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MAXIMAL (C,a,3) OPERATORS OF TWO-DIMENSIONAL
WALSH-FOURIER SERIES

USHANGI GOGINAVA

ABSTRACT. The main aim of this paper is to prove that for the boundedness
of the maximal operator % from the Hardy space H), (1—2) to the space
Ly, (I?) the assumption p > max {1/ (a+1),1/(8+1)} is essential.

We denote the set of non-negative integers by N. For a set X # () let X2 be
its Cartesian product X x X taken with itself. By a dyadic interval in I := [0, 1)
we mean one of the form [I27%, (I + 1)27%) for some k € N, 0 < < 2*. Given
k€ N and x € [0,1), let I;(z) denote the dyadic interval of length 27% which
contains the point x. The Cartesian product of two dyadic intervals is said
to be a rectangle. Clearly, the dyadic rectangle of area 27" x 27™ containing
(z,2?) € I* is given by I, (z',2?) := I, (z') x I, (z*). We also use the
notation mes (A) for the Lebesgue measure of any measurable set A.

Let 7o (z) be a function defined by

B 1, ifzel0,1/2),
ro(x) = -1, ifzel1/2,1),

ro(x 4+ 1) =1 (x).
The Rademacher system is defined by
rn () =19 (2"z), n>1and z € [0,1).
Let wg, wy, ... represent the Walsh functions, i.e. wqg () = 1 and if
n=2"+... 42"
is a positive integer with ny > ny > --- > n, then

Wn, (37) =T (17) T, (37) .
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The Walsh-Dirichlet kernel is defined by

n—1
r) =Y w(x)
k=0
Recall that

Do () = 12" if 2 € 0,27),
Y0, ifze2 ).

The Kronecker product (wy,m, : n,m € N) of two Walsh systems is said to
be the two-dimensional Walsh system. Thus

Wp,m (:vl,xz) = w, (931) Wiy, (xQ) .

The partial sums of the two-dimensional Walsh-Fourier series are defined as
follows:

3

n—1

1.2
nmfxx ij”(:z:,x),
=0 j

I
=)

where the number
f(i,j) = /f (ul,u2) W j (ul,u2) du' du?
T

is said to be the (4, j)th Walsh-Fourier coefficient of the function f.
The norm (or quasinorm) of the space L, (I?) is defined by

1/p

£, = / |f (2", 2%)[" do'da? (0 <p < +00).

The o-algebra generated by the dyadic rectangles {I,,,, (z',2%) : x,y € I'}
will be denoted by F,, ,,, (n,m € N), more precisely,

Fom=0{[k27" (k+1)27") x [127",(1+1)27") : 0< k <2",0< 1< 2™},
where o (A) denotes the o-algebra generated by an arbitrary set system A.
Denote by f = ( fom) n € N) two-parameter martingale with respect to
(Fpm,n,m € N) (for details see, e.g. [6, 9]). The maximal function of a
martingale f is defined by
= sup ).

n,meN

In case f € Ly (I?), the maximal function can also be given by

Ir ($1,$2) = sup ! / f (u,v) dudv|,

n,meN INES (In(ml) X [m(a:Q))
n(xl) X Iy (22)
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For 0 < p < oo the Hardy martingale space H,(I?) consists all martingales
for which

1 Ve, = 1771l < oo

If f € Ly (I?) then it is easy to show that the sequence (Sgn om (f) : n,m € N)
is a martingale. If f is a martingale, that is f = (f™™ : n,m € N) then the
Walsh-Fourier coefficients must be defined in a little bit different way:

~

f(i,j) = lim /f(k’l) (2", 2%) wi(a"w;(z?)da' da?.
I2

k,l—oc0

The Walsh-Fourier coefficients of the function f € L; (I?) are the same as
the ones of the martingale (Sgn om (f) : n,m € N) obtained from the function

S

The (C, av, #) means of the two-dimensional Walsh-Fourier series of the mar-
tingale f is given by

onm(foat 2?) = . % SN AIATLS i f (¢ 2%

A A1 5 j=1
where
l+a)...(n+a)

n!

for any n € N, # —1, -2, .... It is known ([10]) that A} ~ n®.
For the martingale f we consider the maximal operator

Aa::(

n

ol f = suplopn(f,at 2?)].
n,m

The (C, a) kernel defined by

n

o 1 oa—
K (x):= e Z An_;Dk (x).
n=l k=1

In the one-dimensional case, Fine [1] proved that the (C, «) means o f of a
function f € L (I) converge a.e. to f as n — co. The maximal operator ¢ f :=
sup|oSf| (0 <a < 1) of the (C,a) means of the Walsh-Paley Fourier series

was investigated by Weisz [8]. In his paper Weisz proved the boundedness of
o : H,— L, when p > 1/ (1 + «). The author [3] showed that in Theorem of
Weisz the assumption p > 1/ (v + 1) is essential. In particular, we proved that
the maximal operator ¢ of the (C, @) means of the Walsh-Paley Fourier series
is not bounded from the Hardy space Hi/(a+1) (I) to the space Ly /a1y (1).
For double Walsh-Fourier series it is known [5] that the (C,c«,3) means
a;‘;ﬁf — fin L, norm as n, m — oo whenever f € L, (I*) for some 1 < p < oo.
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On the other hand, in 1992 Méricz, Schipp and Wade [4] proved with respect
to the Walsh-Paley system that

1 n m
On,mf = Si,k f - f
i 2 2 Sinlf)

a.e. for each f € Llogt L([0,1)?), when min{n,m} — oo. In 2000 Gé&t
proved [2] that the theorem of Méricz, Schipp and Wade above can not be
improved. Namely, let § : [0,+00) — [0,+00) be a measurable function
with property lim; .o, 0(t) = 0. Géat proved [2] the existence of a function
f € L*(I?) such that f € Llog* L&(L), and o, f does not converge to f a.e.
as min{n, m} — oo. That is, the maximal convergence space for the (C,1)
means of two-dimensional partial sums is Llog"™ L(I?). Weisz [7] investigated
the maximal operator of (C, «, (3) means of two-dimensional Walsh-Fourier se-
ries and proved that the maximal operator 0% f is bounded from H, (I?) to
L,(I*)if1/(14«a),1/(1+ ) < p < co. In [7] Weisz conjectured that for
the boundedness of the maximal operator ¢ from the Hardy space H, (I)
to the space L, () the assumption p > 1/ (a+1),1/ (14 () is essential. We
give answer to the question and prove that the maximal operator 0% of the
(Cya,B) (0 <a < <1) means of the two-dimensional Walsh-Fourier series
is not bounded from the Hardy space Hi (1) (I?) to the space Lijt1) (1?).
The following is true.

Theorem 1. Let 0 < a < 8 < 1. Then the maximal operator 0375 of the
(C,a, B) means of the two-dimensional Walsh-Fourier series is not bounded
from the Hardy space Hyjat1) (I?) to the space Ly i1y (I7).
In order to prove Theorem 1 we need the following lemma.
Lemma 1. ([3]) Let n € N and 0 < a < 1. Then
/ max (A¥_; |Ky (x)|)1/(a+1) dx > c(«) r

1<N<2n log (n+2)
T

Proof of Theorem 1. Let
fo (2,22) = [Dynss (&) = Dan (2)] wan_s (42) .
Since
ﬁl (v,p) = / [D2n+1 (ul) — Do (ul)] w, (ul) dut /w2n1 (u2) wy, (u2) du?
1 i
B {1, ify=9on ol =201,
0, otherwise,

we can write

—_

71—

(1) Sijfn(z' 2?) = f (1, 2" = D) w, (z") wan_y (z?)

1%

Il
o



TWO-DIMENSIONAL WALSH-FOURIER SERIES 213

[D; (1) — Do (z))] won_y1 (22), ifi=20+1,...,200 —1,5> 2",

= < fo (2t 2?), if § > 2ntl > 9m
0, otherwise.
We have

i (2,22) = sup | Sy o (2, 2%)| = | (1,2%)]

17]

(2) | full, = 15211, = | Danll, = 2701,
Let 1 < N < 2". Then from (1) we obtain

O s f (1, 2%) =

2" N 2ntl
1 1

DD Al Ay Sifa (o o)

A2"+N 1A2n+1 1] =1 j=1

2n4 N 2ntl

Z Z A2"+N zAgnfl Sijfn (Jcl,xQ)

A2n+N 1A2n+1 1 |i= 2n+1] n

1 1

1 1 y
A2"+N 1A2n+1 1
2y N 2+l
Z Z A2"+N zAgnjl [Dz‘ (1‘1) — Do (11)] Won _1 (ZE2)
1=2"41 j=27
¢(a.8) | &
> g | 2 AN [Divan (21) = Do ()] D A5
=1 =0
¢(a, B)
Z ona ZA —i l+2" ) - D2” (xl)]
¢ (@, 8) |S~ yar
T ;ANliDi ()|
Therefore,
0-37ﬁfn (xla 1/2) Z sup ‘0-2n+N2"+1fn (.Tl 1'2)|
1I<N<L27m
> cla. ) sup ZA}IV lzD ( )

2" on<on

Then from Lemma 1 and (2) we get

a+1
o fu
* I/ (a+1 c a,ﬁ) o - 1/(a+1
[latl) > Qn(a2na / sup (AN_1 | Ky (a:)|) / )dx
1llry o LNy

1
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n a-+1
2C<Oz,6)(m) — &0 as n — Q.
Theorem 1 is proved. [l
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