Acta Mathematica Academiae Paedagogicae Nyireqyhdziensis
27 (2011), 197-209

www.emis.de/journals

ISSN 1786-0091

ON CLASSES OF FUNCTIONS WITH VARYING
ARGUMENT OF COEFFICIENTS

JACEK DZIOK AND RENATA JURASINSKA

ABSTRACT. In this paper we give the coefficients estimates, distortion prop-
erties, radii of starlikeness and convexity for classes of functions with varying
argument of coefficients defined by convolution and subordination.

1. INTRODUCTION
Let A denote the class of functions which are analytic in U = U(1), where
U(r)={z€C:|z] <r}.

and let A (p, k) (p,k e N=1{1,2,3,...}, p < k) denote the class of functions
f € A of the form

(1) f(z):apzp—f-Zanz” (z €eU; a, >0).
n=~k
For multivalent function f € A (p, k) the normalization
/
o) FE) g £
Pl z=0 Zp1 z=0

is classical. One can obtain interesting results by applying normalization of
the form

5 e

zp—1

=0 and

2=0

f'(2)

p—1

z=p
where p is a fixed point of the unit disk /. In particular, for p = 1 we obtain
Montel’s normalization (cf. [7]).

We denote by A, (p, k) the classes of functions f € A(p, k) with the nor-
malization (3). It will be called the class of functions with two fixed points.
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Also, by T (p,k;n) (n € R) we denote the class of functions f € A (p, k)
of the form (1) for which all of non-vanishing coefficients satisfy the condition

(4) arg(a,) =71+ (p—n)np (n=kk+1,...).

For n = 0 we obtain the class T (p, k; 0) of functions with negative coefficients.
Moreover, we define

(5) T (p.k) = J T (0. ksm).

neR

The classes T (p, k) and T (p, k;n) are called the classes of functions with
varying argument of coefficients. The class T (1,2) was introduced by Silver-
man [8] (see also [10]).

Let a € (0,p), r € (0,1). A function f € A(p,k) is said to be convezr of
order o in U(r) if

I%(L+%%?)>a (z € U(r)).

A function f € A (p, k) is said to be starlike of order o in U(r) if

(6) I%(?é?)>a (z € U(r)).

We denote by S¢(«) the class of all functions f € A(p,p+ 1) which are
convex of order o in U and by Sy (a) we denote the class of all functions
f € A(p,p+ 1) which are starlike of order « in U. We also set

§°=8{(0) and §* = 57(0).

It is easy to show that for a function f from the class T (p, k) the condition
(6) is equivalent to the following

7(2)
@) )

Let B be a subclass of the class A (p, k). We define the radius of starlikeness
of order o and the radius of convexity of order « for the class B by

—p‘ <p—a (zelU(r)).

R (B) = }ng (sup{r € (0,1] : f is starlike of order o in U(r)}),
=
R (B) = }nlfg (sup{r € (0,1] : f is convex of order v in U(r)}),
€
respectively.

We say that a function f € A is subordinate to a function F' € A, and write
f(2) < F(2) (or simply f < F), if and only if there exists a function w € A
(lw(z)| < |z|, z € U) such that

f(z) =F(w(z) (z€l).
In particular, if F' is univalent in U, we have the following equivalence
f(z) < F(z) < f(0) = F(0) and f(U4) C F(U).
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For functions f, g € A of the form

o0

f(z):Zanz and g(z sz

n=0

by f* g we denote the Hadamard product (or convolutzon) of f and g, defined
by

(f*9)( Zanbz (zel).

Let A, B be real parameters, —1 § A < B <1,andlet v, ¢ € Ay (p, k).
By W (p, k; ¢, ¢; A, B) we denote the class of functions f € A(p, k) such
that

(8)

In particular, we have

S*:W(1,2, SR ,1,—1),

(1—2) 1—=

SC:W(1,2;Z<Z+13), : 2;1,—1).
(1-2)" (1-2)

Now, we define the classes of functions with varying argument of coefficients
related to the class W (p, k; ¢, ¢; A, B). Let us denote

TW (p. ks @03 A, B) :=T (p, k) N W (p, ks ¢, 03 A, B)
TW (p, k; &, 0; A, Bim) :==T (p, k;n) "W (p, k; &, 03 A, B)
TW, (p, ks ¢, 03 A, Bin) := A, (0. k) N TW (p, ks ¢, 03 A, Bim)

TW, (. k; ¢, 0; A, B) := A, (p, k) N TW (p, k; ¢, 03 A, B) .

For the presented investigations we assume that ¢, ¢ are the functions of the
form

9) p(2) = 2"+ Y an2", §(2) =P+ B2 (z€U),
n=k n=k

where
0<a,<pB, (m=kk+1,...).
Moreover, let us put
(10) dyi=1+B) B —1+A)a, (n=kk+1,...).
The families W, (p, k; ¢, p; A, B;n) and W, (p, k; ¢, ¢; A, B) unify various

new and well-known classes of analytic functions.

The object of the present paper is to investigate the coefficients estimates,
distortion properties and the radii of starlikeness and convexity for the class
of functions with varying argument of coefficients. Some remarks depicting
consequences of the main results are also mentioned.
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2. COEFFICIENTS ESTIMATES

We first mention a sufficient condition for the function to belong to the class
W (p, k; ¢, ¢; A, B).

Theorem 1. Let {d,} be defined by (10), and let -1 < A < B < 1. Ifa
function f of the form (1) satisfies the condition

(11) Zdn |an| < (B — A) ay,

n=~k

then f belongs to the class W (p, k; ¢, ¢; A, B).

Proof. A function f of the form (1) belongs to the class W (p, k; ¢, ¢; A, B) if
and only if there exists a function w, |w(z)| < |z| (2 € U), such that

(0*f)(2) _ 1+ Aw(z)

(o)) 1+ Bu(z) U
or equivalently

(px f)(2) = (¢ f)(2)
(12 Bloxf)(z)—Alps ()| =1 U

Thus, it is sufficient to prove that

(0 f)(2) = (p* f) (2) _‘B(¢*f)(z)—z4(so*f)(2)

zP ZP

<0 (zelU).

Indeed, letting |z| =7 (0 <r < 1), we have

’(cb*f)(Z)—(w*f)(Z) _‘B(qb*f)(Z)—A(SO*f)(Z)

zP zP

(B—A)a, — i (BB, — Aay,) ayz"?

NE

(Bn - an) anzn—p

n==k n=~k
<Y (Bu— o) lan| T — (B— A)a, + Y _ (BB, — Aaw,) |ay| "7
n=~k n=~k
<Y dulan| P = (B—A)a, <0,
n==k
whence f € W (p,k; ¢, 0; A, B). O

Our next theorem shows that the condition (11) is necessary as well for func-
tions of the form (1), with (4) to belong to the class TW (p, k; ¢, p; A, B; 7).

Theorem 2. Let [ be a function of the form (1), satisfying the arqument
property (4). Then f belongs to the class TW (p, k; &, p; A, B;n) if and only if
the condition (11) holds true.
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Proof. In view of Theorem 1 we need only show that each function f from
the class TWY (¢, ¢; A, B;n) satisfies the coefficient inequality (11). Let f €
TW (p, k; d,0; A, B;n). Then by (12) and (1), we have

o)
Z (ﬂn - an) anzn—p
n=~k

00

(B—A)a, — > (BBy — Aay) anz"?
n=~k

<1l (ze€l).

Therefore putting z = re” (0 < r < 1), and applying (4) we obtain

i (ﬁn - an) anrn—p
(13) nk <1
(B—A)a, — > (BB, — Aay,) a,rm?
n=~k

It is clear, that the denominator of the left hand said can not vanish for
r € (0,1). Moreover, it is positive for r = 0, and in consequence for r € (0, 1).
Thus, by (13) we have

Z [(1+ B) B, — (14+ A)an]|an| ™ P < (B — A)ay,
n=~k
which, upon letting » — 17, readily yields the assertion (11). O

By applying Theorem 2 we can deduce following result.

Theorem 3. Let f be a function of the form (1), satisfying the argu-
ment property (4). A function f of the form (1) belongs to the class
TW, (p,k; ¢, 0; A, B;n) if and only if it satisfies (3) and
(14) S (o — (B — Ay |o") Ja] < p(B — A),

n=~k
where {d,,} is defined by (10).

Proof. For a function f of the form (1) with the normalization (3), we have

n e
(15) ap =1+ —lanl|oI"™".
n=~k p
Applying the equality (15)) to (11), we obtain the assertions (14). O

Since the condition (14) is independent of 1, Theorem 3 yields the following
theorem.

Theorem 4. Let [ be a function of the form (1), satisfying the argument
property (4). Then f belongs to the class TW, (p, k; ¢, p; A, B) if and only if
the condition (14) holds true.

By applying Theorem 3 we obtain the following lemma.
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Lemma 1. Let {d,} be defined by (10), p € U, and let us assume, that there
exists an integer ng (ng € Ny = {k,k+1,...}) such that

(16) Pdng = (B = A)ng [p|™ " < 0.
Then the function
Jno(2) = (1 + a@p"(’_p> 2P — gelPmo)nno
p
belongs to the class TW, (p, k; ¢, p; A, Byn) for all positive real numbers a.
Moreover, for all n (n € Ny) such that
(a7 pdy — (B — AYn|p|"™® >0,
the functions
fo(2) = (1 + a@pno_p + bﬁzn_p) 2P — qelPTmo)n o peilp=minn
p p
where
pB=A)+((B=A)nolp["™" = pdy,) a

b= — ,
pd, — (B = A)n|pl
belong to the class TW, (p,k; ¢, p; A, B;n).

By Lemma 1 and Theorem 3, we have following corollary.

Corollary 1. Let a function f of the form (1) belongs to the class
TW, (p,k; ¢, 0; A, B;n) and let {d,} be defined by (10). Then all of the coef-
ficients a,, for which
pd, — (B—A)nlp|" " =0
are unbounded.
Moreover, if there exists an integer ng (ng € Ny = {k,k+1,...}) such that

pdng = (B = A)no [p|™" <0,

then all of the coefficients of the function f are unbounded. In the remaining
cases

(18) an] £ —2B=A)

pdn — (B = A)n|p["™"
The result is sharp, the functions f,, of the form
pdp2P —p (B — A)ellp—mnzn
(]‘9) fn,n(z) = n—p
pdn — (B — A)np|
are the extremal functions.

Remark 1. The coefficients estimates for the class TW, (p, k; ¢, ¢; A, B) are
the same as for the class TW, (p, k; ¢, p; A, B;n).

(zelU; n=kk+1,...)

By putting p = 0 in Theorems 3 and 4, and Corollary 1, we have the
corollaries listed below.
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Corollary 2. Let f be a function of the form (1), satisfying the argument
property (4). Then f belongs to the class TWy (p, k; ¢, @; A, B;n) if and only

if

(20) > dnlan] < B - A,

n=~k

where {d,,} is defined by (10).

Corollary 3. Let f be a function of the form (1), satisfying the argument
property (4). Then f belongs to the class TWy (p, k; &, p; A, B) if and only if
the condition (20) holds true.

Corollary 4. If a function f of the form (1) belongs to the class
TWO (p7ka ¢7 807147377]); then

B _
(21) |GN| <

n=kk+1,...),

where d,, is defined by (10). The result is sharp. The functions f,, of the form
B—-A
(22)  fan(2) = 2" =

y P (el n=kk+1,..))
are the extremal functions.

Corollary 5. If a function f of the form (1) belongs to the class
TWo (p, k; 6, 0; A, B), then the coefficients estimates (21) holds true. The
result is sharp. The functions f,, (n € R) of the form (22) are the extremal
functions.

3. DISTORTION THEOREMS

From Theorem 2 we have the following lemma.

Lemma 2. Let a function f of the form (1) belong to the class
TW, (p,k; ¢, 0; A, B;n). If the sequence {d,} defined by (10) satisfies the
inequality

k
(23) 0<dk—(B—A)}—)|p|kpgdn—(B—A)%|p|"p (n=kk+1,...)),

then

= B-A

E lan| < — i

— dy — (B — A) » ||
Moreover, if

de = (B=A) 3 1ol _do = (B=A) 3 1p"”

24
(24) 0< k - n

n=kk+1,...),
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then

- k(B — A)
Zn|an| < i
ot dy — (B = A) |l

Remark 2. The second part of Lemma 2 we can rewritten in terms of o-
neighborhood N, defined by

NU:{f(z):apzp+2anz”ET(p,k;;n): Zn|an|ga}

n=k n=~k
in the following form:
if the sequence {d,} defined by (10) satisfies (24), then
TWP (p7 k7 ¢790a A7 B’T/) C Ncr-
where
_ kB-A)
o k|, k—p"
de— (B— AL |

Theorem 5. Let a function f belong to the class TW, (p,k; ¢, p; A, B;n) and
let |z| =r < 1. If the sequence {d,} defined by (10) satisfies (23), then

B—A der® + (B — A)rk
s SRS — ( k : —
di, — (B —A) ; |pl dy — (B —A) ;pl

Moreover, if (24) holds, then

(25) pa,r? —

- dgr? + k(B — A) rk=1

(26) S0 <\ < P
where
P (r=p)
27 = wrP—(B— rk
27) () {iia%ﬁ%7@>py

The result is sharp, with the extremal function fy, of the form (19) and
f(z) = 2.

Proof. Suppose that the function f of the form (1) belongs to the class
TW, (p,k; ¢,; A, B;n). By Lemma 2 we have

()| = S”*@%+§ﬁww“0
§W4@+anwwp+znmw“0
n=k n=~k

< pp—1 k=p | k-py N < e Hk(B=A)r*
<r <p+ (™" +777) 2 ”\“n‘) = G- (B-AEF

o0
payzP~t + 3 na, 2"t
n=~k

n=~k
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and

IO (pap =3 nfal )

n=~k

= (p =3 (= |anr> .
n=k

If r < p, then we obtain |f'(z)] > r?~'. If r > p, then the sequence
{(p"P —r"P)} is decreasing and negative. Thus, by (26), we obtain

) _ _ o pdyr? — k(B — A)r*
= p= P =" Jan | > —,
2 di — (B — A) & |p[7

(28)

n=2

and we have the assertion (26). Making use of Lemma 2, in conjunction with
(15), we readily obtain the assertion (25) of Theorem 5. O

Theorem 5 implies the following results.

Corollary 6. Let a function f belong to the class TW, (p,k; ¢, ¢; A, B). the
sequence {d,} defined by (10) satisfies (23), then the assertion (25) holds true.
Moreover, if we assume (24), then the assertion (26) holds true. The result is
sharp, with the extremal functions fi,, (n € R) of the form (19).

Corollary 7. Let a function f belong to the class TWy (p, k; ¢, ¢; A, B;n) and
let the sequence {d,} be defined by (10). If

(29) dy <d, (n=kk+1,...),
then
B—-A B—A
(30) rP — y k< |f(2)] <P+ * (g =7 < 1).
k
Moreover, if
(31) ndy < kd, (n=Fkk+1,...),
then
k(B—A k(B—A
(32) pT’p_l . ( )Tk_l < |f/(Z)| Sprp_l + ( )’I“k_l
dk dk
(z|=r<1).

The result is sharp, with the extremal function fy, ,of the form (22).

Corollary 8. Let a function f belong to the class TWq (p, k; ¢, 0; A, B). If
the sequence {d,} defined by (10) satisfies (29), the assertion (30) holds true.
Moreover, if we assume (31), then the assertion (32) holds true. The result is
sharp, with the extremal functions fi,, (n € R) of the form (22).
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4. THE RADII OF CONVEXITY AND STARLIKENESS

Theorem 6. The radius of starlikeness of order « for the class
TW (p, k; ¢, 03 A, Bin) is given by

(33)  BL(TW(p,k:d, 04, Bym)) = inf ((n Epa_) Z%df A))w :

where d,, is defined by (10). The functions f,, of the form

B—A .
(34) fan(z) = ap (Zp T4 el(p")"2"> (zelU; n=Fk,k+1,...;a, > 0)

are the extremal functions.

Proof. A function f € T (p, k;n) of the form (1) is starlike of order « in the
disk U(r), 0 < r < 1, if and only if it satisfies the condition (7). Since

- n o n—p
n—p)a,z n—p)lanl |z
4WL4:£< | g Pl
1(z) apzP 4+ Y apz" ap — > lan| 12"
n=~k n=k
putting |z| = r the condition (7) is true if
“n—a
35 an| TP < q,.
(35) 3wl <a,
By Theorem 2, we have
00 dn
(36) > gl < o
Thus, the condition (35) is true if
n—o d
"< = = 1,...
o SB_a (n=~kk+1,...),
that is, if
(—0)dy "
37 < =k k+1,...).
(37 re (i) ek

It follows that each function f € TW (p, k; ¢, p; A, B;n) is starlike of order «
in the disk ¢(r), where

“1%<m?$g%AQ¢5

The functions f,, of the form (34) realize equality in (36), and the radius r
can not be larger. Thus we have (33). O

The following result may be proved in much the same way as Theorem 6.
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Theorem 7. The radius of convexity of order « for the class
TW (p,k; ¢, ; A, B;n) is given by

c . (p—Oé)dn )np
R W (p, k; ¢, ¢; A, B; = inf ,
o (TW (p, ks ¢, n) = inf (n(n_a)(B_A)

where d, is defined by (10). The functions f, ., of the form (34) are the extremal
functions.

It is clear that for
dp

a, = — >0
P A= (B=A) |

the extremal functions f,, of the form (34) belong to the «class
TW, (p,k; ¢,¢; A, B;n). Moreover, we have

TW, (p, ks &, 0; A, Bin) CTW (p, ki ¢, 0; A, Bim) .
Thus, by Theorems 6 and 7 we have the following results.

Corollary 9. Let the sequence {dn —(B-A)% |p|"_p}, where d,, is defined

by (10), be positive. The radius of starlikeness of order « for the class
TW, (p.k; ¢, 0; A, Bin) is given by

R (TW, (p,k; 6,0 4, B; 1)) = inf ((” <—pa_) Z})}dj A))np.

The functions f,,, of the form (19) are the extremal functions.

Corollary 10. Let the sequence {dn - (B-4)7 ]p]"_p}, where d,, is de-

fined by (10), be positive. The radius of convezity of order « for the class
TW, (p.k; ¢, 0; A, Byn) is given by

1

C . . . — 1 <p_a)dn "
Ra(TWp(p,k,cb,sD,A,B,n))—}lg],z <n(n_a) (B—A)) ’

where d,, is defined by (10).

5. REMARKS

Choosing the functions ¢ and ¢ in the condition (8) we can define new
classes of functions. In particular, the class

n—1

W (p, ki3 A, B) =W (2% kizg' (2), ) @ (a¥2); A, B) (" =1)

k=0

contains functions f € A (p, k), such that
z(p* f) (2) <1—1-14,2
o (o f) (akz) 1+ Bz
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It is related to the well-known class of starlike functions with n-symmetric
points. Moreover, putting n = 1 we obtain the class W (p, k;p; A, B) =
Wi (p, k; p; A, B) defined by the following condition

z(ex f) (2) L 1t+Ax
(o* f)(2) 1+ Bz

The class is related to the class of p-valent starlike functions.
Let A be a convex parameter. A function f € A (p, k) belongs to the class

W ki B) =W (p a4 (1= )¢ (9,54,
if it satisfies the condition
(ex f)(2) p 1+ Az
- 1-— .
MEELLE L (N o 1) () < o
Moreover, a function f € A (p, k) belongs to the class
t (ks A, B) =W (AP 4 (10 ()14,

if it satisfies the condition

Sonf) () + (1= N2 px ) (2)  1+4z

Meox)(2)+ 1 =Nz(pxf)(z) 1+Bz
The classes W, (p, k; ¢; A, B) , Uy (p, k; p; A, B) and V) (p, k; p; A, B) general-
ize well-known important classes, which were investigated in earlier works, see
for example [1]-[6], and [9]. Most of these classes were defined by using linear
operators and special functions.

If we apply the results presented in this paper to the classes discussed above,

we can obtain a lot of partial results. Some of these results where obtained in
earlier works.
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