Acta Mathematica Academiae Paedagogicae Nyireqyhdziensis
33 (2017), 373-385

www.emis.de/journals

ISSN 1786-0091

EINSTEIN METRICS ON WARPED PRODUCT FINSLER
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ABSTRACT. In this paper, we prove that a warped product Finsler metric
is an Einstein metric if and only if some partial differential equations are
satisfied. Several results are obtained in special cases, for example, the
case of Riemannian, Locally Minkowski, and Berwald spaces. Moreover, we
present the static vacuum Einstein equations on Finsler manifold.

1. INTRODUCTION

The warped product is an important concept in geometry and physics. This
concept was first introduced by Bishop and O’Neill to construct Riemannian
manifolds with negative curvature [11]. It has been applied for the construction
of Einstein metrics on noncompact complete Riemannian manifolds and other
important examples in relativity and differential geometry [8],[11]. Besse pro-
duced a non-trivial Einstein warped product on a compact Riemannian man-
ifold [10]. S. Kim established compact base manifolds with a positive scalar
curvature which do not admit any non-trivial Einstein warped product [15].

One of the important problems in Finsler geometry is to characterize and
construct the Einstein metrics, constant Ricci curvature metrics and, as a
special case, constant flag curvature metrics. Many valuable results have been
achieved, most of which are related to a special class of Finsler metrics named
(cv, B)-metrics due to its computability. In 2004, D. Bao, C. Robles and Shen
classified Randers metrics with constant flag curvature [7]. Also with the help
of the navigation problem, D. Bao and C. Robles give a characterization for
Einstein metrics of Randers type [6].

Warped product extended for Finslerian metrics by the work of Kozma et
al [16]. Some objects of Riemannian manifolds are expanded to the warped
product Finsler manifolds in [4], [5]. Two authors of this paper presented some
necessary and sufficient conditions which the spray manifold is projectively
equivalent to the warped product Finsler manifolds [18]. Also, they found
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the necessary and sufficient conditions for the Sasaki-Finsler metric of the
warped product Finsler manifold to be bundle like for the vertical foliation
[2]. In [19] and [20] , Tayebi and his collaborates studied the warped and
doubly warped product structure in Finsler geometry. They consider warped
product Finsler metrics with scalar flag curvature and some well-known non-
Riemannian curvature properties such as Berwald, Landsberg, and relatively
isotropic (mean) Landsberg curvatures. Inspired by the mentioned works, we
consider Einstein warped product Finsler metrics and present necessary and
sufficient conditions for the warped product Finsler space to be Einstein .
Moreover, several results are obtained in the special cases, for example, the
case of Riemannian, Locally Minkowski and Berwald spaces are considered.
Also, we present the static vacuum Einstein equations on Finsler manifold.

2. PRELIMINARIES

Let Fy = (M, Fy) and Fy = (Ms, F3) be two Finsler manifolds and f: M; —
R be a non-negative smooth function. Consider F = (M, F') where M is the
product manifold M; x M, and the function F' is defined as

(1) F2($1,9527y1>3/2) = F12(x17y1) + f(x1)2F22(x2,y2)-

The function F is smooth on TM?° and is obviously positively homogeneous of
degree 1 with respect to (y1,yz2). For the function F,

@) 1 9%F? - <gij(x1,y1) 0 >

(gab(7,9)) = (5 Dy Oy 0 [2(@1)Gap(2, y2)

are the components of a positive definite quadratic form at every point (z,y).
Therefore F = (M, F) defines a Finsler manifold and is called a warped product
of 'y and Fo. The warped product Finsler metric F'is denoted by F' = F} X ¢ F
and the function f is called warping function [2],[16].

Notation. Lowercase Latin letters like {i,7,k,(,...} , {a,5,7,...} and
{a,b,c,d,...} are used in the upper position for variable indices. They be-
long to the set {1,...,my}, {1,...,mao} and {1,...,m; + ma} respectively,
according to the spaces IFy, Fy or F = I, x ¢ F, they represent. Variables of IF;
and F, have lower indices 1 and 2 respectively, like 2%, y] and 9, yg .

When there is no appropriate position to place indices 1 and 2, objects of
[, and F, will be hat and check respectively, like g;; and g3, to indicate their
relevant spaces.

The inverse ¢? of g, is given by

(3) (gab(x7y)) _ (gij(xol;y1> f—2($1)g(2<5(x2,y2)) .
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The local coordinates (1, T2, y1,y2) on TM° are transformed by the rules

. . . ot .
~1 ~1 1 mi ~1 1 9
7 =23 (xy,...,27"), = —
1 1( 1 1 ) Y1 aleyl
~Q ~Q m ~Q aig
By = 15 (g, ..., 257), G5 = Byg.
Oxy
And for a —, we have
0 0¥ 0 o 0% 0
(1) = ==

8y§ oz} 6”’ a_yg* N Gxéa_g%

So, the vertical distribution VT'M? is spanned by {-2 By By a} and the hori-
zontal distribution HTMP is spanned by {2 5T MQ} which

j o B o
5:v1 az -G Gl

? Byl 2 6y§’

(5)
5 _ 9 _io _cho
dxg T Oz O‘@y{ aayg .

The geodesic coefficients G* = (G, G) are local defined functions as

0 f 2 < 1 1 0 f 2
~¥i Azh 2 a _ A a h
Now, the coefficients G} = (G;'-, 5 G, Gg) of the non-linear connection are
given by

~ih 2

i i

4 ay{ET_' ’
G%: _Azh f28F2
o L1 0F
J _if_ j’

a Yo 11 hf2
G = B+2f2ylah
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Corollary 2.1. The coefficients Gy, = (G;k,. s Glarys Gy, G, G, of the
nonlinear connection on the warped product Finsler manifold are gotten as
~ih
i':Ai'_laQ'gl a_fQ 2 _ i
Jk Jk 46y{8y’f 61‘}1‘ 2 kj»

i 109" 0f% OF% I
BT TLOgF 0 ggf O
1., 0f? .
(8) by = 50" S = Gl
% =0,
L 11OP
Jv 2f2 ax] vy Y37’

oGy
ayc Y

Proof. Using G, = for detailed see [2]. O

3. THE LAPLACIAN OF THE SASAKI FINSLER METRICS

It is well known that various kinds of Laplace operators play a very im-
portant role in differential geometry and physics, especially in the theory of
harmonic integral and Bochner technique. In [14], Chunping and Tongde gen-
eralized the Laplace operator in Riemannian manifolds to Finsler vector bun-
dles as such bundles arise naturally in Finsler geometry. Using the h-Laplace
operator, they proved some integral formulas for horizontal Finsler vector fields
and scalar fields on vector bundles.

Let (M, F) be a Finsler manifold. Then the tangent bundle 7'M endowed
with the Sasaki-type metric constructed from the given Finsler metric F is a
Riemannian vector bundle. Consider

(9) dV = det(g;;)dz' A ... Adz™ A Syt AL A Sy

be the volume form associated with the Riemannian structure, G = gijdz' ®
dz’ + g;;0y* ® 0y?, on TM and Lx be the Lie derivative with respect to
X € X(TM), then the notations as gradient and divergent on T'M can be

introduced. The divergence of X = X2 + X' a?ﬂ is defined by

(10) LxdV = (div X)dV.

We denote div, X =: div(X's%;) and div, X =: div(X’ 821-), then we have
the following Lemma.

Lemma 3.1. Let X = X'5%: + X' ;2 € X(T'M) then

(11) divX = d}iLVX + div X,



EINSTEIN METRICS ON WARPED PRODUCT FINSLER SPACES 377

where
divX =V X' = PX', divX = V.o X'+ CjX,
which Pj; = ij — FZ’;
Proof. Applying proposition (3.1) of [14] on Finsler spaces. O
Now if we define grad(f) = Vf by
GV, X)=Xf, VXeX(TM), feC®TM)

then in the adapted frame {%, a%i}v we have

(12) Vi=Vif+V,f,
where
50 Of 0
Y — g
If f e C®(M) then we have
af2 afZ
1 2 2 - 74j_.+.
(13) GV Vaf?) = 52
Now the h(v)-Laplace operator on T'M is defined by
(14) Ay = d}iLv oVy, A, :=divoV,,.
Lemma 3.2. Let (M, F) be Finsler space and f € C*°(TM). Then
(15) Af =Apf+Af,
where
697 0f 50 Of o o of
A - P U—, - ) — P Z]—.
2 ozt oxd 5a:l((5333) i S’
g Of 0 0f L Of .
Av - i lj+ e — ZJ—. .
f 8yz 3y] +9g ayz<ay]) + ayj Czk

Proof. See [14]. O

Consider the Finsler manifold to be Riemannian space and f: M — R, so
the horizontal Laplacian of f? is given by
agij 8f2 y 82f2 b i

P K B B G Z‘]_A.
oxt Oz’ T ox'0x g oxJ
When the Finsler space is locally Minkowski space, the horizontal Laplacian
of f € C®(M) is gotten by

(16) Apf?r= of

N 82]62
2 — 4
(17) A" =9 5 a0
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4. EINSTEIN METRICS

The importance of the Ricci tensor can be seen from the Bonnet-Myers
theorem. The Riemannian version of this result is one of the most useful
comparison theorems in differential geometry [13]. It was first extended to the
Finsler manifolds by the work of Auslander [3]. Akbar-Zadeh generalized the
concept of Ricci tensor on Finsler geometry [1]. In this section, we perform
the concept of Ricci tensor on warped product Finsler manifolds and present
some conditions for the warped product Finsler metric to be Einstein.

Let us begin by introducing Ricci scalar for the warped product Finsler
space F = (M, F) as follows

(18) Ric .= R* = R. + R°,

where

i Lo i
R} = ﬁ(Rjiky{ylf + Rﬁz’«,ygy;)a

o 1 a ) o
RG = 5 (Riadvh + RS 9593),

and Ry, are the h-curvature tensor field of the Cartan connection of F. We
define Ricci tensor from the Ricel scalar as follows

, 0%(L F?Ric)
(19) Rlec = W

The definition of the Ricci tensor is not practical if one wants to compute
it. So we use the generalized Berwarld’s formula on warped product Finsler
manifold that is defined as

a._ 98G* _ 9GeaG® b HGe b_OG*
(20) Ka T 2836‘1 oyb oy Yy 0xb oy + 2G oyboya

The Ricci scalar is related to the generalized Berwald’s Formula in the fol-
lowing manner:

(21) F’R* = K.

Then the Ricci tensor of the warped product Finsler space is given by
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R 1 1 03Az‘h afZ . 84 ih an
Ricy = Ricy + = F3 + 1
L 1k 2 [ 281‘ (9y 8y (93:’1‘ 4 afp]aylay 8y 395’1‘
_1 a2gih a2f2 lyj a3gz’h a2f2 li a2gih an an
20yF 0yt 0xhoxt A7 0yioyEOYt 9aloah T 4 f? Oykoyt Oxt Oy
_li w0201 %" - 1@ 11 .0
2 f? 1(%? Ors dyioytoyl”  20xt0xt 2 f2 M ogd
LOf* ony 00 o 890 | . 0P . 99
- F2 i Gt r— G
oy 2 Chigyr T Chiguay T Ciggar T Ciayayay
1 2 Azh ) 2 ~ih o aZNih o 83 ih
Ll e e e R L ]
8 8 oy 83/183/1 Y10y, aylayl ayl
2 . 2%'8 . 3 A zs . 3 zs
oL RG L G l Z+Gi%
4 Oy 010y, Oy10y10y; Oy, 0y1 0y
84%’5 +1 g a?wih an 8F22 _léfﬁ a3§is af2 8F22
Oyloyiogtoy, | 8 2 0yioykoy, oxh ox] 4 0yioykoy, 0z oy
1 8f2 A 8293h R aggh R 8gjh
_Za_a;ffF;[G Dgkay +Glﬂa =+ Gt o
1 af2 af2 [ i 83 ih ag]s B i 82 ih anjs
2 ax? 8x1 2t 16 ay{@yl 8y1 8yi 16 8y{8y1 8y10y1
1 82 ih a?gjs iagzh a?»gjs 1 aQQJh 82'gis
16 0yloy! 0yioyt 16 Oyl Oyioytoyt T 8 YOyl dyloy
1 agjh 83 i 1 agjh 83 is 1 i 84 is

- > 9 - 79 99
8 Oyt ayloyioy, 8 Oy Oyloyioys 8" Oyloyioyroy!

(22)

j

+ lejz A]h]

) LOFZ 1 9%¢h of* 109" 0*f? 1., 0§75 0f*
Ricg, = 5 y[__ ik Ak 9 9.k 9 had L4 ki 90 9.5
2 8y2 202%0yy Oxy 2 Oyy Ox70xy 4 % Oy Oxj

) 829]5 af2 1@] agzh 8f2 1G. 82Az’h 8f2

—G 2T
1" ogiogk oy 1R g ot T aygay ot

1 i 83 ih afz 1 i anih 82f2 aQst an

+_y "’ —y1 i k - h - _G
e S ST 6’56]13331 27" oyl oy 03
1 .. 3 Ais 2 196 jh ] 2 5]

(23) —igi_ 09" 9F I / e Lol . Gl

2 8y Gylﬁy 8;51 2 ayl al’ 2 3
110§ 0f20f 11 ,0f20f 0% 1 , 0% OfF O°F}
1 F2 Ak Ak A N A r s w T s A 3
4 f2 Oyy Oxy Oxy 2 27 Oy O] OyiOyy™ 877 Oyi0yy 07 Oxh Oyl
1 af2 8f2 8F24 [_i aQAz‘h agjs iaﬁ’h 82§js lagjh a2gis
20z} 0x3 ys ~ 16 0yjoyt Oy 16 9yl 0yi0yy 8 Jyi dyldy;
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3 ~is 2 ~is 2 2 2 12
+1§jh ?g' 1 0%g k(?f [GﬁaF e 0 F;
87 Oyl dyioyk 4 dyi0yy O} 6’3/2 83/2 dy3
, - 1 0°F2 109" af* 1, 0*f? - 9%gth 8f2
Ricy = Ricw & w2 0wt oaf 2 ot o ol Ot
39”1 o’f? 1@ 0’9" of* gﬂhaf2 11 AzhafZ of?
4 8y1 83; axl 2 ay 891 83:1 2 8 4f2 8 Ozl (9.%1

2 2 Qs o js 2 A 2
11 LOf°0f*0q 1Glag of +1Gjag af

24 et / 2L
(24) f2 v Ozt oz 9yl T 47T 9yl G 4 oy’ ax’f]
94 9 f2 2 2 3 172 2
of [G OF3 Gﬁ OF3 s O°F; e OF; ]
4 8y1 oxs 8y2 8y oyl 8y Oyb Oy 8y oyl

13]028]02 32F4 [ iailhag]s _i_lAjh 32 is
2 0xh Oxs Oy oYy~ 16 ay{ o 8g 83/{8%
1 Bagzh 8f2 83F2 11 an

82 0yl 0aT 0xloyioyy | 2 P2 10 e

Definition 4.1. Warped product Finsler metric F' is called an Einstein metric
if there exists a constant K € R such that

(25) RiCab = Kgab-

In this case, the warped product Finsler space F = (M, F) is called an
Einstein manifold. In Riemannian geometry, the warped product manifold
(M, g) = My x s M, is Einstein with Ric = K¢ if and only if (M5, ¢) is Einstein,
i.e., Ric = Ky for a constant K, and the followings hold [17]:

K =Ric - 417,
(26) J
--Sow-nie
P

where dim M; > 2, dim My =d > 2 and Af = trH' = tr(Hessf).

Now, we want to generalize this result on warped product Finsler manifolds.
In fact, we answer Chern’s question on warped product Finsler space. He
asked, "whenever a smooth manifold admits an Einstein Finsler metric?”

Theorem 4.2. Let F =Ty x;Fy be a warped product Finsler space. Consider
the warped product Finsler metric F' is an Einstein metric of constant K then
the following conditions hold:

19Inf? ~; 19%In f?

27 Ricy = Ky — - ——— o
(27) 10 = K Gu — 5 o] T+ 2 0wk oal”
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) . 5 L Of?
At~ L LG 902 + 2K 2 — 29 Ric, + PLg L —
2f Oxy
8f2 1 .. gjs 82 ~is N Oln f2
G — GV gh” G°
(28) 83:1( oy oy 8y1) g 5 Gl
6f2 1 AJaAlh + gt i
_8_x’f(§G o + "G
Proof. Using (2), (23) and (25), we obtain
(29)
18172[ 1 a2Az‘h afZ lagzh 82f2 1 ; gjsa_fz L1 G gjs an
2 0y5 " 202t oyt 81'1 2 Oyr &U?@ﬂi A ]Gylﬁy x5
1 5 agzh afz . 82 ih af2 j 53 ih 8f2 52 ih a2f2

~& + 1
4R gyl 9t a yloyk Ozl 17 ' 92 Oyl oyk Ot 4 8y10y1 O] dah

) 62925 an 1 ~. 83gis an 1ag]haf2 1A'h8f2 A
- —Gk G ——— k G'i — 59" 55 Gl
2 " gyloyi 0r 2 dyloyioyk 0xi 2 0yt oxh 27 Dap M
liagzha_anJQ 11 f2 af2 82 s ]_ aQAih af2 82F2
17 0yf o or, 22 ou 901 Oyt 8” Dy 0yt Ol Daloys

B 18]02 8f2 aF24 [_i 829”‘ ag]s B iagzh 829]8 lagjh 32 is
2027 i Oys - 16 9ylayk Dyt 16 9yl Oyidyt 8 Oyt dyldyi
N lgjh ('93@'15 ] L1 1 a2gzs an [Gﬁ aFQ GB 82F2
8% dyloyioyk  A0yioyy 0 oyl ys Oy

Differentiating (29) with respect to ¢} and then contracting it with %y’Q’ . By

inserting this result into (22), Eq. (25) can be written as

1., O3 Of*0F2 11 -, 0% 18%*Inf>
Ricy — K§ Gﬂ C I € =
o I S ooy 0y oY | 217 M oa] | 2 Ok
1a_f28_f2F4[_; A
2895]11 8xf 2 16 ayiayl 8y1 83/1
1 aQAih anjs 1 82 ih 82§j8

(30) 16 oyl (3y 891891 16 oy ay Oy Oyt
1 awh 839]5 1 a2g]h 62 18 10@]‘]1 83@1’5
~ 6 0y] 00w 350w oylow; 5 OvF Byiowan]
1 agjh 83§i8 lAjh 84Ais

_ _ - q
8 ayll 8y{ay§3y’f 8 391891891@%
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If we differentiate (30) with respect to y4 and then contract it with y4 and

replace this result to (30), we gain (27). By applying (24) and (25), we have

1 589”‘ of  0°Fy 1 0°Fj a 18@’“‘ of?
8y1 ozl gl oyl 8y2 P Oy oys™ 2 Ozt O

b 82f2 62 ih afZ agzh 62]02 1G aQQis an

Kf2§],w — Hicw —

1
- = « + -I—
2 aaton 1V g 02j0y, 0% 41 0yl ool 2 dyloy, 0m
1 ]h8f2 11 Alh8f2 af* 11 ,0f*0f?0g" n 1 4, 0675 O f*
— 97 ozh 4f2 Ol Ot 2fzy1 oxh 0z Oyt 4 7 Oyt Oxs
1A81h82 11 ,0f%. 109" 0f* ., OF% OF%
+_G g] fh] ) 1 f uua__ gz fs [Ggu B Gg ]
47 gyl ol T 2 27 ay 4 0yy Ory” M Oy Oy Oys
. O3} .5 OF% 10f?0f% 0*Fy 1 0g" 0¢7*
+G g+ G S+ 5 fh / —gj T
a3/2 dyy Oy 892 dyy 2 0xf O} Oyy Oy~ 16 Ayl O
1 i 82 s
+ 29—
87 Oyioy;
Let us different of the above equation with respect to y¥ and contract it by yf,
then replace this result to (31), we obtain

O 1, B 1, 95 O
K G — Ricu = Guv o " 20 % S

f Iy 1Cy, m [ 9 8961 8171 2g 81‘?8&71 2 8y1(9y1 al’l

2.0 1 20f% 1 .,097°0f 1 ;00" 0f

@) o gt Ll GO

27 dah 1729 aloxt T4 oyl 0xs T4 gyl Gml]
1agzh ag]s A‘h a2gis 11 af2
+ 30,0 F, e v
gM 2[8 8y1 ayl 4g 8y{8y§] 2f2y1 a u

Differentiating of (31) again with respect to 3! and then contracting it with 3!
and inserting into (31). Therefore by Lemma 3.2, we obtain equation (28). O

The converse of the above theorem is established by placing an additional
condition.

Theorem 4.3. Let F = I, x (Fy be a warped product Finsler space. The warped
product Finsler metric F' is an Finstein metric of constant K if equations (27),
(28) and the following condition hold:

F [ 82 ih af2 agzh 82f2 1 an agzs an]
27 a Toyi 0zl 2 v Oyi dxhox]  f? i oz Byl O
Azs 8f2@55F2 1yﬂagzh afz an
oyt Oxs 8y2 272 Oyt Ozl 812
f2 af2 2[ ggh 82 is B lagzh ag]s
Oxiod} AT ayloy 8 oyl Oy

(32)

].
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Proof. Let us contract Eq. (32) with ; and then different it with respect to yf

and y5 . Also, differentating (28) with respect to y¥ and contracting it with
1 0F2
1 ayg’

Now, we different (28) with respect to y¥ and 3} and then contract it with
—}lFf and different also Eq. (32) with respect to y¥ and y!. Then replace
these results into (22). By using (27) we get Ricy = Kgu.

Finally, differentiating (32) with respect to y4 and y4 and using (28) and
(24) we obtain Ric,, = K f?§,,. Therefore the warped product Finsler metric
F is an Einstein metric of constant K.

. By inserting these results into (23), we obtain Ricy, = 0.

OJ

Applying Theorems (4.2), (4.3) and Lemma (3.1), we may derive new results
about special warped product Finsler spaces. As an example, we have the
following Corollary.

Corollary 4.4. The warped product Finsler space ' = Ty X Fy when the
base space is a Riemannian and the fiber space is a locally Minkowski space, is
FEinstein of constant K if and only if the following equations are satisfied
181nf2éj 10%1n f?

Ky = Riog + L0 17
Gkl KT G O Kl anlfaxll
2 L Ae 2w s LA o
Kf* = ﬁG(vhf ,Vhf)—gﬁhf-
Corollary 4.5. Let (M, F) be a warped product Finsler space where the base
space is a locally Minkowski space. Consider F is an FEinstein metric with
constant K. Then the constant K depends on the warping function and the
Ricci tensor of the fiber space is given by

A~ =

Ga

proet

. 1 ~ 11 5, - - Oln f? Oln f?
Ri V:_v/uz A 2___GV 2,V 2\ Akl g2 . h

i€ = 59 ntf 5 (Vif5,Vinf?) = g" f kot Y “onh

In Finsler geometry, the warped product Finsler space is Riemannian if and
only if the fiber and the base space are Riemannian [2]. Thus we can state the
following Corollary.

Corollary 4.6. Let (M, F') be a warped product Finsler space that is Riemann-
ian space. The warped product Finsler metric F' = Fy x; Fy is an Einstein
metric of constant K if and only if the fiber space is an Einstein of constant
K, i.e Ric,, = Kag,, and the followings hold:

181nfgéj 10%1In f2

Ricy = Ky — 22 g 10707
Kl Gkl 5 0:16]1 kl anifaxll

1. 11 ~ ~ .
Ky, — Kf*= §Ahf2 - ZﬁG(Vth;Vth)-
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This corollary exactly holds when the base space is Riemannian and the
fiber space is Berwald space.

In Riemannian geometry, the static vacuum Einstein equations on a manifold
M are given by

(33) fRic = D*f, Af=0,

where f: M — R is a positive function, D? is the Hessian and A = trD?
is the Laplacian on (M, g). These equations are equivalent to the statement
that the manifold N = M x; S' or N = M Xx; R with Riemannian metric
of the form gy = gy + f2dt? is Ricci-flat, i.e. Ric,, = 0. These equations
have been extensively studied in the physics literature on classical relativity,
where the solutions represent space-times outside regions of matter which are
translation and reflection invariant in the time direction . However, many of
the global properties of solutions have not been rigorously examined, either
from mathematical or physical points of view, for example see [12].

Lemma 4.7. The static vacuum Einstein equations on a Finsler manifold M
are given by
. 19°Inf* 10Inf? 5,
Ricw = 5557 — 557 G
20270y 2 Oxf

o 11 ~ =« N

Apf? = EﬁG(Vth, Vif?).
Solutions of these equations define a Ricci-flat warped product Finsler manifold
N, of the form N =M x;S* or N = M x; R.

Proof. Using (22), (23) and (24). O
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