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ABSTRACT. In this paper, the notion of an almost contact Kéhlerian struc-
ture is introduced. The intrinsic geometry of almost contact Kéahlerian
spaces is investigated. On the zero-curvature distribution of an almost con-
tact metric structure, as on the total space of a vector bundle, an almost
contact Kahlerian structure is obtained.

1. INTRODUCTION

Almost contact metric structures (¢, E, n,g) are odd-dimensional analogs of
almost Hermitian structures. There are a lot of important interplays between
these structures. The most of the works devoted to the investigation of the
geometry of manifolds with almost contact metric structures, explicitly or not
explicitly, either use these interplays or find their specifications. On the other
hand, the presence of a smooth distribution D in the geometry of almost con-
tact metric space gives the possibility to use the methods of the geometry of
non-holonomic manifolds in the investigations of almost contact metric struc-
tures. Probably the possibility of the effective use of such approach to the
investigation of almost contact metric spaces was stated for the first time in
[5]. In the same time, the works, where per se an attempt to the attainment of
the compromise on the way of the rapprochement of ”holonomic” and "non-
holonomic” points of view is done, appeared. An example of such works is [1].
The main result of [1] is the construction of a new linear connection V on a
contact metric space by using the Levi-Civita connection. The author of [1]
called this connection a D-connection. This connection, in particular, satisfies
the following property: a contact metric space is Sasakian if and only if Vo = 0
[1, p. 1963]. The author of [1] writes: ”As a conclusion we may say that the
study of the contact distribution (D, ¢, g) by using the D-connection V is an
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alternative to the study of the contact metric manifold M via the Levi-Civita
connection” [1, p. 1967]. The appearance of the contact distribution (D, ¢, g)
indicates the attempt to use the methods of the non-holonomic geometry for
the investigation of almost contact metric structures. In the present paper we
use the intrinsic connection introduced by Wagner [9] in order to investigate
the almost contact metric structures. We develop the notion of the intrinsic
connection (we call it a connection over a distribution), we introduce the no-
tion of the extended connection and generalize these notions to the connections
of the Finslerian type [4]. We show that if V is an intrinsic metric connection
and V! is the corresponding extended connection, then the following statement
holds: an almost contact metric space is an almost contact Kahlerian space
if and only if Leg =0 and Vlp = 0. The last statement is a theorem of the
proper non-holonomic geometry.

Let (¢, £,1,g) be an almost contact metric structure (the main theses of the
theory of almost contact metric structures can be found in the excellent books
[7, 2]). By definition, an almost contact metric structure is Sasakian if it is
normal, i.e.

N, +2dn® € =0,

where N,, is the Nijenhuis torsion defined for the tensor ¢ and it holds €2 = dn,
where Q(Z,y) = ¢(Z,¢y) is the fundamental form of the structure. Thus
with an almost contact metric space we associate two 2-forms, w = dn and
Q. If these forms are equal, we get a contact metric space, which are more
simple as the more general contact metric spaces. We will get a space with an
almost contact Hermitian structure if we refuse the condition 2 = dn, and the
condition N, + 2dn ® E = 0 change to the weaker one

N, +2(dnoy)® & =0.

We also do not assume that the equality w(pZ, py) = w(Z,y) holds. Al-
most contact Hermitian spaces preserve many important properties of Sasakian
spaces and they remain to be analogs of Hermitian spaces. If we make some
natural assumption about an almost contact Hermitian space, then we get an
almost contact Kéhlerian space, these spaces are analogs of Kahlerian spaces.

Following the ideology developed in the works of Schouten and Wagner,
we define the intrinsic geometry of an almost contact metric space X as the
aggregate of the properties that possess the following objects: a smooth dis-
tribution D defined by a contact form n; an admissible field of endomorphisms
¢ of D (which we call an admissible almost complex structure) satisfying
©? = —1; an admissible Riemannian metric field g that is related to ¢ by
g(p, py) = g(Z,v), where & and ¢ are admissible vector fields. To the objects
of the intrinsic geometry of an almost contact metric space one should ascribe
also the objects derived from the just mentioned: the 2-form w = dn; the
vector field € (which is called the Reeb vector ﬁeld) defining the closing D+ of

D, ie. £ € D*, and given by the equalities 77(5) =1, kerw = Span(f) in the
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case when the 2-form w is of maximal rank; the intrinsic connection V that
defines the parallel transport of admissible vectors along admissible curves and
is defined by the metric g; the connection V! that is a natural extension of the
connection V which accomplishes the parallel transport of admissible vectors
along arbitrary curves of the manifold X.

Besides the introduction, the paper contains 4 sections. In Section 2 we in-
troduce the notion of an almost contact Kahlerian structure. In Section 3 we
discuss connections over a distribution and the extended connections. The no-
tion of the connection over a distribution was known before (see e.g. [10]). The
connection over a distribution was used in the geometry of contact structures
in [4, 3]. In these works also the notion of the extended connection was used.
Per se, the extended connection was defined for the first time by Wagner in a
little bit another context and in another terms in [9] in order to construct the
curvature tensor of a non-holonomic manifold. In Section 4 we give the main
result about the intrinsic geometry of almost contact Kahlerian spaces. This
section contains the main result of the paper: an almost contact Hermitian
structure is an almost contact Kahlerian structure if and only if Lgg =0 and
Vip = 0, where V! is the intrinsic metric torsion-free connection. The last
section contains an example of an almost contact Kéhlerian space that is not
a Sasakian space.

2. ALMOST CONTACT KAHLERIAN STRUCTURE

Let X be a smooth manifold of an odd dimension n, n > 3. Denote by
Z(X) the C*°(X)-module of smooth vector fields on X. All manifolds, tensors
and other geometric objects will be assumed to be smooth of the class C*°.
An almost contact metric structure on X is an aggregate (¢, 5, 1, g) of tensor
fields on X, where ¢ is a tensor field of type (1, 1), which is called the structure
endomorphism, E and 7 are a vector and a covector, which are called the struc-
ture vector and the contact form, respectively, and g is a (pseudo-)Riemannian
metric. Moreover,

— —

nE) =1, ©)=0, nop=0,
P27 =T+ @), g(eT, vF) = g(Z, 7) — n(@)n(7)

for all #, § € Z(X). The skew-symmetric tensor Q(Z, i) = g(Z, ¢y) is called the
fundamental tensor of the structure. A manifold with a fixed almost contact
metric structure is called an almost contact metric manifold. If €2 = dn holds,
then the almost contact metric structure is called a contact metric structure.
An almost contact metric structure is called normal if

N, +2dn® € =0,

where N, is the Nijenhuis torsion defined for the tensor ¢. A normal con-
tact metric structure is called a Sasakian structure. A manifold with a given
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Sasakian structure is called a Sasakian manifold. Let D be the smooth dis-
tribution of codimension 1 defined by the form 7, and D+ = span(€) be the
closing of D. If the restriction of the 2-form w = dn to the distribution D is
non-degenerate, then the vector 5 is uniquely defined by the condition

7](5) =1, kerw= span(g),
and it is called the Reeb vector field.
We say that an almost contact metric structure is almost normal, if it holds

(1) N, +2(dnog)®&=0.

In what follows, an almost normal almost contact metric space will be called
an almost contact Hermitian space. An almost contact Hermitian space is
called an almost contact Kdahlerian space, if its fundamental form is closed.
The following obvious theorem shows the difference between a normal almost
contact metric structure and an almost contact Hermitian structure.

Theorem 1. An almost contact Hermitian structure is normal if and only if
it holds
w(pt, V) = w(u,v), u,velD.

It is obvious that an almost normal contact metric structure is a Sasakian
structure. Sasakian manifolds are popular among the researchers of almost
contact metric spaces by the following two reasons. On one hand, there exist
a big number of interesting and deep examples of Sasakian structures (see
e.g. [2]), on the other hand, the Sasakian manifolds have very important and
natural properties.

We say that a coordinate map K (z%) (o, 8,7 =1,...,n) (a,b,c,e =1,...,n—
1) on a manifold X is adapted to the non-holonomic manifold D if

%)
D+ =
span ( ax”)
holds [5].

Let P : TX — D be the projection map defined by the decomposition
TX =D @ D+ and let K(x®) be an adapted coordinate map. Vector fields

P(9,) =&, =0, — 70,

are linearly independent, and linearly generate the system D over the domain
of the definition of the coordinate map:

D = span(é,).

Thus we have on X the non-holonomic field of bases (€,,0,) and the corre-
sponding field of cobases

(dz®,0" = da™ 4+ T dx®).
It can be checked directly that
[€a7 é;;] == M;Lbana
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where the components M, form the so-called tensor of non-holonomicity [9].

Under assumption that for all adapted coordinate systems it holds 5 = O,, the
following equality takes place

[gaa gb] - 2wbaan7
where w = dn. We say also that the basis
€, =0, — 110,

is adapted, as the basis defined by an adapted coordinate map. Note that
0,1 = 0.

We call a tensor field defined on an almost contact metric manifold admis-
sible (to the distribution D) if it vanishes whenever its vectorial argument
belongs to the closing D+ and its covectorial argument is proportional to the
form 7. The coordinate form of an admissible tensor field of type (p,¢) in an
adapted coordinate map looks like

b=t e ® ® 8, ®da" @ ® da.

In particular, an admissible vector field is a vector field tangent to the distri-
bution D, and an admissible 1-form is a 1-form that is zero on the closing D*.
It is clear that any tensor structure defined on the manifold X defines on it
a unique admissible tensor structure of the same type. From the definition of
an almost contact structure it follows that the field of endomorphisms ¢ is an
admissible tensor field of type (1,1). The field of endomorphisms ¢ we call an
admissible almost complex structure, taking into the account its properties.
The 2-form w = dn is also an admissible tensor field and it is natural to call it
an admissible symplectic form.

All constructions done by Wagner in [9] are grounded on the usage of
adapted coordinates (Wagner called such coordinates by gradient coordinates).
Adapted coordinates are used in the foliation theory [6]. It seems that in the
theory of almost contact metric spaces, the adapted coordinates were used in
essence only in the works [5, 1, 4].

One of the main notions of this work is the notion of an admissible inte-
grable tensor structure. In the definition of an admissible integrable tensor
structure, the words ”integrable” and ”admissible” should be consider in the
semantic union. We call an admissible tensor field integrable if there is an open
neighborhood of each point of the manifold X and admissible coordinates on it
such that the components of the tensor fields are constant with respect to these
coordinates. The form w = dn is an example of an admissible tensor structure.
If the distribution D is integrable, then any admissible integrable structure is
an integrable structure on the manifold X. The following facts show that the
notion of an integrable admissible tensor structure is natural. As it is known,
the integrable closing D+ defines a foliation with one-dimensional lives. If one
defines on this foliation a structure of a smooth manifold, then that any inte-
grable tensor structure defines on this manifold an integrable tensor structure
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in the usual sense. Below we consider some important ideas of the develop-
ment of the notion of the integrability in the geometry of almost contact metric
structures. The following two theorems show the meaning of the notion of an
integrable tensor structure in the context of our investigations.

Theorem 2. The admissible almost complex structure ¢ is integrable if and
only if P(N,) = 0 holds.
Proof. The expression of the non-zero components of the Nijenhuis torsion
tensor

No(Z,9) = [T, @] + ¢°[Z, 4] — @, 7] — ¢[Z, 3]
of the tensor ¢ in adapted coordinates has the form:

(2) = PLEPE — PhEPS + PLEh S — PaEapL,
(3) = 20C piwie,
(4) Ny = =905

Thus the equality P(N,) = 0 is equivalent to the condition that (2) and (4)
are zero.

Conversely, suppose that P(N,) = 0. Consider a sufficiently small neigh-
borhood U of an arbitrary point of the manifold X. Assume that U = U; x Us,
TU = span(d,) @ span(d,). We set the natural denotation T(U;) = span(d,).
We define over the set U the isomorphism of bundles ¢ : D — T'(U;) by the
formula ¢ (€,) = 0,. This endomorphism induces an almost complex structure
on the manifold U;. This complex structure is integrable due to the equal-
ity P(N,) = 0. Indeed, from (4) it follows that the right hand side part of
(2) coincides with the torsion of the almost complex structure induced on the
manifold U;. Choosing an appropriate coordinate system on Uj, and conse-
quently, an appropriate adapted coordinate system on the manifold X, we get
a coordinate map with respect to that the components of the endomorphism
field ¢ are constant. 0

Theorem 3. An almost contact metric structure is is an almost contact Her-
matian structure if and only if the admissible almost complex structure ¢ is
integrable.

Proof. Equality (1) written in adapted coordinates is equivalent to the condi-
tion that the right hand sides of (2) and (4) are zero. This and Theorem 2
gives the proof of the theorem. O

Note that we have de facto proved the equality
P(Nso) :N<p+2<d77090)®g

Using adapted coordinates we introduce the following admissible tensor
fields:

1 1
hl? = 5671901?’ Oab = §angaba OI? = gdaCdba wz = gdbwda'
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We denote by V and fgv the Levi-Civita connection and the Christoffel sym-
bols of the metric g. The proof of the following theorem follows from direct
computations.

Theorem 4. The Christoffel symbols of the Levi-Civita connection of an al-
most contact metric space with respect to adapted coordinates are the following:

e _ Tc o b _1b _ b b T _ Ta __
ab_raln Fab_wba_cllb7 Fan_rna_ca_ a’ Fna_rnn_oﬂ
where
ad(

1 — — —
I = 59 €b9cd — €cGbd — €dgbc)~

In the case of a contact metric space the Christoffel symbols of the Levi-
Civita connection are found in [1].

3. CONNECTION OVER A DISTRIBUTION. THE EXTENDED CONNECTION

An intrinsic linear connection on a non-holonomic manifold D is defined in
[9] as a map
V:I'DxI'D—=TD

that satisfies the following conditions:

1) Vflﬁl-i-fzﬁz = flvfh + fQVﬂz;
2) Vafv= fVau+ (if)7,
where I'D is the module of admissible vector fields. The Christoffel symbols
are defined by the relation
Véagb - ngé:?
The torsion S of the intrinsic linear connection is defined by the formula
Thus with respect to an adapted coordinate system it holds

ab = Lap = T

The action of an intrinsic linear connection can be extended in a natural
way to admissible tensor fields. An important example of an intrinsic linear
connection is the intrinsic metric connection that is uniquely defined by the
conditions Vg = 0 and S = 0 [4]. With respect to the adapted coordinates it
holds

a 1 ad (= > =
(5) be = 59 (€bgea — €cGba — €agbe)-

In the same way as a linear connection on a smooth manifold, an intrinsic
connection can be defined by giving a horizontal distribution over the total
space of some vector bundle. The role of such bundle plays the distribution D.
The notion of a connection over a distribution was applied to non-holonomic
manifolds with admissible Finsler metrics in [4, 3]. One says that over a

distribution D a connection is given if the distribution D = 77'(D), where



42 SERGEI V. GALAEV

m: D — X is the natural projection, can be decomposed into a direct some of
the form

D=HD@® VD,
where V' D is the vertical distribution on the total space D.

Let us introduce a structure of a smooth manifold on D. This structure
is defined in the following way. To each adapted coordinate map K(z®) on
the manifold X we put in correspondence the coordinate map K (z®, ") on
the manifold D, where 2" are the coordinates of an admissible vector with
respect to the basis

€q = 0y — 'L O,.
The constructed over-coordinate map will be called adapted. Thus the assign-

ment of a connection over a distribution is equivalent to the assignment of the
object G¢(X*, X™*%) such that

HD = span(e,),
where €, = 9, — I'"0,, — G20, If it holds
Gga®, 270) = T ()™,

then the connection over the distribution D is defined by the intrinsic linear
connection. In [4] the notion of the prolonged connection was introduced.
The prolonged connection can be obtained from an intrinsic connection by the
equality

TD=HD®VD,

where HD C HD. Essentially, the prolonged connection is a connection in a
vector bundle. As it follows from the definition of the extended connection,
for its assignment (under the condition that a connection on the distribution
is already defined) it is enough to define a vector field on the manifold D that
has the following coordinate form: @ = 0,, — G%0,,+,. The components of the
object G¢ are transformed as the components of a vector on the base. Setting
G = 0, we get an extended connection denoted by V!. In [9] the admissible
tensor field

R(’lj, 17)1(7 = V@Va’u_}' - V{;V{;’u_f - vp[gﬁ]w — p[q[z‘[, 17], ’U_}‘}

is called by Wagner the first Schouten curvature tensor. With respect to the
adapted coordinates it holds

Rl?cd — 2€[arg]c + 2Fd eHFz]C.

[al|

If the distribution D does not contain any integrable subdistribution of dimen-
sion n — 2, then the Schouten curvature tensor is zero if and only if the parallel
transport of admissible vectors does not depend on the curve [9]. We say that
the Schouten tensor is the curvature tensor of the distribution D. If this tensor
is zero, we say that the distribution D is a zero-curvature distribution. Note
that the partial derivatives are components of an admissible tensor field [9].
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4. PROPERTIES OF ALMOST CONTACT KAHLERIAN SPACES RELATED TO
THE USAGE OF THE CONNECTION OVER A DISTRIBUTION

Let (¢,€,7,9) be an almost contact metric structure. In [5], the following
theorem is proved:

Theorem 5. Let V be a torsion-free intrinsic linear connection on an almost
contact metric space X. Then there exists on X a connection with the torsion

| oo -
S(m,y) = ZP(NQD> (Iay>7 €,y € I'D

and compatible with .

The following theorem is the corollary of Theorem 5.

Theorem 6. An almost contact metric space admits a torsion-free intrinsic
connection ¥V such that Vo = 0 if and only if the admissible structure ¢ is
integrable.

Proof. Let V be a torsion-free connection such that Vip = 0. Applying this
V to the proof of Theorem 5, we get

1
Adding to this condition the equality 0,07 = 0, we get
P(Nw)(fv?j):oa f7g€TX

By Theorem 2, this is equivalent to the integrability of . The converse state-
ment is obvious. O

Theorem 7. An almost contact metric structure is an almost contact Kahlerian
structure if and only if it holds

Lg=0, Vip=0,
where V is the intrinsic torsion-free metric connection.
Proof. According [1], any almost contact metric space satisfies the following
equality:
(6) 29((Vap)i, 2) = 3T, @7, 97) — 3dQ (7.5, 2) + g (N (7, 2) , o)
+ N (G, 2) /(&) + 2dn (¢, 7)1 (2) = 2dn (92, F) (),
where
NW =N, +2dn@ &, NO(T,§) = (Lozn) § — (Loy) 7.
Theorem 6 and the definition of an almost contact Kahlerian structure allow us

to assume in what follows that the almost contact metric structure (¢, E, 7,9)
is almost normal. In this case,

P(N,) = N, +2(dno o) ® £ = 0.
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Thus,
NW =2(dn @€~ (dnoy) ®E),
and the equality (6) takes the simpler form:

(1) 29((Vap)d, 2) = 3dQ (7, 7, p2) — 3dQ (7,7, 2) + N (7, 2) 0 (7)
+ 2dn (@y, ) n (2) — 2dn (7, Z) n(y).

Sufficiency. Substituting to (7) & = €,, ¥ = Op, 2 = €., we get dQu. = 0.
Together with the equality d€2,;, = 0 this implies df2 = 0.
Necessity. Suppose that d§2 = 0. We may rewrite (7) in the form

(8)  20((Vip)y, 2) = NP (5, 2)n (&) + 2dn (07, 7) 1 (2) — 2dn (07, 7) (7).
Substituting & = €,, ¥ = &, 7 = €. to (8), we get V, ¢’ = 0. O
In the rest of this section we formulate and prove a theorem generalizing

the following classical result [1]: an almost contact metric space is a Sasakian
space if and only if the following equality holds:

(Vao)§ = 9(Z,9)E — 1 () 7.

Theorem 8. An almost contact metric structure is an almost contact Kahlerian
structure if and only if it holds

(9)  (Vep)i = dn (9§, %) E+n (@) (pov) (F) =1 (@) (porb — o) i
Proof. The equality (9) is equivalent to the following conditions:

Lg=0, Vip=0.
Together with Theorem 7 this proves the theorem. O

5. ALMOST CONTACT METRIC STRUCTURES OVER A ZERO-CURVATURE
DISTRIBUTION

Consider the vector bundle (D,m, X), where D is the distribution of the

contact metric structure (30,5, n,g). If the distribution D is a zero-curvature
distribution and it does not contain any involutive subdistribution of dimension
n — 2, then the equality P% = 0 holds [9]. In what follows we assume that
n > 3. On the total space D of the vector bundle under the consideration we
define an almost contact metric structure (D, g, J, d(7* on), D) by setting

g(gch gb) = g(anJrau an+b) = §<€a> gb)7 g(gm an) = g(anJraa aﬂ) = 07
J(ga) = an—‘rm J(an—i-a) = _gaa J(an> =0,

D=HD®VD,
V' D is the vertical distribution on the total space D, and H D is the horizontal
space defined by the intrinsic linear connection. The vector fields

- n b, .n+tc
€q — (9a — Faan — Facx an+b, 8n, an+a
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define on D a non-holonomic field of bases, and the forms
dz®, O"=dax" +T"dz®, O™ =da"™ + ¢ 1" dx*

define the corresponding field of cobases. The vector field 9, is the Reeb vector
field of the almost contact metric structure (D, g, J, d(7* o n)).

Theorem 9. The almost contact metric structure (D, §,J,d(7* o n)) is an
almost contact Hermitian structure if and only if the distribution D is a zero-
curvature distribution.

Proof. 1t is easy to check that the following holds:

(10) [€0y 8] = 2w O + RSy, 2" 0p e,
(11) (&, 0n] = 2" TP 0,y 44,
(12) [gav an—HJ] = FZban-i-o

These equalities directly imply

NJ (gaa _’b

) Ry 2" O e,
Ny (Ontas Onyp)

)

)

n+c
wbaa + Rabc 677,—}—6)

NJ (5117 n+b
NJ (E(M

( n+a7a ) = n+CPb an+b

These equalities yield the proof of the theorem. [l

Let us show that the structure (D, §, J, d(7* o 7)) is not normal. It holds
NJ (an—i-aa an-‘,-b) + Zdﬁ (8n+aa 8n-i—b) 8 - 2&){,@8 + Rabc n+can+e~
It is clear that this expression can not be zero.

Theorem 10. The almost contact metric structure (D, §, J,d(7* on)) is an

almost contact Kdhlerian structure if and only if (v, &,n, g) is a Sasakian struc-
ture with the zero-curvature distribution.

Proof. Tt can be checked directly that d€2 = 0 if and only if dQ = 0, where
Q(zZ,y) = g(Z, Jy). This proves the theorem. O

Almost contact metric spaces of zero intrinsic curvature appear in mechanics
and physics.

Wagner [9, 8] paid a big attention to non-holonomic manifolds of zero cur-
vature. In particular, in [8], Wagner defines a non-holonomic manifold of zero
curvature that is a geometric model of a solid body under non-holonomic con-
strains.
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