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APPROXIMATION PROPERTIES OF PARTIAL SUMS OF
FOURIER SERIES

T. KARCHAVA

ABSTRACT. In this paper we find class of functions for which the Lebesgue
estimate can be improved.

Let C ([0, 27]) denote the space of continuous function f with period 2. If
f € C([0,2n]) then the function

wp (0, f) := sup sup |Ay (3 h, )|, w1 (0, ) = w (9, f)

IR

is called the modulus of continuity of the function f, where
Ay (zih, f) = f(x+h) = f(z),
Ap-i-l (.T,h,f) :Ap(l’—f—h,h?f) _Ap(x7h7f)

Let S, (f,x) be the nth partial sums of the trigonometric Fourier series of
the function f.
The estimation of Lebesgue (see [3], or [1]) is well-known

I =80 (Dl < o (5.7 ) tog 0 +2).

Generalization of this estimation were studied by Chanturia [2], Oskolkov [6],
Karchava [4, 5]. There arises a question: for what subclasses of C ([0, 27]) the
Lebesgue estimate can be improved?

We prove that the following are true

Theorem 1. Let f € C([0,2x]). Then

[logn] 1
1 =S Dlle<e > wg_f)

k=1
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Corollary 1. Let f € C([0,27]). Then

If=Su(Dllo < max }ka,f)-

1<k<[log log n n
Corollary 2. Let f € C ([0,27]) and wg (%,f) < M. Then
1f = S0 (N)lle — 0 as n — .
)

Corollary 3. Let f € C([0,27]) and wy (£, f) < %k), where

f:L
— [ (k)
Then
If =S (Nllc = 0 asn — oo

Proof. Let T,, (x) be Vale-Poisson polynomial which provides best approxima-
tion of function f in the space C ([0,27]) (see [3]), in particular

Zl/f(:szrt)Vn(t)dt, l/yvn(t)\dtgl.
T m
Set

g@) = f@+t)+ f(z—t)=2f(x) = To(x+1) = Tn (x = 1) + 2T, (2).

It is evident that
wp (6, T5,) < cwy (0, f)

and
- (D) (o c c
1 = P ne P < —, <&
W i_;—f—l ¢ 2k Tl k=72 Q -
We write
(2) /g(t) D, (t)dt = /g(t) (Dn (t) SII;TL > dt+/ ) sinn gt
0 2 J
Since -
sinn
D, (t)
t
is bounded function and
g (1) < 4E, (f).
Hence
v ) t
(3) / g() (Dn (t) - Smtn ) dt| < cE, (f),

0
where E,, (f) is best approximation of the function f.
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On the other hand,

w/n w/n

sin nt sinnt
o [ o)™ < gl [ = ar< e ().
0

Combining (2)-(4) we have

™

) [o0Daar= [g0)™ de+r,

0

where

It is evident that

7T n—1 k+1
sin nt smnt
© | [ o™ e - g () 22"
/n k=1 wk/n
1 w/n
B / t+ — smntdt
B J t+ k/n
k=1
L (u—l— ﬂk) ksinu
ko= 1 u+m
— (u+7rk:) 1)*sinu
< 7 max g
0<u<n u+ mk
k=1
n—1 k
<r g (u0+7rk:) (—1)
—~ n ug + 7k
- — [(uo+7k\ [ (-DF (=D*
g n ug + 7k wk
k=1
n—1 k
up + 7k (—1)
(o () S
k=1
=I1+1I
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It is clear that
n—1 1
7) 1< gl Y 15 = O (B ().
k=1

Set
uo + 7k
U -— .
n

Using Abel transformation and (1), for /1 we obtain

S o (g 2
Il =
;g(uk) —
n—2 n—1 4 n—1 ‘
-1 —1
<[> ) —o ) 3 T+ w3 j‘
k=1 i=k+1 i=1
n—2 (_1)k+1 n—1 (_1)’L
< ;(g(uk+l>_g<uk)) o7 + P+ Q +9(U1); ;
n—2 (_1)k+1
< Z(g(uk+1>_g<uk)) ok + O (E, (f))
k=1
n—2 k+1
T —1
=1 A (wi o) S| o )
k=1
n—2 k+1
1 T 1)
< _ .
=9 s A1 (uk7 79) k? +ryl
n—3 k+1
1 T 1
Sﬁ A2<uk; ,g> 2 +7+ 7
k=1
n—3 k+1 D
1 o (—1)
<o |30 A, (i tg) |+ D%
k=1 k=1
where
1
ﬁaf
T < k(Qk )
Consequently,
wp (55 f) — wi (3,.f)
k=1
Since
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we can write

(9) wp(%’f)pgiwk(%’f)

2p
Set p = [logn|. Then from (8) and (9) we obtain

SEACE)
9k

[
(10) <y —ns
k=1
Combining (6), (7) and (10) complete the proof of Theorem 1. O

REFERENCES

[1] N. K. Bari. Trigonometric series. Nauka, Moscow, 1961. In Russian.

[2] Z. A. Chanturiya. On uniform convergence of Fourier series. Mat. Sb. (N.S.), 100:534—
554, 1976. In Russian.

[3] V. K. Dzyadyk. Introduction into the Theory of Uniform Approzimation of Functions by
Polynomials. Nauka, Moscow, 1977. In Russian.

[4] T. Karchava. On the convergence of Fourier series. Rep. Enlarged Sess. Semin. I. Vekua
Inst. Appl. Math., 3:93-95, 1988. In Russian.

[6] T. Karchava. Approximation properties of partial sums of Fourier series. Acta Math.
Acad. Paedagog. Nyhdzi. (N.S.), 21(2):155-160 (electronic), 2005.

[6] K. I. Oskolkov. The sharpness of the Lebesgue estimate for the approximation of func-
tions with prescribed modulus of continuity by Fourier sums. Trudy Mat. Inst. Steklov.,
112:337-345, 389, 1971.

Received March 6, 2011.

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE,
SOKHUMI UNIVERSITY, STR. JIKIA 10,
0128, GEORGIA.



