Acta Mathematica Academiae Paedagogicae Nyireqyhdziensis
33 (2017), 67-83

www.emis.de/journals

ISSN 1786-0091

SEMI-SYMMETRY TYPE LP-SASAKIAN MANIFOLDS
KANAK KANTI BAISHYA AND PARTHA ROY CHOWDHURY

ABSTRACT. Recently the present authors have introduced the notion of
generalized quasi-conformal curvature tensor VW, which bridges Conformal
curvature tensor, Concircular curvature tensor, Projective curvature tensor
and Conharmonic curvature tensor. The present paper attempts to investi-
gate the curvature conditions (like flatness, semi-symmetry type and Ricci
semi-symmetry type) of LP-Sasakian manifold. Further, the paper seeks
to table the nature of the Ricci tensor for respective semi-symmetry type
curvature conditions.

1. INTRODUCTION

In tune with Yano and Sawaki [30], recently the present authors [1] have
defined and studied generalized quasi-conformal curvature tensor VW, in the
context of N(k,u)-contact metric manifold. The beauty of generalized quasi-
conformal curvature tensor VW lies in the fact that it has the flavour of Riemann
curvature tensor R, conformal curvature tensor C' [8], conharmonic curvature
tensor C' [9], concircular curvature tensor E [29, p. 84] projective curvature
tensor P [29, p. 84] and m-projective curvature tensor H [17], as special cases.

In 1989 K. Matsumoto [11] introduced the notion of Lorentzian para-Sasakian
(LP-Sasakian for short) manifold. In 1992, Mihai and Rosca [12] defined the
same notion independently. This type of manifold is also discussed in [22],
[23], [24] and the references therein.

An LP-Sasakian manifold is said to be semi-symmetry type (respectively
Ricci semi-symmetry type) if the generalized quasi-conformal curvature tensor
W(respectively Ricci tensor S) admits the condition

(1.1) w(X,Y)W =0, (respectively W(X,Y).S =0), for any X,Y on M,

where the dot means that w(X,Y") acts on W (respectively on S) as derivation.
Here w and W stand for generalized quasi-conformal curvature tensor with
the associated scalar triples (a,b,¢) and (a,b,c) respectively. In particular,
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manifold satisfying the condition R(X,Y’) - R = 0 (obtained from 1.1 by setting
a=0b=¢c=0=a=b=c) is said to be semi-symmetric in the sense of Cartan
([2, p. 265], and named by N. S. Sinjukov [25]). A full classification of such
space is given by Z. I. Szabé (]27], [26], [28]). This type of the manifolds have
been studied by several authors such as Sekigawa and Tanno [21], Sekigawa
and Takagi [20], Papantoniou [15], Perrone [16], Kowalski [10], Sekigawa [19]
and the references therein.

Our work is structured as follows. The section 2 is a very brief account of
LP-Sasakian manifolds. Definition and some basic results of the generalized
quasi-conformal curvature tensor VW is discussed in section 3. LP-Sasakian
manifold with vanishing generalized quasi-conformal curvature tensor is stud-
ied in section 4 and it is found that such a manifold M is either an Einstein
space or an 7-Einstein space or isometric to the Lorentz sphere S?"*1(1). Fur-
thermore, the nature of the Ricci tensors for the flatness of different curvature
tensors are characterized. In section 5, we investigate LP-Sasakian manifold
satisfying the condition w(&, X) - W = 0. Based on this conditions and by tak-
ing into account the permutation of different curvature tensors, we obtained
and tabled the expression of Ricci tensors for different semi-symmetry type
conditions. The last section is devoted to study LP-Sasakian manifold admit-
ting the condition W-S = 0. Among others an equivalent conditions that (a) M
is an Einstein space, (b) M is Ricci symmetric i.e., V.S =0, (¢) P(§,X)-S =0
(or E(,X)-S =0) for all X € x(M) is brought out.

2. LP-SASAKIAN MANIFOLDS

An (2n + 1)-dimensional differentiable manifold M is said to be an LP-
Sasakian manifold ([4], [11]) if it admits a (1,1) tensor field ¢, a unit timelike
contravariant vector field &, a 1-form 7 and a Lorentzian metric g which satisfy

(2.1) nE) =-1, g(X,§ =nX), ¢X=X+nX),
(2.2) 96X, 0Y) = g(X,Y) +n(X)n(Y), Vyé=0¢X,
(2.3) (V@) (Y) = g(X,Y)E+n(Y)X + 2n(X)n(Y)E,

where V denotes the operator of covariant differentiation with respect to the
Lorentzian metric g. It can be easily seen that in an LP-Sasakian manifold,
the following relations hold :

(2.4) ®§ =0, n(¢pX)=0, Rank¢=2n.
Again, if we put
QX,Y) =g(X,¢Y)
for any vector fields X, Y then the tensor field Q(X,Y) is a symmetric (0, 2)

tensor field [12]. Also, since the vector field 7 is closed in an LP-Sasakian
manifold, we have ([11], [12])

(2.5) (Vxm(Y) = Q(X,Y), Q(X,£) =0,
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for any vector fields X and Y.
Let M be an (2n + 1)-dimensional LP-Sasakian manifold with structure
®,&,1m,9). Then the following relations hold ([11], [12]):

(
(26)  g(R(X.Y)Z,§) =n(R(X,Y)Z) = g(Y, Z)n(X) — g(X, Z)n(Y),
(
(
(

2.7) R(§, X)Y = g(X,Y)§ —n(Y)X,
2.8) R(X,Y)E=n(Y)X —n(X)Y,
2.9) S(X,€) = 2nn(X),

for any vector fields X, Y, Z where R is the Riemannian curvature tensor of
the manifold.

3. THE GENERALIZED QUASI CONFORMAL CURVATURE TENSOR

The generalized quasi-conformal curvature tensor is defined as

(3.1) W(X,Y)Z = gz :L 1 [(1+2na —b) — {1+ 2n(a + b} C(X,Y)Z
+ [1 b 2na} E(X.Y)Z +2n(b— a)P(X,Y)Z
+ ;Z J_r 1(0 — D{1+2n(a+0)}C(X,Y)Z

for all X, Y and Z € x(M), the set of all vector field of the manifold M,
where a, b and c are real constants. And C', E/, P and C stand for Conformal,
Concircular, Projective and Conharmonic curvature tensor respectively. These
curvature tensor are defined as follows

(3.2) C(X,Y)Z=R(X,Y)Z

. in_ ] [S(Y, )X = S(X, 2)Y + g(Y, 2)QX — g(X, Z)QY]
+ s =) 90 DX — (X, 2)Y .
(3.3)  B(X,Y)Z = R(X, Y)Z—m [g(Y, 2)X — g(X, Z)Y] ,
(3.4) P(X,Y)Z = R(X, Y)Z—% [S(Y, Z)X — S(X, Z)Y} ,

(35) C(X,Y)Z=R(X,Y)Z - 5 !

n —

: [S(Y, 2)X — 8(X,2)Y

+9(Y. 2)QX — g(X, 2)QY |,
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for all X, Y & Z € x(M), where R, S, Q and r being Christoffel Riemannian
curvature tensor, Ricci tensor, Ricci operator and scalar curvature respectively.

In particular, the generalized quasi-conformal curvature tensor VW reduced
to

(1) Riemann curvature tensor R, if a =b=c =0,

(2) conformal curvature tensor C, if a = b = —in_l, c=1,

(3) conharmonic curvature tensor C’, ifa=0b= —ﬁ, c=0,
(4) concircular curvature tensor E, if a =b=0 and ¢ = 1,

(5) projective curvature tensor P, if a = —%, b=0,c=0 and
(6) m-projective curvature tensor H, if a = b = —ﬁ, c=0.

The m-projective curvature tensor is introduced by G. P. Pokhariyal and
R. S. Mishra [17]. Which is defined as follows

(36) H(X,Y)Z=RIX,Y) - - [S(. 2)X ~ S(X, 2)Y
+9(Y, Z2)QX — g(X, Z)QY] .

Using (3.2), (3.3), (3.4) and (3.5) in (3.1), the generalized quasi-conformal
curvature tensor V¥V becomes

(3.7) W(X,Y)Z=R(X,Y)Z+a [S(Y, Z)X — S(X, Z)Y]

+b|9(Y, 2)QX = g(X, 2)QY |

- QHCfH (%+a+b) }g(Y,Z)X—g(X,Z)Y]-

Note that our generalized quasi-conformal curvature tensor YV is not a gen-
eralized curvature tensor (see, [13], [6], [5], [7]), as it does not satisfy the
condition W(X1, Xo, X3, X4) = W(X3, X4, X1, X2), where

W(X17X2,X3>X4) = Q(W(X1,X2)X3,X4)7

for all X1, X5, X3, X4. Moreover our W is not a proper generalized curvature
tensor[13], as it does not satisfy the second Bianchi identity

(3.8) (Vx,W)(Xa, X3) X4+ (Vx, W) (X3, X1) Xy + (Vx, W) (X1, X2) Xy = 0.
4. LP-SASAKIAN MANIFOLDS WITH FLAT GENERALIZED
QUASI-CONFORMAL CURVATURE TENSOR

Definition 4.1. An LP-Sasakian manifold M?""1(¢, & n, g) is said to be 7-
Einstein, if its Ricci tensorS of the metric g satisfies

S(X,Y) = ag(X,Y) + n(X)n(Y),

for some real constant a and f3.
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Such notion was first introduced and studied by Okumura [14] and named
by Sasaki [18] in his lecture notes 1965. In particular, if 8 = 0, we say that
the manifold is Einstein.

Let the manifold be generalized quasi-conformally flat. Therefore, using
(2.7) and (2.9) in (3.7) we can easily bring out after a straightforward calcu-
lation that

(4.1) S(X, 2) = kg(X, Z) + (K = 2n)n(X)n(Z2),
where
(4.2) S S L (L R
' T o1\ T '
Remark 4.2. The Ricci tensor S in the equation (4.1) can also be written as
where
(4.4) e (L
' T M\ '

Thus, we see that LP-Sasakian manifold with W(X,Y)Z = 0 is an n-Einstein
space provided a # 0 (or b # 0).

Again, an LP-Sasakian manifold with R = 0 or £ = 0 (i.e., for the case
a =0 and b = 0), one can easily determine that such manifold is an Einstein.
This leads to the followings:

Theorem 4.3. Let M*"*($,€,m,9), n > 1; be an LP-Sasakian manifold
with vanishing generalized quasi-conformal curvature tensor. Then M 1is either
an Einstein space or an n-Finstein space or isometric to the Lorentz sphere

SZnJrl (1) .
Again, from (4.1), one can easily determine the following theorem-

Theorem 4.4. Every LP-Sasakian manifold (M?"' g), n > 1 with vanishing
generalized quasi-conformal curvature tensor is necessarily n-parallel.

Further, if we choose a = b, then from (4.1) we can state the following.

Theorem 4.5. A generalized quasi-conformally flat LP-Sasakian manifold
(M2 g), (n > 1) is a manifold of quasi-constant curvature with associated
scalars

b cr 1
A:_(1+5) m+2n+1 (%—Fa—l—b), B =a(k+2n),

provided that a # 0.

The notion of a manifold of quasi-constant curvature was first introduced
by Chen and Yano [3] for a Riemannian geometry.
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5. LP-SASAKIAN MANIFOLDS WITH SEMI-SYMMETRY TYPE CURVATURE
CONDITION

Definition 5.1. A (2n + 1)-dimensional (n > 1) LP-Sasakian manifold is said
to be semi-symmetry type if the condition w(X,Y)-W =0 holds, for any
vector fields X, Y on the manifold and w(X,Y) acts on W as derivation,
where w and W stand for generalized quasi-conformal curvature tensor with
the associated scalar triples (@, b,¢) and (a, b, ¢) respectively.

Now, let us consider a (2n 4 1)-dimensional LP-Sasakian manifold M, sat-
isfying the condition
(5.1) (W(& X) - W)(Y, 2)U =0,

which is equivalent to

(5.2) glw(& X)W(Y, 2)U, &) — gW(w(§, X)Y, 2)U, )

Putting X =Y = {e;} in (5.2) where {e1, e, €3,..., €9, 2,41 = £} is an
orthonormal basis of the tangent space at each point of the manifold M and
then taking the summation over 7, 1 <17 < 2n + 1, we get

2n+1

(53) Y [slg e )W, 2)U.€) — gV (w(E e e, 2)U.€)

=1

—gWley, (&) 2)U.€) — gV (e, Z)w(&, €U, )| =
From the equation (3.7), we can easily estimate the followings
(5.4) n(W [ ( +a+ b) — 2na — 2nb — 11 n(Z)n(U)

{2n+1 (Zn +a—|—b> —2nb — 1] 9(Z,U) —aS(Z,U),

2n+1

(5.5) Z Wie,, Z,U,e;) = (1 — b+ 2na)S(Z,U)
2ner 1
—i—{br— o1 (%+a+b)}g(Z,U),
2n+1

(5.6) > nWl(e;, Z)e;) = —2n(1 — a+ 2nb)n(Z)

i=1
2ner 1
— — A
{ar 2n+1(2n+a+b>} n(Z2),
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2n+1

(5.7) Y SW(e,, Z)Use,) = {ar T (i ta+ b> } S(Z,U)

— 2n+1 \ 2n

2

1
~(a+b—1)S2(Z,U) — 2;: 3 <% Ya+t b) 9(Z,U) +bS(Qe;, e,)9(Z,U),

(5.8) > nle)nW(Qe,, 2)U)

=1

cr 1
= —2n [1~|—2nb— T 1 (%#—a%—b)} g(Z,U) —2naS(Z,U)

—2n [1+2n(a+b) - 27::1 <%+a+b)} n(Z)n(U)

and

2n+1

(59 3 Slen ZmW(e )

— o {1 +2n(a +b) — %Ci - (% ta+ b)} 2(Z2)n(U)

cr 1 9
+{1~|—2nb—2n+1 (%+a+b>}S(Z,U)+aS (Z,U).

Now,

(5.10)

2n+1

Z g(w(f, ei)W(eiv Z)U7 5)

— [251 1 (% +a+ b) — 2nb — 1] {(Wlei, Z,U, &) + n(W(ei, Z)U)n(e:) }
—a[SW(ei, Z)U, e;) 4 2nn(W(ei, Z)U)n(e;)]

cr 1 - _ B
= {Qn 1 <% +a+ b) —2nb — 1] Wle;, Z,U, e;) —aSWle;, Z)U, e;)

1 _ _
+ {27;:_ 0 (% +a+ b) —2nb—1— Qnd} nW(, U)Z).

In consequence of (5.5) and (5.7), the equation (5.10) becomes
(5.11)

2n+1

S glelé,e)Wie,, 2)U,€) =

i=1

cr 1 R _
[{Zn—i—l (%—Fa—l—b) —2nb—1}(1+2na—b)




74

KANAK KANTI BAISHYA AND PARTHA ROY CHOWDHURY
—adar (L rats }S(z U) +a(a+b—1)S (2,0)

as ar 2n+ 1 on a s ala s
o (L —2n(a+b) -1 nW(EU)Z)

on+1 \2n MIVAS
cr 1 R - 2ner 1
+ [{2n+1 <%+a+b> —2nb—1} {br— o (%+a+b>}

2
oz 2o (1
{o1Q 57 (3 +o0) oz

Again,
(5.12)

2n+1

> g

i=1

= [271{1—1—271(_)— &

1 _ _
~ 4a ar + 2nb — 2na Z
2n+1<2n+a+b)}+a’r+ nb na} nW(,U)2)
_ 1 _
+2nb [1+2nb— @ (2—+a+b>} 9(Z,U) + 2nabS(Z,U)
n
+ 2nb [1+2n(a+b)— @

2n+1
on + 1 (% ”“’)] n(Z)n(U).

>€i)6i7 Z)Uv g)

By virtue of (5.9), we have

2n+1
(513) Y gW(e,w(é e)Z)U,E)
i=1
_ . ) i
- {2;: : (% +a+ b> — b — 1}n(W(§, U)7)
+2na [1 +2n(a+0b) — QnC:— 7 (% +a+ b)} n(Z)n(U)
1
+a {1 +2nb — 2;1 : <% ta+ b) } S(Z,U) + aaS*(2,U).
Finally,
2n+1
(5.14) Y gW(e, 2wl e)U,E)
=1

- cr 1 -
= {1+2nb— 1 <%+a+b)}g(ei,U)n(W(e Z

2)6)
N {%C: 1 (% fa+ b) ~ ona 1} nW(e, Z)en(U)
+ aS(e;, U)yn(Wie;, Z)§)
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- {2;: . (;n +a+ b> — 2na — 1} nW(e;, Z)e;)n(U).

In view of (5.6), the equation (5.14) turns into

2n+1

(5.15) Y gW(e;, Z)w(€, e,)U,¢)

i=1

__{ cr (i+a+5> —an—l} [2n(1—a—|—2nb)

N on+1\2n

+ {ar - ;”fl (;n ta+ b)}] (U)n(2).

By virtue of (5.4), (5.11), (5.12), (5.13)and (5.15), we obtain from (5.3) that

cr 1 - -
(5.16) [{2n+1(%+a+b)—2nb—1}(1+2na—b)
Cadarr T (L rare) v
a-sar o1 \2n a aar
— 1
2 14+ 2nb—
+na{ + 2nb o™ +1(2n —|—>}
—a{1+2nb— il ( +a+b)}
2n + 1
2ner
+[{2n(1—a+2nb)+ar—2n+1(2n+ —|—b)}
cr 1
—2na —1
x{2n+1(2n+a+b> na }
cr 1
+{ - 1(%+a+b>—2n(a+b)—1}x
_ C 1 _
X{Qn{—b—i— T ( —I—a—i—b)—l—an}—dr}
2n

(Gt o) flawnz

jwpll

cr 1
—2nb—1
+{2n+1(2n+a+b> nb }x
_ G 1 _ _
x{—2n 1+ 2nb— & —+a+b —ar—an}
2n+1 \2n

2 1
e 5 cCr 1 b
a{ Il 2n+1(2n+a+ )}




76 KANAK KANTI BAISHYA AND PARTHA ROY CHOWDHURY

- cr 1
—2nb 4 1+ 2nb — oz
nb{ +2nb 2n—|—1(2n+a+b)} 9(Z,U)
+ab—1)S*(Z,U) = 0.
From (5.16), one can easily bring out the following.

Theorem 5.2. Let (M?" ! g), n > 1 be an LP-Sasakian manifold. Then the
nature of Ricci tensor for respective semi-symmetry type curvature conditions
are given in Table 1.

6. LP-SASAKIAN MANIFOLD SATISFYING THE CONDITION W -5 =0

Let M?" (¢, £, n, g)(n > 1), be an LP-Sasakian manifold, satisfying the
condition

(6.1) W(EY) - S =0,

W(EY)S(Z,U)—-SW(E,Y)Z,U) - S(ZW(EY)U) =0,

(6.2) SW(EY)Z,U)+ S(ZW(EY)U)= 0.
Taking U = ¢ in (6.2) and using (2.9), we get
(6.3) 2nnW(E,Y)Z) + S(ZW(E,Y)E) = 0.

In view of (2.7), (2.9) and (3.7), we have

cr
2n+1

(6.4) nW(E,Y)Z) = { (2177, +a+b) — 2na — 2nb — 1} n(Z)n(Y)

cr 1
—2nb—1 Z.Y)— Z.Y).
+ {Qn—i—l <2n+a~|—b) nb }g( Y)—aS(Z,Y)

(6.5) S(ZW(E,Y)E) [1+2na— 1(21n+a+b>]S(Y,Z)

cr
2n—+1

+2n {1 + 2n(a + b) — (21 —|—a+b>} n(Y)n(Z) +bS*(Y, Z).

By virtue of(6.4) and (6.5), the equation (6.3) yields

I (grrar)] a2y

%[2 - " <2 +a+b) }S(Y,Z)

for all Y, Z where b # 0, provided S?(X,Y) = S(QX,Y).
This leads to Theorem 6.1.

66) (v, 2)="" [
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S=2ng+(5—2n—1)n®mn,

gg;z?tt;éf FExpression for Ricci tensor
& a=b— an Einstein space.
R X)-C= . ;
(gby)a:?): ( S=(g—1)g+(5—2n—nen,
— = 1 an n— Einstein space.
a=9= "5~
R X)-C= . .
(gby)a:z‘;: s S=(z -1 g+(5;-2n-Lnemn,
b 1 an n— Einstein space.
a=v= " on—
R, X)-E=0 (Obtain
gby)a:l_): ( S = 2ng,
Einstein space.
a = b — 0 & _ an
R, X)- P =0 (Obtain
a

by a = b= ! .
. _ﬁ & b an n— Einstein space.
R( ’bX) ) HB: 0 ( S — (r4+4n12)g + {T—QZ(QTH)}U ®n
a=b=2¢ n+ n+- ’
0= by_a_L ¢ an n— Einstein space.
— 7 4n
bya=>b=0 an Finstein space.
& a=b=
E(f’;()zc(;: S=(L£—1)g+(L—2m—1man
o 1 an n— Einstein space.
G =0=—5—
E(%X;):C(;Z S:(#—l)g—i—(#—Qn—l)n@n,
y 1 an Einstein space
a=b=—
2n—
bya=0= an Finstein space.
a=b=0 &
E(i’y)f—};];i S =2ng+(L—2n—1)pan,
- _%’ h— 0 an n— Einstein space.

TABLE 1




78

KANAK KANTI BAISHYA AND PARTHA ROY CHOWDHURY

H

Curvature condition

H Expression for Ricci tensor

E(& X)-H

=0 (Obtam

r+4n? r—2n(2n
§= () ot { B e

a = _ﬁ & c=1) an n— FEinstein space.
b(;(s’_g_ _O(Obiaﬁl 252:(7"+2n)g—|—(7"—2n)77®77
= V= T 67 iy~
& a=b=c=0)
C , X C =0 (Obtain
2 21O o= )5 = () Q JP-2mg
a:b:—%ll & c=0) —2nrn @ n + 2nS°.
b§<§>_ ) =P (Obein (20 —1)S = (| @ |[*~2n)g
a=b= -1 & e=1) H{E - @arrfnen— s
2n—1
bc(f, 2 E= ?(Obtam 2S:(T+2n)g+82
ya=0=— n—1~ C= r
& a=b=c=0) +<2”—T>{m—1}77®77-
C(6,X)-P=0 (Obt B
CEX) P=D (Ohaim | 95 = (r 4 2n)g + (5-2n— D@1
T +52.
a=—5-, b=0 & c=0)
C(6,X)-H=0 (Obt N R
et s e ey | s (et £ 1Q 1)
a:b:—%%&?c: ) +(4n 2 )77@77 ( +R)S'
P@’_X)_.IR_Q_(Obtflﬁ?’ %_ 2n g
bya=—5-, b=0,c= )
& a=—b=c=0) ——2n—1 77®77+ L g2,
P&, 0 (Obt n n 2
by%:)%, b:(o,am_no S = (= =55 g
a=b=—1t: & c=0) | +{HFr—n+1)pnon+s
P, X)-C =0 (Obtain 4n+15— n (2n—|—1)}2n®77
bya=—z, b=0,=0 —52 (—n—%)(i—l)g
a=b=—53 & c=1) L2 HQ||2>
PEX) F=0 (Otan T it — (1~ 0) g
Yya= 2n’ =y, c= 2 1 52
a=b=0 & c= ) 2n+1 2n (n+ }77®77 :
P, X)- P =0 (Obtain
bya=—5, b=0,c= (1—2n)S =(r —4n?)g — S*
a=—5b=0 & c=0)
P X)-H=0 (Obta
(&) =0 (Oan s = (n— &y Q) g+
bya =—5-, b=0,c=0 +L(1+L)S2
a:b:—i & ¢=0) 2n 4n :

TABLE 2
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H Curvature condition

H Expression for Ricci tensor

X =0 (Obtar
H(EX) - =0 (Oblai s (s
bya = b = e €=0 +(L__) ® n— 52
& a = = C = ) 4n T] 77
H(¢,X)oC =0 (Obtain wilg {%r —p— LQE } g
bya=b=—-L, c= ‘ " g
a= :—2n114& c=0) +{4221 — ol }n®n+2n52
H(€7 X) =0 (Obtaln 1-2nqg _ (.r 1 Q2
a=b=0 & c=1) 2n 2 4n(2n+1)77 -
H(, X)-P=0 (Obtain —om ,
by(a :)b = —f,( c=0, %S = (3;—n)g ) 52
=—5, b=0 & ¢=0) Ha{2n + 1= ®@n—y
H(, X)-H =0 (Obtain S:% (1+R) S?
bya=b=-z, =0 | +(n-gz[QI")g
a=b=—5 & c=0) + 4Tn ) p @ .
C,X)-R=0 (Obtain .
b(%:)l_): ;(c:l (2—%)S:2ng—52
/ N +(r—2n)n®n
a=b=c=0) :
C(f,X)_C':0(Obtazn (2n—1-7)5=
iz b=—tc=1 | {(r—5)-20+1QI}g
a:b:—znl_l,c:()) +(r——>n®n—2n52
by a = b: =1 9
a=b= o cl0) {(r——)—2n+||@||} .
C(,X)-P=0 (Obtai
eI | emg)s=me-s
2n—1° P o
a = — 2n7b—c_0) +(2n 1)(2n+1 )77®7I
fy(i’f)b:__o_mbf‘znl 2— )8 =2ng— S
a=b= 0, f;n;li) + (ﬁ ) {2n(2n + 1) - 2nr+1 } n&n.
LiG@Gn+ ) —(r+2)t S
C§,X)-H —Ol(Obtam l—((2+L2)?g2 4n>}
bya=b=-gpc=1 e ol
a:b:—ﬁ,c—()) +{% 1—%)+2n+ o }g
+(=-2n-1)(1-L)n®y

TABLE 3
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Theorem 6.1. Let M*" " (¢, £, n, g) be an LP-Sasakian manifold with W-S=
0. Then the Ricci tensor S admit the relation (6.6) provided b # 0.

Now, for b = 0, the equation (6.6) reduces to

(6.7) [ani : (;n + a) - 1] (S(Y, Z) — 2ng(Y, Z)} = 0.
(‘6.78) S(Y, Z)=2ng(Y, Z) or 2;: : (% + a> 140

Theorem 6.2. Let M*" (¢, &, n, g)(n > 1), be a LP-Sasakian manifold. Then
the following conditions are equivalent:

(a) M is a is an Einstein space.
(b) M is Ricci symmetric i.e., V.S = 0.
(c) P(§,X)-S=0 (orE(§,X)-S=0) forall X € x(M).

Ezample 6.3. (see [24, p. 286-287]) Let M3(¢, &, n, g) be an LP-Sasakian man-
ifold (M3, g) with a ¢-basis
0

e=¢e"—, gpe = — § —, where « is non-zero constant.

ox

Then from Koszul’s formula for Lorentman metric g, we can obtain the Levi-
Civita connection as follows

V€ = ge, Vepe =0, Ve = =€,
Vg€ = e, Vsepe = ae’e, Vsee = ae®oe,
ng = 0, Vggbe = 0, Vge =0.

Using the above relations, one can easily calculate the non-vanishing com-
ponents of the curvature tensor R, Ricci tensor S, scalar curvature r and
generalized quasi-conformal curvature tensor W as follows

R(pe, £)é= —oe, R(e,£)¢ = —e,  R(e, ¢e)pe = (1 — a’e*)e,
R(¢e,&)pe= =€, R(e,§)e =~ Re,ge)e = —(1 - a’e™)ge,
S(e,e)= —a*e*, S(ge, pe) = —ae”, S(6,8) = =2, 1 =2(1 — a’e¥),
<€,£)§: _)‘167 W(¢e )5 1¢e
W<€7£)€: _>\2§> W((b@,f)(b@ 267
W(e, pe)pe= Ase, W(e, pe)e = —A\;0e,
w(€7§)§: _f‘lev w(¢67£)§ 1¢6
w(eag)ez _)‘2& w(gbe,f)gb 2€a

where,

A= |1+ 2a — ba’e* — 3(1 + 2a + 2b)(1 — 2622)] :
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Ao = |1 — 22Z+2b—§( + 2a + 2b)(

el
As = :(1—0&262'2) (1— g) (a + b)a? 22( 1)}
)|

22
A= |1+ 2a— b262z—3(1+2a+2b o’e*)

o = 1 — Gae® b — 5(1 +2a+2b)(1 — 2622')]

and the components which can be obtained from these by the symmetry prop-
erties. we calculate the covariant derivatives of the non-vanishing components
of the curvature tensor as follows:

(w(e, ) W)(ge,§)de = M(A—Aa)e,  (w(e, &) W)(e, pe)de = Ay (A, —A3)¢,
(w(e,&)-W)(e, pe)e =0, (w(e, &) W) (e, de)é = (A Aa—A1A3) e,

(w(de, £)W)(e, pe)é = (MA3—A1A2)e, (w(ge, &) W) (e, E)e = A (A\y—A3),

(w(pe, &) W) (e, pe)pe = 0, (w(ge, &) W) (e, E)pe = (A Aa—A1 \a) e,

(w(ge, ) W)(e, pe)e = Aa(Ag=A2)E,  (w(e, &) W)(e, E)e = (M Aa—Aido)e,
(w(e, ) W)(ge, e = (\As—Md)s,  (w(de, §)W)(de, e =0,
(w(e,)W)(e,§)de =0, (w(ge,§)W)(e,€)de = (M Az—Aids)e.

From the above it is clear that the manifold (M ® ¢) under consideration is
a semi-symmetry type LP-Sasakian manifold if \; = Ay = A3.

Lemma 6.4. There exists a semi-symmetry type LP-Sasakian manifold pro-
vided >\1 = /\1, )\2 >\2 /\3 = )\3
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