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(n — 1)-DIMENSIONAL GENERALIZED NULL SCROLLS IN R}

HANDAN BALGETIR AND MAHMUT ERGUT

ABSTRACT. In this paper, we obtained relationships between the principal cur-
vatures of an (n — 1)-dimensional generalized null scroll M which is a ruled
hypersurface in R?'. We calculated the normal curvature of M and a charac-
terized the curvature lines.

1. PRELIMINARIES

Let M be an m-dimensional Lorentzian submanifold of R}. Let V and V denote
the Levi-Civita connections of R} and M, respectively. For any vector fields X,Y
tangent to M we have the Gauss formula

(1.1) VxY = VxY + h(X,Y),

where h denotes the second fundamental form of M in R}. Our second fundamental
equation is the Weingarten formula

(1.2) Vx&=—AcX + Dx¢

where ¢ is a normal vector field to M, A¢ is the Weingarten map with respect to &£
and D is the normal connection of M [4]. It is also well-known that h and A are
related by

(1.3) <h(X,)Y),§ >=< A XY >
Let {&1,&2, ..., & —m} be a local orthonormal frame field for x(M). Then the
mean curvature vector field H of M in R} is given by [4]

n—m t

race Ag,
(1.4) H:E:—E—@.

Jj=1

Let £ be a unit normal vector field to M. The Lipschitz-Killing curvature in the
direction ¢ at a point p € M is defined by

(1.5) G(p, &) = det A¢(p).

while the Gauss curvature at p is

n—m

(1.6) Gp) =) Gp.&).

j=1

If G(p) =0 for all p € M, we say that M is developable [5].
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Let M be a n-dimensional Lorentzian manifold and {es, ..., e,} be an orthonor-
mal basis of T,,(M), p € M. The scalar curvature of M is defined by

(1.7) r= Zsi Ric(e;, €;)
i=1

where
-1
1

< S , if e; is timelike
€ =< €4,6; g = . . .
¢ vt ¢ , if e; is spacelike

and Ric is the Ricci curvature tensor field of M [4].

Now, suppose that M is a hypersurfaces in R} and let A be the shape tensor of
M.

The normal curvature of M along a unit tangent direction X, in T}, M is defined
by
(1.8) kn(Xp) =< Ap(Xp)aXp >

Let « be a null curve on the hypersurfaces M. According to [4], if the equality
(1.9) < Aa(t),a(t) >=0

is satisfied, then « is said to be an asymptotic curve on M. The null curve « is
called a line of curvature on M if

(1.10) Aod = k.o/ (ke RY).

2. (n — 1)-DIMENSIONAL GENERALIZED NULL SCROLLS IN R} AND THEIR
CURVATURES

We recall the notion of a generalized null scroll in R} [1]. Let M be an (n — 1)-
dimensional generalized null scroll in R} and suppose that the base null curve «
is an pseudo-orthogonal trajectory of the generating space of M. Then we may
parametrize M as

n—3
(2.1) o(t,uo,ur, .- tn—g) = ot) + uY (t) + > i Z(t)

where {Y(t), Z1(t), ..., Zn—3(t)} is the null basis of the generating space and
{X(®),Y(t),Z1(t),..., Zn-3(t)}

with X = 90*(%) is pseudo-orthonormal basis of T, M. We recall that a ba-
sis {X,Y,Z1 ..., Zn—2} of R} is said to be pseudo-orthonormal if the following
conditions are fulfilled [3]:

< X, X >=<YY >=0; <X,)Y >=-1

< X,Z;>=<Y,Z; >=0; forl1<i<n-—2

< Zi,Zj >= 5@‘7 fOTlSZSTl*Q

The matrix of the shape operator A, ;) with respect to this basis is of the form

bio  boo  co1 Co2 Co(n—3)
0 b1o 0 0 0
0 b1t 0 0 0
(2.2) M(Apm) == o 0 0 0

bi2

0 bingy O 0 - 0
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Thus, the characteristic equation of A is

[ —bio— A —boo —Co1 —Co2 ‘'t —Co(n—3)
0 —bgo—A O 0 e 0
0 —b11 —A 0 e 0
det(A — AI,,—1) = det 0 by 0 I 0 =0,
0 by O 0 e =X
which leads to the relation
(2.3) (b1o + )\)2(_1)71—3)\71—3 =0.
Since from equation (2.2) rank A = (n — 3), the eigenvalues of A are
(2.4) AM=M=-=X,_1 =0,
hence we obtain
(25) Al = AQ = 71)10
and

)\1 + )\2 = 2/\1 = 2/\2 = *leo,

therefore
(2.6) trace A = —2byg
and
(2.7) He——2
. = o

If M is a minimal hypersurface, then H = 0 and we get bjg = 0, i.e., Ay = Ay = 0.
Thus we have the following

Corollary 2.1. If an (n — 1)-dimensional generalized null scroll M is minimal,
then the principal curvatures of M wvanish at any point.

From the equation (2.5) we infer

Corollary 2.2. For an (n — 1)-dimensional generalized null scroll, the principal
curvatures are equal.

Theorem 2.1. Let M be an (n — 1)-dimensional generalized null scroll. Then the
scalar curvature of M 1is

n—3
r=-2 {Z(bu)Q + /\2} ;

i=1
where \{ = Ao = A.
Proof. If we take j = 1 in formula (4.16) of [1] we obtain
n—3
r=—2% (b1i)* - 2(bio)”.
i=1
By equation (2.5), we have
r=-2 Tf(bh-)Q —2)\2
" i=1

n—3
r=-2 (b)* - 2A3.
=1
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Also, since \; = Ao, we find

n—3
r= —2{Z<bu>2+A2},

i=1
as was to be shown. O

For n > 4, det A = 0 by (2.2), so we have the following

Corollary 2.3. The Gauss curvature of an (n — 1)-dimensional generalized null
scroll is identically zero if n > 4.

Corollary 2.4. The Lipschitz — Killing curvature of an (n — 1)-dimensional gener-
alized null scroll in the normal direction is equal to the Gauss curvature.

Proof. If we take j = 1 in formula (4.11) of [1], the proof is clear. O

Now let V,, € T, M and suppose that V, = (v,v,v1,...,v,—3). From equation
(2.2) we obtain

[ b0 boo  co1 coz com-3) | [ v ]
0 b1o 0 0 Vo
0 b11 0 0 0 U1
AV )==1 0 b 0 0 0 vy
L 0 bl(n—3) 0 0 0 1 L Un-3 |
n—3
= (—b1ov — boovo — Z coiVi, —b1ovo, —b11v0 . . ., —b1(n—3)v0),
i=1
while by equation (1.8) we get
n—1 n—3 n—3
kn(Vp) = (7 H’U —+ bOOUO + Z COi’Ui)’U — (Z bli’Ui)’Uo.
i=1 i=0

These relations lead to the following

Corollary 2.5. Let M be an (n — 1)-dimensional generalized null scroll. Then a

direction V,, whose first and second components are zero, is an asymptotic direction
in M.

Theorem 2.2. Let M be an (n — 1)-dimensional generalized null scroll. Then a
direction V, = (v,v0,v1,...,Un-3) of M is principal curvature direction for M at p
if and only if
n—3
biov + boovo + Y Coiv;
blj’Uo =1 .
(2.8) - + =0, 7=0,1,...,n—3,

Vj v

where boo, b1j, coi, are elements of the matriz of A.

Proof. If V, is principal curvature direction for M at p, then from equation (1.10)
we have

n—3
(—b1ov — boovo — Y, c0iti, —b10v0, —b1100, - - -, —b1(n—3)v0) = k(v,v0, V1, - .-, Vn_3).
i=1
Thus we obtain
n—3
brov + bogvo + 3 Coivi
(2.9) k=— =1

v
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and
b4

(2.10) k=28 01, n—3
v

From equations (2.9) and (2.10), we get

n—3
b1ov + boovo + Y coivi
bljvo i=1 .
(2.11) — + =0, j=0,1,...,n—3.
’Uj v

Conversely, let us assume that equation (2.8) is satisfied. Then we have

bes
(2.12) vj = ”Uovnfg o J=0,1,...,n=3;
b1ov + boovo + Y Coiv;
i=1

and

n—3

biov + boovo + D coiv
i=1
AVp) = — v Vo

which concludes the proof. O

Corollary 2.6. A curve 8 in an (n — 1)-dimensional generalized null scroll M
is a line of curvature if and only if it satisfies the following system of differential
equations:

n—3
dBo dB;  dB; ., dB dfo dBi, .
(213) _bljﬁﬁ E(blog—f—boo%—f—;COZ dt)—O, j—0717...7n—3.
Proof. This is clear by putting v = %, v = %, k=0,1,...,n—3, in Theorem
2.2. O
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