim.2022.108258
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2022.108258&domain=pdf
mailto:balubsheep@gmail.com
mailto:simonk@math.bme.hu
mailto:bsolom3@gmail.com
mailto:ad.spiewak@gmail.com
https://doi.org/10.1016/j.aim.2022.108258
http://creativecommons.org/licenses/by-nc-nd/4.0/

2 B. Bdrdny et al. / Advances in Mathematics 399 (2022) 108258

the parameter. Under less restrictive assumptions, we also
obtain an almost sure formula for the Hausdorff dimension. As
applications of our results, we study stationary measures for
iterated function systems with place-dependent probabilities
(place-dependent Bernoulli convolutions and the Blackwell
measure for binary channel) and equilibrium measures for
hyperbolic IFS with overlaps (in particular: natural measures
for non-homogeneous self-similar IFS and certain systems
corresponding to random continued fractions).
© 2022 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Let A={1,...,m} and let ¥ = {f;},c4 be a set of contracting smooth functions on
a compact interval I C R mapping I into itself. We call the set ¥ an iterated function
system (IFS) on I. It is well known that there exists a unique non-empty compact set
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A C I such that it is invariant with respect to the IFS, that is A = {J;c 4 f; (A). We call
the set A the attractor of the IFS, see Hutchinson [17] or Falconer [11].

Moreover, let = AN be the symbolic space and o the left shift transformation on €.
There is a natural projection IT: Q — A defined as

I(w) := lim f,, 00 f,, (2), for w=(w1,ws,...) € Q,

n—oo

where x € I is any point (the limit does not depend on the choice of ). If p is a
probability measure on € then we call the measure Il = poII"! on A the push-
forward measure of p. Usually, we assume that p is o-invariant and ergodic. Let us
denote the entropy of p by h, and the Lyapunov exponent by x,. The ratio h,/x, is
called the Lyapunov dimension of p.

Considerable attention has been paid to the dimension theory and measure theoretic
properties of attractors and push-forward measures of iterated function systems. A nat-
ural upper bound for the Hausdorff and box counting dimension of the attractor is the
unique root s of the pressure function s — P(—slog|f,, (II(cw))|) = 0, see the next
section for definitions. Ruelle [36] showed that in case of separation, e.g., the Open Set
Condition (OSC), the Hausdorff dimension of the attractor equals to the root of the
pressure function, see also Falconer [10]. Similarly, the Hausdorff dimension of the push-
forward measures is bounded above by the Lyapunov dimension of p; moreover, if the
OSC holds, then the dimension equals to the Lyapunov dimension of u, see Feng and
Hu [13].

The situation becomes more complicated if there are overlaps between the maps.
To handle this case, Pollicott and Simon [34] introduced the transversality method for
parametrized families of iterated function systems. Later, this method was widely applied
and generalized, see for example, Solomyak [45,46], Peres and Solomyak [30,31], Simon
and Solomyak [42], Neunh&userer [26], Ngai and Wang [27], and Peres and Schlag [29].

We have a deeper understanding in the special case, when the maps of the IFS are
similarities and the measure p is Bernoulli, thanks to recent results. In his seminal pa-
per, Hochman [15], using methods of additive combinatorics, determined the value of
the Hausdorff dimension of the attractor (self-similar set) and the push-forward mea-
sure (self-similar measure) under the exponential separation condition. Relying on this
result and the Fourier decay of the push-forward measure, Shmerkin [39] proved that the
exceptional set of parameters for absolute continuity of Bernoulli convolution measures
has zero Hausdorff dimension. These results were extended by Shmerkin and Solomyak
[40] and Saglietti, Shmerkin and Solomyak [37] to more general IFS of similarities and
Bernoulli measures. Further progress on absolute continuity of Bernoulli convolutions
was obtained by Varju [48]. Jordan and Rapaport [19] showed that the dimension of
the push-forward measure of any ergodic shift-invariant measure equals to the entropy
over Lyapunov exponent ratio under the exponential separation condition. However, such
strong results are unknown in the case when the IFS consists of general conformal maps.
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Simon, Solomyak and Urbaniski [43,44] showed that if a smoothly parametrized (hyper-
bolic or parabolic) family of conformal IFS’s { 2 };c 4 satisfies the transversality condition
over a bounded open domain U of parameters, then for Lebesgue almost every parameter
A € U the dimension of the attractor equals to min{1, s»}, where s, is the root of the
pressure function, which depends on the parameter. Moreover, it has positive Lebesgue
measure for almost every parameter, such that s, > 1. Similarly, the dimension of the
push-forward measure of any fixed ergodic shift-invariant measure p is equal to the
Lyapunov dimension of u, and the measure is absolutely continuous for almost every
parameter where h,,/x, > 1. Peres and Schlag [29] obtained upper bounds on the Haus-
dorff dimension of the set of exceptional parameters using a version of transversality, in
the framework of a “generalized projection”. All these results required a fixed ergodic
shift-invariant measure on 2. However, there are important cases when the measure on
Q depends also on the parameter A. There are two natural occurrences of such situation.

One is the so-called place-dependent measures, which were studied by Fan and Lau
[12], Hu, Lau and Wang [16], Jaroszewska [18], Jaroszewska and Rams [19], Kwieciiska
and W. Stomezynski [22], Czudek [8] and others. Let {p;}ica be a family of Holder
continuous maps p;: I ~ [0,1] such that ), ,p; = 1. Fan and Lau [12] showed that
there exists a unique measure v on [ such that

/ap(:c)dl/(a:) = /sz(ac)go(f,(:v))dv(m) for any continuous test function ¢.

i€A

In view of a result by Bowen [6], it is clear that v is the push-forward of the equilibrium
measure g (on the symbolic space AN) of the pressure corresponding to the potential
w > log py, (II(ow)). Tt is shown in [12] that if the open set condition holds, then the

hu
Xp
measure depends on the parameter.

dimension of v equals In the case of parametrized family {f}}ic4 the equilibrium

Barany [1] studied such parametrized place-dependent families and claimed to gener-
alize the result of [44] for this case. However, the proof contains a crucial error, which
cannot be fixed easily. In the present paper we have managed to overcome the obstacles
and correct the error, using a delicate modification of the Peres-Schlag [29] method. In
fact, our results are much more general. Here we state the main result in the most impor-
tant situation, in non-technical terms; complete statements may be found in Section 3.

Theorem 1.1. Let {f;‘}jeA be a C*F° smooth family of hyperbolic IFS on a compact
interval, smoothly depending on a real parameter X € U, and let TI* : Q — R be the corre-
sponding natural projection map. We assume that the (classical) transversality condition
holds on U. Let {px}rev be a family of Gibbs measures, corresponding to a family of
Hélder-continuous potentials, with a Hélder-continuous dependence on parameter. Then
the push-forward measure (II),py is absolutely continuous for Lebesgue-a.e. A € U such
that hy, /Xu, > 1.
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We also showed, under slightly less restrictive assumptions, that the push-forward
measure (I1*),.uy has Hausdorff dimension equal to min{1, h,,, /x,, } almost everywhere
in U. The proof of this result is not as difficult, similar to Bardany-Rams [7], and is
included for completeness.

Place-dependent measures play an important role, for example, in the theory of hidden
Markov chains. Blackwell [5] expressed the entropy of hidden Markov chains over finite
state space as an integral with respect to a place-dependent measure, which is nowadays
called the Blackwell measure. The singularity of the Blackwell measure was studied
by Bérdny, Pollicott and Simon [3]. Later, Barany and Kolossvary [2] showed that the
transversality condition holds on a certain region of parameters and applied the main
theorem of Barany [1] to claim absolute continuity almost everywhere in this region.
Since the Blackwell measure satisfies the assumptions of the main result of the present
paper, we recover this result of Bardany and Kolossvary [2].

Another important case, when the parameter dependence of the measure occurs, is
the natural measure of the parametrized IFS {f?};c, which is the equilibrium mea-
sure vy with respect to the potential w — sy log|(f2 )/ (ILx(ow))|. See [35] for more on
the subject. In case of overlaps, neither the dimension nor the absolute continuity was
known. Our result applies in this situation as well. In particular, it follows that a natural
measure for non-homogeneous self-similar IF'S is absolutely continuous for almost every
parameter with similarity dimension strictly larger than 1, in the transversality region
(such regions were found e.g. for non-homogeneous Bernoulli convolutions, see [26,27]). A
similar conclusion is obtained for a (non-linear) system corresponding to certain random
continued fractions.

1.1. About the proof

In order to prove “almost-sure” results for push-forwards of measures py depend-
ing on parameter, we need to impose “correct” continuity assumptions on the measure,
which are, on one hand, sufficiently strong to apply the techniques, but on the other
hand, can be verified in practice. These continuity assumptions are imposed on mea-
sures of cylinder sets and involve estimates of the ratios ux([w])/ux, ([w]) for A close
to Ag. For the result on Hausdorff dimension of the push-forward measure, the con-
dition is less restrictive, see (MO) below, and we could apply more or less “classical”
transversality techniques, since roughly speaking, we can “afford” to lose € in dimension
estimates.

The results on absolute continuity are much more delicate. The idea is to adapt the
method of Peres-Schlag [29] and to show that almost everywhere in the super-critical
parameter interval, the Sobolev dimension of the push-forward measure is greater than
one. This implies not just absolute continuity, but also L?-density and even existence of
L2-fractional derivatives of some positive order. This adaptation is not straightforward.
First, [29] uses the notion of transversality of degree §, which has to be verified in our
situation. Second, we cannot apply the result of [29] as a “black box”, but rather have
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to work at a certain “discretized” level, in order to utilize the continuity assumptions
on the measure dependence, see (M) below. It should be mentioned that Peres-Schlag
[29] used their theorem on Sobolev dimension to estimate the Hausdorfl dimension of
the set of exceptional parameters for absolute continuity. We do not deal with this issue
and only concern ourselves with almost sure absolute continuity. We should also point
out that [29] contains two kinds of results: the infinite regularity case and the limited
regularity case. It is the latter one (in fact, with the lowest possible regularity) that we
adapt.

Another issue that comes up is that absolute continuity by the Peres-Schlag method
is originally shown under the assumption that the correlation dimension of the measure
1 is greater than one (in the metric corresponding to ), which is a stronger condition,
in general, than h,, /x,, > 1. The usual approach to overcome this is to restrict the
measure to a “Egorov set”, where the convergence in the ergodic theorems for the entropy
and the Lyapunov exponent is uniform. This works fine when we consider the push-
forward of a fixed measure, but in our case this is more delicate, since we have to
guarantee that (M) is preserved under the restriction. Here we manage to overcome the
obstacle with the help of large deviations estimates for Gibbs measures (see [49,9,28]).

1.2. Organization of the paper

In the next section we collect all the main assumptions, definitions and notation. In
Section 3 we state our main results. In fact, we state two results on almost sure absolute
continuity: in the first one we don’t make the assumption that p) is a family of Gibbs
measures and only assume what is needed to prove almost sure absolute continuity in
the parameter interval where the correlation dimension is greater than one. The sec-
ond one is the sharp result for Gibbs measures. Section 4 is devoted to preliminaries,
mainly the regularity properties of the IFS and the parameter dependence. Shorter proofs
are included in this section, but longer and more technical calculations are postponed
to the Appendices. In Section 5 we prove the theorem on the Hausdorff dimension of
the push-forward measures. In Section 6 we verify that the transversality of degree g
condition of Peres-Schlag holds under our “standard” transversality assumptions, given
sufficient regularity. The “heart” of the proof, namely, the adaptation of a discretized
Peres-Schlag method, where transversality condition is used, is contained in Section 7.
Section 8 is devoted to the case of Gibbs measures: first we show that under the conti-
nuity assumptions on the potential, the Gibbs measures satisfy (M), and then use large
deviation estimates to extract “large submeasures” still satisfying (M), but with corre-
lation dimension arbitrary close to h,, /x,.,. After that, it only remains to collect the
pieces to complete the proof of the main results; this is done in Section 9. Section 10 is
devoted to applications. There we also present a sufficient condition for transversality
to hold for “vertical” translation families of the form f;‘ (x) = fj(z) + a;(X). Last, but
not least, Section 11 contains some open questions and possible directions for further
research.
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2. Assumptions, notation and definitions
Let A = {1,...,m} and suppose we have an IFS {f}}jc4 on a compact interval

X C R, depending on a parameter A € U C R with U being an open and bounded
interval. Let diam(X) = 1 for simplicity. We assume that there exists ¢ € (0, 1] such that

(A1) the maps f>‘ are C?t9-smooth on X with M; = sup sup {‘
AeU jeA

d? ex 00
there exist constants C, Cy > 0 such that

d2 d2 d2
dz2 J{\(x) - _fj\(y)‘ < Cllx—y|5 and ’@f;‘l( ) — _f/\z( )

e < CalAd =Xl

hold for all z,y € X, j € A, A\, A, 2 €U.
(A2) the maps A +— fj’\(x) are C'*%-smooth on U and there exists a constant C3 > 0
such that

d d
@) = @) < Gl = el

holds for all x € X, j € A, A\, s €U.
(A3) the second partial derivatives % f]f\(:n), % f;‘(x) exist and are continuous on

U x X (hence equal) with My = sup sup ’%f}(m)“ < oo and there exist
JEANEU 00

constants Cy, Cs > 0 such that

fA( )=

Sy >\ < Cule — yf° and

dxd)\ dxd)\

A Ao < T
dxd)\f (z) - e d)\f ()] < Cs5lA1 — A2

hold for all z,y € X, j € A, A\, A1, 2 € U.
(A4) the system {f;‘ tiea is uniformly hyperbolic and contractive: there exists 1, 72 > 0
such that

0<vy < |(d;‘;f]’\)(:v)| <73 <1 holdsforall je A, z € X, A€ U.

Let Q = AN and let o denote the left shift on Q. Let Q* = |J A" be the set of finite
n>0
words over A and let |u| be the length of u. For u = (uq,...u,) € Q* denote
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u — Jur..oun T Jur ... Un

f/\ =f) = f (e} A
(with f, = id if u is an empty word) and let II* : Q@ — X, A€ U
o, (o) for u e Q

be the natural projection (it does not depend on the choice of z¢ € X). For u € Q* UQ

let u|l, = (uq,...,uy,) denote the restriction of u to the first n coordinates. For u =
(U1, .. up) € Q*and 0 < k < |u| let oFu = (ups1,...,uy,). For u,v € Qlet uAv =
(u1,...,uy), where n = sup{k > 1: up = v}, i.e. uAv is the common prefix of u and v.

For u € Q* let [u] = {w € Q: wlj,| = u} be the cylinder corresponding to u.
We will assume that the following transversality condition is satisfied for A € U:

(T) dn>0: Yu,v € Q, uy # v,
7.

() =T (0)| < = [ KA (u) — T (v)| =

In our setting, transversality condition (T) is equivalent to other transversality con-
ditions appearing in the literature - see Section 10.6 and Lemma 10.7 for details.
Let {ur},cp be a collection of finite Borel measures on Q. We will consider two
continuity assumptions on py:
(MO) for every Ag and every € > 0 there exist C,£ > 0 such that
C1e=l i (0]) < () < Cell i, (])

holds for every w € Q*, |w| > 1 and A € U with |\ — \| < &;
(M) there exists ¢ > 0 and 6 € (0, 1] such that for all w € Q*, |w| > 1, and all A\, ' € U,
Pl ([w]) < pa(fw]) < Py ((w).
Note that (M) implies (MO).
For a compact metric space (X, d), let M(X) denote the set of finite Borel measures

on X and P(X) the set of Borel probability measures on X. For p € M(X) and o > 0,
define the a-energy as

alpd) = [[ dle.9)  du@)du(v). (2.1)

Define the correlation dimension of p with respect to the metric d as

dimeor (pt, d) = sup{a > 0: £, (1, d) < 0o}
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For a Borel measure v on R, the Fourier transform of v is given by 7(¢) = [ e%®dy(x).
For a finite Borel measure v and v € R, we define the homogenous Sobolev norm as

Wz, = / D(6)[2l¢2de
R

and the Sobolev dimension
dimg(v) =supq a € R / 21+ |¢))*tde < o
R

Note that 0 < dimg(v) < oo and

/|u (14 6)" e < 00 = /|u PRIl dE = ]2 ez < 00

for @« > 0 (see [24, Section 5.2]). If 0 < dimg(v) < 1, then dimg(v) = dime,(v),
where the correlation dimension is taken with respect to the standard metric on R. If
dimg(v) > 1, then v is absolutely continuous with a density (Radon-Nikodym derivative)
in L2(R), and moreover v has fractional derivatives in L? of some positive order — see
[24, Theorem 5.4]

For an IFS { fj‘}je 4 and a family of shift-invariant and ergodic probability measure
px on £, let h,, be the entropy of py defined as

o1
Iy = = im — >~ pa([w]) log pa([w])
and let x,, be the Lyapunov exponent of p given by

X = [ Tog|(£2,) (1 (o) | da ).
Q

For A\ € U we define a metric dy on by
dy(u,v) = |f;‘M(X)} for u,v € Q. (2.2)

Let ¢ : © — R be a continuous function on the symbolic space 2. A shift-invariant
ergodic probability measure p on € is called a Gibbs measure of the potential ¢ if there
exists P € R and Cg > 1 such that for every w € 2 and n € N, holds the inequality

n(w]]) o
exp(—Pn g B(ohw))

-1
col <
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It is known that if ¢ is Holder continuous, then there exists a unique Gibbs measure of

¢ (see [6]).
3. Main results

Theorem 3.1. Let {fjA}jeA be a parametrized IFS satisfying smoothness Assump-
tions (A1)-(A}) and the transversality condition (T) on U. Let {ux} i be a collection
of finite ergodic shift-invariant Borel measures on Q satisfying (M0), such that h,, and
Xus are continuous in . Then equality

i (I1).g0) = min {1,222}

XILA

holds for Lebesgue almost every A € U.
The most general version of our main result is the following:

Theorem 3.2. Let {fjf\}jeA be a parametrized IFS satisfying smoothness Assump-
tions (A1)-(A}) and the transversality condition (T) on U. Let {jx},c be a collection
of finite Borel measures on Q satisfying (M). Then

dimg ((IT*) 4 px) > min {dime,, (s2x, dy), 1 + min{d, 8} }

holds for Lebesgue almost every A\ € U, where dy is the metric on Q defined in (2.2)
and 6,0 are from Assumptions (Al)-(A}) and (M) respectively. Consequently, (IT*), ux
is absolutely continuous with a density in L? for Lebesgue almost every X\ in the set
{A €U : dimeor(pn, dy) > 1}.

In the special case of Gibbs measures for potentials with Hélder continuous dependence
on the parameter, we get the following:

Theorem 3.3. Let {fjA}jEA be a parametrized IFS satisfying smoothness Assump-
tions (A1)-(A4) and the transversality condition (T) on U. Let {ux} oy be a family
of Gibbs measures on Q0 corresponding to a family of continuous potentials ¢*: Q — R
such that there exists 0 < o < 1 and b > 0 with

sup varg () < ba®, (3.1)
AeU

where varg(¢) = sup{|o(w1) — d(w2)| : |w1 Awsa| = k}. Moreover, suppose that there exist
constants cg > 0 and 0 > 0 such that

|0M w) — N (w)] < colA = N|° for every w € Q and A\, X € U. (3.2)
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Then {px}rcp satisfies (M), hence conclusions of Theorem 3.2 hold (with 6 as in (3.2)).
Furthermore (ITM) . is absolutely continuous for Lebesgue almost every X\ in the set
{AeU: “* > 1}.

4. Preliminaries

Throughout this section we assume that we are given an IFS { f;‘}je A satisfying
(A1) - (A4) for some 0 € (0,1]. We state several auxiliary results concerning regularity
properties of the IFS {f;‘}jeA and the natural projection IT*, which will be used in
subsequent sections. As some of the proofs are lengthy, yet standard in techniques, we
postpone them partially to the Appendix.

Lemma 4.1. There exist constants Cs1 > 0 and Cso > 0 such that

d? d
&R <0 | L 2w (4.0
and
o 20| < Caalul | 220 (4.2

hold for all A e U, x € X, u € Q*.
Proof. See Appendix A. O

Lemma 4.2 (Parametric bounded distortion property). There exist constants cga >
0, Cg2 > 1 such that inequality

iefcw\)\l*)\z\\ul <

< 0626662”\1*)\2”“\ (43)
Ce2 -

afa (@)
d
dz

|
fa? (y)‘

holds for all \\,\y €U, z,y € X, u e Q*.

Proof. First, let us prove the inequality with A\; = As. For u = (u1,...,u,) € QF,

applying (A1) and (A4), together with inequality log < mm{x y} for z,y > 0 yields

i 2 @) = [GELS) (P2 |
k= Hlln{‘ duLka) (f(i\u )|7|(ﬁfuk)( zi\kuy)|}

(%f&k)( y)
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1 ¢ A Y A My & A A
- _Z (dl’ Uk) fo’ kT )_ (% uk) (fo"‘uy) < _12 ‘kaux - fo'kuy‘
N4 N4
- Mjdiam(X)
< — M,y kg -y < 0 4.4
217 | T ml—12) (4

Therefore, (4.3) holds for A\; = Ay with some constant Cgy > 1. Fix now A1, As € U. By
the mean value theorem we have

d r, A f5(@)|
—fu d d ’ u
log ‘dj e (@ ’ d—fﬁ\l(l‘) —log d—fﬁ\z(l’) ‘ = d/\jxigbh — Az
]I ’ #isi(e)
for some £ between A\; and A\y. Applying (4.2) we obtain
o lasht @)
d pAo
aw fu* (@ ‘

Combining (4.4) with (4.5) finishes the proof. O

The following proposition implies that, in the language of [29, Section 4.2], the natural
projection IT* belongs to the class C1°(U).

Proposition 4.3. There exists a constant Cs > 0 such that

d d
ST () = TP ()| < CslAa = dof?

holds for all Ay, Ao € U and u € .

Proof. Fix u = (u1,ug,...) € Q,y € X and let F,,(A\) = f2 o---o f2 (y) for A€ U. It is
clear from (A4) that F,()\) converge to II* uniformly on U. Therefore, by Lemma B.1,
it is enough to show that %Fn is uniformly convergent. It is sufficient to show

|| d d
—Fpi1 — —~F,
me L)

< 00. (4.6)

We have

P = (R ) (5570 0) + () (R ).

Consequently, by (A4) and (4.2)



B. Bdrdny et al. / Advances in Mathematics 399 (2022) 108258 13

| (L ) ()|

() () = (350 ) 0)

2

d d

ZF
DTy

d
< s o un+1(y)‘+§gg Tod || o @) =yl
<AZs d — ) ()| +2Csan s 2
V2 /\1618 A 5271/\1618 ) waun .
d
< 2C, "
= (iZB S 0 )‘+ 52) e

As sup ’%fi\nﬁ»l(y)‘ < 0o by (A2), we have proved (4.6). O
AeU
Lemma 4.4. For every 8 > 0 and \g there exist constants € > 0 and 0 < ¢; < 1 such that

1 -
crday (u0) P < | (@) < ()

holds for all x € X,u,v € Q and A € U with |A — Xo| < &.

Proof. Let n = |uAv|. Note that by the mean value theorem dy, (u,v) = |- 20 (y)| for
some y € X (recall that we assume diam(X) = 1). Therefore, Lemma 4.2 implies

1 6—062|)\—)\0|1’L g

Ce2

% fé\/\v (l‘)

< CGZI)\_AO‘TL. 4'
d)\o (u,v) S 0626 ( 7)

On the other hand, by (A4),
dx, (u,v) < vy,
hence

1
C]_d)\ (U ’U)ﬂ/ < I ,y’ﬂﬁ/4 C_e—cszlk—ko‘n,
62

where the second inequality holds for all n € N provided that ¢; and |A — A\g| are small
enough. Combining this with (4.7) finishes the proof. O

The following proposition implies that the natural projection II* is 1,d-regular, as
defined in [29, Section 4.2].

Proposition 4.5. For every 8 > 0 and Ao there exist constants Cg,1,Cg1,5 > 0 such that
inequalities
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d

5 [0 = 1) < Cad ) (48)
and
% (I (u) — I (v)) — % (IT*> (u) — 1™ ()| < Cg.1,6]A1 — Xo|®dy, (u,v)t 77 (4.9)

hold for all u,v € Q and X\, A1, Ao € U close enough to \g.
Proof. See Appendix C. O
5. Proof of Theorem 3.1

The argument follows closely the proof of [7, Theorem 4.2] (note that we do not
assume measures f) to be quasi-Bernoulli), extending the method of [44] to the case of
parameter dependent measures.

The key step in the proof of Theorem 3.1 is the following proposition.

Proposition 5.1. Let {f]f\}jeA be a parametrized IFS satisfying smoothness Assump-
tions (A1)-(A}) and the transversality condition (T) on U. Let {ux} i be a collection
of finite ergodic shift-invariant Borel measures on Q satisfying (M0), such that hy, and
Xun are continuous in X\. Then for every Ao € U and every e > 0 there erists an open
neighborhood U’ of Ao such that

. A . h‘,u/\
dim g ((TI") 1) > min ¢ 1, 05 —¢

X/Axo
holds for Lebesque almost every A € U’.

Proof. Fix \g € U, £ > 0 and &’ > 0. By the Shannon-McMillan-Breiman theorem and
Birkhoff’s ergodic theorem applied to the function Q@ > w — —log |f‘f,l (HA(Jw))|, we
have that

1
- log pa([wln]) = —hy, for pr-ae. w e Q

and

!
( A ) (H/\((f"w))' — —Xu, for px-ae weQ,

wln

1
— log
n

hold for every A € U. By Egorov’s theorem, for every A € U there exists Cy > 0 and a
Borel set Ay C Q with puy(Ay) > 1 —¢’, such that

Oy te 0t < iy (w]a]) < Cre™Pa™®) (5.1)
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and

Wln

/
cTeWWﬂSKA)m%mM<@eX“” (5.2)
hold for every w € Ay and n > 1. Let § > 0 be such that (MO0) holds and |h,, —hy, | <&,
[Xpx = Xung | < €5 Co2|A — Ao| < & for [A = Xo| < € (cp2 is the constant from Lemma 4.2),
and set U’ = B(\g,&) N U. By Lusin’s theorem, there exists C > 0 and a Borel set
U.. C U’ containing \¢ such that

Leb(U' \ U.)) < € and C\ < C for A € U.r.

Now let

A= {w c: V Cc~ 1C NA0+2E) < Mko([wln]) < Cée_n(h“AO —2¢) and

W‘n

/
Cop Cle ™M *25)3‘@““) C ))’<Cﬁzce i 2@}.

It follows from (5.1), (5.2), the choice of £ and Lemma 4.2 that for each A € U, we have
Ay C A, hence px(A) > 1—¢'. Let iy = px|a. Note that the set A does not depend on
A. Define

= {u € A" : there exists w € A with u = w|,}.
Note that if u ¢ A, then [u] N A = (), hence fx([u]) = 0. If u € A,,, then
C1C e g T2 < 1y ([u]) < CCe " eag 729 (5.3)
and
C 1052 "X T3 < ’(fﬁ) (z )‘ < CCZye " Ximng =) (5.4)

hold for any x € X by Lemma 4.2. Fix 0 < s < 1 and consider the integral

= [ [ [ 10 ) ~ )| o) da )
Q

If Z < oo, then by Frostman’s lemma [11, Theorem 4.13] we have dimg ((TT*).py) >
dimg ((IT*)4fin) > s for Lebesgue almost every A € U... By (5.4),
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/Z >y // |2 (T (o™w)) — £ (T (0™ w2))| " dfia(wr) dfia(w2) dX

U, n=0ucA, abi.A [wa] X [ub]

/Ze“(mﬁw % // I (0™wn) — TP (0™ w2)| ™ diia (w1 ) dfia (w2) dA.

u€A, a,beA

a;é [ua] X [ub]

For m > 0 set
B, = {(wi,ws) € @ x Q¢ [ (wy) — ()| <27}

and note that

oo
I (wy) — TN ws) | < >0 250D s (wr, w9). (5.5)

m=0

Indeed, if T* (wy) = IT*(w2), then the right-hand side is divergent. Otherwise, there exists
m > 0 such that 2=+ < |11 (w;) — TI*(w2)| < 27™, hence [T (wi) — MM (wo)| ™~ <
25(’”“)]13%” (wi,ws). For m > 0 let k = k(m) be minimal such that v§ < 2=(m+1) 5o

k< Q(m+1) for a constant Q = [_ll‘fﬁyz] Let

D, = {(wn,2) € 2 x Q[T (w5 1%) — I (wpl 1) < 27070},

where 1°° denotes the infinite sequence in ) formed by the symbol 1 € A. Note that by
(A4) and the choice of k, we have B;, C D;,. Moreover, D;, is a union of cylinders of
length k. Applying this together with (5.5) and (MO) for A € U, yields

[T o"wr) — TN 0" ws)| ™ djin(wi) dfia(ws)
[ua] x [ub]

oo

Z s // Ipa (0"w1,0"w2) dfix(wi) dfix(w2)

m=0 [ua] X [ub]

<20y ome // 1pa (0"wr, 0" ws) djin(w1) dfia (w2)
[ua] x [ub]

=2° Z 2ms Z fix ([uall) fix ([ubp]) 1 pa (all>, bp1>)

m=0 l,pec Ak—1

< €720y " gmee(nHREmE) Ny ([ual)) i, ([ubp]) 1py (a1, bp1™)

m=0 l,peAR—1

— (295¢2:Q Z gms ,2¢(n+Qm) // Ipa (0" wr, 0" ws) dpix, (w1) dpix, (w2).

m=0 [ua] x [ub]
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Moreover, transversality condition (T) implies that for (wy,ws) € [ua] X [ub] with a # b
we have (we use here an equivalent condition (10.8), see Lemma 10.7)

/ 1pa (0"wi,0"ws2) dA < L {A €U : | o"wy) — TN o ws)| < 27("‘71)}

U,/

€

S CT2—(m—1)
for some constant Cr (depending only on the IFS). Applying both of the above calcu-

lations to Z, changing the order of integration, and applying (5.3), we obtain, setting
070 = OSCgSCZCT28+1 and C71 = 60070,

< C7oe2€Q Ze xM +3¢) +26 Z Z Z 2m s— 1) 25Qm ([UCLD,LLAO ([ub])

n=0 u€A, a,bec A m=0
a;éb
%)
3e) 2 _
< 0706 eQ E 6 X“A0+ e)+ E E H)\o DQ E 2m(s 1)62€Qm
u€EA, m=0

n=0 u€A,

oo o0
< One? Y (500 +30) =iy F2) 3 gmletQe),
n=0 m=0

where Q' = 2Qlog, e. Therefore, Z < oo provided s + Q' < 1 and s < . Conse-

+3
quently,

h,, —4e
L} for Leb-a.e. A € U,.
3e

XILAO

dim g (TT)pay) > dim g ((TTY). i) > min {1 —Q'e,

As ¢’ can be taken arbitrary small, the proof is finished. O

We can now finish the proof of Theorem 3.1. As dimzg ((IT*),py) < mln{l

’ XM
(see [47, Theorem 3.1 and Remark 3.2]), it is enough to prove that dimg ((IT*).puy) >
i holds almost surely. Assume that this is not the case. Then, there exists
at the set

€>Osucht

A= {)\ €U : dimp ((I1"),pn) < min {1, s } - e}

X#A

has positive Lebesgue measure. Let \g be a density point of A. By the continuity of
A= hy,, A= xpu, and x,, > 0 (following from (A4)), we obtain that A — min {1, Z’” }
2N

is continuous as well. Therefore, there exists an open neighborhood U’ of Ag such that
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h h
min{l, ’“}gmin 1, £ +5 for el
Xpx XHAO 2

By Proposition 5.1 we can also assume that

h
dimg ((II*), ) > min < 1, mo L2 for Leb-a.e. A € U’,
XHAO 2

hence

h
dim g (TT),22) > min {17 = } — ¢ for Leb-a.e. A € U'.

X#x
This however means that Ay cannot be a density point of A, a contradiction. Theorem 3.1
is proved.

6. Transversality of degree 3

In this section we prove that an IFS satisfying the transversality condition (T'), sat-
isfies also the transversality of degree 3, as defined in [29], with arbitrary small 8 > 0.
This will be useful later, as the proof of 3.2 follows the approach of Peres and Schlag
[29], where the transversality of degree § is a key concept. In fact, [29] uses the term
“transversality of order 5”7, but the term “transversality of degree 3,” as in Mattila,
seems more appropriate.

Proposition 6.1. Let {fj)\}jE.A be a parametrized IFS satisfying smoothness Assump-
tions (A1)-(A4) and the transversality condition (T) on U. For every Ag € U and 8 > 0
there exists cg > 0 and an open neighborhood J of Ao such that

[T () = TP (0)] < -y (0, 0) 7 = [ (I (1) = T (0))] > -y (,0) 7. (6.1)
holds for all u,v € Q and A € J.

Proof. For short, let us denote the metric dy, by d. Let n = |u A v|, so that u A v =
U ... U,. We have

A (T (u) — T (v))

aﬁmwﬂNMW—mwﬂwwm]
f>\
d\Ju1.

u) (
Fa. un) (I (" u) '%HA(U"U)— (& fo ) (P (0™0)) - FFIN(0"0)
) (

(TN (0™ u)) = (g5 Sy an) (T (0™0)) +

%I&

(ax
(
(a

(T (0™ u) = (45 Sy an) (T (0™0)) +

>/|9“
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(% ul...un) (H)‘(U”u)) . [% (H’\(U"u) - H/\(U"v))] +
(G fih ) (0" w) = (£ ) (T (0™0))] - KT 0")

= A1 + A2 + Ag. (62)
On the other hand,

[T (w) =T (0)| = [ 2w, @)] - [T (0" u) — I (0™0)]

UL yeeeUn
> ¢y - d(u,v) T4 ‘H’\(U”u) — I (o™v)], (6.3)
for some y € X, ¢; > 0, and ) sufficiently close to A\g, by Lemma 4.4. Similarly,
|Ag| > ¢y - d(u,v) TP/ |%(HA(UTLU) —II*(o™v))]| . (6.4)

Further, by Lemmas 4.1, 4.4 and Proposition 4.3 (which implies that %H)‘ is bounded)
we have

| 41| < [T (0™u) — I (0™ v) | Cyn - d(u,v) P74 (6.5)
and
|As| < [T (0™u) — T (0™v)| CY - d(u,v)' P/ (6.6)
for some constant C4 large enough. Assuming
|H’\(u) — H’\(v)| < g ~d(u7v)1+6,
we obtain from (6.3):

I (0"u) — T (0™0)| < ‘;—f - d(u, v)3/2, (6.7)

and then, from (6.2), (6.4), (6.5), (6.6):
[ (TP () — TP (0))] > [4s] — |44 — | 4]
> 1+ d(u, o) | (P (0") — T (0m0)
~Cy(n +1) - du,0)' I (o) — T (")
> 1+ d(u, o) | (P (") — T (om0)|

!
_Gaes (n+ 1) - d(u, v)TA/2.
C1
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Assuming ¢z < ¢17, so that we can use transversality Assumption (T) for the pair
o™u,0"v by (6.7), keeping in mind that d(u,v) < 1, we obtain

| 5 (@ o™u) — T (0™))| > 1,
hence

!
[ (1) — TP @)] > €1 - dla )2/ |~ T2 4 1) - )
1

Note that d(u,v) <~%, where 2 < 1 is from (A4), and let
C4 = max{(n+ 172", n>o0}.

Choose

2C3C}

then

[0 () =T )] = 2T dl, 0) 454 2 6 - d(u, ),
if we also make sure that cg < ¢17/2, completing the proof of (6.1). O
7. Energy estimates

The following theorem is the main result of this section and the main ingredient of
the proof of Theorem 3.2. It is modeled after [29, Theorem 4.9].

Theorem 7.1. Let {fjA}jeA be a parametrized IFS satisfying smoothness Assump-
tions (A1)-(A}) and the transversality condition (T) on U. Let {ux} g be a collection
of finite Borel measures on ) satisfying (M). Fiz \g € U, 8 >0, v >0, e > 0 and
q > 1 such that 1+ 2y +¢ < ¢ < 14+ min{d,0}. Then, there exists a (small enough) open
interval J C U containing Ao such that for every smooth function p on R with0 < p <1
and supp(p) C J there exist constants Cy > 0, Cy > 0 such that

J 1A o) 4 < Cr6iasap 30, a,) + G

8446

where apg = m

The rest of this section is devoted to the proof of the above theorem and we assume
throughout that all the assumptions of Theorem 7.1 hold. We follow the approach of
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[29], with suitable modifications coming from the fact that measures u) depend on the
parameter.

Throughout the section z S y will mean x < Ay + B, while z < y will mean % <y <
A - x, with positive constants A, B being possibly dependent on all the parameters on
which constants 51, 52 depend in Theorem 7.1.

Let 9 be a Littlewood-Paley function on R from [29, Lemma 4.1], that is, ¢ is of
Schwarz class, 7Z >0,

supp(¥) C{€: 1< €] <4}, Y 9(277¢) =1 forall £ #0.

JEZL

It is known that such a function exists. We will need that ¢ decays faster than any
power, that is, for any g > 0 there is C,; such that

[W(©)] < Cq(1+1€N77 (7.1)

We will also use that

/ B(E) de = B(0) = 0. (7.2)

In fact, all higher moments of v also vanish, but this will not be needed for our purposes.
As 1 has bounded derivative on R, there exists L > 0 such that

() = (y)| < Lz — | for all 2,y € R. (7.3)

We have (see [29, Lemma 4.1]):

/ o

where 19—, (z) = 279(272). Let k = —logy 71, Q = log, e and choose ¢ > 0 small enough
to have 2(4 + Qc)¢ < e and

3,0(0) / > / boes =)@ (@pNdA,  (T4)

j=—00

4+ 2y €

< 0 T2t Qe

(7.5)

Choose an open interval .J containing A so small that 2c|J|? < & (with ¢, 0 as in (M))
and (6.1) hold. In order to prove Theorem 7.1, it is enough to consider in (7.4) the sum
over j >0, as (15— * vy ) () is bounded by 271)||, hence the sum over j < 0 converges
to a bounded function. We now calculate for A € B(Xo,€), 7 > 0 and n € N (we will set
later n = n(j) = ¢j for suitable ¢):
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/ (a-s * 1) () dia (2)

_23//1/)23x— ) dva(y) dva(x)

R

_ zﬂ/ﬂ/w (27/(I1 (1) — TN (wn))) djaa (1) daa ()

2

| /\

9 / / (2 (TN @1 1) — T s} 1°°)) djaa (w) dpn (w2) +
Q

2

J//w (27(T1M(w1) — T (w2))) — ¥ (27 (TN (w1 [ 1%°)
Q

2

— T (w25 1)) | dpa (w1) dp (w2) <

Using (7.3) we get that the last expression is

<29 N7 N7 (29 (I (11%) — TN (R1%))) pa([1]) e ([K]) +

1€A™ ke A™

JFQj//L2j(|H>‘(w1)*HA(wl|n1°°)|+|H>\(w2)7H/\(w2|nloo)‘)dﬂ)\(wl)d’uk(a&) <

Applying (A4) to the integral, we obtain (recall that we assume diam(X) = 1):

<2y Y (@A) — I (K1) pa([i]) pa([k]) + 2022770 = (%)

€A™ ke An
Choose ¢ > 1 such that

44 2y €
F—0c == 0@ 1 oe (7.6)

(it exists due to (7.5)) and set n = &j. Let us define a map e;: @ x Q@ x J — R by

(Wi ln]) pr (waln]) :
5 (s, N) o= 4 Pl Dy (sl £xo ([W1ln]) g ([wz2l]) # 0, )
1, otherwise.
By (7.6), (M) and the choice of J,
ej(wi,wa, A) < e2eA=ol"n < €85 — 9Q8e for all Wy, wo and A € B(Xo,§). (7.8)

Note also that by (M), if ¢ € Q* is a fixed finite word, then py,([{]) = 0 if and only if
px([i]) = 0 for all A € U (in other words: supp(jy,) = supp(py)). Denote A" := {i €
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A" 2, ([7]) # 0}. We have, therefore, (note that now the integral is with respect to
),

(=2 Y Y @) - wre)) LAWYy )

ieAn ke An pxo ([ 1, ([K])

+ 22277 rE]

Y / / (27 (I (11 1°) — T (w0 1)) € (w1, wa, A) dping (1) djing (w2)
Q Q

+ 2L 2% —nre

< 27 //¢(2j(ﬂ>\(a}1) — HA(UJQ))) ej<w1,w27 )\) d,u)\o (wl) d:“’>\0 (WQ)

Lo / / (29 (I (1) — TN (w2))) — (29 (TN @1} 1) — T (wal 1)) x
Q Q
x e;(wr,wa, A) dpng (wi) dpng (we) + 9L221—KC] — (xx)

Estimating the second integral, similarly as before, by 2127 ~%%2%¢% we get

(#%) < 21//¢(2j(m(w1) — M w2))) € (w1, w2, A) dpag (wi) dp, (w2)
Q Q
2125 7RE (1 298,

Finally,

/(wﬁ x vy)(z) dvp(z) <

R
= //¢(2j(HA(w1) — T (w2))) €5 (wrs w2, A) dpang (wr) dpan, (wo) + 41233,
v (7.9)

For j large enough, we have, in view of (7.6),

92574 [,920+H(QE=r)E _ 4 97(2+27+E(QE—~K)) < 93 (3+27+E(Q€—x))

— 9-ii(4+2y+E(QE—K)) < 93 (7.10)

Combining (7.9), and (7.10) we obtain, recalling that the sum over j < 0 in (7.4) con-
verges:
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JAZ RO / POER / (25 % 2) ) dva(2) p(N)
J J=0

/222]7 oi //w (27(I1 (w1) — TN wa))) (Wi, wa, A) dping (w1) dpirg (w2)

R 7=0

+ 4L2(2+Q55‘5")j) p(\) dA

S/ 5_0222/ / (27 (I (w1) = T () € (w1, wa, A) dping (1) dping (2) p(V) dA

Q

+/§:4L2_jp()\) d\
R =0
S350 [ [0 ) 11 ) o1, 60.2) 60 d g 1) i )
A

To finish the proof of Theorem 7.1, it is enough to show the following proposition (with
notation as in Theorem 7.1). Recall that £ is chosen by requiring (7.5) and J is an open
interval containing A so small that 2¢|.J|? < ¢ (with ¢,0 as in (M)) and (6.1) hold.

Proposition 7.2. There exists C7 > 0 such that for any distinct wi,ws € Q, any j € N
we have

[ 6@ 1 ) — P @) ¢, 0 p3) A

< Oy - 2908 (1 4 27wy, wy) He0d) 77 (7.11)

where C7 depends only on q, p, and 3, and ag = Hrifif{%e}, and d(wy,ws) = dy, (w1, w2)
is the metric defined in (2.2).

Indeed, if (7.11) holds, then, recalling the definition of energy (2.1), in view of (7.6),

/ lalZ, p(3) dA

J
< 2 ///y; (27 (1T (wr)
j=0 Q

- H)‘ (w2) )) ej(w1,wa, A) p(A) dA dpxg (wi) dpng (w2)

<Cr- cZ%(”*”ﬂQ(”C)@ / / Lot 2d(wr,w2) 4 00%) ™ dpig (w1) dpang (ws)
=0 Q0
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o0
< Cy- 5Zjgj(2’y+Q(2+C)Eé+1—q)gq(1+a06)(M/\m dy,)
§=0

< Creey G2UTITNE s (g dag) < Cr Y 527 Eq1hans) (Has dag )
j=0 7=0

and Theorem 7.1 is proved.

Proof of Proposition 7.2. The proof is similar to that of [29, Lemma 4.6] in the case of
limited regularity; however, some technical issues are treated here differently and in more
detail, especially, since [29] leaves much to the reader.

Fix distinct wy,ws € Q and denote 7 = d(w1,ws2). For short, let e;(\) := e (w1, w2, A).
Let I = supp(p) C J. Since J is open, there exists K = K(p) > 1 such that the
(2K ~1)-neighborhood of T is contained in J.

We can assume without loss of generality that 277 > 1, and later that 27r'+e0f > 1
for a fixed ag, which is stronger, since r < 1. Indeed, the integral in (7.11) is bounded
above by [J| - [|%]leo - 29¢%, in view of (7.8), hence if 2771728 < 1, then the inequality
(7.11) holds with C7 = |J| - ||¢]| o - 2.

Let

peC®[R), 0<¢<1, 9=1on [-1/2,1/2], supp(s) C (—1,1),

and denote

B = (o) o= 1)) D) “I(s)

The idea, roughly speaking, is to separate the contribution of the zeros of ®,, which are
simple by transversality. Outside of a neighborhood of these zeros, we get an estimate
using the rapid decay of ¥ at infinity, and near the zeros we linearize and use the fact
that ¢ has zero mean. The details are quite technical, however. We have

/ P(N) (29T (wr) — TP (wn)]) €5 (\)dA

R
= /p()\) P(2rdy) e;(N) $(Keg'r™ D)) dA
—i—/p()\)w(er(I))\) ej(N) [1 — (Kcg'r ™ ®y)| dA
=: Ay + Ay,

where cg is the constant from (6.1). The integrand in Ay is constant zero when
|Kc§1r_5<1>,\| < 1, hence by the rapid decay of ¢ (see (7.1)) and (7.8),
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|As] < C, / |p()\)\|ej()\)|(1 + 207 %K‘lclgrﬁ)_q d\ < const-29%% (1 + 2jr1+ﬁ)_q,
for some constant depending on ¢, p and [, as desired. Thus it remains to estimate A;.
Next comes the classical “transversality lemma”. It is a variant of [29, Lemma 4.3]
and similar to [24, Lemma 18.12]. Let ¢z be the constant from Proposition 6.1.
Lemma 7.3. Under the assumptions and notation above, let
J = {/\ eJ: |Py < Kﬁlclgrﬂ},

which is a union of open disjoint intervals. Let Ir,...,In, be the intervals of J inter-
secting I = supp(p), enumerated in the order of R. Then each Iy contains a unique zero
A of ®x and

Ak — dgr®P Xy 4 dgr®P] C I, where dg = KﬁlCEj -cg, (7.12)

with Cg 1 from (4.8). For all intervals,

2dg - 2P < |Iy| < 2K71, (7.13)
hence
Ng <24 4dg'|J|-r=2°. (7.14)
Moreover,
15| < K tepr?  forall X € [A, — 2dpr?®P, N + Sdgr?P). (7.15)

Proof Lemma 7.3. Since ®) is continuous, the intervals I, are well-defined. Since K > 1,
on each of the intervals we have |%<I> Al > ¢grP by the transversality condition (6.1) of
degree B. Thus &, is strictly monotonic on each of the intervals. Let A € IyNI, where
I = supp(p). Then |®5| < K~'csr?, and using the lower bound on the derivative we
obtain that there exists unique A\, € Iy, such that 5, =0, and it satisfies A=A < K1
The same argument then shows that I, C [\, — K !, \; + K], since the K ! change
in A results in at least K~'cgr? change in ®,. Note that even for k = 1 and k = N we
have this inclusion, because A € I and the 2K ~!-neighborhood of I is contained in J by
construction. This proves the upper bound in (7.13).

On the other hand, for any A € J we have |-&®,| < Cs17~# by (4.8). Therefore, at
least a distance of CB_, %’I‘ﬁ t is required for the graph of @) to reach the level of ¢ from zero.
This implies (7.12), (7.15) and the lower bound in (7.13). Then (7.14) is immediate. O

Now let y € C*(R) be such that supp(x) C (—3ds, 2d3), 0 < x <1, and x =1 on
[—%d/g, id@]. We apply Lemma 7.3 and write
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A = /p(x)qp(zjr@) e; (N (K5 r ) dA

= Z/ PN =20)) ¥(27r®y)e; (N) ¢(Kcz'r D)) dX

N/3

/ 1—ZX PON=20) | e (N0 (2r®y) p(Keg'r P ®y) dA

Ng
=Y AP +B.
k=1

Let us first estimate B. Notice that ZNﬁ x(r2#(A = Xx)) = 1 on the dgzr?’-

neighborhood of every A, as by (7.12), functions x (r=2#(A—2X)) have disjoint supports
for distinct k. On the other hand, ¢(Kc§17“_ﬁ¢>,\) is supported on 7, so by the transver-
sality condition we have |%(I>A| > cprP on the support of the integrand. Combining
these two claims, we obtain that |®,| > %dﬁcm’w on the support of the integrand in B.
It follows that on this support,

[Y(277r®,)| < Cy(L+ (dgeg/4) - 2901 H30) ™4 (7.16)

by the rapid decay of 1, and using (7.8) we obtain |B| < const - 29¢% (1 + 2jr1+3ﬁ)_q
for some constant depending on ¢ and .

Now we turn to estimating the integrals Agk). For simplicity, we assume k£ = 1 and let
A = 1. In view of the bound (7.14) on the number of intervals, the desired inequality
will follow from this. Observe that

X(rfw(/\ -X) = X(rfm()\ — X))(;S(chlrfﬁib\). (7.17)
We are using here that ¢ =1 on [—%, %], SO
gb(KcElr*ﬂCI))\) =1 on {NeJ: &)< iK tegrf},

which holds on the support of x(r=2#(A — X)) by construction and (7.15).
By (7.17) we have

AP = /p(A)X(r—Zﬁ(A —N))e;(A) (277D, ) dA.
It will be convenient to make a change of variable, so we define a function H via
Oy =u < A=A+ H(u), provided X(rfw(/\ — ) #0. (7.18)

Note that x(r=2#(A — X)) # 0 implies |A — A| < £dgr??, so XA € I; by (7.12), and by
transversality,
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‘di)\@)\‘ > cpr® if x(r (A=) £ 0. (7.19)

Therefore, H is well defined. We have
Agl) = /p(X + H(u)) x(r‘gﬁH(u))ej X+ H(u)¥(29ru) H (u) du
= /F(u) (29 ru) du,

where
F(u) = p(N+ H(w) x(r 2P H(u))e; (X + H(u) H' (u). (7.20)

Observe that H'(u) = [%@A]’l, hence (7.19) gives |H'(u)| < cglr*B on the domain of
F'. Since p and y are bounded by one, we obtain by (7.8)

| Flloo < ¢t rm P98, (7.21)

Recall that @5 = 0, so that H(0) = 0. Since [ 1(§) dé = 0 by (7.2), we can subtract
F(0) from F(u) under the integral sign; we then split the integral as follows:

AW = / [F(u) — F(O)] (2 ru) du
- / [F(u) — F(0)] (20 ru) du
Jul<(2ir) =+

+ / [F(u) — F(0)]¢(27ru) du (7.22)

|u|>(29r) =1+’
=: B1 + By,

where &’ € (0, 1) is a small fixed number. Recall that our goal is to show
|A§1)| <0y 5]'2Q(2+C)55j . (1 + 2]'741+aof3)_‘17
for some constants ag > 1 and C} depending only on ¢, p, and 5. We can assume that

2Jpltaof > 1 otherwise, the estimate is trivial by increasing the constant. To estimate
Bs, note that for any M > 0 we have by the rapid decay of :

[p(2ru)| < Car (14 2rful) ™,

hence, by (7.21),
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|Ba] < Clgpg -1 - 2987 ()1 / (1+[a))™ da
o> (27)’
< Cpp -7 29880 (2971 (27) =’ (M=D)
< CAM . 9Q¢Eej | (2]’741-%2/3)—(17

for M = M/(q,€’) sufficiently large, as desired. Here we used that 277 > 20p1+28 > 1,

In order to estimate By, we show that the function F' from (7.20) is 6-Hélder by our
assumptions; we also need to estimate the constant in the Holder bound. We write

F(u) = p(A+ H(u)) x(r~" H(u))e;(A + H(u)) H'(u) =: Fy (u) Fa(u) F3 (u) H' (u),
and then
F(u) — F(0) = (Fl(u) - F (0))F2(u)F3(u)H’(u) + F1(0) (Fg(u) — Fg(O))Fg(u)H’(u)
+ F1(0)Fa(0) (F (u) — F(0)) H' (u) + F1(0) 3 (0) B (0) (H'(w) — H'(0)).
We have
[Fi(w) = F1(0)] = oA+ H () = p(A+ H(0))| < [|plloc - |H (w) — H(0)].
Observe that
|H(u)—H(0)| = |H(u)| = |A=)| < cglr_6|<l>>\—<1>y| = cglr_f8|<1>)\| = cglr_6|u|, (7.23)
by transversality, which applies since supp(F') C I. Then, of course,
[Ba(u) = Bo(0)] < [} lloo - 77> H (u) = H(0)] < CF X oo - 7% . (7.24)

For Fj it is enough to assume that gy, ([wi]z5])a, ([we]z;]) # 0 (hence the same is true
for px by (M)), as otherwise e; = 1 and then (7.25), which is the goal of the calculation
below, holds trivially. In this case we have

By i) (Wil D By o) (lw2le;])

MX([WI‘Ej})NX([w2|5j]) px ([wile]) px(lwalz;]) B 1‘
fixo ([wilai]) g ([w2]25])

|F3(u) — F3(0)] =

< %3

P r g (@il Dexy aw) (wele])
pix([wile]) px(wale;])

by i () ([w2125])

(Wl

Qecj P H (u) ([w1lej])
S (AW
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| 9Qte MX+H(u)([w1|5j]) 1
pix([wiles])
- pix([w2les]) pix([wiles])
But for both wi|z; and wsls;, setting c3 = Qcé, we obtain
ﬂX+H(u)([w|5j]) _1l < maX{263j|H(u)|9 11— 2fcsj|H(u)‘e}
pix([wlz])
= max{c3j2°7Y1, 35273V} | H (u)|?,
with y1 € (0, [H(u)]), y2 € (—=|H(u)],0)
< 3j2%7% | H (u) — H(0)|".
Thus, for ¢y = Q(2 + ¢)é€
| Fa(u) — F3(0)] < 2c352°7¢5%r % [ul’. (7.25)
Finally, we need to estimate the term |H'(u) — H'(0)|. We have H'(u) = [%@,\]’1,
hence
1 1
|H' (u) — H'(0)] = | 7— — d—|
n® o ax®x

|5 ®x — 5 5]

(car)2 by [-transversality (6.1)

_ Cﬂ,1|)\ o X|67476(1+6)
B (car?)?

by (4.9)
< CprPEF) |y 0 by (7.23).

Below, writing “const” means constants depending on ¢, p, and g, which may be different
from line to line. Using all of the above and ||H'||c < c,gl 1P yields

|F(u) — F(0)] < const - c352°47 - <|u|5r_ﬁ(3+26) + |u|7“_4ﬁ + |u|97“_ﬁ(1+9)) ,
hence by (7.22) and recalling that (2/r) > 1 and r < 1,

|B1| < const - 3j2¢4 / <|u|5r7ﬁ(3+25) + |u|r*4ﬂ + |u|07"7ﬁ(1+9)> du

Jul<(297) =1+’
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< const - ¢3§2¢47 (T—ﬂ(3+25)(QJT)—(l—E’)(1+5) 4 (20)~201=) 48
+(2jr>—(1—e’><1+e>r—a<1+e>)
< const - ¢352¢47p—A(A+29) ((2jr)_(1_6/)(1+6) + (27r)720-2) 4 (2jr)_(1_€/)(1+9))
< const - ¢3j2047 = BAH20) (97~ (1= ) (1min{s,0})
as min{d, 0} < 1. We therefore obtain

|B1| < const - 3524 (2j7”1+a06)7(17€ Sty

)

for appropriate ag =

84446 > 4420
14+min{s,0} = (1—&’)(1+min{é,0})"
Since €’ > 0 can be chosen arbitrarily small, we obtain

|Bi1| < const - ¢552°47 (1 + 2jr1+“05)7q for any ¢ < 1+ min{4, 0},
since as already mentioned, we can assume 27711208 > 1 without loss of generality. O
8. The case of Gibbs measures

In this section we deal with case of Gibbs measures and develop tools for the derivation
of Theorem 3.3 from Theorem 3.2. Throughout this section, we assume that {{}, ¢ is
a family of shift-invariant Gibbs measures on 2 corresponding to a family of continuous
potentials ¢*: Q — R satisfying (3.1) and (3.2); o, b, co and 6 denote constants from
(3.1) and (3.2).

8.1. Proving (M) for Gibbs measures

Let Ly be the Perron operator on the Banach space C(2) of continuous functions on
Q, defined as

(Lyh)(w Z ¢ iw)p, (iw)
€A

Let C; be the set of functions which are constant over cylinder sets of length r, that is,
Cr(Q) = {f € C(Q) : var,.(f) = 0}.

Let w € Q) be arbitrary but fixed and denote the pressure by

Py = nh_{rgogloglz exp (Sn 0™ (iw))
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where S,,¢(w) = ¢(w)+d(ow)+---+@(c™1w). Note that the value of Py is independent
of the choice of w € Q.

Theorem 8.1. There exists co > 0 such that for every A € U there is a unique hy € C(Q)
with hy > ca > 0 and vy € P(Q) such that

Lahy = vahx, (Lx)svx =7V, and /h,\d%\ =1,

where vy = exp(Py). Moreover, for every wy,ws € Q and X € U,

h}\ (wl) S Bwl Awa h)\ (w2)7

where By, = exp (350,41 2ba”).
Furthermore, there exist A >0 and 0 < 8 < 1 such that for every f € Cr(2),

H'y;"”L;”““f — /fdl/)\ . h)‘H < Aﬂn/fdl/)\ for every A€ U and n > 1.
Proof. See [6, Theorem 1.7, Lemmas 1.8 and 1.12] and their proofs. O

The measure duy = hydv, is a left-shift invariant ergodic Gibbs measure with respect
to the potential ¢*, see [6, Theorem 1.16, Proposition 1.14].

We will show that «yy, hy and vy depend uniformly continuously on the parameters in
the following sense:

Lemma 8.2. For every 0 < 0’ < 0, there exists cgr > 0 such that for every \,7 € U,

™ hx(w)

P
7 (@) < e’ TIT for every w € Q.

For every i € Q*,

w(ld) ecor A= li|

Moreover, the constant Cq in the definition of the Gibbs measure can be chosen uniformly
for\eU.

X

~

Proof. Simple calculations show that |Py — P;| < ¢o|A —7|? by (3.2), hence the claim on
vx. Now let us turn to the claim on the eigenfunctions hy. Denote by 1 the constant 1
map over (2.

If A\ = 7, then there is nothing to prove. Suppose that A # 7. Then by Theorem 8.1,

7y "Li1g
h

- 1” <yt LA — ha|| < e tABT = A8 (8.1)
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Note that Lilg(w) = > e (1-in%) hence (3.2) gives
Tl genns in €A
L;\L]IQ(W) < ec0|)\77'|6'
L:_L]lg(w) -

Combining this with (8.1) gives for every n > 1,

M) ) (e 15" (e)w)
he(w) A" (L31o)(w) he(w) v (L) (w)
LA (410)()
S1-46 3 (Lrn)w)
14+ A" 2c0lA—7|"n
S1_ape '

Let n be minimal such that iﬁjg: < 62C0|)‘_T‘9, that is, let

log (1 - 2(62%')‘77‘9 + 1)’1) —log A’

8.2
" log (82)
It is easy to see that for any 0 < 6" < 6,
lim 2/~ 10g<1 - #) ~0 (8.3)
a0+ e2cox? 4] ’ ’

thus, there exists cgr > 0 such that

log (1 - 2(62“")‘77‘9 + 1)’1) —log A’

2| <co|r—r1|"
log + < <o 7l

2¢o| A —7'\9

for every A, 7 € U. Hence,

hk(w) < 1+ Alﬂn 6250|)\7'r\9n
hr(w) — 1— A'p”

< exp (2¢o|A — 7/°(n + 1))

log (1 - 2(6260‘>‘le9 + 1)71> —log A’

2
log 3 +

<exp | 2¢o|A — T|9

< exp (cer|)\ - T|9l> .

The proof for the measure is similar. In fact, suppose that A\ # 7. Using Theorem 8.1,
we get for every n > 1 and every w € ),



B. Bdrdny et al. / Advances in Mathematics 399 (2022) 108258

34
5 D (L () ' vz P ) )
V'r([ﬂ)hT(w)

walld) va(lE))ha(w) .
v ([2]) "y;(nHiD(LzHil]l[ﬂ)(w) ”y;(n+|il)(L¢+‘i|]l[i)(w)

he(w)
h,\(w)

1+AI n . ,
< ﬁ - exp (2co|)\ —7%(n 4+ i) + cor [N — 7/° ) .

Now, choose again n > 1 as in (8.2). Then

~

[i])
)

V)\(
v ([

<am<mmx—TMH+cMA—TW

log (1 — 2(e2eolA=7I” 4 1)_1) —log A’
+ 2¢|A — 7] +2
log 3

|

< exp (200|)\ — 7|%i] + 2co/ |\ — 7'|9,) < exp (ﬁ’L(QC + 2cgr)|A — 7'\9,|1|>

for some constant m = m(6,6").
The claim on the Gibbs constant Cg follows from the proof of [6, Theorem 1.16],

combined with uniform bounds on Ay and . O
The following proposition concludes the proof of the property (M) for Gibbs measures

satisfying assumptions of Theorem 3.3.

Proposition 8.3. For every 0 < 6’ < 6 there exists ¢ > 0 such that for every \,7 € U and

for every i € Q*,

A(li])
()

Proof. Fix 0” € (¢,0). By the definition of py, Theorem 8.1 and Lemma 8.2,

0.
< eeA=T17 il

=

=

9 Zj;m:n h(ijw)va ([4])
R S 6 P (1)

< Bi+|g| exp (Cg//|)\ — 7'|9/ + cor(n 4+ [i|)|A — 7/° ) .

Choose n > 1 minimal such that
2 2 1| A— o
Bn+|l‘ S Bn S 669 | l i



B. Bdrdny et al. / Advances in Mathematics 399 (2022) 108258 35

that is,
. ’b,,log A — 7| N (1-— a)ceu(4b)_1—‘ '
log v log v
Then
) 17 1 A - ]_ - " 4b _1 "
/J)\([@]) < exp (200”|>\ 77_|9 +00”(01/ Og| T‘ + ( a)Cg ( ) + |Z| + 1)‘/\7T|9 ) )

log o log o

Since for every 6/ < 6 < 1 the map (A, 7) — |A —7]®" =% log |\ — 7| is bounded, the
claim follows. O

8.2. Large submeasures

The goal of this subsection is to prove the following proposition, required to deduce
Theorem 3.3 from Theorem 3.2.

Proposition 8.4. Let {fjf\}jeA be a parametrized IFS satisfying the smoothness Assump-
tions (A1)-(A4). Let {ux} e be a family of shift-invariant Gibbs measures on Q cor-
responding to a family of continuous potentials ¢*: Q +— R satisfying (3.1) and (3.2).
Then for every \g € U, € >0, & > 0 and ¢ € (0,0) there exist £ > 0, ¢ > 0, and a
set A C Q such that for every X € Be(X\g) we have px(A) > 1 — ¢’ and the measures
fix = pxla satisfy

dimeor (fin, dy) > s —€ (8.4)
and
e Aol ([w]) < iy ([w]) < el 90y () (8.5)

for all w € Q.

A standard approach for proving (8.4) is applying Egorov’s theorem, similarly as in
the proof of Proposition 5.1. In our case the difficulty is to obtain (8.5) simultaneously.
This requires a more quantitative approach in constructing “Egorov-like” set. For this
purpose we need certain large deviations results, uniform with respect to the parameter,
which we state in a slightly more general setting.

We assume now that {ux} g is a family of measures satisfying assumptions of Propo-
sition 8.4 and {g;': Q R}yew, £ =1,...,p, is afinite collection of families of potentials,
each of them satisfying properties (3.1) and (3.2).

Proposition 8.5. Let A\g € U be arbitrary but fized. Then for every e > 0 there exists
&p >0, Cp >0 and s > 0 such that for every A € Be, (Xo) and everyn > 1, £ =1,...,p,
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1
1A ({w eN: ‘nSngé‘(w) — /gj‘du,\ > 6}) < Cpe™*™.

The proof is based on two lemmas.
Lemma 8.6. For every 6/ € (0,0) and \g € U there ewist £ > 0 and Cy, =
Cy(g1,-.-,91,0") > 0 such that

‘/g?dux—/gZduT

holds for every £ =1,...,p and A € Bg,, (o).

< CylA =7

Proof. Fix " € (#',0) and let ¢ be the constant from Proposition 8.3 corresponding to
. Let A € U be arbitrary, and let 7 € Be,, (A) where 31 is chosen such that aea < 1,
Choose n > 1 minimal such that (ee®>=71" )" < |\ — 7|. Then

[ atdus <o+ 3 g ()

|i|=n.

<ba™ 4 co|A— T\e + Z ¢ (iw)pa([4])

lil=n

9// .
<ba" + oA —7|” + TN g7 (1w (1)

< ba™ +COI)\ _7_‘9 +ecn|A—T\9 </gZdMT _"_ban) )

Thus,

’/g?dux—/gz?duf

where M = maxyey,weq |9, (w)|. Hence, by the choice of n,

< (ecnl)‘fﬂg — 1) M + ba™ (ecnl)‘fﬂe + 1) + co|A — T|6.

'/ My — gz T < (exp (c|)\ —7|% log |\ — 7|/(log o + ¢|A — T|‘9”)) - 1) M
+ (co+2)|A =7

9 !¢’ logz

log a+ca9” N

there exists a constant C; > 0 such that |e” — 1| < Ci|z| for every |x| < B&S,. Hence,

‘/g?dux —/gZduT

The map = +— is continuous, hence bounded, on [0, &21], say, by B. Further,

< (CYM +co+2)|A = 7|7,

as desired. O
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Lemma 8.7. Fiz Ay € U and 6’ € (0,0). For every ¢ > 0 there exist {35 > 0 and Cag > 0
such that for every A € Bg,,(Xo) and everyn >1, £ =1,...,p,

><})

_ o’ 1
< Coge™ A2l iy ({w €Q: ‘ Sngy° (w) — /g?oduxo

n

1
5\ ({w eN: ‘ESngg‘(w) — /gﬁ‘du,\

S
5 7
with ¢ = ¢(0") as in Lemma 8.06.

Proof. Fix \g € U and € > 0. Fix k € N large enough to have ba* < £. Foragivenn € N,
let ¢} (w) = g3 (wln+x1>). Note that by (3.1) for g} we have ||1S,g; — %Sngog‘Hoo <

whereas (3.2) for g} yields

£ 1807 — %Sncpg\ouoo < £ if X is close enough to Ag.

Moreover, functions w Snapg‘ (w) are constant on cylinders of length n + k. Therefore,
applying Proposition 8.3 and Lemma 8.6 gives for A € B(\g, &22) with €29 small enough:

.
)

= > () Las, o a1m)— [ grap|> 223 (0)

li|l=n+k

c(n ~xol? : .
< ecn+R)A=Xo] Z i, ([7]) Il{‘%smoé(“oo)_fgexduk|>4?s}(Z)
|i|=n+k

1
i ({w €q: lﬁsng?(w) - /g?dm

1
< pa <{w eN: ‘ESngo?(w) — /gg‘d;@\

p— 9/ o .
< ngecnp\ ol Z KXo ([l])ﬂ{)lsncp?o(ilf’o)ffgz‘odu,\o|>25}(l)

5
|i|=n+k

)

o’ 1
< 0226071‘)‘7)‘OI Hxo ({W €Q: ‘ESng?‘J(w) - /glf“’du%

where Coy = exp(ckely). O

Proof of Proposition 8.5. Fix A\g € U and ¢ > 0. By [49, Theorem 6], there exist Cp > 0

and s > 0 such that
> %}) S CD672sn

for every n € N. Combining this with Lemma 8.7 finishes the proof. 0O

1
Hxo <{w €N: 'ﬁSng?O(w) - /g?odmo

Fix 0’ € (0,0), Ao € U and ¢ > 0. For every n > log(By)/¢ let
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Qf = {g € A" : there exist w € [i] and ¢ € [1, p] such that

> 45}.

§ < min{¢{p, &}

1
‘ESngz\O(w) - /!J?deo

We define Q,, := A"\ QF. Choose

such that co|A — Xo|? < & and Cy|A — Ao|” < & for A € Be,, (Xo). Then, for such A,
Lemma 8.6 gives that for every i € QS, w e [i], £=1,...,p
‘1

ﬁSngg‘(w) —/gz\dm\ > €. (8.6)

Let us define two sequences ny, = [(1+¢)¥] and my = |1+ (1 +¢)+---+ (1 +¢)*|. For
every K > 1 with mg > log(Byp)/e we let

X Q X Qe X oo C K (8.7)

NK+1

For k > K, denote I'y,,, := Qe X Qe X -+ X £y, . By Proposition 8.5,

mEi) = Y m(li

jeqyg, o

+Z Z Z Z Z px(lioiy - - - ig_13])

kzli@EQmK ileﬂnK+1 ik—leQ”K+k—1j€Q%K+k

< Cppe ™MK + Z Cppe™ °"E+k — 0 as K — oo. (8.8)
k=1

Proposition 8.8. For every K with nix > log(By)/e there exists ¢ = ¢/(e,K) > 0 such
that the inequality

Al NEx) < P il ([ N ) (8.9)
holds for every i € Q* and every A\, 7 € Be(X\o) (with & defined above).

Proof. First, we shall prove (8.9) for i € Q* with |i| = my for L > K. Note that if
i ¢ T, then [{) NEx = 0, hence it suffices to prove the inequality for ¢ € T, . By
definition,

(il NEr) = ma(d) - > pa(lid))

jeﬂ%L{»l
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YO Y i i)

k=1 ZleQ ikEQnL+k jch

"L4+1 L4 k41

For short, denote

bL+1()\) = 1@. Z /J'A([Zj])’

b= s Y S Y mlliid). kL

), A LA

"L+1 ML4k+1
Hence, by Proposition 8.3,
- . 00 _eln—r]? 14
x(li] N Ex) _ 1 ([i]) ' 1— Zk:l e—cla=rl (mL+k+|lDbL+k(T) (8.10)
pr(f] N Ex) ~ pr([d]) 1- ZZL br+x(T)

By the Mean Value Theorem, there exists p € (e*cv"ﬂe/, 1) such that

log (1 - Z €C|AT6(mL+’“+|iI)bL+k(T)> — log (1 - Z bL+k(7')>
k=1

k=1
D i) pm s b (1) (1 - ec\x—rlgl)
L= S, b (r)
< ZlﬁﬂmLﬁ + |Z|)bL+k(T)C|/\ .
1= km1 brar(7)

By the Gibbs property of p.. we have

>c})

SnL+ng_/gzdlu“r

br+k(7) < Copr U | <Copr <{1<%|<p

y c
i€,

NL+k
< pCaCpe " r,
where in the last two inequalities we used (8.6) and Proposition 8.5. Hence,

Zz‘;l(muk + |Z|)bL+k(T) < pCeCp ZZZ1<mL+k + |i|)e_S”L+k'
1= Z/;.il bL"rk(T) - 1-— pCGCD 220:1 e~ SNL+tk
2pCaCp Y pey Mpppe itk
1—-pCeCp 220:1 e—SnL+k

which is a uniform constant. Combining this with (8.10) and Proposition 8.3, we get
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pa(ld]

i|NEk) < oI’ "(lil+1).
pr([i] N Ex

[I] [I]

Now let us extend (8.9) to all i € Q* with |i| > mg. Let mp < |i| < mp4q for L > K.
Then

. —_ ce —_ — o’ .. —_
(] NEk) = Z pa([d] N Eg) < Z el meey (165] N Z)
jeA™ L1l jeAm L1l
’ o’ mr
< el ([ Ex) < T ([ 0 Ex)

o', . —
< eBte)elA—7] Iz\uT(m NEk).

Finally, for i € Q* with |i| < mg, the same calculation as above shows

. = m —r1 | . =
([N Ex) < el ([ nZk). o

Lemma 8.9. For every £ = 1,...p, K > log(By)/e, n > mg, and every i € Q. with
li| =n and [i] NEx # 0, every w € [i] and every X € Be(\o), the following holds:

1

Esngé\((x.)) - /gz\d/u < (64 4M)e,

where M = max, 5 ,ec01<0<p 197 ()]

Proof. Let L > K be such that my <n < mgy;. Then

1
‘ESng?(w) —/g?d/u
mrp, 1 1 n—mr
s;—Eﬁmﬁm—/ﬁwx+h@wwwwmﬁw»— [ ghan
1 L+1
< e T Monr < B opp <oy LT oy
n mi 4ol —1

Since K is large, the claim follows. O
Now we are ready to prove Proposition 8.4.

Proof of Proposition 8.4. Let g} (w) = Py — ¢*(w) and g3 (w) = — log ‘( ) (H’\(aw))‘
Then h,, = [giduy and x,, = [gidux. Fixe >0, & > 0, and ¢’ € [0,6). Let £ > 0
be small enough, so that Proposition 8.8 and Lemma 8.9 hold. Let A = Z be defined
as in (8.7) for fixed K > log(By)/e, large enough to have px(A) > 1 — ¢’ for A € Be(\o)
by (8.8). Then [iy = px|a satisfies (8.5) by Proposition 8.8. By the Gibbs property and
Lemma 8.9, for u € Q* satisfying [u] N A # () with |u] = n > mg and any w € [u], we
have
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fa([u]) < pa(fu]) < Cqexp(—Pin + Sn¢’\(w))
= Cg exp(— 8,07 (w)) < Cge MM —(6+4M)e)

and
’( 3)/ (HA(a”w))‘ > ¢~y H(E+AM)e)

Therefore, setting A, = {u € A" : [ul N A # ()} and applying Lemma 4.2, we obtain for
a >0,

alfix, dr) = Z DD RCO i) fia ([ug)

n=0u€A, i,jcA
i#]

SOROEY. Y 3 e KO0 ]

n=0u€A, i,jcA
i#J

< Cgch#AZein(h“)\i(GJrM\/[)Eia(X“*+(6+4N[)5)) < o0,
n=0

Ry, —(6+4M)e
Xy F(6+4M)e"

iy —(6+4M)e

prov1ded a < = m

This shows dim o, (fix, dy) > O

9. Proofs of Theorems 3.2 and 3.3

Lemma 9.1. Let {fjf\}jeA be a parametrized IFS satisfying smoothness Assumptions
(A1)-(A4). Let {pr}rcp be a collection of finite Borel measures on ) satisfying (M).
Then the map

U 2 X dime, (1, dy)
s continuous.

Proof. Fix arbitrary o > 0, ¢ > 0. It is enough to prove that there exists a constant
C > 0 such that inequality

Ealpin, dy) < Caye(unr, dy)

holds provided A and X are close enough. By (M) and the parametric bounded distortion
property (Lemma 4.2),
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) =30 S S 1RGO (e ()

n=0u€A"i,jcA
i#]

SC«&i Z Z e(c+csz)n\>\f)\'|9

n=0ueA" i,jEA
1#£]

ool

e ([ua]) e ([ug])

< Cs2 fqi‘/(X

pux ([wi]) s ([ug])

’—(a+€)

n=0ueA" i,je._A
i#]

= 0628a+5 (U)\’a d)\/),

’ € —en
u(X)‘ 2’726

where the last inequality holds provided |A — X[ is small enough, as
by (A4). D

9.1. Proof of Theorem 3.2

Fix Ao € U with dimee,(pr,,dy,) > 1. Let € > 0 be small enough to have

- min {dimcor(quvdko)azl + min{4,0}} —4e —1 >0,

Let ¢ =1+ 27+ 2¢. Then
142y +e < ¢ <min{dimeor (e, drg ), 1 + min{d, 6} } — 2e.
Let 8 > 0 be small enough to have
q(1 + apf) < min {dimeor(fry, da,), 1 + min{d, 0}} — ¢,

where ag is as in Theorem 7.1. By Theorem 7.1, there exists an neighborhood J of A\g in
U, interval I containing A\g and compactly supported in J and smooth function p with
0<p<1, supp(p) C J and p =1 on I, such that

J 1A 203 < [ Il ()0 < Caitran () + Ca < o0
as q(1+aof) < dimeop(pry, dn,) — €. Therefore, [|vx[|3,, < oo for Lebesgue almost every
A € I, hence

dims((l_[)‘)*,uA) > 14 2 > min {dimeor (2o, drg ), 1 + min{d, 0} } — 4e

holds almost surely on I. As € can be taken arbitrary small and the function A —
dimeor(pea, dy) is continuous by Lemma 9.1, we can conclude the result in the same way
as in the proof of Theorem 3.1 (see the last paragraph of Section 5).
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W by
i | .

A

Fig. 10.1. The map f acting on the rectangle [—1, 1] x [0, 1].

9.2. Proof of Theorem 3.3

As Proposition 8.3 implies that measures {jux}, oz satisfy (M) with 6’ arbitrarily
close to 6, the first assertion of Theorem 3.3 follows from Theorem 3.2. For the absolute
continuity part, fix € > 0 and &’ > 0 and let ji) be as in Proposition 8.4. By Theorem 3.2

we have dimg((IT*).fix) > 1 for Lebesgue almost every A with % > 1+ ¢e. As any
A

measure on R with Sobolev dimension greater than 1 is absolutely continuous (with L2
density), passing with ¢’ and ¢ to zero finishes the proof.

10. Applications
10.1. Place-dependent Bernoulli convolutions

Our first application is the place-dependent Bernoulli convolution studied in [1]. Let

0<p< % and 0.5 < A < 1 and let us consider the following dynamical system f :

[-1,1] x [0,1] = [—1,1] x [0, 1], where

<)\x_(1_)\)71+2§pm> if0<y<3+px

fx,y =
(@) (/\m+(1—/\),w) ifl4+pr<y<l

1—-2px

For the action of f on the rectangle [—1, 1] x [0, 1] see Fig. 10.1.
Let vy, be the place-dependent invariant measure of the IFS on [—1, 1]

Ty = (@) = he— (1 0,0} (@) = Az + (1- 1)}

with probabilities {po(z) = 3 + px,p1(z) = & — pz}. That is, vy, is the unique proba-
bility measure of the dual operator L*, where

Lofo) = (5 + oo} gk = (1= )+ (5 = o) a0+ (1= ),

for any continuous test function g: [0,1] — R. In fact, by [12, Theorem 1.1],
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lim L"g(x) = /gdu)\w uniformly on [0, 1]. (10.1)

n—oo

Applying (10.1) and the bounded convergence theorem, simple calculations show that

n—1

222 of ko Ux,p X L£1 weakly,
k=0

1

n

where L, is the normalized Lebesgue measure on the rectangle. Hence, by the results of
Schmeling and Troubetzkoy [38, Section 2, 3], the measure vy , x £y is the unique SBR-
measure of the map f. Therefore, the property vspr < Lo is equivalent to vy, < £y
and moreover dimy vggr = 1 + dimy U, p-

Clearly, the IFS W) satisfies the conditions (A1)-(A4) for A in an arbitrary compact
subinterval of (0,1). Moreover, it is easy to see that vy , is a push-forward measure of a
parameter-dependent Gibbs measure py ,. More precisely, let Q = {—1, 13N and

N w) = Z wpAF~L
k=1

and let ¢*(w) = log (pu, (II*(ow))). It is easy to see that ¢ satisfies (3.1) and (3.2) for
every fixed p € [0,1/2). Moreover,

X, = —log A;

hun, = = Jr (3 + px)log (5 + px) + (5 — px) log (5 — pz) dvy p(2).

Shmerkin and Solomyak [41, Theorem 2.6] showed that W, satisfies the transversality
condition (T) on the interval A € (0,0.6684755). Hence we can apply Theorem 3.3 and
verify the claim [1, Theorem 4.1].

Theorem 10.1. For every 0 < p < 0.5 and Lebesque almost every A € (0.5,0.6684755),

h
dimg vy, = min{l, #Ag")\}

Moreover, vy , is absolutely continuous for Lebesgue almost every
A€ {)x € (0.5,0.6684755) : hy, , > —log )\} .

In particular, the region contains the quadrilateral formed by the points (0,0.5),
(0.45,0.55), (0.45,0.668), (0,0.668).

It follows from the calculations in [1], that for every N > 1,

N
(2p)*" (2p)™ "
log2 — n; nn—1) " T BN+ N + (1= (2p)7)
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Je
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0.55 0.60 0.65

Fig. 10.2. The singularity and absolute continuity region of the measure py ,.

<h <log2—§:ﬂF (10.2)
= M = — 2n(2n — 1) n '

where F,, = [ 2*"duy ,(x). The quantities F,, can be expressed inductively by

- (1 _ A)Qn
LA (dnp(1 = \) — )

I Ve Gy C A (P S /(I P
L+ A2 1(dnp(1 = A) =N \2m/) \2m  2n—2m+1) "™

m=1

Fy

_|_

Using the estimates (10.2), we can approximate the region in Theorem 10.1, see Fig. 10.2.
10.2. Blackwell measure for binary channel

Our second application is the absolute continuity of the Blackwell measure for a binary
symmetric channel with a noise. Let us first introduce the basic notations, following
Béarany, Pollicott and Simon [3] and Bérdny and Kolossvary [2]. Let X := {X;}°

be a binary, symmetric, stationary, ergodic Markov chain source X; € {0,1}, with a
probability transition matrix

II :=

p 1-»p
I-p p
By adding to X a binary independent and identically distributed (i.i.d.) noise E =
{E;};2___ independent of X with
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P(E=0)=1-c, P(E=1)=¢,

we get a Markov chain Y :={Y;}°° Y; =(X;, E;) with states {(0,0), (0,1),(1,0),(1,1)}

i=—00"

and transition probabilities:

p(l—¢) pe (1-p)(l-¢) (1-p)k

v | P pe (1-p)(l-¢) (1-p)e
S| (A-p-¢) A-pe  p(l-—¢) pe
(I-p)(1-¢) (I-pe  p(l—¢) pe

Let ¥ : {(0,0),(0,1),(1,0),(1,1)} — {0, 1} be a surjective map such that
U(0,0) = W(1,1) = 0 and ¥(0,1) = U(1,0) = 1.

We consider the ergodic stationary process Z = {Z; = ¥(Y;)}:2 which is the cor-

i=—o00)
rupted output of the channel. Equivalently, Z is the stationary stochastic process
Z; = X; P FE;, where @ denotes the binary addition.

According to [14, Example 4.1] and [3, Example 1], the entropy of Z can be expressed
as follows. Consider the 3-dimensional simplex

W::{QGR‘l:wiZQ Z wizl}

1<i<4

and define Wy, W7 C W by
Wo={weW:wy=w3 =0}, Wiy :={weW:w =ws=0}.

Consider two matrices

p(l—¢e) 0 0 (1-p)e
) p(1—e¢) 0 0 —ple
M= tapa-ag 00 pe | ™
(@-pi-o 00
[0 pE (I1-p)(l—-¢) O
M 0 pe (I-p)(l—-¢) O
"Tlo 1-pe  pl—e) 0]’
0 (1—-p)e p(1—e¢) 0

and let (ro(w),r1(w)) be the place-dependent probability vector of the form
ri(w) = [lw” M|y,

where ||.||; denotes the {1 norm and w € W. Introduce two functions fo : W +— Wy and
f1: W — Wi such that



B. Bdrdny et al. / Advances in Mathematics 399 (2022) 108258 47

MTMi

Then the entropy of Z can be expressed as follows:

HZ) =~ [ [ow)logrw) + n(w logri(w]dQ(w)

WoUWy

where the Blackwell measure @ is the unique measure with supp(Q) C Wy U W7, such
that for every continuous function h: Wy U W7 — R,

/ h(w)dQ(w) = / ro(w)h(fo(w)) + 1 (w)h(f1 (1)) dQ(w).

It was shown in [3, Section 3.1, 3.2] that for the binary symmetric channel, the measure
Q on Wy U W, is conjugated to the place-dependent invariant probability measure v,
on [0,1] for the IFS ¥, , = {S;*, ST}

Sz z-p-(l-—e)+(1—-2)-(1-p)-(1-¢)
z-p(l—e)+(1=p)-el+(1—2)-[1-p)(A—¢e)+p-el
z-pe+(l—z)-(1—p)-¢
z-[pe+(1—p)-(1-e)+(1-2)-[1-pe+p (1-¢)]

STP(x) =
and the place-dependent probability vector (py? (), pi”* (x)):

py"(@) =z [p(l—e)+ (1 —p)-el+ (1 —=)-[1-p)(l—e)+p-e],
pi7(@) i =x-pe+(1-p)- 1=+ (1 -2) - [1-pe+p-(1-2)].

In particular, @ < L1|w,uw, if and only if v, , < L;.

Observe that for e = 1/2, Sg(xz) = S7*(z) = (2p — 1)z + 1 — p and so v, is the
Dirac mass on the point 1/2. Hence, we may assume that ¢ # 1/2.

For every fixed € € (0,1) \ {1/2}, the IFS W, , satisfies the conditions (Al)-(A4)
for p in an arbitrary compact subinterval of (0,1); and v, , is a push-forward measure
of the Gibbs measure p., with respect to the potential ¢=7(w) = log (p5P (I1°* (ow)))
satisfying (3.1) and (3.2), where II®? is the natural projection of the IFS ¥, ,,.

Barany and Kolossvary [2] showed that for every fixed ¢ # 1/2 the IFS ¥, , satisfies
the transversality condition (T') with respect to the parameter p and has Z“ =£ > 1 on

He,p

every interval I for which {e} x I is contained in the red region in Fig. 10.3. Thus, the

main theorem of the present paper applies and [2, Theorem 1.1] remains correct:

Theorem 10.2. For every fized ¢ € (0,1)\{1/2} and for Lebesgue-almost every p such that
(e,p) € R is in the red region of Fig. 10.3, the measure v®? is absolutely continuous. For
instance, the red region contains two quadrilaterals formed by (0.5,0.75), (0.37,0.775),
(0.5,0.795), (0.63,0.775) and (0.5,0.25), (0.37,0.225), (0.5,0.205), (0.63, 0.225).
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h
=2 > 1 (red) of the measure vep, [2,
He,p

Fig. 10.3. The singularity (blue) and transversality region with
Figure 1].

It was shown by Barany, Pollicott and Simon [3] that . , is singular in the blue region
of Fig. 10.3.

10.3. Absolute continuity of equilibrium measures for hyperbolic IF'S with overlaps

First we recall briefly the notion of equilibrium measure in the setting of IFS. Let
A = {1,...,m} and suppose we have an IFS ¥ = {f;};ca of the class C'*? on a
compact interval X C R. We assume that the system {f;};c4 is uniformly hyperbolic
and contractive:

0<m < |fj(@)| <2<l foralljeA zeX. (10.3)

As before, @ = AN and o denotes the left shift on Q. We write IT : © — R for the natural
projection map associated with the IFS. Consider the pressure function, defined by
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_ . T —1 7|t
Pa(t) = Py(t) = lim n”"log ;ﬂ [FAR (10.4)

It is well-known that this limit exists, ¢t — P4(t) is continuous and strictly decreasing.
According to the general theory of thermodynamical formalism (see e.g., [35]),

Py(t) = P(o,t¢),

where ¢(w) = log|f,, (Il(cw))| is the potential associated with the IFS and P(o,-) is
the topological pressure. The equilibrium state for the potential ¢ is a Borel probability
measure g on € satisfying

where h, = h,(0), see [35, 3.5]. Observe that [¢du = —x, by the definition of the
Lyapunov exponent. Denote by s = s(¥) the solution of the Bowen’s equation:

s=s(U): Pyg(s)=0. (10.5)

It is well-known that s(¥) is the upper bound for the Hausdorff dimension of the attrac-
tor. We say that p is an equilibrium measure for the IFS W if it is the equilibrium state
for the potential s(¥) - ¢. Thus, by definition,

h
 is an equilibrium measure = s(¥) = .
Xy

The equilibrium measure is the dimension-mazimizing measure for the IFS in the sym-
bolic space. Under our assumptions, the equilibrium measure p is the unique Gibbs
measure for the potential s¢ = s(V¥) - ¢, which implies that

p(ful) = diam([ul)®,

for any cylinder set [u] in Q. Here diam([u]) is the diameter in the metric associated with
the IFS: d(w, ) = | X,ar|- It follows that p has local dimension s at every point in Q; in
particular, the correlation dimension dimce, (%) = s.

Given a family of hyperbolic IFS U (with overlaps) depending on a parameter A € U,
with equilibrium measure uy, we expect that typically, in the sense of almost every
parameter, the projection of the equilibrium measure (IT*),u has Hausdorff dimension
min{1, s(¥*)}, and is absolutely continuous when s(¥*) > 1. This is what we prove
under the assumptions of regularity and transversality. It is a simple consequence of
Theorem 3.3, but we state it as a theorem because of its importance.
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Theorem 10.3. Let U* = {fjf\}jeA be a parametrized IFS satisfying smoothness As-
sumptions (Al)-(A4) and the transversality condition (T) on U. Let py be the equi-
librium measure for U and s(U*) the solution of the Bowen’s equation (10.5). Then
dimg (1), pp) = min{1, (PN} for a.e. A\ € U and (IT1N).puy is absolutely continuous
with a density in L? for Lebesgue almost every X in the set {\ € U : s(¥*) > 1}.

Proof. As noted above, the equilibrium measure jy satisfies dimc,,(ux) = s(¥*). By
Theorem 3.1 and Theorem 3.2, it is enough to show that the equilibrium measure
1y satisfies ( ) By Proposition 8.3, it is enough to show that potential ¢*(w) =
s(UM) log [(f2,) (IT* (ow))| satisfies (3.1) and (3.2).
The condltlon (3.1) is straightforward, since by assumption 1 < |(f2,) (II*(ow))| <

y2 on U and trivially s(¥*) < _l‘ffg”fm. On the other hand,

0% (w) = &7 (W)

’ (o) ) log |( f>‘ (I (ow) |10g| ) (I (ow) )| = s(7)log |(f] HT(Uw)){‘
logm

—log [s(¥*) — 5(¥7) | + — 72(10g|< 2/ (0w))] — log | (/2,)'(IT" (o) |
logm

< —log a[s(¥*) — ()] + M>aww»<;wwmmy

—711log e

By the Assumptions (A1)-(A4), simple manipulation shows that A — (f2 )/ (II*(ow)) is
a Lipschitz map with Lipschitz constant independent of w. Hence, it is enough to show
that A — s(U*) is Lipschitz. But clearly,

—logals — | < |Pea(t) — Poxr(s)] < —logmls —t],

and so

|s(U?) — s(U7)| < (—logy2) | Paa(s(T)) — Per(s(¥7))]
= (—logy2) | Ppa(s(¥7)) — Por (s(¥7))]
< (—logv2) el — 7],

where the last inequality follows by Lemma 8.2 since A — s(¥7)log |(f2,) (I’ (ow))|
satisfies (3.2). O

10.4. Natural measures for non-homogeneous self-similar IFS

Consider a self-similar IFS on the line F = {f;(z) = rjz + a;};c4, where r; € (0,1)
and a; € R. Recall that the similarity dimension is the number s = s(F), such that
> jear; =1 Assume that the IFS is non-degenerate, in the sense that the fixed points
of f; are all distinct. In this case the equilibrium measure is the Bernoulli product
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N)on Q, where p = (r5,...,78

r'm

measure (p ) is the vector of probability weights associated
with the similarity dimension. We focus on the question of absolute continuity for the
natural self-similar measure vz = II,(pY). (For the Hausdorff dimension dimg (vz)
Hochman [15] obtained results that are much sharper than what we get with our method,
so we don’t discuss the latter.) For non-homogeneous self-similar measures results on
absolute continuity for a typical parameter in a “transversality region” were obtained by
Neunhéuserer [26] and Ngai and Wang [27] independently. However, in their results the
probabilities in the definition of self-similar measure are fixed, and so nothing can be
claimed for the natural measure for a.e. parameter. More recently, Saglietti, Shmerkin,
and Solomyak [37] proved absolute continuity for a.e. parameter in the entire “super-
critical region” (i.e., where h,/x, > 1), however, there also, probabilities are fixed, and
an application of Fubini’s Theorem doesn’t yield anything for the natural measure. The
following is an immediate consequence of Theorem 10.3.

Corollary 10.4. Let F = {r;(AN)x +a;(A)}jea be a family of non-degenerate self-similar
IF'S satisfying smoothness Assumptions (A1)-(A/) and the transversality condition (T)
on U. Then the natural self-similar measure vy is absolutely continuous with a density
in L? for a.e. A\ € U such that the similarity dimension is strictly greater than 1.

Specific regions where the transversality condition holds were found in [26,27]. In
particular, we have the following for the family of the IFS {\iz, Ay + z}, where the
1-parameter family is obtained by assuming A = A1, Ay = ¢ for a fixed ¢ > 0.

Corollary 10.5. Let vy, », be the natural self-similar measure for the IFS { iz, Aax +1}.
Then vx,,x, %5 absolutely continuous with a density in L? for a.e. (A1, \2) such that
A1+ A2 > 1 and max{A;, A2} < 0.668.

10.5. Some random continued fractions

Consider the IFS F, 53 = {f1, fa} =: {zfgil, %ﬂﬁl} on the real line, for 0 < a <

B. Applying the maps randomly (not necessarily independently), we obtain a random

continued fraction [1,Y7,1,Y3,1,Y5,...] where Y; € {«, 8} and we are using the notation
1
[(11,@2,@3,...] = 1
ay + 1
ay+——
as+...

In the case a = 0 the IFS is parabolic; it was first studied by Lyons [23], motivated
by a problem from the theory of Galton-Watson trees. In [44] it was shown that the
invariant measure for the IFS corresponding to Y; applied i.i.d., with probabilities (1, 3)
is absolutely continuous for a.e. 8 € (0.215,08.), where 8. € (0.2688,0.2689) is the
“critical value”, such that
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log2
XBC

1

b

where x g, is the Lyapunov exponent of the measure (%7 %)N. Note that the IFS Fy g is

overlapping, i.e., its two cylinder intervals have non-trivial intersection, for g € (0, 0.5).
In this paper we restrict ourselves to smooth hyperbolic IF'S, so we need to take o > 0.
However, we can take a very small positive o and expect somewhat similar behavior.

The convex hull of the attractor for F, g is the closed interval having the attracting fixed
VaZtda—a VB2+48-8
2 J 2

points of fi, fo as its endpoints; it is X, 3 = [ ] It is easy to check

that the condition for the IFS to be overlapping, i.e., £!(f1(Xa,8) N f2(Xa,5)) > 0 is

B+a+4>3(vB2+46+Va?+4a).
It is satisfied, e.g., when a € (0,107%] and 3 € («a, 0.485).

Example 10.6. Denote by I1*# the natural projection from Q = {1, 2}N to the attractor
and consider the equilibrium Gibbs measure i, 5 for the IFS. Fix o € (0,107%] and
B =+v2—1=0.41421... Denote 1, g := %" 11, 5. Then 14 g4 is absolutely continuous
with a density in L? for a.e. A € U = (0,0.485 — 3) ~ (0,0.077). H

In order to derive this claim from Theorem 10.3 we need to check transversality and
that hy, ,
well-known that as soon as there is an overlap, the condition s(Va,5) = hy, 5/Xpa s, > 1

/Xuo s > 1 holds. (The regularity assumptions are obviously satisfied.) It is

is satisfied, but for the reader’s convenience we provide a short proof in Appendix D, see
Corollary D.3. Checking transversality is non-trivial; we indicate it in the next subsection.
(In fact, we could get a larger interval of transversality (= 0.215,0.485) for a € (0,107%]
with the method of [44, Section 6], which is more delicate.)

10.6. Checking transversality

Sometimes slightly different forms of the transversality conditions are used. Here they
are:

An>0: Yu,v €, uy #vi, A€ U

(10.6)
T (w) =T ()| <7 = | (I (w) =TT (0))] > n;
dn>0: Yu,veQ, u v, AeU
n 17 1 (10.7)
I (u) =1 (v) = |5 (T (u) — T v))| > 7;
ACr >0: Yu,v e, u vy, 7 >0
T 1 # U1 (10.8)

LYNeTU: [MMu)—TMw)| <7} <Cr-r
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Lemma 10.7. Under regularity Assumptions (A1)-(A4), all three conditions (10.6) -
(10.8) are equivalent.

Proof. The implication (10.6) = (10.7) is trivial.

The implication (10.6) = (10.8) is the usual transversality argument, see [43,
Lemma 7.3].

Let us prove (10.8) = (10.7). We argue by contradiction. If (10.7) does not hold, we
can use compactness of Q and U and find u, v € Q with u; # vq, and \g € U such that
F(\) = I (u) — IT* (v) satisfies

Flho) = %F(Ao) 0.

Using that I1* € C*? (Proposition 4.3), we can write

[F(Mo + )] = [F(Ao +1) = F(Ao) — F'(Ao)t]
= |F'(Ao+ 1)t — F'(\o)t| for some 7 € (0,t) by the Lagrange Theorem
= [t| - |F' (Ao +7) = F'(Ao)| < lt] - Csl7|* < Cslt[**°,

which clearly contradicts (10.8) for r sufficiently small.

It remains to show (10.7) = (10.6), but this again follows by compactness of 2 and
U and continuity of A — II* and \ — %HA. O

Next we consider two 1-parameter families of IFS for which it is possible to verify the
transversality condition, under appropriate assumptions. They are variants and modifi-
cations of the parametrized families of IFS from [43,44].

Proof of transversality in Example 10.6. Let f(z) = %5, so that F* = {f(z+a), f(z+

B+ M)}, and let II* be the corresponding natural projection map. We can consider this
IFS on X = [0,0.5] for all these parameters. Here it is more convenient to verify the
transversality condition in the form (10.7). Let u,v € Q with u; # v;. Without loss
of generality we can assume that u; = 2 and v; = 1. Then we have by the Lagrange
Theorem,

I (u) — I (v) = f(B+ A+ ou)) — f(a+ 1T ov))
= f'(¢) [B—a+ A+ 1I*ou) — I (ov)]
=: f'(c) - ¥ (u,v).

Since f’(¢) > 1 > 0, we obtain that

{xeU: [T (u) — T (v)] < r}c{reU: [T (u, v)| < r/mn}-
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In order to verify (10.8), it suffices to show that -&W¥*(u,v) > & > 0. We have

LG u,v) =14 LI ou) — L1 ov) > 1 — LI1* (ov), (10.9)

using monotonicity. We can write
o) = A2 f1 2 f2 fo -
for some i,, > 0, where we write f; = f{* = f(x + a) and f2 = f(z + 8+ \), so that

Mov) = flof(B+ A+ P FB+ A+ f12..0).

Then simply using that ||f1]lc < 1 and the maximum of the derivative is attained at
the left endpoint by concavity, yields

A / ’ / _ fl<ﬁ + /\)
LI (ow) < f(ﬁ+)\)(1+f B+N1+f (5+/\)(1+---))) B ICES
It remains to note that f/(3+A) < f/(8) = 1/2, hence -411*(ov) < 1, which implies the
desired claim, in view of (10.9). O

10.7. “Vertical” translation family

Next we consider a class of 1-parameter families of IF'S for which it is possible to verify
the transversality condition, under appropriate assumptions. This is also a modification
of the parametrized families of IFS from [43,44].

Let {f;}jea be a C'*9 IFS on X and consider a “translation perturbation” {fYiea,
satisfying (A4), of the following form: assume that

{f7(@) = fi(@) + a;(N)}jea.

and assume that it is well-defined on X for A € U. We call it “vertical” because the graphs

are translated vertically. Sometimes it is useful to consider IFS consisting of “horizontal”

shifts of the same function, that is, IFS of the form {f(x + ¢;)}L;, like Example 10.6.

Such families may be treated in a way similar to the “vertical” translation families with

a few modifications, see [43, Section 7] and [44, Section 6]. Instead of treating this case

in full generality, we focused on a specific example of random continued fractions above.
Denote for i # j in A:

Xij:={re€X: INeU, Iy X such that f}(z) = f}(y)}. (10.10)

Note that X;; is empty if the corresponding 1st order cylinders never overlap. We further
define, for i # j in A such that X;; # 0:
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Ifillx,, = filx, Mo, mig = min‘%[az‘(%) —a;(N)] ‘ (10.11)
Let
% all
Do = max(7m> . (10.12)
e NL— 1]l o

Proposition 10.8. (i) If

Nij — (Hf{”)gJ + ||fj/HX]1) “Dinax >0 for all i # j such that X;; # 0, (10.13)

then the transversality condition holds on U.
(ii) Assume, in addition, that fi(x) >0 and da; >0 forall j € A. If

i — 1fllx;; - Dmax >0 for alli # j such that Xi; # 0, (10.14)
then the transversality condition holds on U.

Before the proof we present a more familiar special case. Let { f;‘} jea bea CHIIFS
on X, satisfying (A4). Consider the translation family

(@) = file) + A, [P (@) = fix), 5> 1},
and assume that it is well-defined on X for A\ € U. Note that only f{ changes with

A. Moreover, we assume that only the cylinder f(X) can intersect other 1-st order
cylinders, that is

i# g, [ilX)Nf;(X) #0 = 1e{i,j}.
Corollary 10.9. (i) If
2 filloe + il <1 forall 1<j<m,

then the transversality condition holds on U.
(ii) Assume, in addition, that fi(x) >0 for all j € A. If

! ! .
Hleoo—’_HfjHle <1 fO?" all 1<]§m7
then the transversality condition holds on U.

The derivation of the corollary from the proposition is immediate, since in this case
we have 1y = 1 for j > 1 and Dyax = (1 — || f{ll) "
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Proof of Proposition 10.8. Consider the symbolic cylinder sets [i] C  and let

My —maxH—H/\( )H , M = max,ep || I (u )H , 1€ A
We have
u € [i] = IMu) = a;(N\) + fi(IT1* (ow)),
hence
iH’\(u) = ia \) + f{(TTMou)) - iH/\(au) for u € [i] (10.15)
dA " ! dA ' '

It follows that
M; < || ka0 + 1Al - M
and since My, = max; M;, we obtain from (10.12) that
My < Dax. (10.16)

Now we verify the transversality condition in the form (10.7). If II*(u) = II*(v) and
u1 # v, then u € [i] and v € [j] for some i # j such that X;; # (. Without loss of
generality we can assume that % [ai(A) — a;(A)] > 0 in the definition of 7;;, otherwise,
exchange 7 and j. Then (10.15) yields

(P ()~ TP)) = 5 [0:0) — a;(0)] + FIP(ow) - 2T (ow)

— [ (ov)) - %H’\(av). (10.17)
Note that
I (u) = fi(T1(ow)) = f;(I1(0v)) = T (v),
hence IT*(ou) € X;; and II*(ov) € Xj;. Therefore, (10.17) yields

() - 1) 2 s~ (17

Xij + Hfj/HX_/L) * Dmax > 0,

assuming (10.13). This proves part (i) of the proposition.
In order to verify part (ii), note that if all f; and A — a;(\) are monotone increasing,
we also get that -4TI*(u) > 0 for all u € Q, hence (10.17) implies

d

23 (0 =110 | = 5 = 1, D >0,
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which is bounded away from zero under the assumption (10.13). This concludes the proof
of (10.7) O

Example 10.10. Let ¥ := {f,};", be a C'*9 IFS on X. We assume that there exists a
partition A =7Z_1 UZ; such that for very ¢, j € Z;, we have

FX)NF(X)=0, i#7, i,j€ T, k=—1,1 (10.18)

Recall the definition of o from (A4). Besides (10.18), our second assumption is as follows:

1
72 < 5 (10.19)

We define k(i) = k if i € Tj,, k = —1, 1. Then we introduce the family ¥* = {ff‘}:il
with a parameter interval A € U, where

M) = filz) + (i) - A (10.20)
Together with (10.19), this yields

L an) - aj()\))‘ - { 2 A F AU g Dy < - L o (o2

0, if 5(i) = K (j)- ~ 2
The parameter interval U is an open interval centered at 0, and U is so small that
SMX) Ccint(X), and FHX)NFNX) =0, i#j, i,j €Ty, k=-1,1, A€ U. (10.22)
The (first level) cylinder intervals are X2 := f(X), i € A and A € U. Observe that
Xij#0<=3NelU, X)nX)#0. (10.23)
Using this and (10.21) we obtain

Xij#0 = cither (1€Z_1&jeZy) or (jeI 1 &iel)=n;=2(10.24)

Putting together this and the second part of (10.21) we obtain that (10.13) holds and
consequently the transversality condition holds on U. W

Remark 10.11. The partition A = Z_; UZ; satisfying (10.18) exists, for example, if every
point in X is covered by at most two level-1 cylinder intervals. That is

>l <2 (10.25)
i=1
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In fact, let [a;,b;] :== X, := f;(X). Without loss of generality, we may assume that the
cylinder intervals X; are ordered in such a way that the left endpoints are in increasing
order. If two level-1 cylinder intervals share the same left endpoint, that is, a; = a;41,
then we set | X;| > |X11|. Define Z; inductively, as follows: 1 € Z;. If the set Z; already
contains 1 = n; < ny < --- < ny, then we let ngyq :=min{j € A: by < q;}, if such q;
exists; otherwise, we stop and set Z_; := A4\ Z;. It is easy to see that (10.18) holds.

Remark 10.12. If we consider an IFS like in Example 10.10 but allow that every point is
covered by at most 2¢ 4+ 1 cylinder intervals for £ > 1 and assume that s < T%H’ then
we get that the transversality condition holds in the same way. Namely, we can partition
A into 2¢ 4+ 1 families Z_y,...Z, in such a way that there are no intersections between
distinct cylinder intervals from the same family. For all functions corresponding to the
family 7, the translation is defined to be k- A. Then the minimal value of 7;; is equal to
1 and Dy < ﬁ. This implies that (10.13) holds if v < #_H.

Definition 1. We say that 2 is a transversality-typical property of sufficiently smooth
IFSs if the following holds: Whenever {\II’\} \ey IS a one-parameter family of sufficiently
smooth IFSs for which the transversality condition holds then for £; almost all A € U
the IFS ¥ has property 2.

We use the notation of Example 10.10. In particular, we are given a compact interval
X C R and a C' IFS {f;}." | on X such that

X; = fi(X) C int(X) for all i € A. (10.26)
Below we consider a translation perturbation family of W. That is,
V= {fI}, fi@) = fila) + i, t e B(0,&), (10.27)

where &y > 0 is so small that (10.26) holds if we replace f; with ff and X; with X! :=
fHX) for all i € A.

Claim. Assume that

(a) all points of X are covered by at most two of the cylinder intervals X}, and
(b) Yo < ]./2

Let %A be a transversality-typical property. Then there exists 0 < d, < §p such that for
L-a.e. t € B(0,0,), the translated IFS {\Ilt};il (defined in (10.27)) has property 2.

Proof. Using Remark 10.11, we can find a partition A = Z_; UZ; such that f;(X) N
fi(X) =0 for distinct 4, j € Zy, k = —1,1. Let §; > 0 be so small that 0 < 467 < &y and
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XinX;=0= X/NX;=0 forallte B(0,40) (10.28)
Hence
XinX; =0, i#j, i,j €Ly, k=—1,1, t € B(0,46y). (10.29)

Let U := (——=681, —=0) and for a A\ € U we define a(\) := (k(1)],...,x(m)N), where

Jm
we recall that (i) = k if ¢ € Zj. Finally, for a t € B(0, ;) let

=3

at(A) ==t +a(A).
Then |lag(A)|| < 241, t € B(0,01), A € U. Hence
x*MN X and XPVAXMN =0, i#j, i jeT, k=-1,1, AeU. (10.30)
Example 10.10 shows that

the transversality condition holds for the family {\I/a*(A)} for all t € B(0,dy).

AeU
(10.31)
Let

H:= {'r eB <0, 2%) : U™ does not have property 2[} .
We need to prove that £L™(H) = 0. To get a contradiction assume that £™(H) > 0. Then
H has a Lebesgue density point 7 € B(0, 2%). Let V be the intersection of B (0, 2%)
with the (m—1)-dimensional hyperplane which goes through the origin and is orthogonal
to the vector (k(1),...,k(m)). Then by the Fubini theorem there exists a point t € V
such that £ {\ € U : ay(\) € H} > 0. But this contradicts (10.31) and the fact that 2
is a transversality-typical property. 0O

11. Open questions and further directions

As Theorem 3.2 guarantees more refined properties of (II),uy than mere absolute
continuity, it is natural to ask whether a weaker condition than (M) is sufficient for an
almost sure absolute continuity in the supercritical region {)\ : % > 1}. In particular,
is (MO) sufficient? In our case, condition (M) is needed to guarantee regularity of the
error term e;(wy,ws, A) from (7.7), allowing us to follow the approach of Peres and Schlag
[29].

Another natural direction of further research is to the main result for multivari-
able parameters. Peres and Schlag in [29, Section 7] were handling this case for fixed
(parameter independent) measures. In the case of parameter-dependent measures with
one-dimensional family of parameters, we were using in the proof of Proposition 7.2 the
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Property (M) of the family of measures to provide proper estimates of the energy. The
main issue in the case of multiparameter-dependent measures comes from the behavior
of the error term e;(wq,ws, A). Namely, is it possible to follow [29, Lemma 7.10] and
use the Property (M) to deduce similar estimates for the energy or higher regularity
assumptions shall be made for the measures?

An application of the multiparameter case would be the natural equilibrium measure
for self-conformal systems with translation parameters. Furthermore, one could study
the absolute continuity of the Furstenberg measure induced by the Kdenméki measure
(that is, the natural equilibrium measure for self-affine IFS, see [21]). For self-affine
systems whose linear parts are strictly positive matrices the Kdenméki measure is a Gibbs
measure which smoothly depends on the matrix elements, see Bardny and Rams [7] and
Jurga and Morris [20]. The absolute continuity and the dimension of the Furstenberg
measure induced by the Kdenméki measure plays a central role in the calculation of the
dimension of the Kdenméki measure, see [7].

Another possible direction of further research is to study the absolute continuity of
the SBR-measures of parametrized dynamical systems. Persson [32] considered a class
of piecewise affine hyperbolic maps on a set K C R?, with one contracting and one ex-
panding direction, which contains the class of the Belykh maps, as well as the fat baker’s
transformations. The Belykh map, first introduced by Belykh [4] and later considered
by Schmeling and Troubetzkoy [38] for a wider range of parameters, which contains the
fat baker’s transformations as a special case.

For a parametrized family of Belykh maps, to prove the absolute continuity of an
SBR-measure, one needs to show that the family of conditional measures over the stable
foliation are absolutely continuous almost surely. Unlike the system defined in Sub-
section 10.1, the SBR-measure does not have a product structure, so the conditional
measures of the stable directions depend not only on the parameters but also on the
foliation itself. Persson [32] studied such systems, however, according to a personal com-
munication [33], the proof contains a crucial error, similar to Barény [1].

Extending our main results to the case of parabolic (and possibly infinite) iterated
functions systems (as in [43,44,25]) is yet another possible research direction. It seems
well motivated in the context of continued fractions expansion and would allow extending
the results of Section 10.5 to their natural generality.

Appendix A. Proof of Lemma 4.1

For u = (uy,...,u,) € Q* we have

D=1 (2h.) B (A1)

k=1

hence
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E o (Y (E ) (B @)
gl = (GRe) AT )

Applying (A1) and (A4) we obtain

da:2 f)\(

i fa (@)

M, < M,
<— n— <7 A.
dxau ‘ 22 - 1_72) ( 3)

Sl

This proves (4.1). For the proof of (4.2), note first that differentiating (A.1) with respect
to \ gives

d = () (F,()
B = (G ) Y B -

= (A (@)

Applying (A4) as before we get

d)\da:fA( )
i fa (@)

1 n
g%;

s () @) (A.)

By (A1) and (A3) we have

() o0 | < | it o)

#(am ) o (2) @
< Mo + Mylhg(N)], (A.5)

where hj(A) = & f2 (). By (A2) we have L = sup sup || 45 /|| < co. Moreover, by
jeANeU o
(A4), we have for 1 <k <n-—1

] = |5 (7 (sl

- '(dd)\ Wl) (P (1)) + <% 3“1) (feriy(@)) - (%fﬁmu(x))’

< L+ 72 |hiy1(N)], (A.6)

with |k, (M) = | 25id(z)| = 0. Therefore, iterating (A.6) yields

n—1—k

k(M| < L Z g

(A7)

2
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Combining (A.4), (A.5), (A.6) and (A.7) gives

d)\d:L’fA( ) (M + {WI’YL;) )
deu( ) g

This concludes the proof of Lemma 4.1.
Appendix B. Some more regularity lemmas

Lemma B.1. There exists a constant C7y > 0 such that
d d
afﬁl(w) - af&b(fﬂ) < Crilhd = o)

holds for all My, Ao € U, x € X, u € Q*.

Proof. We will prove the claim inductively with respect to n = |u|. More precisely, let
us assume that

n—1

S C7QZ]€’Y§|)\1 —)\2|(S (Bl)
k=0

d A1 _i A2

holds for all u € A™, A, A2 € U and ¢ € X with some large enough constant Cro
(its value will be specified later). We shall prove that (B.1) holds also for n + 1. Fix
u=(u1,...,unp1) € A" ! and let v = (uy,...,u,). We have

@ - | < | (R) (@) - () (@) +

() (@) (@) -
((£2) (Ren@)) (22.0) |

=: A1 + As.

Let L = sup sup Hd)\ f>‘||OO Assumption (A2) implies that L is finite. By (B.1), (A2),
JEA
(A3), (A4) and ( .2) we obtain

A= K%f”h) (7 @) - <%f32> (12 @ ))’ +
() () - (527) ()|



B. Bdrdny et al. / Advances in Mathematics 399 (2022) 108258 63

_f/\z

el 1@ - @)

S

<Cr Y kM — o’ +
k=0

n—1
< C172 Z k’7§|)\1 — )\2|6 + LC527’L
k=0

d )\2
%fv

A1 — Ao

n—1
<Crpo Z ES 1A = 2|’ + LCsanyg | A1 — Aal. (B.2)

k=0

Therefore, application of (A2) and (A4) gives

te < |(52) (R @) [ 52 @ - @) +
@] () (@) - () (@)
< spCain =l 42| ( 1) (R, @) - () (72, @)

=: 75 Cs[ A — Xa|® + LA3 (B.3)

Furthermore, by Lemma 4.1, (A2) and (A4)

to < (o) (@) = () (@) +
(H2) (Rea@) - (527) (R2.@)

2@ = o+ sup | (G2 (Re@)]| -

<‘ fAl

A1 — A

oo

d
LI\ — X2| + Csan sup H—f,j\
xeU || dz

oo

d
< Cs %fé\l

< (LCs1 + Csan) vy | A1 — Aol

Combining the above inequality with (B.2) and (B.3) yields

n
< Cra Zk7§|)\1 — X,
k=0

d A1 _i A1

provided C7s is large enough. As (B.1) holds for n = 1 by (A2), this concludes the induc-

tive proof of (B.1) for n > 1. As 3 kv5 < oo, the proof of the lemma is completed. O
k=0
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Lemma B.2. There exist constants Crs > 0,Crg > 0 such that

d2
M(g) — ——f2 <C A= A’ A B.4
@ - )| <Cnldin x| @)
and
d
< Crglul?|A1 = Xa2|®  sup —fi‘ B.5
dAd ot (@) — dAd 2 (@) 76Ul A1 — Azl N i (B.5)

hold for all \y, o €U, z € X, u e Q*.

Proof. We shall prove (B.4). The proof of (B.5) is similar and we omit it. Let n = |u].
By (A.2) we have

dxz dx?

Ly - Lo )

L) (U@ - 10 (@)
d
dx

'kZ_l< ( ) =

n () (28, (@) 212, ()
= | (; u*,:)<f,j,:u(x))
() (B &

(L 522) (122,60

< '%fﬁl( ~ L et

d .y,
bl )

n

" hi(x). (B.6)

d
= A -A — [
1 2+‘dxfu (2) 2

We will bound now the above terms. First, by (4.2) and the mean value theorem, we
have

d2
d\dz ( )

)\QI S C52|’u| |/\1 — /\2| sup
AE[A1,A2]

)

ne]

d

where £ € U is a point lying between A\; and Ay. By (A.3) (recall (A.2))

M,y

Ay <
Y1(1 —2)

Reducing the expression defining hi(z) to a common denominator and applying (A4)
gives
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1
hi(z) < —
k( ) ’YQ

(%fﬁ:) (f22, (@) ( Rty )(fj,zu(x)) L pn (o

i,
- () e (45022 ) (o) - 222,00
- (‘( 72 ) (2,00 = (o2 ) (5,0

| (i) e )] +| (020 o)

d2 d d2 d
‘ (Eﬁ;) (f2h, () - %fj;u(x) - (@ﬁo (2. (x)) - @fiﬁu(x)

)

1
:?(A3A4+A5A6)

By (A1), (A3), (4.1) we have
to < | (4002) (e - (prir) (3, 00)

Fl () ey - (1) (200

d? d?
<A —A ) (2 — 2 (x) — 3
<=l s (G ) )|+ || 10ne - e
< Mo A — Ao + Mi|A1 — Xo|  sup d)\f;\ L (@) < Myig|A — Xal,
AE[A1,A2]

for some constant My, > 0, as sup ’%f;\ku(:c)’ is bounded uniformlyinu € Q*,1 <k <n
AeU

and € X by Lemma B.1. Assumptions (A1) and (A4) imply
Ay < Miyd % and A5 < 7.

Applying (A1), (A4), (4.2), Lemma B.1 gives

&? A A A A
A < ‘ (—zfu;)(fglu ’ ’—f : )——f(,zu( z)| +
() o - (dxzf ) @) [
§M1|)\1—>\2\)\e?;1117)/\2 dr d)\f‘;\ u( )'

34 (o ) 20 = (22 ) (22, 00)
SM1|n—k\7§l_k|>\1—>\2|+7§l_k147
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and again by (Al) and Lemma B.1

’ (%fﬁ;) (12,(2)) (j—;fﬁs) <f35u<w>>\

< Gl (@) = 22, (@)]° + Cal A — Ao
4

§01|>\1 —>\2|6 sup d)\f;\ u(x) +CQ|)\1—)\2|6 §M12|)\1 —)\2|5.
AE[A1,Az]
Combmmg the above W1th (B.6), bound on hj and estimates on Ay, ..., A7 and recalling
that Z In — klya—"F < Z kvk < oo finishes the proof of (B.4). O

k=1

Appendix C. Proof of Proposition 4.5

We will write d(u,v) for dy,(u,v). Let n = |u A v|, so that u Av = uy ... up. Let us
begin by proving (4.8). We have

a5 () =T (v) = & [fan, (T (0" 0)) = fin, (T (0"0))]

(I (")) = (Fx fane) (I (0"0)) +

(I (0"u)) - 4T (0"u) —

( )
( )
(4= fan) (TA(0™0)) - KT (0™0)
( ) I (0™ u)) = (5. fane) (I (0™0)) +
( ) (I (o™ w)) - [ (A (0"u) — TN (0™0))] +
[ fone) (T (0™ u)) = (G fdne) (I (0™0))] - KT (00)

= Ay + Ay + A3, (C.1)

Application of (4.2), Lemma 4.4 and (A4) yields

< %nd(u, U)l—ﬁ/4

T (0™ u) — T (o™)| < Csan

d
i< 0 2

dxd) u/\'u -

Csa

C
< =Py d(, o) < =2 d(u0)

C1

provided Cl 1 is chosen large enough. Using Lemma 4.4 together with the fact that d H’\
is bounded on U x Q (following from Proposition 4.3), one obtains
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=d(u,0)' 7,

|A2hg§%id&uvﬂfﬁ“sg§%i

if Cg,1 is large enough. Boundedness of %HA, (4.1) and Lemma 4.4 imply

d2

|As] < Hd 5 uAv \H/\(a"u)—H’\(o v \|dAH’\(a v)| < Csx e é\/\v |dAH’\(0 v)|
o0
< —Cg’l d(u,v)l_ﬂ,

once again for Cp ; large enough. This finishes the proof of (4.8). For the proof of (4.9),
let us write a decomposition analogous to (C.1):

% (H/\l(u) — H’\l(v)) - % (H/\2 (u) — e (v))

- (/@1 - A1\2> + (Ag1 - AQ?) + (Ag1 - AQ?) :

We have
HM(U"u) H)‘Q(a"’u)
PHEVE / way- [ 2wy
! ! dx d)\ uho dx d>\
o) I*2 (omw)
d? d?
< d d)\ u/\v d d)\ u/\v y+ d d)\ u/\v d
S
)| d 2
- d/\ ’ Y, (C2)
where

S = [ITM (o™u), 1M (6™)] N 12 (0™ u), T2 (6™)],
Sy = [N (o™u), TN (6™)] \ 072 (6™u), 12 (0™ v)
Sy = [I1*2 (o™ u), 1?2 (o™ v)] \ [IT*

Set L = sup sup | 511" (u)|. We have then [IT* (0"u) — II*2(0"u)| < L|A; — Xg| and
A€U ueQ

I,
2 ("), 112 (6™0)].
[T (6™v) — 1?2 (6™v)| < L|A; — 2], hence

IS1],192| < 2L|A1 — Aal. (C.3)

Applying this together with (B.5) and (4.2) to (C.2), followed by Lemma 4.4 and (A4)
as before, yields



68 B. Bdrdny et al. / Advances in Mathematics 399 (2022) 108258

|A1\1 - A1\2| < (076n2|)\1 — Xo|® + 4LCsan| Ay — >\2|) sup
AE[A1 2]

d
%fti\/\v -

Cﬂl&

AL — Aol d(u, v)' 7

it Cg 1,5 is large enough. Furthermore, applying Proposition 4.3, (4.1), (4.2), Lemma 4.4
and (A4), we obtain

Ay — Ay < |(£120) 1 0m) = (£ £22,) (1 ("))
|k (I (0™u) — T (0™0)) | +
(£ 22) (0" a))| - |45 (I (o) = T (070) -
(P2 (o™) — TP (0")) |
<2L (£ 24 ) (1 (0™w) — (£ £22,) (P (0" w))| +
2L | (i f270) (0 (o™ w) = (22, ) (1 (0" u))| +

A
uNv

sup (‘d% (H’\l(a"u) — 12 (a"u))‘ +

AE[A,A2]
’ﬁ (H’\l(a”v) — I (U"v)) ’)

d2
<2L sup || AL —
(AE[/\h/\z] d/\da? A oo| !
2
Xol+ sup (=g fane| M (0"u) =112 (c™u)| | +
AE[A1, 2] dx o
d T
2 sup d fu/\v Cl5|>\1 >\2|
AE[AL,A2] £ 0o
d
<2L sup d—fé\m; (Csan| A1 — Aa| + Cs1LIA — A2|) +
AE[A1,A2] 4 o
d C _
2 sup d—fjm Cs|A1 — Aao|? < 2222 1N, — Ao)Pd(u, v) P
AE[A1,A2] £ o 3

for Cg1,5 large enough. By (4.2) and Proposition 4.3, we have

oM (6™ u) H”"(a”u)
d
|A§\1 - A?/}z‘ < / Ef;\/l\v(y)dy - / fu/\v( |d,\H>\1 (o" U)| +
A (omw) 1?2 (o™ v)
HA2(U"u)

/

[1*2 (omv)

Ty | I (070 - (o)
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* (6™ u) 1?2 (6™ u)
<t [ mRnwa- [ SR+ (C.4)
A1 (a'n'u) I1X2 (O’"’U)
C52Csn| A — )\2|6 sup || 0—f
AE[A1,A2] dx 00

Let intervals S, S7, .55 be defined as before. Then by (B.4), (4.1) and (C.3)

M (o™ w) 12 (o’"u)

[ Ennea- / Ry

A (omv) I1*2 (omv)

/‘ u/\v dy+/'d 2 u/\'u ‘dy+/‘ u/\v ‘ Yy

< C75’Il|)\1 — )\glé sup d_ i\Av + 4LC51|)\1 — )\2‘ sup d_ ;\/\v
AE[A1, 2] x %) AE[A1,Az2] T o0
6 d
< Cgen| A1 — A2]”  sup I — fin
AE[A1,A2] o

for some constant Cgg > 0. Combining this with (C.4) and applying Lemma 4.4 and
(A4) gives

d A
dx uNv

431 = 43| < (C52Cs+ Cie)n A —Xaf  sup

Cp1s
< Bv ) | 1
AE[A1, 2] 3

A —Xo|2d(u, v) P

oo

if Cg 1, is large enough. Finally, putting together bounds on |Af‘1 — Af‘2| finishes the
proof of (4.9).

Appendix D. Drop of the pressure

Let A = {1,...,m} and suppose we have an IFS ¥ = {f;},c4 of the class C1*° on
a compact interval X C R. We assume that the system {f;};c4 is uniformly hyperbolic
and contractive:

0<m <|fi(@)| <y <1 forallje A zecX. (D.1)

Let © = AN and let o denote the left shift on Q. Let A* = |J A" and let |u| = n for
n>0
u € A". For u = (uq,...u,) € A* denote

fu = ful...un = fu1 O... ofun

(with f,, = id if u is an empty word).
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Consider the pressure function, defined by

_ _1; —1 7|1t
Pa(t) = Py(t) = Tim n™"log EEA 1fall" (D-2)
vedn

It is well-known that this limit exists, t — P(t) is continuous and strictly decreasing
(it is also convex, but we will not need this).

Lemma D.1. Suppose that B = A\{m}. Then Pg(t) < Pa(t) for allt > 0. (The functions
of the IFS are assumed to be the same. The claim can be expressed in words by saying
that if we drop one of the functions of the IFS, then the pressure drops strictly.)

Proof. For ¢t = 0 the claim is trivial, so let us fix ¢ > 0. Observe that the pressure can
be expressed in the following alternative way:

Pa(t) = lim n~'log Y Tigyf;(x)r. (D.3)

n—00 ;
ucAn

Indeed, by the Bounded Distortion Property, there exists K > 1 such that |f](x)] <
K|fl(y)| for all u € A* and z,y € X, and (D.3) follows. Denote

Zn(At)= ) inf |fL@)["

uc A"

We claim that

Zo(At) > Zo(B,t) - (1+6,)", where 6, = ﬁ (D.4)
- 2

This will immediately imply that Pg(t) < P4(t), as desired. We have
LA = Z3(B.0) + nf | (o) = Z3(B.0)-(1+3)),
by (A4). Since infrex |ff, (2)|" > infrex |fj(2)]" - infoex [f,(x)[", we have
Zni1(At) = Z1 (A1) - Zy (A1),
and (D.4) follows by induction. O

Consequences. Under the assumptions and notation of Section 10.3, let s(¥) be the
unique zero of the pressure function Py (t):

Corollary D.2. Suppose that © is a proper subset of U. Then s(¥) > s(P).
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This is immediate from Lemma D.1.

Corollary D.3. Suppose that the attractor of W is the entire interval X and the IFS is
overlapping in the sense that

Z|Xj| > |X|, where X; = f;(X). (D.5)
JEA

Then s(¥) > 1.

Proof. We have X = icA X, by assumption. Then (D.5) implies that there exist ¢ # j
in X such that X; N X; is a non-empty interval. We can find k¥ € N and w € AP such
that X, C X; N X;. It follows easily that

U X, = X.

ue AR\ {w}

Denote W* = {f, : u € A*}, the IFS of k-th iterates. It follows from the existence of
the limit in (D.2) that Py« (t) = kPg(t), hence s(U*) = s(¥). By Corollary D.2, we have
s(UF\{f.}) < s(¥F). It suffices to show that for an IF'S ® whose attractor is an interval
X we have s(®) > 1. But this follows from the inequality 1 = dimpy(Ag) < s(P), where
Ao is the attractor of . O
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