Acta Mathematica Academiae Paedagogicae Nyireqyhdziensis
28 (2012), 153-166

www.emis.de/journals

ISSN 1786-0091

CONTINUITY FOR MULTILINEAR COMMUTATOR OF
LITTLEWOOD-PALEY OPERATOR ON BESOV SPACES

TAN LU, CHUANGXIA HUANG AND LIU LANZHE

ABSTRACT. In this paper, we prove the the continuity for the multilin-
ear commutator associated to the Littlewood-Paley operator on the Besov
spaces.

1. INTRODUCTION

As the development of the singular integral operators, their commutators
have been well studied (see [1, 2, 3, 14]). From [2, 3, 9, 13|, we know that the
commutators and multilinear operators generated by the singular integral op-
erators and the Lipschitz functions are bounded on the Triebel-Lizorkin and
Lebesgue spaces. The purpose of this paper is to introduce the multilinear
commutator associated to the Littlewood-Paley operator and prove the conti-
nuity properties for the multilinear commutator on the Besov spaces.

2. PRELIMINARIES AND THEOREM

First, let us introduce some notations. Throughout this paper, ) will denote
a cube of R™ with sides parallel to the axes. For a locally integrable function
f, the sharp function of f is defined by

1
@) =swp o [ 170) = fold,
Q3 |Q‘ Q
where, and in what follows, fo = |Q[™" [, f(z)dz. It is well-known that(see
[15, 16])
“ p L
f7(x) = supinf — [ [f(y) —cldy.
Ql Jq

Q>z ceC

2010 Mathematics Subject Classification. 42B20, 42B25.
Key words and phrases. Multilinear operator; Littlewood-Paley Operator; Besov space.
153



154 TAN LU, CHUANGXIA HUANG AND LIU LANZHE

For 8 > 0, the Besov space Ag(R"™) is the space of functions f such that

1l = s AP f(@)] /1017 < oo,
x,h e R"

h#0

where AF denotes the k-th difference operator(see [13]).
For b; € Ag(R") (j =1,---,m), set

m
18115, = [T 11BsllAs-
j=1

Given some functions b; (j = 1,...,m) and a positive integer m and 1 <
j < m, we denote by C7* the family of all finite subsets o = {o(1),- -+, 0(j)}
of {1,---,;m} of j different elements. For o € CT*, set 0 = {1,---,m} \ 0.

For b= (bi, - ,by) and o = {a(1), - -,0(j)} € O, set by = (bo(1y,+ * * bo(s))s
bo = bo(1) -+ by and |[bo |4, = [bo)llis = [bo(is-
Definition 1. Let 0 < p,q < 00, a € R. For k € Z, set By = {x € R" : |z| <

2%} and Cy = By \ Br_1. Denote by ;. the characteristic function of C} and
Xo the characteristic function of By.

(1) The homogeneous Herz space is defined by
K P(R") = {f € Lipo(R"\ {0}) : [ fll g » < o0},

where
(oo}

1/p
3 2’wp||ka||iq] ;

k=—o00

11l » =

(2) The nonhomogeneous Herz space is defined by

K P(RY) = {f € L (R") < [|fllwg » < o0},

loc
where

o0

1/p
1 fllxg » = [Z 24| Fxil 2y + ||fxBO||’zq] :

k=1

And the usual modification is made when p = ¢ = oco.

Definition 2. Let 1 < ¢ < 0o, @ € R. The central Campanato space is

defined by (see [17])
ClLay o(RY) = {f € L (R fllew, , < o,

loc

where

1 1/q
kv =50 180 (g [, Vo) = Fonias)
oo = S BODBE fy )~ Fo00)



CONTINUITY FOR MULTILINEAR COMMUTATOR ... 155

Definition 3. Fix § > 0. Let ¢ be a fixed function which satisfies the following
properties:

1) fRn dr = O
(2) ()] <C(1+|x|) (n+1-5).
(3) [(z +y) — w(x)| < Cly|<1 + |z)~"+=9 when 2|y| < |z|.

We denote that I'(z) = {(y,t) € RT™ : |[& — y| < t} and the characteristic
function of I'(x) by xr). The Littlewood-Paley multilinear commutator is

defined by
[/ / '2dydt] )
$ntl )

)z ) /nH Naly — 2)f(2)dz,

and 1y (z) =t~ (x/t) for t > 0. We also define that

B S dydt\ '
([ [ rewor)

which is the Littlewood-Paley operator(see [16]).

Let H be the space H = h:||h|| = ffRnH |h(y,t)]? %’fi )12 < 00, then,

for each fixed = € R, Ftb(f)(a:, y) may be viewed as a mapping from [0, +00)
to H, and it is clear that

Ss(f)(@) = lIxr@ £ (f)(2)]]

where

and B
S3A@) = lIxe FP () (@ v)l.

Note that when by = - - - = b,,, 55 is just the commutator of order m. It is
well known that commutators are of great interest in harmonic analysis and
have been widely studied by many authors (see [2, 3,4, 7,6, 5, 8,9, 10, 13, 14]).
Our main purpose is to study the boundedness properties for the multilinear
commutator on Besov spaces.

Now, we state our theorems as following.

Theorem 1. Let0 < d <n, 1 <r<n/d, 1/s=1/r—3/n, 0 < <1/2m
and b; € Ag(R") for j = 1,---,m. Then Sg is bounded from LP(R™) to
A+m@)—n/p(R™) for any n/(6 +mpB) <p <n/d.

Theorem 2. Let 0 < d <n, 0 < B <1/2m, 1 <q <n/(6+mp), 1/¢ =
/g — (5+mﬂ)/n —n/qg —1/2 < a < —n/q and b; € Ag(R™) for j =
1,---,m. Then 55 is bounded from KO‘OO(R”) to CL_a/n—1/gs,q:(R").

Remark 1. Theorem 2 also hold for the nonhomogeneous Herz type Hardy
space.
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3. PROOFS OF THEOREMS

To prove the theorems, we need the following lemmas.

Lemma 1 (see [13]). For 0 < 8 < 1,1 <p < oo, we have

1
1511, %sup—/ b(z) — boldx
M RS IQIE ) N

! (1 | i) =l l/p
ASsup ———— | — b(x) — b dx)
o Q1P \1Ql Jo N

1
msupinf—/ |b(x) — c|dx
Q ¢ QI g

- (1 /! (z) —cf’ "
~supinf ———— | — b(x) —c dx) .
Q © QP \IQl Jq

Lemma 2 (see [12]). For a < 0,0 < g < 00, we have
kg = = sup 2°[ fxp, || Lo
HEZ
Lemma 3. Let 0 <n <n, 1 <p<n/n. Supposebec Ag(R"), then

|bosry — b| < C||b]|5,k[2" B for k > 1.
Proof.

k
|b2k+lB — bB' S Z |b2j+1B - b2jB|

J=0

k
<X
§=0

1
, b(y) — byj+15|d
|QJB| AJB| (y) 2+B| )
k 1 1/p
< —_ b(y) — byj+15(|Pd
<O (g [ 10~ basspy )

Jj=0

k
< Ollblla, Y 1277 B < Cllblla k|25 B/

Jj=0

Lemma 4 (see [16]). Let0 <d <n, 1 <p<n/d and1/qg=1/p—35/n. Then

Ss s bounded from LP(R"™) to LI(R™).

Lemma 5 (see [7]). Let 0 < n <n, 1 <r <n/n, 1/r—1/s = n/n and
b; € Ag(R™) for j=1,--- ,m. Then S% is bounded from L"(R") to L*(R").

Proof of Theorem 1. It is only to prove that there exists a constant C such

that

]_ -
g 150 - Gl <l
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Fix a cube @, @ = Q(xg,d), we decompose f into f = f; + fo with f; =

Ixo: f2= fxmm\0)-
When m = 1, for Cy = S5(((b1)g — b1) f2)(x0), we have

SP(f) (@) = (ba(x) = (b)) Ss(f) ()= Ss((b1—(b1)q) 1) (x) =S5 ((br—(b1) @) fo) (x).
Then
1S5 (f) () — Ss(((b1)g — br) f2) (wo)| =

= ’HXP 1(f) z y)|| - ||XF (w0) Ft(((bl) —b1 f2 |||

< |Ixr@ FP () (@, y) = X Fr(((b)g — bi) f2) ()]

< X (b1(@) = (1)) FL (/)W) + [[xr@) Fe((b1 = (b1)@) /1) ()]
+[Xr@ Fr((br = (01)Q) f2)(¥) — X (o) Ft((bl (b1)e) f2)(w)]|

= A(x) + B(x) + C(x).

For A(z), for 1 <p<q<n/d, 1/qg=1/p—&/n, by the boundness of Ss from
LP(R™) to Li(R"™), by Holder’s inequality with exponentl/q + 1/¢' = 1 and
Lemma 1, we have

1
g Al <
1 /q
< C|Q|1+(5+B)/n—1/p</Q|(b1(x) (b))l dﬂ?) </ |95 (f |qd~"5>

QP 1 1 ) T
<Ol aigpn (g 10 - 0 d””) </ e ’d'”)

‘Q’H_ (6+8)/n—1/p
Gramrl a1z

< Clloallas 11 ze-

For B(z), denoting p = rt, 1 < r < s < n/d, 1/s = 1/r — §/n, by the
boundness of S5 from L"(R") to L*(R"), by Holder’s inequality with exponent
1/t+ 1/t =1 and Lemma 1, we have

1 /
- |B(z)|dx <
|Q[I+E+B)/n=1/p |,

. 1 1/s
< O (g [ i) = (o) ot

1/r
: C|@|<a+mi-1/pﬂ/s ([ 1ot <b1>Q>f<x>|rdx)

1 1/rt 1/rt
|Q| ©+B)/n— 1/P+1/s(/ |b1(2) — (b1)ol™ dl‘) (/ f(z ”dx)

<C
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|Q|6/n+1/rt’ y 1/rt) , 1/rt
= Cigesa 1/p+1/s|c2|ﬁ/n<|@|/'b1 ~ (bel dx) (/'f dx)

|Q| (6+8)/n—1/p+1/s
|Q| 5+8)/n— 1/p+1/8” 1H/\ﬁHfHLp

< Cllbalag Il S]] e
For C(z), by the Minkowski’s inequality, we have
Clz) <

2 dud 1/2
[ (] e = xseaplin) - @aleaty - 21561 t;ﬁﬁf]
R Qe

<C Ibl() (b)llf(2)]

tlfndydt // tlfndydt 1/2 ]
- z
oyl<t (t+ |y — z[)2n2=20 N e
1b1(2) — (b1)ql| f(2)] x
Qc

1/2
g // 1 1 dydt 4
B z

<t lot |<(tt + |x +vy— z|)2n+2—26 (t + |x0 +y— Z|)2n+2—25 n—1

y|<t,|z+y—=z|<
1/2

|z — x|t
by(2) — (b dydt | dz,
e - olser | f syt | dz

(t + ’.’13 + Y — Z’>2n+3 20
y|<t, oty —2|<t

by 2t +|x+y—z| >2t+ |z —z|—|y| > t+ |x — 2|, for |y| <t and

> tdi —2n—1+26
|, e = G

Thus, for € @, by Hélder’s inequality with exponent 1/p + 1/p’ = 1 and
Lemma 1, 3, we have

Clr) <

2203 | xo — x|t dydt 1/2
<o [ mor-masen([ [ )
Qc| 1( ) 1 Q” i<t 2t+2‘x+y_z|)2n+3725

1= dydt 1/2
< bi(z) — (b — zo|"/? // d
< C/Qc| 1(2) = (b1)gllf(2)||7 — o] ( i<t (2t + |z +y — 2])2+3-2 Z

1= dydt 1/2
< . 1)/2
<C o b1(2) — (b1)all f(2)[|z — 20| (/ /|y|<t (t+ |z — Z|)2n+3—25) dz
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< [ o)~ el s~ ao ([ ) 4

t+ ‘l’ _ Z‘)2n+3725

o0

< CZ/ 120 — 2 2[w0 — 2|~ H22 b, (2) — (by)ollf(2)]dz
k=0 2k+1Q\2kQ
> k2 1 1/p
<C QR Pd
< O3 T ([, )
1/p’
<[ = uela:)
2k+1Q
> k2 1 1/p
<C Qe Pd
< O3 T e ([ )
/ / 1/p,
| [ (1) = Bl + [l — (bl )]
2k+1Q
- k/2 1 v
<C QT Pd
<32 g ([ FOPE)

| 1 , A\
k+1,|8/n+1
) [|2 ' Q| e |2k+1Q|B/n <|2k+1Q| 2k+1Q) ‘<b1(2> - (b1>2k+1Q>|p dz)

+[(b1)or1g — (bl)QHQkHQP/p/}

) 2k+1Q|5/n+1/p’Hb H' +k|2k+1Q|5/”+1/p'Hb H'
—k:/2| 1 A 1 g

< 0;2 T [1£1]e
< O3 k2R QT |,  £1] 1o

k=0
<C Z Lok(=1/2+0+5-n/p) |Q|B/n+1/p'_1+5/n| |bl||A/3 | |f| |Lp

k=0
< ClQIHA2| by |5, [ f1] o

Thus,

1 / D17, ]/ e 5.+5) /it
C(x)|dz < C ; / Q|E+B/n1ngy
|Q|1+(8+5)/n—1/p 0 | |Q|1+(@+B)/n=1/p 0

< Cllball a1 f1] -

This completes the case m = 1.
Now, we consider the Case m > 2. we have, for b = (by,--- ,by),

-

Fy(f)(@,y) =
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:/R [11s(2) = (b)) — (0;(2) = (b)) ¢y — 2)f(2)d=

+m 3 e - (ol [ 00) = )ity ~ 7z
- ﬁ(bj (@) = (b)) B () ) + <—1>mFt<J17jl<bj — 5N
+m_11 5~ (0a) = Bha)e (1))
Thus, set Cy = ﬁ i)20) f2) (z0),
S5 ﬁ ) ) (o) <
< lxes ﬂ(bjm () B @)
+ mz 203 [xrc) (6(x) — (8)20)0 F** () (@)
+llxre Fﬁ D)@l
+ llxe Fi ﬁ ) f)) xmm)ﬂ(ﬁ(bj ~ (b)) )l

= i(z) + L(x )-i-]( )+ Iy(x).

For I)(z), for 1 <p < q<mn/d, 1/qg=1/p—d/n, by the boundness of S5 from
LP(R™) to L4(R™), by Holder’s inequality with exponentl/q;+- - -+1/q,,+1/q =
1 and Lemma 1, we have

1 /
- |1y (2)|dw =
|Q[1+(6+mB)/n=1/p o
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= (0j)@)5s(f)(x)|dx

1 m
- |Q|1+(5+m,3)/n—1/p/ |H(b1(x>

/q
< C‘Q’Pr 6+m5)/n l/p (/ (b Q)" di) (/ |Ss(f |qd$>

QB /n1 /il 1 N\
<C\Q|1+(6+mﬂ - 1/1?H|Q|mﬁ/n |Q|/|( 1(z) = (b1)g) | dx X

</ !f(w)lpdx)

‘Q’H_ d4+mpB)/n—1/p
‘Q’1+ 5+mB)/n— 1/p|| ||/\5||f||L1"

< O|blla, 11120

<C

For I(z), denotingp =rt, 1 <r < s <n/d, 1/s =1/r—3§/n, by the boundness
of S5 from L"(R™) to L*(R"), by Hoélder’s inequality with 1/s' + 1/s = 1,
1/t' + 1/t =1 and Lemma 1, we have

|Q|1+(5+m5 Jn— 1/p/ | [>(z)|dx =
«— 1
Z Z ’Q‘l+(5+m5)/n1/p/ [(b(z) = bQ)oS5((b — bg)oe f)(x)|dx
j=1 ceCy Q
m— 1 y 1/s
<C Z Z |1+(6+mﬁ)/n—1/p Q |(b(x) - bQ)o| dzx X
j=1 oeCm

X (/QS(;((b - bQ)"Cf)(l‘)lsdx> 1/s

— Q|lol8/m/s < /’ " )1/5'
X
Z: Zecm QI GFmA17p r@wvlﬁ/n Q

>< /Q b- bQ>acf<x>chx) "

m—1 olB/n+1/s’ 1/s
|Q|\ |3/n+1/
=C ' Z |Q|+mB/n— 1/p|Q‘|o‘\,3/n IQI (b )o|* da
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Q|18 /1 1/s!
<CZ Z | Q[+ (EmB) /n— 1/p|Q||0|5/n |Q| | (b( )o!? dx

j=1 UECm
1 1 y 1/rt!
W(@/ |(b(2) = bQ)oe|" dm) 1o

m—1 ’
|Q|m,8/n+1/s +1/rt
<32 Y o Pellasliboeliag1f11us

% ‘Q|\ac\6/n+1/rt’

i=1 oeC
< O[], /1] -
For I3(x), for 1 <r <s<mn/d, 1/s =1/r —§/n, by the boundness of S5 from
L"(R™) to L*(R™), taking l <r <p<oo,p=rt, 1/t; +---+1/t,, + 1/t =1,

by Holder’s inequality and Lemma 1, we have

Q1+ 5+m,8 )/n— l/p/ | Is () |dz

1/s
< g (g [ 18(IL0 ~ @) fxaa)fds )

j=1

1 m 1r
= Q|+ mB) /n—1/p+1/s (/ |(H(bj - (bj)Q)f(a:)de)

< 1 b rtjd s rtd Hrt
- |Q|(6+m6)/n—1/p+1/s | Q‘ Zz |f x

|Q|mﬂ/n+1/rt1+~-1/rtm mn . 1/rt;
= Qe e H|Q‘mﬁ/n ,Q| |b;(2) = (bj)el™dx | [ f]]r

< CIBlI Il
For I,(x), similar to the proof of C(z) in the case m = 1, we get

1@ <C [ o=l Yy | I [[(06) (o)1)=

Jj=1

Thus, we choose 1 < p; <oo0,j=1,---,m, 1/py+---+1/p, +1/p=1, by
Holder’s inequality and Lemma 1, 3, we have

<02 g 70— = 5>|H QI :)ldz

1 1/P
<cSogkz__ L / rd
= kZ:O |2k Q[1=3/n ( P10 |f(2)[Pdz X
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m 1/p}
] ( IR <bj>Q>|pjdz)
j:1 2k+1Q
> k)2 1 1/p
- P
< C}; 2 |2k 1[5/ (/2k+1Q £ ()] dz)
<IT | 00D = @l + 8aveng = uol )]
> K2 1 1/p
< - p
ey g (., )
- k+1 ,3/ +1/ / ]' 1 p/ l/p/
X H |:‘2 Q’ P |2k+1Q|mﬂ/” (|2k+1Q| ’(bj(z) - (bj)2k+1Q)| d’z)

j=1 2k1Q

+[(bj)arr1g — (%)QHTHQP/}D/}

1/p;

> 1
—k/2
< CZQ |2k+1Q[1—0/n X
k=0

<[] [|2’“+1Q|mﬁ/”“/p’||bj||AB + k|2’“+1Q|mﬂ/”“/p’||bj||AB} £ e

=1

<C Z Lok(=1/2+6+mB—n/p) ’Q‘mﬂ/n+1/p’_l+5/”| ,g‘ ‘/.\ﬁ £l

k=0
< CIQUEm=1r| 5511l
Thus,
sy [ M)l <
QI GmAn=17s J,,

< VBl o gy [, 19154/~ rds < CIBl ISl

0

Proof of Theorem 2. Fix a ball B = B(0,1), there exists ¢y € Z such that
20—t < [ < 29 We choose zg such that 2] < |zg| < 31. Tt is only to prove that

1 . . 1/Q2
geo(0+n/a2) (ﬁ/| ISE(f) () — Sg(fg)(xo)r”dx) < Ol eguoe-
T|<2

We write, for f1 = fxap,, and fa = fxgrmap,,, then

S2(f) () = SU(fa) (wo)| < |SECA) ()] + [SE(fo) () — S3(fa) (0)-
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So

1 . - 1/Q2
9eo(a+n/q) (%/ |S2(f)(x) — Sg(f2)(x0)|¢nda:)
r|<2°0

eo(a+n/qz) 1 b a2 e
<2 Seon |95 (f1)(@)|*da
|z|<2¢0

1 B . 1/Q2
+2eo(a+n/£12) (2 — / |Sg(f2)(l’) - Sg(f2)($0)|q2dl’)
|z|<2¢0

= Ji + Jo.
For Ji, by the (L%, L%)-boundedness of Sf;; (see Lemma 4) and Lemma 2, we
get
1/ih
Ji < ggoletn/e)g=con/a ( / |f1(IE)|QIdx)
RTL

< C2°%|fxa,,
< Ol fllig

La1

For J, similar to the estimates of Theorem 1, set 1/vy +---+1/v, +1/¢1 = 1,
by Holder’s inequality and recall that —1/¢2 < «, 1/q2 = 1/q1 — (6 + mp)/n,
we obtain

|S2( f) () — s§<f2><a:o>| <

< |Ss(] J(b; — (b)) (S Ss(] ] (b B)(f2)(0)]

i=1 j=1

+ T (s B)|[5(f2)(x) = S5(f2)(x0)| = Wi(z) + Wa(z).

J=1

For Wi(x), similar to the proof of C'(z) in Theorem 1, by the Minkowski’s
inequality, we have

Wi () <cz / P 5>|H Bl (2)]dz

60+k
260/2 m
= CZ/ s 1] B)I|1f(2)\dz
k=1 B€0+k j=1
> 260/2 . 1/Uj
<0 o (co+k)(n+1/2—0) (/ |b;(z) — (bj)B|”7dy) X
k:]- 7j=1 60+k
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2¢0/2
(eo+k)(mB4n/vi+-n/vm)
< CZ 2(eo+k)(n+1/2— 5)2 ’ '

m

1 1 1/Uj
b:(z) — (b:)gl%d . \
XE!Bewﬂ/n(wm/BW'J<Z> sl dz) sl

<C Z ok(mp+n—n/q—n+i—1/2)9eo(mB+n—n/q—n+d) , ,g‘ |Aﬁ | Xeotr| | Lo
k=1

<C Z ok(d+mB—n/q—a=1/2)9eco(6+mpB—n/q—a) | ‘g| ’/\52(60+k)a”fx€0+k“[/ql
k=1

< (r9co(—n/a2—a) ’ ’b‘ |/\B ‘ |f‘ |f(f1)‘1’°o'

For Wy(zx), by Holder’s inequality with 1/¢} + 1/¢1 = 1, we have,

Wa(z) < H(bj(x) — (b)B)] Z/B |2 = 2|7 — Jag — 27" f(2)|dz
< [ ¥5(=) = (b))l Z/ |z — 27" e — o] | £(2) |dz
j=1 k=1 Beg+k

50+k

m /¢
< C| H(bj(x) ‘Z mg(eo+k)(n n/q) ( KHE ’qldz>
j=1

< C| H(bj(l’) — (bj>B)| Z zk(é—n—l—a+n—n/q1)260(6—n—a+n_n/ql) %

X 2(€0+k)a| |ero+k| |Lq1

< ¢2e06—amn/a)| H(bj(:z:) — (bj>B)||f||K§‘1’°°’

j=1

Thus, by Hélder’s inequality with 1/vq + -+ 4+ 1/v,, = 1, we have

1 1/112
9¢o(a+n/qz) (267/ |W2(x)|‘hdx>
|z|<2¢0

1/112
< ogtemimgos-ecoia (L '.H aleds ) 1flg

€0
x|<2 j=1

< (9¢olatn/az)geo(§—a=n/q1)geo(mb+n/qz(1/vi++1/vm))

1 1 i 1 1/q2v;
b' - b qQUjd ygezies]
(g Em 11 (31 . o) = @) il

< OYbl|ag 1] icgoe-



166 TAN LU, CHUANGXIA HUANG AND LIU LANZHE
Thus,
Jo S OBl A iegoe -
U
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