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WARPED PRODUCT SUBMANIFOLD IN GENERALIZED
SASAKIAN SPACE FORM

FERESHTEH MALEK AND VAHID NEJADAKBARY

ABSTRACT. In 2002, K. Matsumoto and I. Mihai established sharp inequal-
ities for some warped product submanifolds in Sasakian space forms.

A. Olteanu, established one of these inequalities for Legendrian warped
product submanifolds in generalized Sasakian space forms.

In the present paper, we generalize another inequalities for warped prod-
uct submanifolds in generalized Sasakian space forms with contact struc-
ture.

1. INTRODUCTION

Let (Mj, 1) and (Ms, go) be two Rimannian manifolds and f a positive
differentiable function on M. the warped product of My and M, is the Rie-
mannian manifold

My xy My = (M, x My, g),

where g = g1 + f2go, [ is called the warped function (see, for instance, [3] and
[4]).

Let x: My x5 My — M" be an isometric immersion. We denote by h the
second fundamental form of x. The immersion x is said to be Mixed totally
geodesic if h(X,Y) = 0, for any vector fields X and Y tangent to M; and Mo,
respectively.

In the following theorems, K. Matsumoto and I. Mihai established the sharp
inequalities between the warped function of some warped product submanifolds
in the Sasakian space form and the squared mean curvature, see [5].

Theorem 1.1. Let x be a C-totally real isometric immersion of n-dimensional
warped product My Xy My into a (2m + 1)-dimensional Sasakian space form
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M(c) then
Af  n?
(1) — < —IIH
/ 4ng
where n; = dimM; (i = 1,2), and A is the Laplacian operator of M. More-
over, the equality case of (1) holds if and only if x is a mized totally geodesic
immersion and nyHy = nyHs, where H and H;(i = 1,2) are the mean curva-

ture vector and partial mean curvature vectors, respectively.
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Theorem 1.2. Let M(c) be a (2m + 1)-dimensional Sasakian space form and
M x § My an n-dimensional warped product submanifold, such that £ is tangent

to M. then
Af _n? _

9 -
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where n; = dimM; (i = 1,2), and A is the Laplacian operator of My. More-
over, the equality case of (2) holds if and only if x is a mized totally geodesic
immersion and nyHy = noHs, where H and H;(i = 1,2) are the mean curva-
ture vector and partial mean curvature vectors, respectively.

c+3 c¢—1
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In the following theorem Olteanu established a sharp relationship between
the warped function of the Legendrian warped product submanifold in the
generalized Sasakian space form and the squared mean curvature (see [7]).

Theorem 1.3. Let x be a Legendrian isometric immersion of an n-dimentional
warped product My x s My into a (2n+1)-dimentional generalized Sasakian space

form M(fy, fa, f3). Then

Af  n?
3 —~ < —|H|?
(3) 7S 4n2” 17+ naf1,
where n; = dimM; (i = 1,2), and A is the Laplacian operator of My. More-
over, the equality case of (3) holds if and only if x is a mized totally geodesic
immersion and nyHy = nyHs, where H and H;(i = 1,2) are the mean curva-

ture vector and partial mean curvature vectors, respectively.

In this paper we are going to generalize another inequalities, by establishing
the sharp relationships between the warped function of the warped product
submanifolds in the generalized Sasakian space form M (fy, f2, f3) with contact
structure and the squared mean curvature such that structure vector field of
M (f1, fa, f3) is tangent to these submanifolds.

2. PRELIMINARIES

In this section, we recall some definitions and basic formulas which we will
use later.

A (2n + 1)-dimensional Riemannian manifold (M, g) is said to be almost
contact metric if there exist on M a (1,1)-tensor field ¢, a vector field ¢(is
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called the structure vector field) and a 1-form 5 such that n(§) = 1, ¢*(X) =
—X +n(X)¢ and g(¢X, 9Y) = g(X,Y) —n(X)n(Y) for any vector fields X, Y
on M. Also, it can be simply proved that in an almost contact metric manifold
we have ¢ = 0 and o ¢ = 0 (see for instance [1]). We denote an almost
contact metric manifold by (M, ¢,&,1, g).

If in an almost contact manifold (M, ¢, &, 7, g),

20(X,Y) = dn(X,Y),

where ®(X,Y) = g(Y,¢X), then (M, $,£&,n,g) is called the contact metric
manifold. A contact metric manifold is called the K-contact metric manifold
if the structure vector field be a killing vector field, it is easy to see that in
K-contact metric manifold, we have

Vx€ = 0X,

in which X € 7(M). B
If in an almost contact metric manifold (M, ¢,£,n, g),

(Vo) () = n(¥)X — g(X.V)E.

then we call (M, ¢,£,m,9) is the Sasakian manifold. It is easy to see that a
Sasakian manifold is contact metric manifold.

Let (M, ¢,€,7,g) be an almost contact manifold. If T C TPM is generated
by {X,¢X} where 0 # X € T,M is normal to &,, is called the ¢-section of M
at p and K(m,) is ¢-sectional curvature. If in a Sasakian manifold, there exist
¢ € R such that for any p € M, K(m,) = ¢ then we call M is the Sasakian
space form and denote it by M(c). In [6] we see that in a Sasakian space form
M (c), the curvature tensor is

R(X,Y)Z = “4'3

—{—%{g(X, 0Z)oY — g(Y,0Z)pX +29(X, Y )9 Z}

{9(V, 2)X — g(X, 2)Y'}

C —

+— LCON(Z)Y = n(Ym(2)X + (X, Zn(¥ )

—g(Y, Z)n(X)E).
Almost contact manifolds are said to be Generalized Sasakian space form if
R(X.Y)Z = fi{g(Y.2)X — g(X, 2)Y}

+ f2{9(X,02)9Y — g(Y,02)9X + 29(X, ¢Y)dZ}

+ fs{n(X)n(2)Y —n(¥Y)n(2)X + g(X, Z)n(Y)¢

—9(Y, Z)n(X)&},

where f1, f2, f3 are differentiable functions on M and we denote this kind of
manifold by M (f1, fa, f3). It is clear that a Sasakian space form is a generalized
Sasakian space form, but the converse is not necessarily true.

(4)
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Let M™ be a submanifold of M and s the second fundamental form
of M and R and R are the curvature tensors of M and M respectively. The
Gauss equation is given by

(5) R(X,Y,Z,W)=R(X,Y,Z,W)
+ (X, W), (Y, 2)) = g (h(X, 2), (Y. W),
for any vector fields X, Y, Z, W on M.

Let
1 n
H=- h iy Ci )y
- ; (e, €)
be the mean curvature vector field of M, in which {e1,...,eamy1} is a local
orthonormal frame for M such the ey,..., e, are tangent to M. Thus,
(6) 22 =3 g(lei, e hes ).

ij=1
As, it is known, M is said to be minimal if H vanishes identically. Also, we
set

(7) h%zg(h(ei,ej),eT), ije{l,....n}, re{n+1,... 2m+1},

the coefficients of the second fundamental form h with respect to
{e1,.. . €ny- .. €amyi1}, and

(8) 102 =37 g (ke e), hleises) )
ij=1
Now, by (6) and (8), the Gauss equation can be rewritten as follows:
(9) Y Rulejeieie;) = R—n?|H|* + 2],
1<i,j<n

in which R is the scalar curvature of M.

Let M™ be a Riemannian manifold and {ey, ..., e,} be a local orthonormal
frame of M. For a differentiable function f on M, the Laplacian Af of f is
defined by

(10) AF =3 ((Veenf = eslesf)).
j=1
We recall the following result of B. Y. Chen for later use.
Lemma 2.1 ([2]). Let n > 2 and ay,...,a, and b are real numbers such that

(iaiy = (n—l)(éa?%—b).

=1
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Then 2aias > b, with equality holding if and only if

a) +ao =as=...= ay,.

3. WARPED PRODUCT SUBMANIFOLDS TANGENT TO THE STRUCTURE
VECTOR FIELD

In this section, we investigate warped product submanifold M = M; X M,
tangent to the structure vector field ¢ in a generalized Sasakian space form
M(f1, fo, f3) with contact structure.

We distinguish the following three cases:

(a) & tangent to My;

(b) & tangent to Ma;

(¢) &€ = & + & such that & and & are nonzero at any point of M and
tangent to M; and M respectively.

Theorem 3.1. Let M(fy, fo, f3) be a (2m + 1)-dimensional generalized
Sasakian space form with contact structure and M, X My an n-dimensional
warped product submanifold of M.

a. If £ is tangent to My, then

Af  n?
11 — < —||H|? —
(1) = < T HI i~ f
b. If € is tangent to My, then
Af

TL2 nq
12 < —||H|? -
(12) < g I+ nifi =~ s,

f

c. If & =& + & such that & and & are nonzero at any point of My X ¢ My
and tangent to My and My respectively, then

712% < <n2 - 9(51751)) (”1 - 9(52,52)>f1

(13) ~ (na(ote0) "+ m (o2 )" + 30061 €00t~ 1) 1

+3(n —2)0(f2) + ||
in which for any x € My x My
O(f:)(x) = {gf@)’ Bl b

and n; = dim M;(i = 1,2) and A is the Laplacian operator of M.

d. The equality in (11) and (12) hold if and only if My X ¢ My is a mized
totally geodesic submanifold ofM and nyHy = noHy, where H and H;(i = 1,2)
are the mean curvature vector and partial mean curvature vectors, respectively.
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Proof. a. Let M; xy M, be a warped product submanifold of a generalized
Sasakian space form M(fi, fo, f3).
Since My x ¢ My is a warped product, it is easily seen that

1
(14) VxZ =VzX = ?(Xf)Z,
for any vector fields X and Z tangent to M; and My, respectively (see [8]). If
X and Z are orthonormal vector fields, then the sectional curvature K (X A Z)

of the plane section spanned by X and Z is given by

(15) K(X/\Z)_g<V2VXX—VszX,Z)—%<(VxX)f—X2f).

We choose a local orthonormal frame {ey,...,e,,€n11,...,€an41} such that
e1,...,en, = & are tangent to M, e, 41,..., e, are tangent to My and e, is
parallel to H. Then using (14), we have

Af =
(16) <= > K(ejNey),

j=1

for each s € {ny +1,...,n}. From (4) and (9) we have
(17) || H|* = 21 —n(n — 1) fr +2(n — 1) fs = 3P + [|n]]*,

where 27 = R, that is

T= Z K(e; Ne;)

1<j<i<n

pP.— Z <g(ej,¢ei)>2: Z <g<€j’¢€i))27

1<i,j<n 1<i,j<n;

and

because
29(es ) = dntes.e) = (e (1)) = s (n(e) ~llese) ).

Therefore, if i,j € {n; +1,...,n}orie{l,....,n;} and j € {ny +1,...,n}
then g(e;, ¢e;) = 0. now set

2
(18) § = QT—n(n—1)f1—3f2p+2(n—1)f3—%||H||2,

then (17) can be rewritten as
(19) n?[|H|* = 2(3 + [|h]]*)-
With respect to the above orthonormal frame, (19) takes the following form:

2m+1 n

(Zhn+1> _ <5+Z (R+1)2 Z (hp1)? Z Z >

1<i#j<n r=n+2 1,j=1



WARPED PRODUCT SUBMANIFOLD IN SASAKIAN SPACE FORM 331

If we put ay = hif", ap = Y1, hist and a3 = >_ ., hii™', then the above
equation becomes

3 9 3 2m+1 n
(Xa) =200+ e+ > o™+ > S0
i=1 i=1 1<i#j<n r=n+2 1,j5=1
n+1 n+1 n+1pn+1
= D M D kg >
2<iAj<ny ni+1<iZj<n

Thus, aq, as, ag satisfy the Lemma 2.1 (for n = 3), i.e.,

with
2m—+1 n
b=d+ D> (T > X (K
1<i#j<n r=n+2 1,j=1
n+1zgn+1 n+1zpn+1
- E hii hjj - §: hii hjj )
2<ij<n ni+1<i£j<n

Then 2a;as > b, with equality holding if and only if a1 + as = as. In the case
under consideration, this means

(20) Z hn-i—lhn-i-l Z h;-?_lh?;—l

1<j<i<n, n1+1<j<i<n
5 2m+1 n
- hn+1
j’L
2

1<j<i<n r=n+2 i,j=1

Equality holds if and only if

(21) Zh"“ Z ht
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From (16) and the Gauss equation, we have
A
ng—f:T— Z K(ej/\ei)— Z K(ej/\ei)

f 1<j<i<ny n1+1<j<i<n

=7 — 711(711—)f1__f2 Z <g(ej,¢ei)>2+(n1—1)f3

1<4,5<n1

R ()

(22) ni+1<i,j<n

(. J/
-~

0

2m+1

T LT h" 2
- E E (hmh]] z))
r=n+11<j<i<n;
2m+1

-3 X (- 052).

r=nt1 ni+1<j<i<n
From (20) and (22), we obtain

n2ﬁ< Mfl—i‘nlnzfl—§Pf2+(n1—1>f3—§

2 2
2m+41 n

SR DS D DT
1<j<ny r=n+2 i,j=1
n1+1<i<n
2m+1

U DD DI (U
r=n+2 1<j<i<ng
2m+1

LD DD DI (CAR
r=n+2 ni+1<j<i<n

Therefore,

A n(n—1 3 )
n27f <7 - %fl +ningfi — —sz +(n1—1)f5 — 3
2m+1 ni n 2m+1  nq
=D ID D SEUAEED S Sk
r=n+1 j=1 i=n1+1 r=n+2 j=1

(23) 2m+1 n
DO A%
r=n+2 j=ni+1
n(n —1) 3 o

<T7-— 5 f1+n1n2f1—§Pf2+(”1—1)f3—§

n? )
= ZHHH + ning fi — nafs.
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Which implies the inequality (11).
We see that the equality sign of (23) holds if and only if

(24) by =0for 1<j<ng, nmi+1<i<n n+l1<r<2n+l,

and

ny
(25) D= > ;=0 n+2<r<2m+1
] j=ni1+1
Obviously (24) is equivalent to the mixed totally geodesic of the warped prod-
uct My xy My and (21) and (25) implies nyHy = noHo.

The converse statement is straightforward.

b. We choose a local orthonormal frame {ej,...,€,,€n41,...,€2m41} such
that eq,...,e,, are tangent to My, €,,41,...,6, = & are tangent to M, and
ény1 is parallel to H.

Use the similar computation in part (a) to get (17), in which

Pi= > (9(%‘792560)2: >, (9(€j=¢€i)>27
1<ij<n n1+1<ij<n—1

Using (18), we have (19). Then with the same method in proof of part (a) and
using Gauss equation, we have

A
Tlg—f:T— Z K(ej/\ei)— Z K(ej/\ei),
f 1<5<i<ny n1+1<j<i<n
ni(n 2
=T— 1( — )f1 - —f2 Z <9(€j, ¢€i)) +(ne — 1) fs
1<ij<n1
’ng(ng — 1) 3
(26) - Tfl - §f2 <g €g:¢€z >
n1+1<4,5<n
2m—+1

T LT 2
o Z Z (h“hjj >
r=n+1 1<j<i<ng
2m+1
T r\2
- E § (hllh]_] (hjl) )
r=n+1 n1+1<j<i<n

Applying lemma 2.1 and doing similar computations as in the proof of part
(a), (26) leads to

A n(n —1 3 )
(27) nz—f ST—¥f1+n1n2f1+(n2—1)f3——f2P——-
[ 2 2 P
Using (18), the inequality (27) becomes
A
m ™ < Y HIE  ninafy =i

f



334 FERESHTEH MALEK AND VAHID NEJADAKBARY

i.e. the inequality is proved.

It can be proved, just similar to part (a) that the equality holds in the above
relation if and only if M, x ; M, is a mixed totally geodesic submanifold of M
and ny Hy; = noH,. Therefore (d) is proved.

c. We choose a local normal frame {ej, ..., 9,41} such that ey,... e, =&
tangent to My, ey, 41,...,e, = & tangent to M, and e, parallel to H and
for any i € {1,...,2m+ 1} — {n1,n}, || = 1.

From (9) and Gauss equation, we have

R H|? = 27 + ||A]F = (n* = 3n+2 = 29(¢1, &1)9(&2. &) ) f

(28) +2((n = 2) + (5 — 2n)g(61, &0)9(&. &) ) F3
—3(2P, + P) fa.

in which
2 2 2
P = Z (9(€j>¢€z‘)> = Z (9(€j,¢€i)> + Z <g(€j,¢€i)>
1<i,j<n 1<i,j<ni—1 ny+1<i,j<n
i,#n],m
and .
A=2 Y (ge06)) =2 Z (a(es02))
]'#Jillvn ];énln
We denote

6 =27 — (n? = 3n+2 - 29(61,6)9(6. &) )
(29) +2((n—2) + (5= 2n)9(&1. €0)9(6. &) ) f
~3(2P+ P)fa—

Then (28) can be written as (19). We use the same method as in the proof of
part (a). Using again the Gauss equation and (16), we have

Af

Ng—— =17 — Z K(ej Ne;) — Z K(e; Ne;)
f 1<5<i<n, n1+1<j<i<n
n? —3n+4

=T (mg(fbfl) +n99(&2, &2) + — NiNg — 1)f1

2
(o (9160,0) "+ o))"+ 2061, 609(6.8) ~ 1)

ni—1 n—1
(X (sen0) + X (sten) 4 5P) 1
=1 i=n1+1
Qmjl ’ : 2m+1

=3 > () = > S (k- ).

r=n+1 1<j<i<n; r=n+1 n1+1<j<i<n
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(30)

Applying lemma 2.1 and doing the similar computations as in the proof of part
(a), (30) leads to

n®>—3n+4

m=L < (mgen60) + naglen &) + =3

— ning — 1) f1
(s (9t60,80) "+ o))"+ 20061, 609060, ~ 1)

—3(2 (s(ene) + Z (stes &)+ 5P )~ 5
Using (28), the ab]o:fe inequality bec:;:;:
m=l < (s = mg(€1,6) — nagl€a )+ 9061, 6060 &) i+ S P
E Y (ORI () IR VORS MR 12

2
n
+ZHH||27
since

9(66,06) = 9(61.6) — (n(E) <1

On the other hand for j € {1,...,n1 —1,n7 +1,...,n — 1} we have
0 < gle; — @€1,e5 — d61) = glej, e5) + (@1, d61) — 29(ej, Pé1)
1
= glej,06) < 5 (gles ) + g(061,06)) < 1.

From the last inequality we have 0 < P; < 2(n — 2). using (31) and O(f3) to
get (13). O

Corollary 3.1. Let M(fi, f2, f3) be a (2m + 1)-dimensional generalized
Sasakian space form with contact structure and My Xy My an n-dimensional
manimal warped product submanifold, such that f is a harmonic function.

a. If & is tangent to My, then

(32) J3 < nifi,
b. If & 1s tangent to My, then
(33) f3 <nafi,

c. If & =& + & such that & and & are nonzero at any point of My X ¢ My
and tangent to My and My respectively, then

fi

(34) =7 (9(51,51) - n2) (9(52, &) — n1> + %(” —2)0(f2)
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where n; = dim M; (i=1,2), A is Laplacian operator of My and

A= <n2 (g(§1,51))2 +ny (g<52,§2))2 +39(61,61)9(82,&2) — 1).

d. The equality case of (32) and (33) hold if and only if My Xy My is a
minimal mized totally geodesic submanifold and nyHy = noHsy, where H;(i =
1,2), is partial mean curvature vector.

A #0in ¢ because 0 < g(&1,&1) < 1 and 0 < g(&2,&) < 1 and

A=(ny—1) (g(&,&))z + (n1 — 1)(9(52752»2 +9(61,61)9(62,&2).

Proof. H = 0 over M; x s M,, and Af = 0 over My, hence this corollary follows
from Theorem 3.1. O

Corollary 3.2. Let M(fy, fa, f3) be a (2m + 1)-dimensional generalized
Sasakian space form with contact structure and M, X My an n-dimensional
minimal warped product submanifold, such that f is an eigenfunction of Lapla-
cian on My with the corresponding eigenvalue \ > 0. If

a. & 1s tangent to My, then

(35) fa <nifi,
b. £ is tangent to Msy, then
(36) f3 <nafi,

c. £ =& +& such that & and & are nonzero at any point of My Xy My and
tangent to My and My respectively, then

(37) f3 < %(9(51751) - n2> (9(52,52) - "1) + %(” —2)0(f2),

where n; = dim M; (i=1,2), A is Laplacian operator of My and

A= <n2 <g(517§1)>2 +ny <9(§2>§2)>2 +39(&1,61)9(&2. &) — 1).

Proof. 1t f is an eigenfunction of Laplacian on M; with eigenvalue A > 0 then

A A
af = A =A>0,
7
therefore from Theorem 3.1, this corollary is proved. 0

Corollary 3.3. Let M(fy, f2, f3) be a (2m + 1)-dimensional generalized
Sasakian space form with contact structure and M, X My an n-dimensional
warped product submanifold and & = & + & such that & and & are nonzero at
any point of My x ¢ My and tangent to M; and My respectively,

a. ]f 9(52752) — 07 then
ﬂ < M2 1

(38) =

(nf f)+”2 |H|?
n — [
1J1 3 47L2 )
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b. Ifg<€17£1) — 07 then

Af ny—1 n2 2
= < _ -

S (nafi — f3) + 4n2||H|| ;

The equality case of (38) and (39) hold if and only if My x; My is a mized
totally geodesic submanifold and nyHy = nyHsy, in which H;(i = 1,2), is partial
mean curvature vector.

(39)

Proof. By inequality (31), the proof is evident. O

Corollary 3.4. Let M(fy, f2, f3) be a (2m + 1)-dimensional generalized
Sasakian space form with contact structure and M, X My an n-dimensional
manimal warped product submanifold and & = & + & such that & and & are
nonzero at any point of My X My and tangent to M, and My respectively,

a. ]fg(£27§2) - 0; then

(40) % < ni; 1(n1f1 — f3),
b. If g(&1,&1) — 0, then
(41) % < nlng 1(n2f1 — f3).

The equality case of (40) and (41) hold if and only if My X My is a mized
totally geodesic submanifold and nyHy = noHsy, in which H;(i = 1,2), is partial
mean curvature vector.

Remark 3.1. In part (a) of Corollary 3.3, if f3 < nqf; then

"=~ ) < (mafi — fo),

therefore (38) reduces to (11), and if f3 < naf; then

nln; 1(n2f1 — f3) < Z_;(n2fl — f3),

therefore (39) reduces to (12).

Theorem 3.2. Let M(fy, fo, f3) be a (2m + 1)-dimensional generalized
Sasakian space form with K-contact metric structure and M; Xy My an n-
dimensional warped product submanifold. If £ is tangent to My then

2
n
(42) f3 < 4—n1HHH2+nth

the equality case hold if and only if My xy My is a mized totally geodesic
submanifold and naHy = naHsy, where H;(i = 1,2), is partial mean curvature
vector.
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Proof. For any X € 7(M; x; M,) tangent to My, over M; x My we have

vxe=Te

on the other hand by K-contactnes we have

0= g(6X.£) = g<X7f§,§> - XTf

Thus X f = 0, therefore f is constant and Af = 0. From (12) and (44),
inequality (42) is proved.

[1]

The proof of the last part of theorem is similar to Theorem 3.1. 0
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