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THE STRONG MASSEY VANISHING CONJECTURE FOR
FIELDS WITH VIRTUAL COHOMOLOGICAL DIMENSION AT
MOST 1

AMBRUS PAL AND ENDRE SZABO

ABSTRACT. We show that a strong vanishing conjecture for n-fold Massey
products holds for fields of virtual cohomological dimension at most 1 using
a theorem of Haran. We also prove the same for PpC fields, using results of
Haran—Jarden. Finally we construct a pro-2 group which satisfies the weak
Massey vanishing property for every n > 3, but does not satisfy the strong
Massey vanishing property for n = 4.

1. INTRODUCTION

Definition 1.1. Let C* be a differential graded associative algebra with product U,
differential § : C* — C*™1, and cohomology H* = Ker(d)/Im(d). Choose an integer
n > 2 and let ai,ag,...,a, be a set of cohomology classes in H'. A defining
system for the n-fold Massey product of a1, as,...,a, is a set a;; of elements of c!
for1<i<j<mn+1land (4,5) # (1,n+ 1) such that

7j—1
(5(aij) = Z il U ag;

k=i+1
and aq,asg,...,a, is represented by ai2,a23,...,annt1. We say that the n-fold
Massey product of ay,as, ..., a, is defined if there exists a defining system. The n-
fold Massey product (a1, az, ..., an)q;; of a1,as,...,a, with respect to the defining

system a;; is the cohomology class of

n
g arg U agntt
k=2

in H?. Let (a1,as,...,a,) denote the subset of H? consisting of the n-fold Massey
products of aj,as,...,a, with respect to all defining systems. We say that the
n-fold Massey product of a1, as, ..., a, vanishes if (a1,as,...,a,) contains zero.

Definition 1.2. Let p be a prime number, let G be a profinite group, let C* be the
differential graded algebra of Z/p-cochains of G in continuous group cohomology.
The cohomology of C* is H* = H*(G,Z/p). We say that G has the strong Massey
vanishing property for n with respect to p, where n is an integer > 3, if for every
ai,as,...,a, € H'(G,Z/p) such that a; Ua;,1 = 0 for every 1 < i < n, the n-fold
Massey product of ai,as,...,a, vanishes. We say that G has the strong Massey
vanishing property with respect to p if it has the strong Massey vanishing property
with respect to p for every integer n > 3. We say that G has the weak Massey

12010 Mathematics Subject Classification. 12E30, 12G05, 12G10.
Date: March 25, 2022.

1


http://arxiv.org/abs/1811.06192v7

2 Ambrus Pal and Endre Szabé

vanishing property with respect to p if for every integer n > 3 and ai,as,...,a, €
HY(G,Z/p) such that n-fold Massey product of a1, az, ..., a, is defined, the n-fold
Massey product of ay,as, ..., a, vanishes.

Definition 1.3. For every field K let G(K) denote the absolute Galois group of
K. Assume that the characteristic of K is not p. We say that the strong Massey
vanishing conjecture with respect to p holds for K if G(K) has the strong Massey
vanishing property with respect to p.

Remark 1.4. We call our conjecture strong because it is stronger in general than
the Massey vanishing conjecture formulated by Mind¢ and Tan (Conjecture 1.6
of [I5] on page 259) since we do not require that the n-fold Massey product of
ai,as, ..., a, is defined, unlike them. This is a strictly stronger requirement when
n > 3, see Theorem below. See also Remark below, which explains the
difference in terms of embedding problems.

There is quite a bit of beautiful work on this fascinating conjecture (see for
example [3], [5], [I0], [T1], and [15]), but it remains open in general. Our aim is to
prove the strong form of this conjecture for two new classes of fields whose definition
we recall next.

Definition 1.5. Recall that a field K has virtual cohomological dimension < 1
if there is a finite separable extension L/K with c¢d(L) < 1 where cd denotes the
cohomological dimension as defined in [I7]. Since the only torsion elements in the
absolute Galois group of K are the involutions coming from the orderings of K, it is
equivalent (by a theorem in [I8]) to require cd(L) < 1 for any fixed finite separable
extension L of K without orderings, for example for L = K (i), where i = v/—1. In
particular, if K itself cannot be ordered (which is equivalent to —1 being a sum of
squares in K), this condition is equivalent to cd(K) < 1.

Examples 1.6. Examples of fields K which can be ordered with cd(K(i)) < 1
include real closed fields, function fields in one variable over any real closed ground
field (by Tsen’s Hauptsatz of [19] on page 335), PRC (pseudo real closed) fields (for
definition see page 450 of [§]), the field of Laurent series in one variable over any
real closed ground field (by Lang’s Theorem 10 of [I3] on page 384), and the field
QMR which is the subfield of R generated by the numbers cos(2*), where n € N
(see Corollary 6.2 of [6] on page 410).

The first main result of this paper is the following

Theorem 1.7. The strong Massey vanishing conjecture holds for fields K with
cd(K (1)) <1 with respect to every prime number.

The proof is an easy application of earlier work of Haran and Dwyer. After we
review the latter, we give a quick proof of our first main result in the next section.
At the recommendation of the reviewer, we will use similar methods to prove the
same claim for pseudo p-adically closed fields, whose definition we recall next.

Definition 1.8. A field K is called pseudo p-adically closed (abbreviation: PpC)
if every absolutely irreducible variety V' defined over K has a K-rational point,
provided V has a L-rational simple point for each p-adic closure L of K.

Theorem 1.9. The strong Massey vanishing conjecture holds for PpC fields with
respect to every prime number.
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The result follows from a result of Haran—Jarden (see Theorem BIT] below), and
the validity of the strong Massey vanishing property for Demushkin groups, which is
our Theorem B8] and does require some work. Our last main result is the following
purely group-theoretical

Theorem 1.10. There is a pro-2 group G which satisfies weak Massey vanishing
for n >3 (with respect to every prime number), but does not satisfy strong Massey
vanishing for n =4 (with respect to 2).

The key idea of the proof of this theorem is the use of Massey envelopes which
are infinite fibre products that can be associated to each group, satisfy weak Massey
vanishing, and which are in some sense universal with respect to this property.

Acknowledgement 1.11. The first author wishes to acknowledge the generous
support of the Imperial College Mathematics Department’s Platform Grant. The
second author was supported by the National Research, Development and Inno-
vation Office (NKFIH) Grants K120697, K115799. The project leading to this
application has received funding from the European Research Council (ERC) un-
der the European Union’s Horizon 2020 research and innovation programme (grant
agreement No 741420). We also wish to thank the referee for his useful comments
and for suggesting us to prove Theorem [LL9 too, and for his intriguing questions
leading us to Theorem

2. REAL EMBEDDING PROBLEMS AND MASSEY PRODUCTS

Definition 2.1. An embedding problem for a profinite group G is the left hand
side diagram:

G G
lqb ¢ lqb
p
B—2> A, B—2s A,

where A, B are finite groups, the solid arrows are continuous homomorphisms and
«v is surjective. A solution of this embedding map is a continuous homomorphism
5 : G — B which makes the right hand side diagram commutative. We say that
the embedding problem above is real if for every involution ¢t € G with ¢(t) # 1
there is an involution b € B with a(b) = ¢(t). Following Haran and Jarden (see [g])
we say that that a profinite group G is real projective if G has an open subgroup
without 2-torsion, and if every real embedding problem for G has a solution.

Theorem 2.2 (Haran). A profinite group G is real projective if and only if G has
an open subgroup Go of index < 2 with cd(Go) < 1, and every involution t € G is
self-centralizing, that is, we have Cq(t) = {1,t}.

Proof. This is Theorem A of [7] on page 219. O

By classical Artin—Schreier theory every involution in the absolute Galois group
of a field is self-centralising, so we get the following

Corollary 2.3. The absolute Galois group of a field K is real projective if and only
if K satisfies cd(K (1)) < 1. O

We also need to recall Dwyer’s theorem relating the vanishing of Massey products
to certain embedding problems.
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Definition 2.4. Let e;; : Mat,(Z/p) — Z/p be the function taking an n x n matrix
with coefficients in Z/p to its (4, j)-entry. Let

Un(p) ={U € Matyn(Z/p) | ei(U) =1, e;;(U) =0 (Vi>j)}

be the group of upper triangular n x n invertible matrices with coefficients in Z/p.
Let G and C* be the same as in Definition Then H' is naturally isomorphic to
the group of continuous homomorphisms Hom(G,Z/p), and we will identify these
two groups in all that follow. Given n continuous homomorphisms

a;:G—7Z/p (i=1,2,...,n),
let E(a1,as,...,a,) denote the embedding problem:

—a1 X—ag X - X—Qnp
ﬂ..¢n+1 n
Unt1(p) —= (Z/p)",
where ¢, 11 is given by the rule U — (e12(U), ea3(U), . .., ennt1(U)).

Theorem 2.5 (Dwyer). The n-fold Massey product (a1, as, ..., a,) vanishes if and
only if the embedding problem E(ay,as,...,a,) has a solution.

Proof. See Theorem 2.4 of |2] on page 182. O

Remark 2.6. For every positive integer m let Z,,(p) and P,,(p) denote the following
subgroups of Uy, (p):

Zm(p) ={B € Uy(p) |e;(B)y=0if1<i<j<m-—-1lor2<i<j<m},

Po(p) ={B€Un(p)|e;jB)=0if j=i+1,i+2and 1 <i,j <m},

respectively. Clearly Z,,(p) C P,,(p) and they are different when m > 4. By Theo-
rem 2.4 of [2] on page 182 quoted above the n-fold Massey product (a1, az,...,an)
is defined if and only if the embedding problem:

.G

. l—alx—agxmx—an

A Cn+1

Un+1(p)/Zn+1(p) — (Z/p)",

has a solution, where (u11 @ Upy1(0)/Zn+1(p) — (Z/p)™ is the unique homomor-

phism such that the composition of the quotient map Uy41(p) = Un+1(p)/Zn+1(p)

and (41 is the homomorphism ¢, 41 : Upt1(p) — (Z/p)™ in Definition 24 while
a; Ua;y1 =0 for every 1 < i < n if and only if the embedding problem:

.G

—aiX—azX--X—an

Up41(p)/Pat1(p) — (Z/p)",
has a solution, where k41 : Upt1(p)/Pns+1(p) = (Z/p)™ is the unique group homo-
morphism such that the composition of the quotient map Uy, 41(p) = Un+1(p)/Pry1(p)
and Kp11 18 the homomorphism ¢, 1 in Definition 2.4
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Proof of Theorem[I.7 By Haran’s theorem it will be enough to show that every
such embedding problem with a; U a;4+1 = 0 for every i = 1,2,...,n — 1 is real, in
other words the restriction of the embedding problem to any subgroup of order two
has a solution. In other words, by Artin-Schreier theory, we reduced the claim to
the case when K is real closed, i.e. when G(K) = Z/2. The claim for the latter is
trivial when p is odd, since U,,+1(p) is a p-group. So we may assume without the
loss of generality that p = 2.

Now let ay,as,...,a, € Hom(G(K),Z/2) be a set of cohomology classes in H*
such that a; Ua;11 =0 for every i = 1,2,...,n—1. Let g € G(K) be the generator.

Lemma 2.7. For every i = 1,2...,n — 1 the following holds: if a;(g) = 1 then
ai+1(g) = 0.

Proof. Since for every a,b € H' the 2-fold Massey product (a,b) is the singleton
a Ub, by Theorem we get that the embedding problem:

G(K)

i Xai41
£ 4
Us(2) — (2/2)*,

has a solution ;. Assume now that a;(g) = a;4+1(g) = 1. Then either

1 10 1 1 1
Pi(g)=10 1 1 or ¥i(¢g)=10 1 1
0 0 1 0 0 1
However neither of these matrices has order two, which is a contradiction. O

In plain English the lemma above means that we can break up the row vector

(a1(g) a2(9) ... an(9))
to single entries of 1-s separated by zeros. By the above it is enough to construct
a matrix A € Uy, +1(p) such that A? is the identity matrix, and
Oni1(A) = a1 X ag X -+ X an(g).

In fact the matrix A = (aij)?j:ll with

1, ifi=yj,

ai; =<1, ifi+1=jand a;(g) =1,

0, otherwise,

will do. Indeed it is a block matrix whose off-diagonal terms are zero matrices, and

the diagonal terms are either the 1 x 1 matrix (1) or the 2 x 2 matrix (§ }). These
have order dividing two, so the same holds for A, too. O

Finally we point out that Mind¢ and Tan actually proved the strong Massey
vanishing conjecture for what they call odd rigid fields.

Definition 2.8. We say that a field K is p-rigid for every a, 8 € H'(G,Z/p) such
that o U 8 = 0, the linear subspace span(a, () is at most one-dimensional.

Theorem 2.9 (Mindc-Tan). Let p be an odd prime number and let K be a p-
rigid field which contains a primitive p-th root of unity. Then the strong Massey
vanishing conjecture holds for K.
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This result has been essentially proved in [I4] (see Theorem 8.5 of loc. cit. and its
proof), however the authors only stated that the weak Massey vanishing conjecture
holds for K. A minimal modification of the authors’ argument will give this stronger
result. We present the modified proof for the reader’s convenience.

Proof. We are going to show the claim for all n > 2 by induction on n. The initial
case n = 2 is trivially true. Let’s assume that n > 3 and the claim holds for
n — 1. Suppose first that there is<,_an index k € {1,2,...,n} such that a; = 0. If
k > 1 there is a homomorphism ¢ : G — Ug(p) lifting —a; X —ag X -+ X —ajp_1
by the induction hypothesis. Otherwise let ¢ : G — Ui(p) = {1} be the trivial
homomorphism. If & < n there is a homomorphism ¢ : G — U,_i(p) lifting
—Qj41 X —Akto X -+ X —a, by the induction hypothesis. Otherwise let ¢ : G —
Ui(p) be the trivial homomorphism.
Now let ¢ : G — U,+1(p) be the unique homomorphism such that

eii(9(9)). if1<i,j <k,
Y — . ..
€ij(0(9)) =  ea-r-rn (9 (9), fk+1<ij<n+1,
0, otherwise,

for every g € G. In plain English g(g) is a block matrix whose off-diagonal terms
are zero matrices, and the diagonal terms are the k x k matrix ¢ (g) and the
(n—k+1)x (n—k+1) matrix g(g) Clearly ¢ is a lift of —aj X —az X - -+ X —ay. So
we may assume without the loss of generality that ay # 0 for every k € {1,2,...,n}.

Then there is an a € H'(G,Z/p) such that ar, = \ga for some A, € Z/p for every
k, since K is p-rigid. By Theorem 8.1 of [I4] the Massey product (a,a,...,a) is
defined and contains zero. Now a repeated application of part (b) of Lemma 6.2.4
in [4] on page 236 concludes the proof. O

3. DEMUSHKIN GROUPS, p-ADIC EMBEDDING PROBLEMS AND MASSEY PRODUCTS

Definition 3.1. The kernel Ker(E) of an embedding problem E as one in Definition
2.Tlis the kernel of a. We say that E is central if B is a central extension of A, that
is, when Ker(E) lies in the centre of B. In this case Ker(E) is abelian, so we can
equip it with the trivial G-module structure.

Definition 3.2. Assume now that the embeéding problem E is central. The ob-
struction class of E is defined as follows. Let ¢ : G — B be a continuous map such
that & o ¢ = ¢. Then the map ¢ : G x G — Ker(E) given by the rule:

o~

c(#,y) = 9(xy)o(y) o)~ € Ker(E), (2,9 €G)
is a cocycle, and its cohomology class o(E) € H?(G,Ker(E)) does not depend on

the choice of a, only on E. By a well-known classical result E has a solution if and
only if o(E) = 0.

Lemma 3.3. Let G be a profinite group such that H*(G,Z/p) = 0. Then G has
the strong vanishing n-fold Massey product property with respect to p.

Proof. Since U,41(p) is a p-group, it has a filtration by normal subgroups:
{1} =NoCNiC---C N(n;l) = Ker((b)
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such that U,,+1(p)/Ng is a central extension of U,,11(p)/Nk+1 and the kernel of the
quotient map 7y : Up1(p)/Ni = Unt1(p)/Ni41 is:

Ngv1
Ny,

for every k =0,1,..., (";1) —1.

Note that it will be sufficient to show that the embedding problem &£ (h):
G

P

Un+1(p)/Nk — Un+1(P)/Nk+1

for every every homomorphism G — U, 41(p)/Ni+1 has a solution for every k =
0,1,..., (";1) Indeed then we would get by descending induction on the index k
that —a; X -+ X —a, has a lift to G — U,11(p)/Nk. The claim is now clear from
the case k = 0.

However £(h) is a central embedding problem with kernel isomorphic to Z/p by
the above. So its obstruction class o(€(h)) lies in H?(G,Z/p), which is zero by

assumption. So o(€(h)) vanishes, and hence £(h) has a solution. O

Definition 3.4. A pro-p group G is said to be a Demushkin group if
(1) dimg,, H'(G,Z/p) < oo,
(2) dimg/, H*(G,Z/p) = 1,
(3) the cup product HY(G,Z/p)x H (G, Z/p) — H?*(G,Z/p) is a non-degenerate
bilinear form.

Theorem 3.5. Let n > 3 be an integer and let p be a prime number. Then every
pro-p Demushkin group has the strong vanishing n-fold Massey product property
with respect to p.

This claim above is a strengthening of Theorem 4.3 of [I5] on page 265, which
in turn is a generalisation of Lemma 3.5 of [11] on page 1317. Note that Z/2 is a
Demushkin group, so the theorem above generalises the key ingredient of the proof
of Theorem [I7]

Proof of Theorem[38. Arguing the same way as we did at the beginning of the
proof of Theorem 2.9 we may assume without the loss of generality that ax # 0
for every k € {1,2,...,n}. Let My, ,,, denote the subgroup

Mym ={U €Unp) le,;(U)=0if1<i<j<m-—lorj=mk<i<m-1}
forevery k =1,2,...,m—1. Clearly My ,, C Myp41,m forevery k =1,2,...,m—2.
Lemma 3.6. The subgroup My of Un(p) is normal.

Proof. For every pair a < b of natural numbers let %a,b : Up(p) — Ua(p) be the
homomorphism:

U (e (U))i =1,
that is the map which assigns to every element of Uy (p) its upper left a x a block.
Similarly Ea,b : Up(p) — Ua(p) be the homomorphism:

U = (e—ati)b—a+s) (U))i j=1;



8 Ambrus Pal and Endre Szabé

that is the map which assigns to every element of Uy(p) its lower right a x a block.
The subgroup My, ., is the intersection of the kernel of £ ,,_1,, and the kernel of

m+1—k,m, SO as an intersection of normal subgroups, it is normal. [l

Let Qk.m denote the quotient group U, (p)/ My m and let pgm : Qrm — Qktr1m
denote the quotient map induced by the inclusion My, C M1 m.

Lemma 3.7. The extension Qg m of Qry1,m 15 central, and the kernel of py m is
isomorphic to Z/p for every k =1,2,...,m — 2.

Proof. As we saw in the proof of Lemma above Q) is the fibre product:

%
{(A,B) € Upn1(p) X Unms1-1(0) | Brctan—1(4) = Brneims1-(B)},
considered as a subgroup of U,,—1(p) X Upt1—k(p). Under this identification the
group Ker(py ) is:

{(A,B) € Up—1(p) X Uny1-x(p) | A= Im—1xm—-1, B € Zmy1-1(p)},

where I,,—1xm—1 is the identity matrix and Z,,+1-x(p) is the group defined in
Remark Since Z,,+1-k(p) is the centre of Up,y1-k(p), it lies in the centre of
Qk,m, so the extension Qg m of Qrt1,m is central. The map ¢y @ Ker(ppm) —
Z/(p) which is the composition of the isomorphism Ker(pk m) — Zm+1-x(p) given
by the rule (4, B) — B, and the map Z,,+1-x(p) = Z/p given by the rule B —
€1(m+1—k) (B), is an isomorphism. O

We will identify the group Ker(pg ) with Z/p via the isomorphism ¢y, in the
proof of Lemma [37in all that follows. For every homomorphism ¢ : G — Qp41,m
let F () denote the embedding problem:

G

.

Qk,m ﬂ) QkJrl,m-
Let x : G — Ker(pg+1,m) be a homomorphism. Then the map ¢ x given by the rule
g+ 1¥(g)x(g) is also a homomorphism from G t0 Qg+1,m, since Ker(py41,m,) lies in
the centre of Qx+1,m by Lemmal3Tl Let ¢ mt1 : Qrm+1 — (Z/p)™ be the unique
homomorphism such that the composition of the quotient map Uy, +1(p) = Qk.m+1
and ¢k m+1 is the homomorphism ¢p,41 @ Ups1(p) — (Z/p)™ in Definition 2:4] for
every k=1,2,...,m— 1.

Lemma 3.8. Let ¢ : G = Qr41,n+1 be a homomorphism such that ¢yi1 ny1 0% =
—a; X —ag X --- X —a,. Then

o(E(¢x)) = o(E(Y)) + ax U x
in H?(G,Z/p) for every homomorphism x : G — Ker(pg41,n+1)-

Proof. There is a commutative diagram of group homomorphisms:

Pk,n+1
Qk,n+1 — Qk+1,n+1

l b

Pln—k+2
Qin—k+2 — Q2.n—kt2
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such that the vertical arrow on the left induces an isomorphism between Ker(pg, n+1)
and Ker(p1 n—kt2) and ¢apn_pr2 0 A0) = —ap X —ap41 X -+ X —a,. Therefore
we may assume that & = 1 without the loss of generality, because the obstruction
classes of central embedding problems are natural. In this case the obstruction
classes o(E(v)) and o(E(¢x)) are given by the Massey products for the defining
systems corresponding to ¢ and ¥y, respectively, by Theorem 2.4 and the remark
immediately follow it in [2] on page 182. Therefore the difference between the two
is a3 U x (compare with Remark 2.2 of [I5] on page 261), and hence the claim
follows. O

Now we are going to prove for every & = 1,2,...,n — 1 that the embedding
problem E(k):

l—alx—IIzX"'X—an
ﬁ“‘bk,n%»l
Qint1 — (Z/p)",
has a solution by descending induction on k. Since the case k = 1 is the claim, this
will be sufficient to conclude the proof.
Let us first consider the case k = n — 1 first. By the induction hypothesis there

are solutions ¢ and v to the embedding problems:

G G
’l/J lalxagxmxanl w lanlxan
Un(p) — (Z/p)" ", Us(p) — (Z/p)*,

respectively. The direct product z X $ : G — Uy (p) x Us(p) lies in Qp—1,n+41, and
it is a solution to E(n — 1).

Now assume that E(k) has a solution v for some k > 2. By assumption ay_1 # 0
and the cup product

Ut H'(G,Z/p) x H'(G,Z/p) — H*(G,Z[p) = L/p
is a non-degenerate bilinear form, so there is a y € H'(G,Z/p) such that
o(E(¥)) + ax—1 Ux =0.

Therefore there is a solution ¥ : G — Qk_1.n+1 to E(px) by Lemma B8 This 1 is
also a solution to E(k — 1), since ¢r—1,n+1 = Pkn+1 © Ph—1,n+1- O

Lemma 3.9. For every pair of prime numbers [,p, not necessarily different, the
mazimal l-adic quotient H of G(Qy) is either a pro-l Demushkin group or we have
H?*(H,7Z/1) = 0.

Proof. When [ = p then either H is projective, and hence H?(H,Z/l) = 0, or it is a
Demushkin group (see §5 of [I2] on pages 130-31 for a proof). When [ # p then H
is Z; if | does not divide p — 1, and hence H?(H,Z/l) = 0, or H is the semi-direct
product Z; x Z; such that the second copy of Z; acts on the first via the character
m +— p™ if [ divides p — 1, and hence it is a Demushkin group. 0

Definition 3.10. We say that an embedding problem as the one in Definition 2]
above is a G(Qp)-problem if for every closed subgroup H of G which is isomorphic



10 Ambrus Pal and Endre Szabé

to G(Qp) there is a homomorphism $H : H — B such that ao 51{ = ¢|g. Follow-
ing Haran and Jarden (see [9]) we say that that a profinite group G is p-adically
projective if every G(Qp)-problem for G has a solution, and if the collection of all
closed subgroups of G which are isomorphic to G(Q,) is topologically closed.

By the main result of [9] (see the Theorem on page 148) we know the following

Theorem 3.11 (Haran—Jarden). If K is a PpC field, then G(K) is p-adically
projective. Conversely, if G is a p-adically projective group, then there exists a
PpC field K such that G(K) = G. O

Now we are ready to give a

Proof of Theorem[L.d By the Haran—Jarden Theorem [BIT] it will be enough to
show that for every prime number [ every such embedding problem with a;Ua;41 = 0
for every i =1,2,...,n—11is a G(Qp)-problem. In order to do so it will be enough
to show that for every [ as above the maximal I-adic quotient of G(Q)) has the

strong vanishing n-fold Massey product property with respect to [. However this is
immediate from Lemma [3.9] Lemma and Theorem O

4. PROPERTIES OF UNIPOTENT GROUPS

Definition 4.1. As usual let E;; € Mat,,(Z/p) denote the elementary matrix char-
acterised by the property that

en(Eij) = {
and let I € Mat,,(Z/p) be the identity matrix. They satisfy the following identity:

Ey, ifj=k,
4.1.1 EiiFEy =
( ) Ik {O, otherwise.

1, ifk=iandl=j,

0, otherwise,

Lemma 4.2. For every i < j and k < the following hold:
(a) we have EJ; =0,
(b) we have Ej;EnE;; =0,
(¢) we have:

Eilu ij = k7
[Eij, Exi] = § —Egj, ifl =1,
0, otherwise,

Proof. Since i # j, part (a) is immediate from (II11)). If E;;Ey E;; # 0 then j =k
and | =4 by @II). Then i < j = k <l =i, which is a contradiction. Therefore
part (b) holds. If in

[Eij, Ex] = EijEy — EnEij
both terms are non-zero, then j = k and [ = ¢ by (£I1I]). This is not possible, as
we have just seen. Therefore at most one of the terms is non-zero, and hence part
(¢) claim follows. O

Lemma 4.3. We have:
I+ FE;, ifj=k,
U+ Eij, I+ En) = 1—Ey;, ifl=1,

1, otherwise,
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for every i < j and k <.

Proof. Note that
(I+Ej)I-Ey)=I—-Ejj+E;—E;=1I
when i < j, using claim (a) of Lemma .22l Therefore
[+ Eij, I + Ex] =(I + Eij)(I + En)(I — Eij)(I — Epr)
=1+ Fijj+ FEy + EjjEy — Eij — Ei — EnFE; — BBy Ej
— B — EijEn — B}y + Eij EY
+ Eij By + EZZ]-EM + EnEijEy + Eij By Eij By
By part (a) of Lemma all red terms are zero, while by part (b) of Lemma
all blue terms are zero. Therefore
I+ Eij,I+Ew)=I1+EjEy—EuE;; =1+ |E;j, Enl.
because of the cancellations between the remaining terms. The claim follows from
part (c¢) of Lemma 2 O
Notation 4.4. For every positive integer m let K,,(p) denote the following sub-
group of U, (p):
Kn(p) ={B € Un(p) | ciir1(B) = 0if 1 <i <m}.
For every pair of positive integers k, m let Uy ., (p) denote the following subgroup
of Uy, (p):
Ukm(®) ={B€Upn(p)|e;j(B)=0if1<i<j<min(i+k—1,m)},
Note that, using this notation, we have
Zm(p) = Un—1m(p); Pn(p) = Usm(p), Un(p) = Urm(p) and K (p) = Uz,m(p)-
Finally let ¢, : Z/p — Z,n(p) be the unique isomorphism such that
tm(1) =14 Eipm,.

Definition 4.5. For every 1 < i < j < m let b;; : Un(p) = Uj—it1(p) be the
unique homomorphism such that

ekl(bij(B)) = e(iJrk,l)(iJrl,l)(B) (VB e Un(p), 1 <k<l<j—i+1).
In plain English this is the (j —i+ 1) x (j —4 + 1) diagonal block with the right
upper corner at the (7, j)-th entry. Note that

(4.5.1) Usm(@) = [) Ker(by) (V2<k<m-—1).

j—i=k—1
i<i<j<m

In particular Uk, (p) is a normal subgroup of Uy, (p) for every k.

Proposition 4.6. The subgroup Uy, m (p) is generated by the elements:
{I+Eij|k§i+k—1<j§m}.

Proof. First note that these elements are actually in Uy, (p), so the claim actually
makes sense. We are going to show the latter by descending induction on k. When
k > m then Uy, (p) is the trivial group so the claim is trivially true. Now assume
that the claim is true for 1 < k+ 1 < m. Then it will be sufficient to prove the
lemma below. O
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Lemma 4.7. The image of the set {I + Ejirr | 1 < i < m — k} with respect to
the quotient map Uy m (D) = Uk.m(D)/Uk+1.m(p) s a basis of the p-torsion abelian
group Us,m(p)/Us-+1,m (p)-

Proof. Recall that the kernel of the map:

bem =[] bij:Um®) = Zn(p)" " = (Z/p)" "

is Up41,m(p). Moreover under the identification Z,,(p)™ % = (Z/p)™~* furnished
by i, this homomorphism by, maps the set {I+ Fyyp | 1 <7 < m—k} bijectively
onto the standard basis of (Z/p)™~* for every 1 < k < m — 1. The claim is now
clear. g

Corollary 4.8. The derived subgroup K, (p)" is Usm(p).
Proof. For every i,j with 4 <743 < j < m we have
I+E;; = [I+ Ei(i+2),l+ E(i+2)j] € Km(p)l

by Lemma Therefore K,,(p) contains Uy, (p) by Proposition On the
other hand the quotient K,,(p)/Us m(p) is generated by the images J of

{I+Ej;|2<i+1<j<m, j<i+3}

under the quotient map K, (p) — K (p)/Usm(p) by Proposition 8 Since for i, j
and kIl with2<i+1<j<m, j<i+3and2<k+1<Ii<m, I <k+3if
j =k, theni+ 3 <[, and if [ =4, then k + 3 < j, so we have

[I + Eij,I'i‘ Ek[] (S U4)m(p)

using Lemma [£3] Hence the elements of J commute. Since they generate the
quotient Ky, (p)/Usm(p) we get that the latter is commutative. Therefore Uy, (p)
contains K,,(p)’, too. O

Definition 4.9. Recall that the p-Zassenhaus filtration of a finite p-group G, de-
noted by Gy, ), n=1,2,..., is defined inductively by

G =G, Gup = Camp)” 11 Gy Gii) forn>2.
1+j=n

(The original definition is different, but it is equivalent to this one by a theorem
of Lazard, see Theorem 11.2 of [I] on page 271). As its name suggest this is a
descending filtration by characteristic subgroups. It follows from the formula above
that for every n the quotient G, ,)/G(n41,p) is abelian of exponent dividing p.
Consider the graded Z/p-module:

51(G) = P Gl /Cinirp):

n>0

The commutator map and the p-power map induce on gr(G) the structure of a
p-restricted Lie Z/p-algebra (see §12.2 of [1] on pages 298-305).

Proposition 4.10. We have Uy, (p)(k,p) = Ur,m(p) for every k,m > 1.
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Proof. First we are going to show that I + E;; € Upn(p)(j—ip) for every i,;j such
that 1 < i < j < m by induction on j —i. The case j —¢ = 1 is trivial. Now let’s
assume that the claim is true when j —i = k — 1, where £ > 2. Then for every
1 <14 < j <msuch that j —i = k we have

I+ Eiyj =+ Eiit1,I+ Eiy1j] € [Un(P)1,p), Un(®)—i—1,9)] € Un(P)(j—i,p)

using Lemma and the induction hypothesis. Since by Proposition the sub-
group Uy, (p) is generated by the elements

{I+Eij|k§i+k—1<j§m},

we get that Uy, (p) k,p) 2 Us,m(p) for every k,m. We are going to show the reverse
inclusion by induction on m. The case m = 1 is trivial. Now let’s assume that
m > 2 and the claim is already known for m — 1. Note that for every group
homomorphism « : G — H we have a(G(k)p)) C Hp) for every k > 1. Therefore

U (D)) ST 1 (Unm—1(0) (k,p)) N b (Un—1(P) (1.
=bi 1 (Uksm—1(p)) N bay (Ukm—-1(p)) = Us,m(p)

when £ < m, using the induction hypothesis. Hence Uy, (p)k.,p) = Uk,m(p) when
k < m. In order to complete the proof, we only need to show the following

Lemma 4.11. We have:
(a) we have [Ugy, p)(p), Unp)(p)] = {1} when k+1=m
(b) we have Upp,/p),m(p)? = {1}.
)

Indeed [Up, (P) (k,p)» Um(P) (1,p)] = [Uk,m(P), Ur,m (p)] by the above, as both k& < m
and [ < m. Moreover [m/p] < m, since m > 2, so Um(p)%m/p]_’p) = Upm/pl,m(P)P.
Since Uy (p)(m.p) is generated by these groups, we get that this group is trivial.
Therefore all the higher terms in the p-Zassenhaus filtration of U,,(p) are trivial,
too. Since Uy, is trivial when k& > m, the claim also holds when k& > m. O

Proof of Lemma[{.11] Let A € Ugm(p) and B € Uy, (p) be arbitrary. Write A =
I+ X and B = I +Y such that ¢;;(X) =0,if 1 < j < min(i + £ — 1,m), and
ei;(Y)=0,if 1 <j <min(i+!—1,m). For every row vector & = (a1, @2, ...,0) €
(Z/p)™ let e;(a) be its I-th coordinate ay. If o € (Z/p)™ is a row vector such that
e;(a) = 0 when 7 < j for some j = 0,1,... then e;(aX) = 0 when ¢ < j + k.
Similarly e;(aY) = 0 when ¢ < j + [. Therefore a XY is zero for every row vector
a, since k4+1=m. Hence XY =0,andso AB=(I+X)I+Y)=T+X+Y. A
similar argument shows that BA = I +Y + X. Therefore AB = BA, so claim (a)
holds.

Now let A € Uy, /p),m (p) be arbitrary, and write A = I+ X such that e;; (X) = 0,
if 1 <j <min(i+[m/p]—1,m). If « € (Z/p)™ is a row vector such that e;(a) =0
when ¢ < j for some j =0, 1,... then e;(aX) = 0 when ¢ < j+ [m/p]. We get that
e;(aX?) =0 when i < j+ [m/p]d by induction on d. So aXP? is zero for every row
vector a, since [m/p|p > m. Hence XP? =0, and so AP = (I+ X)? =17+ XP =1.
Claim (b) follows. O

Notation 4.12. Let gl,,(p) denote the Lie algebra associated to the rank m matrix
algebra Mat,, (Z/p) over Z/p. Let w,(p) C gl,,(p) denote the sub-Lie algebra of
strictly upper triangular matrices:

un(p) ={B € gl,(p) |e;(B)=0if 1 <j<i<m}.
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Since u,,(p) is a Lie subalgebra of the Lie algebra of an associative algebra which
is closed under the p-power map, it has the structure of a p-restricted Lie Z/p-
algebra. For every A € Upn(p)(k,p) let ck(A) € gr(Unm(p)) denote its class in the
quotient Uy, (p) (k,p) /U (P) (k+1,p)- In order to distinguish it from the commutator
in groups, we will let [,] denote the Lie bracket in Lie algebras.

Proposition 4.13. There is a unique isomorphism

Am 2 g1(Unm (p)) = um(p)

of p-restricted Lie Z/p—algebras such that Ay, (cj—i(I + Eij)) = Ei; for every i,j
such that 1 <1< j <m.

Proof. By Lemma [£.7] and Proposition .10l the set {cx (I + Eiiyr) | 1 <i<m—k}
is a basis of Up () (k,p)/Um (P) (k+1,p) for every k > 1. Therefore

{¢j~i(I+Ey) [1<i<j<m}
is a basis of gr(Uy,(p)). So there is a unique Z/p-linear map A, : gr(Un(p)) —

U (p) such that A\, (c;—i(I + E;;)) = E;; for every 4, j such that 1 <i < j < m.
Since \,,, maps a basis onto a basis, it is an isomorphism. Since

Am([ej—i(I + Eij), k(I + Ex)]) = [An(cj—i(I + Eij)), Am(ci—k(I + Ex))]

for every ¢ < j and k < [ by part (¢) of Lemma [£.2 and by Lemma 3] we get that
Am is a Lie-algebra homomorphism using the bilinearity of the Lie bracket.
Let (-)[p] denote the p-operation of any p-restricted Lie Z/p-algebra. Then we

have (I + Ey)? = I, so ¢j_i(I + Ey;)P) = 0, while E[Y) = EI, = 0, hence
Am(ej—il + E)P) = A (ejmi(1 + Ey)) P!

for every 1 <1i < j < m. Now we only need to add the following well-known fact:

if A: g — bis a Lie algebra isomorphism between p-restricted Lie Z/p-algebras,

and it respects the p-operation on a basis of g, then it is an isomorphism between
p-restricted Lie Z/p-algebras. O

Definition 4.14. Let ¢p11 : Upt1(p) — (Z/p)™ be the homomorphism given by the
rule U — (e12(U), ea3(U), ..., enns1(U)). Similarly let n,4+1 : Kni1(p) — (Z/p)"~1
be the homomorphism given by the rule U — (e13(U), e24(U), ..., en—1n+1(U)). Let
{,-}: (Z/p)? x (Z/p)* — Z/p be the bilinear pairing given by the rule:

{(a1,a2,a3), (b1,b2)} = a1bs — azbi.
Corollary 4.15. For every A € Uy(p) and B € K4(p) we have:
[A, B] = ta({¢a(A), m(B)}).
Proof. From PropositionE.I0we know that A € Us(p)(1,,y and B € Us(p)(2,p), S0 we
get that [A, B] € Us(p)3,p) = Za(p) using again Proposition EI0 As Us(p)(4,p) is
trivial, again from Proposition [£10, the commutator [A, B] is uniquely determined
by its class in gr(Us(p)). The claim now follows from Proposition 13 O

2

? mo

Notation 4.16. For every m let (¢l .., ®m~1) denote the coordinates of

bm : Um(p) = (Z/p)™ 1.

Lemma 4.17. There is a group homomorphism x : Us(2) — Us(2) such that
Paox = (Qbéa ¢§’ ¢£1’>)
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Proof. Note that the group Us(2) is generated by the two elements:

1 1 0 1 0 0
=10 1 0 and z=(0 1 1
0 0 1 0 0 1

subject to the relations:

552:]7 y2:I= [xuy]QZL [, [yl =1, [y, [z,y]] =1,
and this system of relations give a presentation of Us(2). On the other hand the
the two elements:

1100 100 0
010 0 011 0
a=1g 0 1 1| 2 0=1y 0 1 ¢
00 0 1 00 0 1

of Uy(2) satisfy the same relations:
a>=1I, vV’=1 J[a,b*=1, IJa[a,b]= b, [a,b]] = I.

I,
Therefore there is a group homomorphism x : Us(p) — Us(p) such that x(z) = a
and x(y) = b. In particular

¢a(x(@)) = (¢35, 93, ¢3)(2) and 1 (x(y)) = (¢3, ¢35, 63)(1)-

Since x and y generate Us(p), the claim follows. O

5. FIBRE PRODUCTS AND EMBEDDING PROBLEMS

Definition 5.1. Let U,,(p) and Unm (p) denote the quotient groups:

Un(p) = Un(p)/Zm(p) and  Up(p) = Un(p)/Pum(p),
respectively, and let wy, 11 : Upy1(p) = Ups1(p) and w1 @ Upyr(p) — ﬁnﬂ(p)

denote the quotient maps. Let (11 : Upr1(p) — (Z/p)™ be the unique homomor-
phism such that the composition of w,+1 and (,+1 is the homomorphism ¢, 1.

Similarly let kp41 @ Upt1(p) — (Z/p)™ be the unique group homomorphism such
that the composition of w1 and k1 is the homomorphism ¢, 1.

Definition 5.2. By a class of embedding problems B we mean a homomorphism
€:I' — A of finite groups. We say that B has abelian kernel if Ker(¢) is abelian.
We say that B is central if Ker(e) is a central subgroup of I'. We say that an
embedding problem for a group G belongs to a class B as above if it is of the form:

G
o
£
r——A.

We will let B(¢) denote the latter. Given a homomorphism y : H — G we define
the pull-back of B(¢) as the embedding problem B(¢ o x) belonging to the class B.

Definition 5.3. Let E,, denote the class of embedding problems given by the
homomorphism ¢y, 41 : Upt1(p) — (Z/p)™. Let D,, denote the class of embedding

problems given by the homomorphism (,11 : Upt1(p) = (Z/p)™. Let C,, denote

the class of embedding problems given by the homomorphism .41 : Upt1(p) —
(Z/p)".



16 Ambrus Pal and Endre Szabé

Notation 5.4. Let G, H, J be three groups and let v: G — J and x : H — J be
two homomorphisms. The fibre product G x., , H is the group:

G Xy H={(g,h) € Gx H |~(g) =x(h)} SGx H.

For every n > 3 and pro-finite group G let D, (G) denote the set of continuous
homomorphisms a : G — (Z/p)™ such that the embedding problem D,,(a) has a
solution.

Notation 5.5. Now let G be a p-group, and let o = (aq, ag, ..., a,) € D,(G) for
some n > 3. Let H denote the fibre product Uy, 41(p) X¢,,,, G, and let p: H = G
be the projection onto the second factor. Let Z be the subgroup

Z = {(a,0) € Unt1(p) X110 G | @ € Znya(p), b=1}

of H. Finally let B be the class of embedding problems € : I' — A and let B(¢) be
an embedding problem for G belonging to the class B.

Proposition 5.6. Assume that the embedding problem B(¢ o p) has a solution v
whose restriction onto Z s trivial. Then B(¢) has a solution, too.

Proof. Now let H denote the fibre product U, 41(p) X¢,,,,0 G, and let p: H — G
be the projection onto the second factor. Note that the quotient of H by its
normal subgroup Z is canonically isomorphic to H. Since Ker(z)) contains Z by
assumption, the homomorphism 1 factors through the quotient map H — H, so
there is a solution 1) : H — I' of the embedding problem B(¢ o 7). By assumption
there is a solution w : G — U,,11(p) of the embedding problem D,, (). The direct
product w x idg : G — U,41(p) x G maps G into H. We have a commutative
diagram:

wxidg =— ¢

G——H——T
SN
P €
G—2= A,
The composition po (w x idg) is the identity, therefore the composition o (w x id¢g)

is a solution to B(¢). O

Proposition 5.7. Assume that n > 4, the class B has abelian kernel, and the
embedding problem B(¢ o p) has a solution for G. Then B(¢) has a solution, too.

Proof. Let ¢» : H — T be a solution of B(¢ o p). Then the restriction of ¢ onto the
subgroup

K ={(a,b) € Unt1(p) X¢,11.0 G | @ € Knya(p), b= 1}
of H lands in the kernel of Ker(e). The latter is abelian, so ¢ is trivial on the
subgroup

K' = {(a,b) € Unt1(p) X 41,0 G| @ € Usnia(p), b=1}
by Corollary £8l Since n > 4 the group K’ contains Z (introduced in Notation
(), and hence the claim follows from Proposition 5.6 O
Proposition 5.8. Assume that n = 3 and the embedding problem B(¢ o p) has a
solution 1. In addition suppose that one of the following conditions is also true:

(a) the embedding problem Egz(a) has a solution,
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(b) either a3 =0 or ag =0,
(¢) we have p =2 and a1 = as.

Then the embedding problem B(¢) has a solution for H.

Proof. First assume that (a) holds and let w : G — Uy(p) be a solution to Ez(a).
The direct product w x idg : G — Us(p) x G maps G into H. The composition
po(w xidg) is the identity, therefore the composition o o (w X idg) is a solution
to B(¢). Next assume that (b) is true. It will be enough to show that Es(«) has
a solution by the above. Let vy : Us(p) — Us(p) and vs : Us(p) — Us(p) be the
homomorphisms given by the rules:

1 a b 1 0 0 O L a b 1 a b 0
01 a b 01 ¢ O
01 c¢f|w and [0 1 c¢]| — ,
00 1 0 0 1 ¢ 00 1 0 0 1 0
0 0 0 1 0 0 0 1

respectively. First suppose that a3 = 0. Since D3(«) is solvable there is a homo-
morphism o : G — Us(p) such that (ae,as) = (3 0 0. Then the composition o o vy
is a solution for Ez(a).

The proof in the case when a3 = 0 is similar. Since D3(«) is solvable there is a
homomorphism o : G — Us(p) such that (a1, as) = (3 00. Then the composition
o owvg is a solution for Ez(«). Finally we assume that (c) is true. Since Dj3(«) is
solvable there is a homomorphism o : G — Us(p) such that (a1, as) = (300. Then
the composition x o o, where x : Us(2) — U4(2) is the homomorphism in Lemma
17 is a solution for Es(a). O

Now let 8 : G — (Z/p)? be a homomorphism.

Proposition 5.9. Assume that the embedding problem Eo(5 o p) has a solution.
Then Ex () has a solution, too.

Proof. Note that the class Eo has abelian kernel. Therefore the claim holds when
n > 4 by Proposition £.71 So we may assume that n = 3 without the loss of
generality. We may also suppose that as # 0 by Proposition .8l Therefore there
is a g € G such that ag(g) = 1. Choose a u € Uy(p) such that ¢4(u) = a(g). Then
(u,g9) € H and (I + E13,1) € H (where 1 is the unit of G), while

(I + Ers, 1), (u, 9)l = (I + Ers,ul, [1,g]) = (I + Eg, 1)

using Lemma BT5l Let ¢ : H — Us(p) be a solution to Ez(f o p). Then ((I +
E13,1)) lies in Ker(¢2), which is a central subgroup in Us(p). Therefore

V(I + Era, 1)) = ([ + Ers, 1), (u, 9)]) = [W((I + Ers, 1)), ((u, 9))] = 1.

The element (I + F14,1) generates the subgroup Z introduced in Notation B35 so
by Proposition the embedding problem Es () has a solution. O

Notation 5.10. For every 1 < i < j < m such that (i,5) # (1,m) let by; :
U,(p) — Uj—it1(p) be the unique homomorphism such that the composition of
the quotient map wy, : Un(p) — Un(p) and E-j is the homomorphism b;; in
Definition For every sequence ci,ca,...,c,n € HY(G) = Hom(G,Z/p) let
span(cy, ¢z, ..., cm) € HY(G) denote the Z/p-linear span of these elements. Now
let v: G — (Z/p)* be a homomorphism with coordinates v = (71, V2, v3,74)-
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Proposition 5.11. Assume that p = 2, the embedding problem Dy(vy o p) has a
solution v, but the problem Dy4(y) does not. Then n =3 and one of the following
18 true:

(14) we have Ker(byy o) N Z = {1} and span(ay, as) = span(vy1,73),

(25) we have Ker(bas 0 ¢) N Z = {1} and span(ay, as) = span(vya,74),
where Z C H s the subgroup introduced in Notation [55

Proof. Note that the class Dy has abelian kernel. Therefore n = 3 by Proposition
BE7 We also know that oy # 0 and ag # 0 by part (b) of Proposition B8 If
span(asq, ag) is one-dimensional then ay = a3, and hence Dy (k5 o p) has a solution
by part (¢) of Proposition This is a contradiction, so span(aq,as) is two-
dimensional.

If Ker(y)NZ # {1}, then Ker(¢)) 2 Z, where Z C H is the subgroup introduced
in Notation (.5 since this subgroup is of order 2. By Proposition 5.6 the latter is
not possible, so Ker(¢)) N Z = {1}. Since byy x bas : U5(2) — Us(2) x Us(2) is
injective, we get that either Ker(byy o ¢) N Z = {1} or Ker(bgs o) N Z = {1}.
Let’s consider the first case; the second can be handled similarly. We will show
that (14) holds. Since span(aq, as) is two-dimensional, it will be sufficient to show
that ay,as € span(y1,73) in order to conclude the proof.

First assume to the contrary that oy ¢ span(y1,v3). Then there is a g € G such
that (vy1,72,73)(9) = (0,%,0) and a(g) = (1,*,%). Choose a u € Uy(p) such that
¢pa(u) = alg). Then (u,g) € H and (I + Fa4,1) € H, while

[, 9), (T + Baa, 1)) = ([, T+ Foal, [1,]) = (T + Fua, 1)
using Corollary .T5 On the other hand
by 0 (I + B, 1)) =b1a 0 ([(u, 9), (I + Ez4,1)])
=[brs 0¥ ((u,9)),brao (I + Ez4,1))] =1

using Corollary and ¢4 0 b1y o ¥((u,g)) = (71,72,73)(g). Since (I + Ea4,1)
generates Z, this is a contradiction, so a1 € span(~1,73).

Now suppose that as & span(y1,73). Then there is a ¢ € G such that a(g) =
(#,%,1) and (y1,72,73)(g9) = (0,%,0). Choose a u € Uy(p) such that ¢4(u) = a(g).
Then (u,g) € H and (I + Ey3,1) € H, while

(I + Ei3,1), (u,9)] = (I + E13,u], [1,9]) = (I + E4,1)
using Corollary 215 and and ¢4 o biy o ¥((u,9)) = (v1,72,73)(g). On the other
hand using the same computation as above we get

b1y o (I + E14,1)) = bra o ¢([(I + Eis, 1), (u, 9)]) = I.

This is a contradiction, so as € span(y1,7s). O

Notation 5.12. let 0,11 : Uny1(p) = U,ri(p) denote the quotient map. For
every 1 < i < j < m such that j < ¢+ 3 let c;; : ﬁm(p) — Uj,iﬂ(p) be
the unique homomorphism such that c¢;; o @, 11 = w;j—_;+1 o by;. For every m let
(kL ,Kk2,,...,km"1) denote the coordinates of , : ﬁm(p) — (Z/p)m~ L. Let Go

ms "vm>

denote the double (or iterated) fibre product:
{(u,9,v) € Us(p) x Ts(p) x Us(p) | da(u) = (b, 53, 52)(9), ¢4(v) = (3, 53, 53)(9)}-

Let p: Gy — 55 (p) denote the projection onto the second, middle factor.
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Proposition 5.13. The embedding problem Dy(ks5 o p) has no solution for Ga.

Proof. Assume to the contrary that ¢ : Go — Us(p) is a solution of Dy4(ks5 o p).
Let V C Gy be the subgroup:

{(u,9,v) € Ua(p) x Us(p) x Us(p) | wilu) = era(g), wa(v) = ezs(9)}-
It is isomorphic to Us(p), indeed

514 X 6‘5 X EQ5 ZU5(p) — U4(p) X ﬁg,(p) X U4(p)

maps Us(p) isomorphically onto V. Note that r50p|y is (5 under this identification,
and hence it is surjective. Since the kernel of (5 is Us(p)’, we get that the composi-
tion of ¥y and the quotient map Us(p) — Us(p)/Us(p)’ is surjective. Since Us(p)
is a p-group, we get that 1|y is surjective. But V and Us(p) have the same order,
as they are isomorphic, therefore ¥y is an isomorphism.

Notation 5.14. Let N denote the kernel of o). Let C' = Z4(p) x {1} x Z4(p) C Ga
and L = K4(p) x Ker(ks) x K4(p) C Ga. Let 01 : G — Uy(p) and o3 : Go2 — Us(p)
denote the projection onto the first and the third factor, respectively.

Lemma 5.15. The following hold:
(a) the order of N is p*.
(b) the intersection N N C' is trivial,
(¢) we have N C L,
(d) the map nyooy x nyooz: N — (Z/p)? x (Z/p)? is non-trivial.

Note that the homomorphism n400q X 1n4003| x5 in part (d) is well-defined because
of part (c).

Proof. As 1|y is an isomorphism the map 1 is surjective. The order of Us(p) is p?,
while the order of Gy is p'3, so (a) holds. As C is a subgroup of V, and %]y is an
isomorphism, part (b) is clear. Since (501 = k50 p, the subgroup N must lie in the
kernel of k5 o p, which is L, so (¢) is true. Assume now that ny 0 o1 X 04 0 o3| N is
trivial. The kernel of ngooq Xngo05 in L is the direct sum of C' and LNKer(oy X o3).
Since NNC' is trivial by part (b), the group N injects into LNKer(oq x o3). However
LN Ker(oy; x 03) = Ker(ks) via p, so its order is p3. But the order of N is p* by
part (a), a contradiction. So (d) holds. O

Assume now that 1y o 01| is non-trivial; the case when ny o o3|x is non-trivial
can be handled similarly. Let g = (g1, 92, 93) € N be an element such that 74001 (g)
is non-trivial. Then either the first or the second coordinate of 740071 (g) is non-zero.
Let’s first assume the former. By taking a suitable power of g, if this is necessary,
we may assume without the loss of generality that n4 o 01(g) = (1,%). Note that
(I+ E34,’LD5(I + E34),I+ E23) € Gy and

[(91,92,93), (I + E34,w5(I 4 E34),1 4 Ea3)] =
(l91, 1 + E34), (92, @5(1 + E34)], (g3, + Ea3]) =(I + E14,1,1) € N

using Corollary and part (¢) of Lemma Since (I 4+ Fi4,1,1) € C, this
contradicts part (b) of Lemma 515

Now suppose the latter. We may assume without the loss of generality that
nsoo1(g) = (x,1), as above. Note that (I + F12,1,1) € G2 and

[(I+ E247]7])7 (91792793)] = ([I+E12agl]7 [I,QQ], [Iag3]) - (I+ Eng, 1, 1) eN
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using Corollary ELT5 and part (¢) of Lemma 515 Since (I + Eq4,1,1) € C, this is
again a contradiction. O

6. MASSEY ENVELOPES

Definition 6.1. We say that G satisfies weak Massey vanishing for n if for every
homomorphism g : G — (Z/p)"™ such that the embedding problem D, (a) has a
solution, the problem E,(a) also has a solution. We say that G satisfies strong
Massey vanishing for n if for every homomorphism a : G — (Z/p)™ such that the
embedding problem C, (a) has a solution, the problem E, (a) also has a solution.

Now we will concentrate on the case p = 2. The main result of this section is:

Theorem 6.2. There is a pro-2 group G which satisfies weak Massey vanishing for
n > 3, but does not satisfy strong Massey vanishing for n = 4.

The proof will occupy the rest of this section.

Definition 6.3. Let D<,(G) denote the union |J;-4~,, Dx(G). When G is finite,
the set D<,(G) is also finite. Every homomorphism « : G — H of pro-finite groups
induces a map o* : D<,(H) — D<,(G) via composition with o which is injective
when « is surjective. We will identify D<,(H) with its image under o* in this
case. Finally for every € D<,(G) let d(5) denote the unique integer such that
B € Dapy(G). For every set S let |S| denote its cardinality, that is, the minimal
ordinal in bijection with S.

Lemma 6.4. For every non-trivial finite p-group G and n > 3 we have |D<,(G)| >
n.

Proof. Tt will be sufficient to show that |D,,(G)| > 3 for every n > 3, as 3(n—2) > n
when n > 3. Since G is a finite p-group there is a non-zero homomorphism p : G —
Z/p. Now let m; : G — (Z/p)™ be the homomorphism whose i-th coordinate is p
and all other coordinate is the zero map for every i = 1,2,...,n. These maps are
pairwise different, so |D,(G)| > n > 3. O

Definition 6.5. Now let G be a non-trivial p-group. We can construct three
sequences of objects of the following kind:

(a) a finite group Gy, for every k =0,1,.. .,
(b) a surjective homomorphism 7, : G, = G for every k =1,2,..,
(¢) a bijection i, : D<py3(Gr) — |D<k+3(Gr)| for every k =0,1,.. .,

with the following properties:

(i) we have Gy = G,
(1) we have G = Ud(a)+l(p) X ba(a)t1,a Gr—1, where a € 'DSkJrQ(Gk,l) is the
pre-image of k — 1 with respect to ¢ for k > 1,
(7i7) the map 7 : G — Gi—1 is the projection onto the second factor of the
fibre product Gy, for k > 1,
(iv) the restriction of ty onto D<jy2(Gr—1) C D<k+3(Gy) (where the inclusion
is with respect to my) is ¢ for k > 1.

In the construction we only have some freedom in the choice of t;. Note that we
can perform the construction in (i) as |D<gy2(Gr—1)| > k + 2 by Lemma [6.4] so
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k — 1 is in the image of t;_1. Also note that 7 is surjective since ¢, is, for every
n. Given a sequence above, let M(G) denote the projective limit of the system:

L G T Gy
by slight abuse of notation. We will call M(G) a Massey envelope of G. Tt is
equipped with a surjective homomorphism 7% : M(G) — Gy, for every k =0,1,. . ..
We will let 7 denote this map when k& = 0.

Remark 6.6. If G is a p-group, then it is easy to prove using induction that Gy
is a p-group, too. Indeed p-groups are closed under direct products and taking
subgroups, so under fibre products, too. As a consequence we get that M(G) is a
pro-p group in this case.

Lemma 6.7. The Massey envelope M(G) satisfies weak Massey vanishing for every
n > 3.

Proof. Let a € D, (M(G)) for some n > 3. Then there is an index k such that
a is already an element of (7%)*(D,,(Gy)) C D, (M(G)). By Lemma we may
assume that « is the pre-image of k with respect to ¢ without the loss of gen-
erality by enlarging k, if this is necessary. Therefore Gy is the fibre product
Ud(a)+1(P) X pa(ay 1,0 Gi- Clearly Ey(a) () is solvable over G 1, the solution being
the projection of this fibre product onto its first factor. Therefore the pull-back of
this embedding problem is solvable over M(G), too. O

Lemma 6.8. Let H be a pro-finite group which satisfies weak Massey vanishing
for every n > 3 and let x : H — G be a homomorphism, where G is a non-zero
p-group. Then there is a homomorphism X : H — M(G) such that x = w0 X.

Proof. We are going to construct a sequence of homomorphisms xx : H — Gj, by
induction on k such that

(i) we have xo = ¥,

(i1) we have T o xp = Xk—1 for every k =1,2,....
The limit X of the homomorphisms xj will have the required properties. Assume
now that xx_1 has been constructed already. Let o € D<p12(Gr—1) be the pre-
image of k — 1 with respect to ¢x_1, as above. Then oo xx—1 € D<py2(H), and
hence the embedding problem Eg(,)(c o xx—1) has a solution o : H — Ug(a)+1(p)
by our assumptions. The direct product o x xx—1 : H = Uga)+1(p) X Gr—1
lands in the fibre product Gy = Ug(a)+1(P) X 4(a)s1,0 Gk—1, since o is a solution of
Ey(a)(aoxk—1), and so it furnishes a homomorphism xj : H — G}.. By construction
the composition of x; and the projection 7 of G onto its second factor is xx—1. O

Lemma 6.9. Assume that the embedding problem Dy(ks o w) has a solution, and
let H be a pro-finite group which satisfies weak Massey vanishing for every n > 3

equipped with a homomorphism ¢ : H — Us(p). Then the embedding problem
Dy(ks5 0 ¢) is solvable.

Proof. By LemmalBR there is a homomorphism & : H — M(G) such that ¢ = T0g.
According to our assumptions we also have a solution o : M(G) — Us(p) to
Dy(ks om). Then o o ¢ is a solution of Dy (k5 0 @) = Dy(ks om0 ). O

Theorem 6.10. The embedding problem Dy(k5om) has no solution for the Massey
envelope M(Us(2)).
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By Lemma[6.7] this result implies Theorem [6:2] since M(ﬁt—, (2)) is a 2-group, as
we already noticed in Remark We will need some lemmas.

Lemma 6.11. The embedding problems Eo((ki, k3)) and Ea((k2, k2)) have no so-
lutions for Us(p).

Proof. Tt will be enough to prove that the embedding problems Ea((¢1, ¢3)) and
E((¢2, ¢2)) have no solutions for Us(p). By Dwyer’s theorem it will be sufficient
to show that the cup products ¢} U ¢3 and ¢Z U ¢2 are non-zero. By Lemma 3]
the elements I + E1 and I 4+ F34 commute, and are also p-torsion, so the subgroup
A they generate is isomorphic to (Z/p)?. The pull-back of ¢ U ¢2 onto A is non-
zero by the Kiinneth formula for cohomology with coefficients in Z/p. Therefore
®% U ¢ is non-zero, too. We can argue similarly for ¢2 U ¢2 by pulling it back to
the subgroup generated by I + Fo3 and I + Ey5. 0

In the next two lemmas G is an arbitrary group.
Lemma 6.12. Let a1, a2,a3 € HY(G) and v1,7v2,7v3 € HY(G) be such that
span(ai, ag) = span(y1,73) and (a1, az, az) N (y1,72,73) # 0.
Then (ai, ag, az) = (71,72,73)-
Proof. Recall that for every 81, B2, B3 € H'(G) the Massey product set (31, B2, B3),
if it is non-empty, is a coset of the subgroup 81 U HY(G) + HY(G) U B3 C H*(G).
However
il UHYG)+ HY(G)Uaz =7 UHYG) + HY(G) U s,
since span(aq,as) = span(vi,v3) and the cup product is bilinear and alternating.

We get that both (aq, s, as) and (vy1,72,73), being non-empty, are cosets of the
same subgroup, and as their intersection is non-empty, they are equal. O

Notation 6.13. Let F,, denote the class of embedding problems given by the
homomorphism wy, 11 : Upy1(p) — Upti1(p). Since U, 1(p) is a central extension of
U, 11(p), for every group homomorphism ¢ : G — U,,1(p) the embedding problem
F,.(¢) is central. Since Ker(wn+1) = Zn41(p) = Z/p, the obstruction class o(F,,(¢))
lies in H%(G). Let (a1, a9,...,an) : G — (Z/p)™ be an arbitrary homomorphism.

Lemma 6.14. We have
<alv g, ... ,Oén> = {O(Fn(¢)) | ¢ is a solution Of Dn((ala A2, ...y O[n))}

Proof. Recall that for every solution ¢ of Dy, ((a1, a2, . . ., @, )) the obstruction class
o(F,(@)) is the n-fold Massey product with respect to the defining system cor-
responding to ¢ in Dwyer’s theorem. Therefore the lemma is just a convenient
reformulation of the latter. O

Proof of Theorem [6.10. Consider the projective system:

Th+1 Tk Th—1
Gk —_— Gk*l —_—

constructed in Definition 0.9 for Gy = ﬁ5 (2). Set pg be the identity map of Gy and
for every k > 1 let pi : G — G denote the composition:
71 O+ O0TMk—1 0 Tkg.

We are going to show by induction on k that Eo((k}, r3) o pr), Ea((k, K3) o pr)
and Dy (k5 o pr) have no solutions for Gj. Since every group homomorphism
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M(U5(2)) — Us(2) factors through 7 for some k, this implies the theorem. With
all our preparations it is easy to prove that Eq((ki, k3)op) and Eqo((ki, k3)op) have
no solutions for Gy. Indeed the k = 0 case is just Lemma [G.T1] while the induction
step follows at once from Proposition (.9

Next we prove that Dy (ks o pr) has no solutions for Gi. Note that Lemmas
and together imply if Dy(k5 o px) has no solutions for a particular Massey
envelope, then it does not have solutions for all such envelopes. Therefore we may
assume without the loss of generality that to((ki, k2, 53)) = 0 and 1o ((k2, k3, K2)) =
1. In this case G is the group Go introduced in Notation[5.121 Therefore Dy(r50p2)
has no solutions for G5 by Proposition 513 (Since Gy and G are quotients of Ga,
we also get that Dy(k5 o po) and Dy (k5 o p1) have no solutions, either.)

Now assume that D4 (k5 o pr) has no solutions for some k£ > 2 and let’s prove
that Dy (k5 © pg+1) has no solutions, either. We will prove the claim indirectly, so
let’s suppose that D4 (k5 o pr+1) has a solution ¢. Write @ = (a1, aa, .. .) for the
pre-image of k with respect to t;. By Proposition [5.11] we have n = 3. The key
fact we need to show is the following

Proposition 6.15. The Massey product (a1, a2, as) contains zero.

Indeed, the proof of Therem is now easy; by Proposition and Dwyer’s
theorem the embedding problem Ej(a) has a solution. Therefore Dy (k5 o p) has
a solution by part (a) of Proposition 5.8 But this is a contradiction. It remains to
show Proposition [G.15] which we will do in several steps. By Proposition[F.11]either
span(ay, az) = span(ki, k3) and Ker(byso1)NZ = {1}, or we have span(a,as) =
span(k2, k3) and Ker(bas 09)) N Z = {1}, where Z C G 1 is the subgroup

Z ={(a,b) € Us(2) Xp,.0 Gr | a € Z4(2), b=1}.
Let us consider the first case; the second can be handled similarly.
Lemma 6.16. The homomorphism b1y 0 maps Z into Z4(2) C Uy(2).

Proof. Note that py is surjective, since it is a composition of surjective maps. Since
¢4 0brg 0 is (ki, K2, k3) o pr, we get that it is surjective. Since the kernel of ¢4
is U4(2)’, we can conclude that the composition of by 09 and the quotient map
Us(2) — Uy(2)' is surjective. Since Uy(2) is a 2-group, the latter implies that by 01
is surjective. Therefore it maps the centre of G into the centre of Uy(2), which
is Z4(2). Since Z lies in the centre of G41, the claim is now clear. O

Definition 6.17. Let K,, C U,,(p) be the image of K,,(p) under the quotient
map U,,(p) = Un(p). Let 7, : K (p) — (Z/p)™ 2 be the unique homomorphism
such that the composition of the quotient map K,,(p) = K, (p) and 7,,, i8 7.

Let Gpy1 denote the fibre product Uy(2) X¢y,a Gi. Note that the quotient of
G}y1 by its normal subgroup Z is canonically isomorphic to Gyi. Therefore by
Lemma there is a unique homomorphism 1 : Gj41 — U4(2) such that the
composition of the quotient map Gjy1 — Gry1 and ¥ is by 0. Let K C Griy
denote the subgroup

K ={(a,b) € Us(2) Xp,.a Gi | a € K4(2), b= 1},
and let K C ék.ﬂrl be its image under the quotient map Gyy1 — §k+l-

Lemma 6.18. The map i, 0% : K — (Z/2)?* is an isomorphism.
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Proof. Assume that the claim is false. Since K 2 (Z/2)? this means that the kernel
of M, o Y|k is non-trivial. Let (g,1) € K be a lift of a non-zero element (g,1) €
Ker (7, o 1|x) with respect to the quotient map K — K. Then 74 0 o((g,1)) # 0,
where o : G11 — U4(2) is the projection onto the first factor, since g is non-zero.
Then either the first or the second coordinate of 74 o o(g) is non-zero.

Let’s first assume the former. Since p = 2 we have 14 0 0((g,1)) = (1,%). Let
h € G}, be such that «a(h) = (0,%,1). This is possible since a; and ag are linearly
independent. Choose a u € Us(2) such that ¢4(u) = a(h). Then (u,h) € Gyy1 and

[(97 1)7 (’U,, h)] = ([gu u]u [17 h]) = (I + E147 1)
using Corollary .T5] On the other hand

b1y 0 (I + B, 1)) =b1a 0 ([(u, 9), (I + F24,1)])
=[b1109((u,9)), bra o ¥((I + Bz, 1)) =1

using Corollary ETH since 74 0 byg 0 9((g,1)) = 7, 0 ¥(g,1) = (0,0). This is not
possible as I + E14 generates Z.

Now suppose the latter. Since p = 2 we have n400((g,1)) = (*,1). Let h € Gy, be
such that a(h) = (1, ,0). This is possible since o; and a3 are linearly independent.
Choose a u € Uy(2) such that ¢4(u) = a(g). Then (u,h) € Giy1 and

[(ua h)v (gv 1)] = ([ua h]a [ha 1]) = (I + E14a 1)
using Corollary T3l On the other hand using the same computation as above we
get _ —
b1y o (I + Eua, 1)) = big o 4([(u, k), (9,1)]) = I.
This is a contradiction. (]

By assumption D3(a) has a solution 3 : Gy — U4 (2). Then the direct product
Bxidg, : G — Us(2) x Gy maps Gy, into G 1. For the sake of simple notation let
v 3 denote the composition yo (8 x idg, ) for every homomorphism v : Gy1 — H,
where H is any group.

Lemma 6.19. There is a choice of 3 such that the obstruction class o(F4(1 % 8))
18 NON-2ero.

Proof. Let 01 : Goa = Ga — U4(2) be the projection onto the first factor, as in
the proof of Proposition Then 01 omg 0 --- 0 mp_1 o m is a solution to the
embedding problem E3((x}, £2, r3) o pr). Therefore (ki o pi, k2 0 pr, k3 0 pi) is the
set pi(ki) U HY (Gg) + HY(Gy) U pj(k3). By Dwyer’s theorem pj (ki) U pi(k3) is
non-zero, since Eqo((k1, k2) 0 pi.) has no solutions for G.. So (k} o py, K2 0 pi, K3 0 p)
contains a non-zero element. Therefore it will be sufficient to show that every
solution of D3((k}, k2, k2) o pi) can be written in the form 1) « 3 for some choice of
8 by Lemma

Let B be a central class of embedding problems given by ¢ : I' — A. If v is a
solution of B()\) for some group homomorphism A : G — A, then every solution of
B() is of the form A - § for a unique group homomorphism ¢ : G — Ker(e), and
conversely every such product is a solution of B(\). Now fix a solution 3 of D3(«).
Since D3 is a central class of embedding problems, the solutions of D3(a) are of
the form -6, where § : Gy — K4(2) is an arbitrary homomorphism, by the above.
Let p: K4(2) — K be the isomorphism given by the rule g — (g,1). Then

Yx(B-0)= %) (Wopod)
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for every homomorphism § : G — K4(2). The claim now follows from Lemma
0.18 and the fact that 7, is an isomorphism. g

Now we can conclude the proof of Proposition Fix a choice of § such that
o(F4( x B)) # 0 and let & : Gj41 — U4(2) be the projection onto the first factor.
If o(F4 (7 % f3)) is zero, then (a1, s, as) contains zero by Lemma .14l Therefore
we may assume that o(F4(5* 3)) # 0 without the loss of generality. Let G, denote
the pre-image of 8 x idg, (Gy) with respect to the quotient map Gry1 — Gri1.
Then the kernel of the induced projection 7 : ék — Gy is Z. Since Z is a central
subgroup in Gp41, the natural outer action of G, on Z induced by conjugation is
trivial. Therefore the natural Gy-action on H*(Z,7Z/2) is trivial, too. In particular

the inflation-reflection exact sequence for the trivial module Z/2 over the pair Z<Gj,
is:

= HY(Z2,2)2) —= H?(Gy,Z)2) ——= H*(Gy,Z/2).

Since Z = 7/2, we get that HY(Z,7/2) = Hom(Z,Z/2) = 7Z/2, and hence the
kernel of 7% : H2(Gy, Z/2) — H2(Gy,Z/2) is at most one-dimensional.

Both F4((¢* ) o7) and F4((@* ) o7) have a solution for G, namely biiots,
and U|ék7 respectively, where o : Giy1 — Uy(2) is the projection onto the first
factor. Therefore by the naturality of obstruction classes both o(F4 (1 x 3)) and
o(F4(7 * ) lie in the kernel of 7* : H2(Gy,Z/2) — H2(G,Z/2). Since both
o(F4(¢x3)) and o(F4(7*3)) are non-zero, and Ker(7*) is at most one-dimensional,
we get that o(F4(1) x 8)) = o(F4(F * 8)). Therefore by Lemma B.12 we get that
(an, a0, a3) = <I€% o Pk, m% O Pk, mg o p). Since the latter contains 0, as we saw in
the proof of Lemma [6.19 we get that the former contains 0, too. O
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