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ON CERTAIN GENERALIZED CLASS OF NON-BAZILEVIC
FUNCTIONS

ZHIGANG WANG, CHUNYI GAO AND MAOXIN LIAO

ABSTRACT. In this paper, a subclass N(\, a, A, B) of analytic functions is
introduced, which is a generalized class of non-Bazilevi¢ functions. The sub-
ordination relations, inclusion relations, distortion theorems and inequality
properties are discussed by applying differential subordination method.

1. INTRODUCTION

Let H denote the class of functions of the form
(11) f&) =243 ane,
n=2

which are analytic in the unit disk U = {z : |2|] < 1}. Assume that 0 < o < 1, a
function f(z) € N(«) if and only if f(z) € H and

(1.2) Re {f’(z) (f(;)lm} >0, zel.

N(a) was introduced by Obradovié [5] recently, he called this class of functions
to be of non-Bazilevi¢ type. Until now, this class was studied in a direction of
finding necessary conditions over a that embeds this class into the class of univalent
functions or its subclasses, which is still an open problem.

Let f(z) and F(z) be analytic in U. Then we say that the function f(z) is
subordinate to F(z) in U, if there exists an analytic function w(z) in U such that
lw(z)| < |z| and f(z) = F(w(z)), denoted f < F or f(z) < F(z). If F(2) is univalent
in U, then the subordination is equivalent to f(0) = F(0) and f(U) C F(U) (see
6)).
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Assume that 0 < o < 1,A € C,—1 < B < 1,A # B,A € R, we define the
following subclass of H:

N(\a,A,B) = {f(Z) €H:(1+2) (f(zz))a - AZ;;S) (fé))a

-<1-|-Az cU
— . =z
1+ Bz’ ’

where all the powers are principal values, below we apply this agreement. Appar-
ently, f(z) € N(\, a, () if and only if f(z) € H and

(1.4) Re{(1+x)<]c(z’z)>a—ﬁ;;$) <f(zz))a}>ﬁ,0§5<17 2 el

If A\=—-1,A=1,B = —1, then the class N(\, «, A, B) reduces to the class of non-
Bazilevi¢ functions. If A = —1, A =1 — 28, B = —1, then the class N(\, a, A, B)
reduces to the class of non-Bazilevi¢ functions of order 8 (0 < 8 < 1). The Fekete-
Szeg6 problem of the class N(—1,«,1—283,—1) were considered by N. Tuneski and
M. Darus [8]. In this paper, we will discuss the subordination relations, inclusion
relations, distortion theorems and inequality properties of N (A, «, A, B).

(1.3)

2. SOME LEMMAS

Lemma 1 ([4]). Let F(2) =1+b1z+byz?+--- be analytic in U, h(z) be analytic
and convez in U, h(0) = 1. If

1
(2.1) F(z)+ EZF/(Z) < h(z),
where ¢ £ 0 and Rec > 0, then
F(z) < ez / U h(e)dt < h(z),
0

and cz=¢ [ t°"*h(t)dt is the best dominant for differential subordination (2.1).

Lemma 2 ([1]). Let —1 < By < By < Ay < Ay <1, then

14+ A2 1+ A2
14+ Byz 14+ Bz

Lemma 3 ([3]). Let F(z) be analytic and convex in U, f(z) € H,g(z) € H,
f(z) < F(2),9(z) < F(2),0 <A <1,

then
AM(z)+ (1 =Ng(z) < F(2).
Lemma 4 ([7]). Let f(z) = > 2, axz" be analytic in U, g(z) = > 7o, bpz" be
analytic and convez in U. If f(z) < g(2), then |ag| < |b1|, for k=1,2,....
3. MAIN RESULTS AND THEIR PROOFS

Theorem 1. Let 0 < o < 1, ReA >0, -1 < B <1, A# B,A€R, f(z2) €
N(\ a, A, B), then

z a{a/ll—FAzu s-1g {1—|—Az
f(2) A Jo 1+ Bzu" STy
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Proof. Let

(3.1) F(z) = (f())

then F(z) = 1+ bz + be2? + - -+ is analytic in U. By taking the derivatives in the
both sides of equation (3.1), we have

) HE (2N A
09 (755) % (7)) —re e
Since f(z) € N(\, a, A, B), we have

1+ Az
1+ Bz’

F(z)+ ng’(z) <

It is obvious that h(z) = (1+ Az)/(1+ Bz) is analytic and convex in U, h(0) = 1.
Since a/ A # 0, Re{a/A} > 0, therefore it follows from Lemma 1 that

z \“ o 1+ AL oy a (P14 Azu o 1+ Az
=F(z) < ~ 5 g =2 | ZTEER 81y ,
<f(z)> () <32 /0 1+ Bt A/O 1+ Ba T 11B:

Corollary 1. Let 0 < a<1,ReA>0,5#1. If

o) () < e

z \“ (1-BRa [1+z2u oy
(f(z)) < B+ 3 /Ol—zuu du, zeU.

Corollary 2. Let 0 < o < 1,Re A > 0, then
N\ «a,A,B) C N0, «, A, B).
Theorem 2. Let 0 < a <1, > X >0,-1< By < By <Ay <A <1, then
N(A2,a, As, Bs) C N(Aj,a, Ay, By).
Proof. Let f(z) € N(A2, o, Ag, By), we have f(z) € H and
z \“ 2f'(z 2z \% 14 Asz
a0 (75) 55 () <
Since —1 < By < By < Ay < Ay < 1, therefore it follows from Lemma 2 that

52 () <f()> - )\J{(()) (f()) A 112

that is f(z) € N(A2, @, A1, By). So Theorem 2 is proved when Ay = A; > 0.
When Ao > A; > 0, it follows from Corollary 2 that f(z) € N(0,«, Ay, B1), that
is

(3.3) (f(zz))“ < 1 i‘gi

But
(14 A1) (f(zz)) - Alzﬁg) <f(zz)> = (1 - i;) (f(ZZ))

>

then
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It is obvious that hi(z) = (1 + A12)/(1 + Biz) is analytic and convex in U. So
we obtain from Lemma 3 and differential subordinations (3.2) and (3.3) that

o (i) i ) <35

that is f(z) € N(A1, @, A1, B1). Thus we have
N(Az, , Az, By) ©€ N(A1, a0, Ay, By).

Corollary 3. Let 0 <a<1,A > X1 >0,1 > (> 31 >0, then
N()\Qaaa/BZ) - N()\1,&,,61)~
Theorem 3. Let0 < a < 1,ReA>0,-1< B <A<, f(2) € N\, A, B), then

1 a 1
« 1—Au o z « 1+ Au o
4) 2 §-1 = d §-1
(3.4) )\/0 T—Ba" du<Re{(f(z)) }<)\/0 1+BuUA du, zeU,

and inequality (8.4) is sharp, with the extremal function defined by

1 1
_ o 14+ Azu oy o
(35) f)\,a,A,B(Z) =z ()\A HTZUUA du) .

Proof. Since f(z) € N(\, a, A, B), according to Theorem 1 we have
2\l /1 L Ao s 1gy
f(2) AJo 1+ Bzu '

Therefore it follows from the definition of the subordination and A > B that
[ 1
z o 1+Azu o 4
R — < Re< — ———ux_'d
A7) | ommrel3 [ et

1

1+ A a
¢ supRe{—i_Zu}uk_ldu
A 0 zeU
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Note that fiq,4,8(2) € N(\ a, A, B), we obtain that inequality (3.4) is sharp.
By applying the similar method as in Theorem 3, we have
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Theorem 4. Let0 < a < 1,ReA>0,-1< A< B<1,f(z) € N\, A,B), then

1 a 1
o 1+Au o4 z o 1-Au o4
6) — d — - d
(3.6) )\/0 1+BuUA U<Re{(f(z)) }< )\/0 A zeU,

and inequality (3.6) is sharp, with the extremal function defined by equation (3.5).
Corollary 4. Let 0 < a < 1,ReA > 0,0< < 1, f(2) € N\, «, 3), then

1-(1-28)u e z \“
d R —
A/ T e{<f(z)> }
1 —
< g/ 1+ U= 2B u 2ﬁ)uu%_ldu, zel,
A 0 1 — U
and inequality (3.7) is equivalent to

1-PFa [f1-u 2l
0+ \ /01+uu 1du<Re{( )}

1
1 o
<ﬁ+ / +uu7_1du, zeU.
0

1—u

(3.7

Corollary 5. Let 0 < a < 1,ReA >0,8 > 1,f(z) € H, and

efoon(75) 55 (5

)0‘} <B, zeU,
then

a M1+ (1 -28)u oy {(z a}
)‘/0 1 Y du < Re )

1
1—-(1-2 a
<g/ 7( ﬂ)uuT_ldu, zeU,
0

(3.8)

A
and inequality (3.8) is equivalent to

1-BRa [*1+u a_ z \"
e [ e ene{ (575)

a [P1—Au o H 2\ 2
Qﬁl—mwlm)<M{Q@)}

1
1 3
o 1+Au o4
— x4 d U.
<()\/0 1—|—Buu u> , zecU,

and inequality (3.9) is sharp, with the extremal function defined by equation (3.5).

(3.9)

Proof. According to Theorem 1 we have

z \% 14 Az
(ﬂ@) “11Bz




152 ZHIGANG WANG, CHUNYI GAO AND MAOXIN LIAO
Since —1 < B < A < 1, we have
1-A z \“ 1+ A4
0< —— <R — P —
S1-B° e{(f(z>) }< I8
Hence the result follows by Theorem 3. O

Note that fxa,4.8(2) € N(A, a, A, B), we obtain that inequality (3.9) is sharp.
By applying the similar method as in Theorem 5, we have

Theorem 6. Let0 < a < 1,ReA>0,-1< A< B<1,f(2) e N\ «a,A,B), then

a [P1+Au o, : 2 \?
(5 Tt ) <Re{(f(2)) }

L 1
o 1-Au o 4 ?
- AT U
<()\/0 1-Bu" u) e

and inequality (3.10) is sharp, with the extremal function defined by equation (3.5).

Theorem 7. Let 0 < a <1, ReA >0, -1 < B< AL, f(z) e N\, o, A, B).
(i) If A =0, when |z| =r < 1, we have

1+ Br g 1—Br g
(3.11) r(lim) <|f(z)|<r<1_Ar> ,
and inequality (3.11) is sharp, with the extremal function defined by
f(z) = 2[(1 + B2)/(1 + Az)]=.
(i) If A # 0, when |z| =r < 1, we have

(3.10)

1 -% 1 -
« 1+ Aur o4 « o 1—Aur o 4
312) r (S [ 2251y < cp (@[ 1A sy
(3.12) T()\/O 1+ Bur " u> _|f(z)|_r()\/0 1— Bur " " ’
and inequality (3.12) is sharp, with the extremal function defined by equation (3.5).

Proof. (1) If A =0, since f(z) € N(\,a,A,B),—1 < B < A <1, we obtain from
the definition of N (A, a, A, B) that

z \¢ 14 Az
(f(z)) “11 B
Therefore it follows from the definition of the subordination that
z \% 1+ Aw(z)
<f@)> 1+ Bw(z)’

where w(z) is analytic in U. By applying Schwarz Lemma we obtain that

Q=

w(z) =c1z 4 coz® + -

and |w(z)| < |z[, so when |z| = r < 1, we have

2 | |14 Aw(z) 1+ Alw(z)] <1+Ar

f(2) _‘1+Bw(z) “ 1+ Blw(z)] = 1+ Br’
and |
z |® z * 1-Ar
‘f(Z) >Re{<f(2)) }>1_Br~
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It is obvious that inequality (3.11) is sharp, with the extremal function defined

by f(z) = 2[(1 + Bz)/(1 + Az)]=
(2) If A # 0, according to Theorem 1 we have

=) < O[/1 LA g,
f(2) AJo 1+ Bzu '

Therefore it follows from the definition of the subordination that

2 \" o (114 Auw(z) a_
(7)) =5 Tipumo

where w(z) = c12+c222+ -+ is analytic in U and |w(z)| < |z|, so when |z| = r < 1,

we have
z |” 14+ Auw(z) L5 /1+Au|wz| a_q
< du < — ux
f(z) 1+ Buw(z) A 1+ Bu|w(z)|
14+ Aur o4
< = - d
_)\/O 1—|—Burl“ “
and
«@ « 1
z z o 1—Aur .o
> R >— | ———u>xldu.
&l = e{<f(2)> }—A/o 1—Bur' ™

O

Note that fx o,4,8(2) € N(A, «a, A, B), we obtain that inequality (3.12) is sharp.
By applying the similar method as in Theorem 7, we have

Theorem 8. Let 0 < a<1,ReA>0,-1<A<B<1,f(z) e N\ «a, A, B).
(i) If \ =0, when |z| =r < 1, we have

1- Br\= 1+ Br g
. < <
(3.13) (1=0) st (1)

and inequality (3.13) is sharp, with the extremal function defined by
f(z) = 2[(1 + B2)/(1 + Az2)]=.
(ii) If X #£ 0, when |z| = r < 1, we have

1 -% 1 -+

o 1— Aur o "‘ o 1+ Aur a_q “

— —_— d < <r|-— _— d .
T()\/O 1- Bur" u> _|f(Z)|_7‘(/\/O 1+Bu7’1“ u)

and inequality (3.14) is sharp, with the extremal function defined by equation (3.5).

Theorem 9. Let0<a< 1, e(C,—-1<B<1,A#B,A€R,

flz)=2z+ Z apz® € N\, a, A, B),
k=n-+1

then

| < |A — B|

(7% AR
1 |An + af

and inequality (3.15) is sharp, with the extremal function defined by equation (3.5).
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Proof. Since f(z) =z + Z;in+1 apz® € N(\, a, A, B), we have

(14 ) (Z)Q—Azf/(z) <Z>a 1t (A — @)apr e < T AZ

f(2) f(z) \f(2) 1+ Bz

Hence it follows from Lemma 4 that [(=An — a)a,41] < |A — B|, so

(ans] < [A=B|/An+al.
O

Note that f(z) = z + [(A — B)/(An + a)]z"*1 + ... € N(\,a, A, B), we obtain

that inequality (3.15) is sharp.
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