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Globally linked pairs of vertices in rigid frameworks

Bill Jackson*, Tibor Jordan™, and Zoltan Szabadka***

Abstract

A 2-dimensional framework (G,p) is a graph G = (V, E) together with a
map p: V — R%. We consider the framework to be a straight line realization
of G in R?. Two realizations of G are equivalent if the corresponding edges in
the two frameworks have the same length. A pair of vertices {u, v} is globally
linked in G if the distance between the points corresponding to v and v is the
same in all pairs of equivalent generic realizations of G.

In this paper we extend our previous results on globally linked pairs and
complete the characterization of globally linked pairs in minimally rigid graphs.
We also show that the Henneberg l-extension operation on a non-redundant
edge preserves the property of being not globally linked, which can be used
to identify globally linked pairs in broader families of graphs. We prove that
if (G,p) is generic then the set of globally linked pairs does not change if we
perturb the coordinates slightly. Finally, we investigate when we can choose a
non-redundant edge e of G and then continuously deform a generic realization
of G — e to obtain equivalent generic realizations of G in which the distances
between a given pair of vertices are different.

1 Introduction

We shall consider finite graphs without loops, multiple edges or isolated vertices. A
d-dimensional framework is a pair (G, p), where G = (V, E) is a graph and p is a map
from V to R?. We consider the framework to be a straight line realization of G in
R?. Two frameworks (G, p) and (G, q) are equivalent if ||p(u) — p(v)|| = ||q(u) —q(v)]]|
holds for all pairs u,v with uv € E, where ||.|| denotes the Euclidean norm in R
Frameworks (G, p), (G, q) are congruent if ||p(u) — p(v)|| = ||¢(u) — q(v)|| holds for all
pairs u, v with u,v € V. This is the same as saying that (G, ¢) can be obtained from
(G, p) by an isometry of R%

We say that (G, p) is globally rigid if every framework which is equivalent to (G, p)
is congruent to (G,p). The framework (G,p) is rigid if there exists an ¢ > 0 such
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Section 1. Introduction 2

that, if (G, q) is equivalent to (G, p) and ||p(u) — q(u)|| < € for all v € V, then (G, q)
is congruent to (G, p). Intuitively, this means that if we think of a d-dimensional
framework (G, p) as a collection of bars and joints where points correspond to joints
and each edge to a rigid bar joining its end-points, then the framework is rigid if it
has no non-trivial continuous deformations (see [I1], 33, Section 3.2]). It seems to be
a hard problem to decide if a given framework is rigid or globally rigid. Indeed Saxe
[26] showed that it is NP-hard to decide if even a 1-dimensional framework is globally
rigid and Abbot [1] showed that the rigidity problem is NP-hard for 2-dimensional
frameworks. These problems become more tractable, however, if we consider generic
frameworks i.e. frameworks in which there are no algebraic dependencies between the
coordinates of the vertices.

It is known, see [33], that the rigidity of frameworks in R? is a generic property, that
is, the rigidity of (G, p) depends only on the graph G and not the particular realization
p, if (G, p) is generic. We say that the graph G is rigid in R? if every (or equivalently,
if some) generic realization of G in R? is rigid. The problem of characterizing when
a graph is rigid in R? has been solved for d = 1,2 (and is a major open problem for
d > 3). See Section 2 for more details.

A similar situation holds for global rigidity: the problem of characterizing when
a generic framework is globally rigid in R¢ has also been solved for d = 1,2. A 1-
dimensional generic framework (G, p) is globally rigid if and only if either G is the
complete graph on two vertices or GG is 2-connected. The characterization for d = 2
is as follows. We say that G is redundantly rigid in R? if G — e is rigid in R? for all
edges e of G.

Theorem 1.1. [I77] Let (G, p) be a 2-dimensional generic framework. Then (G, p) is
globally rigid iof and only if either G is a complete graph on two or three vertices, or
G is 3-connected and redundantly rigid in R?.

It follows that the global rigidity of d-dimensional frameworks is a generic property
when d = 1,2. Gortler, Healy and Thurston [[3] proved that this holds for all d > 1.
We say that a graph G is globally rigid in R? if every (or equivalently, if some) generic
realization of G in R? is globally rigid. As for rigidity, it is an important open
problem to characterize globally rigid graphs when d > 3. Hendrickson [14] showed
that redundant rigidity and (d+ 1)-connectivity are necessary conditions for all d > 1
(provided G has at least d + 2 vertices) but there are examples showing that these
conditions are not sufficient when d > 3, see [5], [d].

We refer the reader to [[2, I8, B3] for a detailed survey of rigid and globally rigid
d-dimensional frameworks and their applications.

We will consider properties of 2-dimensional generic frameworks which are weaker
than global rigidity. We assume henceforth that d = 2, unless specified otherwise.
A pair of vertices {u,v} in a framework (G,p) is globally linked in (G,p) if, in all
equivalent frameworks (G, q), we have ||p(u) —p(v)|| = ||¢(u) — q(v)||. The pair {u,v}
is globally linked in G if it is globally linked in all generic frameworks (G, p). Thus
G is globally rigid if and only if all pairs of vertices of G are globally linked. Unlike
global rigidity, however, ‘global linkedness’ is not a generic property in R? . Figures [I
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Section 1. Introduction 3

and B give an example of a pair of vertices in a rigid graph G which is globally linked
in one generic realization, but not in another.

We initiated the study of globally linked pairs in [19]. We next summarize the main
results and conjectures from this paper.

The Henneberg I-extension operation [I5] (on edge zy and vertex w) deletes an
edge zy from a graph H and adds a new vertex z and new edges zx, zy, zw for some
vertex w € V(H) — {x,y}. We showed that the l-extension operation preserves the
property that a pair of vertices is globally linked as long as H — zy is rigid.

Theorem 1.2. [19] Let G, H be graphs such that G is obtained from H by a 1-
extension on edge xy and verter w. Suppose that H — xy is rigid and that {u,v} is
globally linked in H. Then {u,v} is globally linked in G.

u

Figure 1: A realization (G, p) of a rigid graph G in R%. The pair {u,v} is globally
linked in (G, p).

Let H = (V, E) be a graph and z,y € V. We use kg (x,y) to denote the maximum
number of pairwise openly disjoint xy-paths in H. Note that if xy ¢ E then, by
Menger’s theorem, kg (x,y) is equal to the size of a smallest set S C V(H) — {z,y}
for which there is no xy-path in H — S.

Lemma 1.3. [19] Let (G,p) be a generic framework, z,y € V(G), xy ¢ E(G), and
suppose that kg (x,y) < 2. Then {x,y} is not globally linked in (G, p).

w
) u U
D w
v
x v x
Figure 2: Two equivalent realizations of the rigid graph G of Figure [, which show
that the pair {u,v} is not globally linked in G in R2.
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Section 1. Introduction 4

We used Theorem I and Lemma I=3 to characterize globally linked pairs for
the family of M-connected graphs i.e graphs whose 2-dimensional rigidity matroid is
connected (see Section 2 for formal definitions). This family lies strictly between the
families of globally rigid graphs and redundantly rigid graphs.

Theorem 1.4. [19] Let G = (V, E) be an M-connected graph and x,y € V. Then
{z,y} is globally linked in G if and only if kg(x,y) > 3.

An M -component of a graph G is a maximal M-connected subgraph of G. Theorem
[ has the following immediate corollary.

Corollary 1.5. [19] Let G = (V, E) be a graph and x,y € V. If either zy € E, or
there is an M-component H of G with {z,y} C V(H) and ky(x,y) > 3, then {z,y}
is globally linked in G.

We conjectured that the converse is also true.

Conjecture 1.6. [19] The pair {x,y} is globally linked in a graph G = (V, E) if and
only if either xy € E or there is an M-component H of G with {x,y} C V(H) and
ky(z,y) > 3.

A redundantly rigid component of a graph G is a maximal redundantly rigid sub-
graph of G (see Section 2). We showed in [19] that Conjecture 8 is equivalent to
two other conjectures concerning the redundantly rigid components of G.

Conjecture 1.7. [T9] Suppose that {x,y} is a globally linked pair in a graph G. Then
there is a redundantly rigid component R of G with {z,y} C V(R).

Conjecture 1.8. [19] Let G be a graph. Suppose that there is a redundantly rigid
component R of G with {z,y} C V(R) and {x,y} is globally linked in G. Then {x,y}
15 globally linked in R.

The Henneberg 0-extension operation on vertices x,y in a graph H adds a new
vertex z and new edges xz,yz to H. We showed that the 0-extension operation
preserves the property that a pair of vertices is not globally linked.

Lemma 1.9. [19] If {u,v} is not globally linked in H and G is a 0-extension of H
then {u,v} is not globally linked in G.

The purpose of this paper is to extend the results of [IY] in several directions.
In Section B we prove that the 1-extension operation preserves the property that a
pair of vertices is not globally linked whenever it is applied to a non-redundant edge
in an arbitrary rigid graph. We use this to deduce that Conjecture @ holds for
minimally rigid graphs. (Since the M-connected components of a minimally rigid
graph are all isomorphic to K5 this is equivalent to showing that a pair of vertices in a
minimally rigid graph is globally linked if and only if they are adjacent.) We consider
frameworks with the property that all equivalent frameworks are infinitesimally rigid
in Section @. We show that for such a framework (G,p), the number of equivalent
pairwise non-congruent frameworks does not increase if we make small perturbations
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to the positions of its vertices. This extends a result of Connelly and Whiteley [6] on
infinitesimally rigid globally rigid frameworks. We deduce that, if G is minimally rigid
or p is generic, then the set of globally linked pairs in (G, p) does not change if we
make small perturbations to the positions of its vertices. In Section B we investigate
when we can choose a non-redundant edge e in a graph G and then continuously
deform a generic realization of G — e to obtain equivalent generic realizations of G in
which the distances between a given pair of vertices are different.

2 Preliminaries

In this section we summarize the definitions and results from rigidity theory that we
shall use later.

2.1 The rigidity matroid

The rigidity matroid of a graph G is a matroid defined on the set of edges of G which
reflects the rigidity properties of all generic realizations of G. We will need basic
definitions and results on this matroid to define M-connected graphs.

Let (G,p) be a realization of a graph G = (V,E). The rigidity matriz of the
framework (G, p) is the matrix R(G, p) of size |E|x2|V|, where, for each edge v;v; € E,
in the row corresponding to wv;v;, the entries in the two columns corresponding to
vertices v; and v; contain the two coordinates of (p(v;) — p(v;)) and (p(v;) — p(v;)),
respectively, and the remaining entries are zeros. See [33] for more details. The rigidity
matrix of (G, p) defines the rigidity matroid of (G, p) on the ground set E by linear
independence of rows of the rigidity matrix. Any two generic frameworks (G, p) and
(G, q) have the same rigidity matroid. We call this the rigidity matroid R(G) = (E,r)
of the graph G. We denote the rank of R(G) by r(G). Gluck characterized rigid graphs

in terms of their rank.

Theorem 2.1. [11] Let G = (V,E) be a graph. Then G is rigid if and only if
r(G) =2|V| - 3.

We say that a graph G = (V, E) is M-independent if E is independent in R(G).
Knowing when subgraphs of GG are M-independent allows us to determine the rank of
G. This can be accomplished using the following characterization of M-independent
graphs due to Laman. For X C V' let Eg(X) denote the set, and ig(X) the number,
of edges in GG joining vertices in X.

Theorem 2.2. [Z1] A graph G = (V, E) is M-independent if and only if ic(X) <
2| X| =3 for all X CV with | X| > 2.

A graph G = (V| E) is minimally rigid if G is rigid, but G — e is not rigid for all
e € E. Theorems 21 and 22 imply that G is minimally rigid if and only if G is
M-independent and |E| = 2|V| — 3. Note that, if G is rigid, then the edge sets of the
minimally rigid spanning subgraphs of G form the bases in the rigidity matroid of G.
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2.2  M-connected graphs and M-components 6

A pair of vertices {u, v} in a framework (G, p) is linked in (G, p) if there exists an
¢ > 0 such that, if (G, ¢) is equivalent to (G, p) and ||p(w) — qg(w)|| < € for all w € V,
then we have ||p(u) — p(v)|| = ||¢(u) — q(v)||. Using Theorems 270 and 272, it can be
seen that this is a generic property and that {u,v} is linked in a generic framework
(G,p) if and only if G has a rigid subgraph H with {u,v} C V(H).

A compact characterization of all linked pairs can be deduced as follows. We define
a rigid component of G to be a maximal rigid subgraph of G. It is well-known (see
e.g. [I'4, Corollary 2.14]), that any two rigid components of GG intersect in at most one
vertex and hence that the edge sets of the rigid components of G partition the edges
of G. Thus {u, v} is linked in a generic framework (G, p) if and only if {u,v} C V(H)
for some rigid component H of G.

Recall the definitions of the 0- and 1-extension operations from Section 1. The
basic result about 0-extensions is the following.

Lemma 2.3. [32] Let G be a graph and let H be obtained from G by a 0-extension.
Then H s minimally rigid if and only if G is minimally rigid.

It is known that the l-extension operation preserves rigidity [32]. We shall need
the following lemma about the inverse operation of l-extension on minimally rigid
graphs.

Lemma 2.4. [32] Let G = (V, E) be a minimally rigid graph and let v € V be a
verter with d(v) = 3. Then v has two non-adjacent neighbours u,w such that the
graph H = G — v + uw is minimally rigid.

By observing that a minimally rigid graph has a vertex of degree two or three, it
follows that a graph is minimally rigid if and only if it can be constructed from an
edge by a sequence of 0-extensions and 1-extensions.

2.2 M-connected graphs and M-components

Given a graph G = (V, E), a subgraph H = (W, () is said to be an M-circuit in G if
C'is a circuit (i.e. a minimal dependent set) in R(G). In particular, G is an M -circuit
if £ is a circuit in R(G). Using Theorem 22 we may deduce that G is an M-circuit
if and only if |E| = 2|V| — 2 and G — e is minimally rigid for all e € E. Recall that a
graph G is redundantly rigid if G — e is rigid for all e € E. Note also that a graph G
is redundantly rigid if and only if G is rigid and each edge of G belongs to a circuit
in R(G) i.e. an M-circuit of G.

Any two maximal redundantly rigid subgraphs of a graph G = (V, E) can have
at most one vertex in common, and hence are edge-disjoint (see [I7]). Defining a
redundantly rigid component of G to be either a maximal redundantly rigid subgraph
of G, or a subgraph induced by an edge which belongs to no M-circuit of G, we deduce
that the redundantly rigid components of G partition E. Since each redundantly rigid
component is rigid, this partition is a refinement of the partition of E given by the
rigid components of G. Note that the redundantly rigid components of G are induced
subgraphs of G.
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Given a matroid M = (E,Z), we define a relation on E by saying that e, f € E are
related if e = f or if there is a circuit C' in M with e, f € C. It is well-known that
this is an equivalence relation. The equivalence classes are called the components of
M. If M has at least two elements and only one component then M is said to be
connected.

We say that a graph G = (V,E) is M-connected if R(G) is connected. Thus
M-circuits are examples of M-connected graphs. Another example is the complete
bipartite graph K3, which is M-connected for all m > 4. (This follows because K34
is an M-circuit and any pair of edges of K3, are contained in a copy of K34.) The M-
components of G are the subgraphs of G induced by the components of R(G). Since
each M-component with at least two edges is redundantly rigid, the partition of E
given by the M-components is a refinement of the partition given by the redundantly
rigid components of G. Note that the M-components of G are induced subgraphs.
For more examples and basic properties of M-circuits and M-connected graphs see
3, 7).

Note that the rigid components, redundantly rigid components, and M-components
of a graph can all be determined in polynomial time, see for example [3].

2.3 Rigidity, infinitesimal rigidity, and flexes

In this subsection we consider d-dimensional frameworks for arbitrary d > 1. Let
(G, p) be a d-dimensional framework. A flexing of the framework (G, p) is a continuous
function 7 : (—1,1) x V — R< such that 7y = p, and such that the frameworks (G, p)
and (G, m;) are equivalent for all t € (—1,1), where m; : V — R% by 7;(v) = 7(t,v) for
all v € V. The flexing 7 is trivial if the frameworks (G, p) and (G, m;) are congruent
for all t € (—1,1). A framework is said to be flexible if it has a non-trivial flexing. It
is known [2, 1] that non-rigidity, flexibility and the existence of a non-trivial smooth
flexing are all equivalent.

The first-order version of a flexing of the framework (G, p) is called an infinitesimal
motion. This is an assignment of infinitesimal velocities to the vertices, p : V — R¢
satisfying

(p(u) — p(v))(p(u) — p(v)) = 0 for all pairs u, v with uv € E. (1)

If 7 is a smooth flexing of (G, p), then 7o := 4% |,_¢ is an infinitesimal motion of (G, p).
A trivial infinitesimal motion of (G, p) has the form p(v) = Ap(v) + b, for all v € V,
for some d x d antisymmetric matrix A and some b € R?. It is easy to see that these
are indeed infinitesimal motions. A framework (G, p) is infinitesimally flexible if it
has a non-trivial infinitesimal motion, otherwise it is infinitesimally rigid.

The set of infinitesimal motions of a framework (G, p) is a linear subspace of R4"!,
given by the system of |E| linear equations (1). The matrix of this system of linear
equations is the rigidity matriz R(G,p) of (G, p) defined earlier. The rigidity map for
a graph G = (V, E) is the map fq : RVl — RIZI given by

fa(p) = (- llp(u) = p()[%,...).
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Figure 3: Two regular realizations of a graph GG. The first one is globally rigid, but
the second is not, since it can fold around one of the diagonals.

Note that the Jacobian of fg at a point p € RIVI4 is given by 2R(G, p).

Gluck [IT] proved that if a framework (G, p) is infinitesimally rigid, then it is rigid.
The converse of this is not true in general, but if we exclude certain ’degenerate’
configurations, then rigidity and infinitesimal rigidity are equivalent. In order to
establish this, let us recall some notions from differential topology. Given two smooth
manifolds, M and N and a smooth map f : M — N, we denote the derivative of f
at some point p € M by df|,, which is a linear map from T, the tangent space
of M at p, to Ty, N. Let k be the maximum rank of df|, over all ¢ € M. A point
p € M is said to be a regular point of f, if rank df|, = k, and a critical point, if
rank df|, < k. We say that a framework (G, p) is regular, if p is a regular point of fg.
Using the inverse function theorem, it can be shown (see for example [2, Proposition
2]) that if (G, p) is a regular framework, then there is a neighbourhood U, of p, such
that f5'(fa(p)) NU, is a manifold, whose tangent space at p is the kernel of df,. This
has the following corollary.

Theorem 2.5. [2] Let (G,p) be a regular framework. If (G,p) is infinitesimally
flexible, then it is flexible. Furthermore, if p is a non-trivial infinitesimal motion of
(G,p), then there is a non-trivial smooth flexing © of (G,p) such that 7o = p.

Since the rank of the rigidity matrix for a given graph G is constant on the set of
regular points of fg and infinitesimal rigidity of a framework (G, p) depends only on
the rank of R(G, p) it follows that if a regular framework (G, p) is infinitesimally rigid,
then all other regular frameworks (G, ¢) are infinitesimally rigid as well.

3 1-Extensions and globally linked pairs

In this section we prove that the 1-extension operation preserves the property that a
pair of vertices is not globally linked assuming that it is performed on a non-redundant
edge. By using this result we shall complete the characterization of globally linked
pairs in minimally rigid graphs.

Given a field K C C we use K to denote the algebraic closure of K. We say
that a point P = (z,y) € C? is generic over K, if the set {z,y} is algebraically
independent over K. To prove the framework extension result of this section, we need
a lemma concerning polynomials whose zeros are algebraically dependent over K. For
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a polynomial f € K[X1, X;], we denote the set of zeros of f in K? by V(f, K). We
will use the following facts concerning two polynomials f, g € K[X;, X,].

Fact 1: if g is irreducible over an algebraically closed subfield of C then g is irreducible
over C, see [I6, page 76, Corollary to Theorem IV].

Fact 2: if V(f, K)NV (g, K) is infinite then f and g have a non-trivial common factor
in K[X7, Xy, see [0, Chapter 1, Proposition 2].

Lemma 3.1. Let L be an algebraically closed subfield of C and K = L NR. Suppose
that g € K[X1, Xy| is irreducible over K. Then g is irreducible over R.

Proof. Let g = ¢19s...9,» be the factorization of ¢ into irreducible factors over L.
Then g = g192...9m is also the factorization of g into irreducible factors over C by Fact
1. Now suppose that g = hyhs is a non-trivial factorization of g over R. Relabeling if
necessary and using the fact that C[X;, X3] is a unique factorization domain we have
hi1 = ¢192...9s and ho = gs119s19..-gm for some 1 < s < m — 1. This implies that
hi,he € L[X;, X3]. Since we also have hy, hy € R[X7, X5] we get hy, he € K[X7, X5].
This contradicts the irreducibility of g over K. °

Lemma 3.2. Let L be a countable algebraically closed subfield of C, K = LNR, and
f € R[Xy, Xy] be irreducible over R. Suppose that V(f,R) is uncountable and each
(x1,22) € V(f,R) is algebraically dependent over K. Then there exists A € R\ {0}
such that \f € K[X1, Xy].

Proof. Since each (z1,x2) € V(f, R) is algebraically dependent over K, each (x1,x2) €
V(f,R) is a root of an irreducible polynomial in KX, X5|. Since K[X;, X3| is count-
able and V(f,R) is uncountable there exists an irreducible polynomial g € K[X7, X5]
such that V(f,R) NV (g,R) is uncountable. Since L is algebraically closed, Lemma
B0 implies that ¢ is irreducible over R. Since V(f,R) NV (g,R) is infinite, Fact 2
implies that f and ¢g have a non-trivial common factor in R[X;, X5]. Since they are
both irreducible over R, we have f = Ag for some A € R\ {0}. °

A framework (G, p) is quasi-generic if it is congruent to a generic framework. It is
in standard position with respect to two vertices (vy,vq) if p(vy) lies at the origin and
p(v2) lies on the second coordinate axis. We may use a translation and a rotation to
transform every framework to a congruent framework which is in standard position
with respect to any two given vertices. The next result determines what happens
when we apply such a transformation to a quasi-generic framework.

Lemma 3.3. [19, Lemma 3.5] Let (G,p) be a realisation of a graph G = (V, E)
where V- = {vy,vs,...,v,}. Let (G, q) be a congruent realisation which is in standard
position with respect to (vi,vq). Suppose q(v;) = (x;,y;) for 1 < i < n (so z; =
yos = g = 0). Then (G,p) is quasi-generic if and only if {ya, x3,Y3, ..., Tn,Yn} is
algebraically independent over Q.

The following rather technical lemma is fundamental to our proof that constructing
a l-extension by deleting a non-redundant edge from a graph H preserves the property
that two given vertices of H are not globally linked.
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Lemma 3.4. Let G = (V, E) be a graph and v be a vertex of G of degree three with
neighbour set {u,w, z}. Let (G —v,p) and (G —v,q) be equivalent frameworks which
are in standard position with respect to (u,w). Suppose that p is quasi-generic, q(u),

q(w) and q(z) are not collinear, and ||q(u) —q(w)||* ¢ Q(p). Then there are equivalent
frameworks (G, p*) and (G, q*) where p* is quasi-generic, p*|ly_, = p and ¢*|y_, = q.
Proof. Let L = Q(p) and K = LNR. We have p(u) = (0,0), p(w) = (0,ps),
p(z) = (P4, ps), q(u) = (0,0), ¢(w) = (0,g3) and ¢(z) = (g4,¢5). Since g(u), g(w) and
q(z) are not collinear, g3 # 0 # g4. Moreover ¢3 = ||q(u) — q(w)||* ¢ K. By reflecting
the configuration ¢ on the second coordinate axis, if necessary, we may assume that
¢4 # psa. By Lemma B33, {ps, p4, p5} is algebraically independent over Q.

We call a point (py,ps) € R? feasible, if there exists a point (g1,q2) € R?, such
that the extended frameworks (G,p*) and (G, ¢*) are equivalent, where p*|y_, = p,
T*lv_v =q, p*(v) = (p1,p2) and ¢*(v) = (q1,q2). We will prove the lemma by finding
a feasible point that is generic over K and then applying Lemma B=3.

The set of feasible points can be described by the following system of equations:

G+ a5 =i+ p3 (2)
¢} + (g2 — g3)* = pi + (P2 — p3)° (3)
(1 — @)+ (@2 = 5)° = (p1 — pa)* + (P2 — ps)°. (4)
Equations (2) and (B) give
2 .9
q3 — p3 + 2paps
— ) 5
q2 2s ( )

Equations (2), (@) and (5) now give

a2 —p3+2paps )

G5 + G — Pi — D3+ 2p1pa + 2paps — qs(B ©

244
We can use (B) and (B) to eliminate ¢, ¢; from (2) and obtain

q1 =

14303(¢; + @5 — Py — p3) = aupi + axps + aepips + a1pr + aspa +ag =0 (7)

where

an = 4¢;(pi — 4i)
az = 4q3(p5 — q3) + 4(gsps — pss)’
12 = 8paqs(qsps — Pads)
ay = 4pags(gs(r + 5) — ¢5(¢3 — p3))
az = 4(qsps — pss)(a3(r + 8) — a5(a3 — 13)) + 4p3di (a3 — p3)
ao = (g3(r + 5) — gs(q5 — p3))* + ¢ (a5 — p3)°
taking r = ¢7 — p3 and s = g2 — pZ. Note that any real solution (p;,ps) to (@) gives a

real solution (qq,¢2) to (H) and (B). Thus the set of feasible points is the set of points
lying on the conic f = 0 where

f = CL11X12 + CL22X22 4+ 19 X1 X9 + a1 X1 + a2 Xo + qg € R[Xl, XQ]
Note that since ¢ € K we have g2 # p3, and since g4 # 0, this gives ag > 0.
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Claim 3.5. The conic f =0 is not empty and is not a single point.

Proof. Since q4 # p4, the conic contains the point

A - (P3+Q3 7’+3—(p3+Q3)(p5—Q5))
2 2(ps — qu)

and hence is not empty. If ¢4 # —p4 then it also contains the point

B— (P3—Q3 7"+5—(p3—Q3)(P5+C]5))
2 2(ps + qu) 7

and A # B since g3 # 0. Hence we may suppose that ¢4 = —p,. In this case a;; = 0.
Thus f 7é (b1X1 — b2)2 + (b3X2 - b4)2 for all bl, bg, bg, b4 eR with b1 7é 0 7é b3 so the
conic cannot be a single point. °

Let us suppose indirectly, that:
no point on the conic f = 0 is generic over K. (8)

Since this conic is not empty, and is not a single point, it follows from the classification
of conics that it is either an ellipse, a parabola, a hyperbola or the union of two lines.
Applying Lemma B2 to the irreducible components of f we deduce that there is a
A € R\ {0}, such that A\f € K[X;, X5]. Hence

{)\all, )\alg, )\(122, )\CLl, /\GQ, )\(Io} Cc K. (9)
Claim 3.6. ¢2 = p? and a;; = 0.

Proof. Suppose that g7 # p3. Consider the following two polynomials g, h € R[X]:

g = ah(psaly —4ai)X° + 8ptan [piassal, + 2ai(an — az) — 2a3a0] X7
+16piat; [4(a1 — as)ao + piaz, + ai] X + 64pfat;ao,
h = (dpigiat; — dsplanan — s°aiy) X — dpipidiai;.

Since ¢ # 0 and ¢3 # p3, a;; # 0. The fact that ps,ps, qq, ag are non-zero now
implies that the constant terms of both g and h are non-zero and hence neither h nor
g is identically zero. Substituting all coefficients with their appropriate expressions
we see that g(¢? — p3) = 0 and h(q3) = 0. We have \g € K[X] by (8). Since
g(2—p2) =0, ¢; —p? € Q(p) and hence ¢, € Q(p). Thus ¢4 € K. This and (8) imply
that A>h € K[X] and we may use a similar argument to deduce that ¢3 € K, which
is a contradiction. Hence g7 = p3 and ay; = 0. .

Claim 3.7. a12 7é 0.
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Proof. Suppose aja = 0. Then gsps — p3gs = 0, ase = 4p3(p3 — ¢3), and agy # 0 since
q3 # p3. Consider the polynomial

g= p5(p3 —p5)a22X - p§p4a1 S R[X]

Since ag # 0, ¢ is not identically zero. On the other hand g(¢5) = 0. We may now
use (H) to deduce that \g € K[X] and the argument of Claim B gives ¢5 € K, which
is a contradiction. °

Claim 3.8. FEither qs € K or there is p € K such that q5s = ugs.

Proof. Suppose 2a; + pzais # 0. Substituting all coefficients with their appropriate
expressions we see that

A ([2pa(az + psaze) — ps(2a1 + psais)] g3 + p3(2a; + psaiz)gs) = 0.

We may now use (8) to deduce that g5 = pgs for some p € K.
Hence we may suppose that

2a1 + p3ar2 = 8paqs(qs — q3qs — ps + paps) = 0,

and thus ¢2 — q3qs = p? — psps. In this case ¢2 is a zero of the following polynomial
g € RIX]:

9= [((pz —ps)° = pi)ara + 2pa(ps — p5)a22} X+
[(ps(ps — ps)(P3 — D3 — 2psps) + P3p3)are + 2pspa(ps — ps) az] X+
P3(ps — ps)* (P2 — pi)ara — 2pspaass).

We may now use (8) and the argument of Claim B8 to deduce that A\g € K[X], and
hence that g5 € K, as long as g is not identically zero. Let us suppose indirectly, that
g = 0. Equating the coefficient of X? and the constant term of g to zero gives the
following system of linear equations for ais, ass:

[(ps —ps)* —pilais + 2ps(ps —ps)aze = 0
(pg - pi) a2 — 2p5p4 Aoo = 0.

Since a2 # 0 by Claim B74, the determinant of this system, which is a non-zero poly-
nomial in ps, p4, ps with integer coefficients, must be zero. This contradicts the fact
that {ps,ps, ps} is algebraically independent over Q. .

We can now complete the proof of the lemma. Consider the following polynomial
g € RIX,Y]:

g = [(p§ — py)ai — 2p5p4a22} X? + 2p3(paass — psa12) XY + pia1nY? + pipiass.

We have g(gs, ¢5) = 0.
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Suppose g5 € K. Let h = g(X, g5). Then h is not identically zero since its constant
term, piaiz(gz + p3) # 0. On the other hand h(g3) = g(g3,q5) = 0. We may use (H)
to deduce that A\h € K[X] and then use the argument of Claim B8 to deduce that
g3 € K, which is a contradiction. Thus ¢5 ¢ K.

By Claim BR, ¢3 = ugs for some p € K. Let i = g(X,uX). Then A’ is not
identically zero since its constant term, pipia;s # 0. On the other hand h/(g3) =
9(gs,q5) = 0. We may use (8) to deduce that Ah' € K[X]. The argument of Claim
B8 then gives ¢3 € K, which is a contradiction.

The only way out of this contradiction is that our assumption (8) must be false.
Hence some point (py, ps) on the conic f = 0 is generic over K. This gives us the
required quasi-generic realisation (G, p*) by Lemma B33. °

We can use Lemma B to show that, if G is obtained by performing a 1-extension
on a non-redundant edge, then the end-vertices of this edge are not globally linked in

G.

Theorem 3.9. Let H = (V, E) be a rigid graph and let G be a 1-extension of H on
some edge vw € E. Suppose the H — uw is not rigid. Then {u,w} is not globally
linked in G.

Proof. Let (H,p) be a quasi-generic framework which is in standard position with
respect to (u,w). Since (H, p) is infinitesimally rigid, but (H — uw, p) is not infinites-
imally rigid, there is an infinitesimal motion p of (H — uw, p), such that

(p(u) — p(w))(p(u) — p(w)) # 0.

Theorem P7A gives a smooth flexing 7 : (—1,1) x V' — R? of the framework (H —uw, p)
such that 7y = p.

Suppose that G is the l-extension of H with a new vertex v with neighbour set
{u,w, z}. Since p is quasi-generic, p(u), p(w) and p(z) are not collinear. Since 7 is
continuous, we can choose t; > 0 such that 7, (u), 7, (w) and 7, (z) are not collinear

for all 0 <t < ty. Let
1) = () —m)%.
Then 4|,_y = 2(p(u) — p(w))(H(u) — p(w)) # 0. Since Q(p) is countable, it follows
that f(t5) ¢ Q(p) for some 0 < t, < t;. In particular,
|71, (u) = o, ()| 7 [[p(u) = p(w)]].

Let (G — v,q) be a framework which is congruent to (G — v, m;,) and in standard
position with respect to (u,w). Applying Lemma B4 to (G — v,p) and (G — v, q)
we can find equivalent frameworks (G, p*) and (G, ¢*) such that p* is quasi-generic,
p*lv—y = p and ¢*|y_, = m,. This gives

lg"(u) — ¢"(W)[| = [lme, (u) = 7, (W) # [[p(u) = p(w)]| = [[p*(u) = p*(w)]].

Hence {u,w} is not globally linked in G. o

We next use Lemma B4 to prove a counterpart of Theorem 2.
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Theorem 3.10. Let H = (V, E) be a rigid graph and let G be a 1-extension of H on
some edge vw € E. Suppose that H — uw is not rigid and that {x,y} is not globally
linked in H for some x,y € V.. Then {z,y} is not globally linked in G.

Proof. Since {z,y} is not globally linked in H, there are equivalent frameworks
(H,p;) and (H,py) in standard position with respect to (u,w) and such that p; is
quasi-generic and

() = pr W) # [Ip2(2) — p2(y)]l-

Since H is rigid and (H, py) is quasi-generic, [19, Corollary 3.7] implies that (H, ps) is
quasi-generic. Hence (H, po) is infinitesimally rigid and (H — ww, p9) is not infinites-
imally rigid. It follows that there is an infinitesimal motion p of (H — uw, ps) such
that

(p2(u) — p2(w))(p(u) — p(w)) # 0.
Theorem P23 gives a smooth flexing 7 : [—1, 1] x V — R? of the framework (H —uw, ps)
such that 7y = p.

Suppose that G is the l-extension of H with a new vertex v with neighbour set
{u,w, z}. Since ps is quasi-generic, ps(u), p2(w) and py(z) are not collinear. Since 7
is continuous, we may choose ¢; > 0 such that m;(u), m(w) and m(2) are not collinear
and ||m(z) — m(v)|] # ||p1(x) — p1(y)|| for all 0 < ¢ < ¢;. Let

F(#) = llme(w) = me(w)]]*.

Then %hzo = 2(p(u) — p(w))(P(u) — p(w)) # 0. Since Q(p) is countable, it follows
that f(t2) ¢ Q(p) for some 0 < ty < t;.

Let (G — v, q) be a framework which is congruent to (G — v, m;,) and in standard
position with respect to (u,w). Applying Lemma B4 to (G — v,p;) and (G — v, q)
we can find equivalent frameworks (G, p*) and (G, ¢*) such that p* is quasi-generic,
p*lv_y = p1 and ¢*|y_, = ¢. Therefore

g () = ¢ W)l = llme, () = m, (W) # [lpr(2) = W) = [lp"(2) = p"W)]I-
Hence {x,y} is not globally linked in G. o

We can use Theorems B9 and B0 to deduce that Conjectures T4 and 8 hold for
graphs with at most one non-trivial redundantly rigid component.

Theorem 3.11. Let G = (V, E) be a rigid graph, u,v € V, and R = (U, F) be a
redundantly rigid component of G. Suppose that G — e is not rigid for alle € E — F.
Then {u,v} is globally linked in G if and only if uv € E or {u,v} is globally linked in
R.

Proof. Sufficiency is clear so we need only prove necessity. Suppose {u, v} is globally
linked in G. If U = V then G = R and the result is trivially true. Hence we may
suppose that U # V.

We first show that there exists either a vertex of V' — U of degree two in GG or at
least three vertices of V' — U of degree three in GG. Since G is rigid every vertex of G
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has degree at least two. We have |[E — F|=r(G) —r(R) =2|V -U|. If |V -U|=1
this implies that the unique vertex of V' — U has degree two. Hence we may suppose
that |V — U| > 2. The rigidity of G now implies that there are at least three edges
between U and V — U. Hence

Y da(r) <2E—F|-3=4V -U|-3.

zeV-U

The assertion about vertices of degree two or three in V' — U now follows.

Suppose there exists x € V — U with d(z) = 2. It is not difficult to see that x is
only globally linked to its neighbours in G. Hence the theorem holds if z € {u, v} and
we may suppose that this is not the case. Let H = G — z. Then (H, R) satisfies the
hypotheses of the theorem. The result now follows by applying induction and Lemma
.

Hence we may assume that there are at least three vertices of V' — U of degree
three. Choose z € V — U with d(z) = 3 and « ¢ {u,v}. By Lemma P4 there is a pair
y, z of neighbors of = for which H = G — x + yz is rigid. The rigidity of H implies
that {y,z} € U and that (H, R) satisfies the hypotheses of the theorem. The result
now follows by applying induction and Theorem B0 when {y, z} # {u,v}, and by
Theorem B9 when {y, 2} = {u,v}. o

Conjectures -7 and X follow for a (not necessarily rigid) graph G with at most
one non-trivial redundantly rigid component by applying Theorem BT to the rigid
components of G (and using the fact that pairs of vertices belonging to different rigid
components are not globally linked).

The special case of Theorem BT1 when G has no non-trivial redundantly rigid
components characterises globally linked pairs in minimally rigid graphs.

Corollary 3.12. Let G = (V, E) be a minimally rigid graph and u,v € V. Then
{u,v} is globally linked in G if and only if uv € E.

Suppose we apply a l-extension on a non-redundant edge zy of a rigid graph H.
Then Theorem B implies that {z,y} is not globally linked in the resulting graph G.
On the other hand, Conjecture @ would imply that this is the only pair of globally
linked vertices of H which is not globally linked in G.

Conjecture 3.13. Suppose G is a 1-extension on a non-redundant edge xy of a rigid
graph H and {u,v} # {x,y} is globally linked in H. Then {u,v} is globally linked in
G.

4 Neighbourhood stability

In this section we obtain analogues of the following result of R. Connelly and W.
Whiteley for globally linked pairs.

Theorem 4.1. [7, Theorem 13] Given a framework (G, p) which is globally rigid and
infinitesimally rigid in R?, there is an open neighborhood U of p such that for all
q € U the framework (G,q) is globally rigid and infinitesimally rigid.
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We will concentrate on the 2-dimensional case.f We first show that the global-
linkedness of two vertices is preserved in an open neighbourhood of (G, p) as long as
GG is minimally rigid and all equivalent framework are infinitesimally rigid. We then
prove that the same conclusion holds when (G, p) is rigid and generic. We will need
the following well known ‘averaging’ result, see for example the proof of [[4, Theorem
13].

Lemma 4.2. Suppose that (G,p) and (G, q) are equivalent but non-congruent frame-
works. Then p — q is a non-trivial infinitesimal motion of (G,p+ q).

We say that an infinitesimally rigid framework (G, p) is regular valued if all equiv-
alent frameworks are infinitesimally rigid.? It is known that an infinitesimally rigid,
regular valued framework (G, p) has only finitely many equivalent and pairwise non-
congruent realisations.® We denote this number by r(G, p). This parameter is related
to global linkedness by the fact that two vertices u, v are globally linked in an infinites-
imally rigid, regular valued framework (G,p) if and only if r(G,p) = (G + wv, p).
Our first result shows that, for such a framework (G, p), r(G,p) does not increase in
some open neighbourhood of p.

Theorem 4.3. Suppose that (G,p) is an infinitesimally rigid, reqular valued frame-
work. Then there exists an open neighbourhood U of p such that, for all ¢ € U, (G,q)
is an infinitesimally rigid, reqular valued framework with r(G,q) < r(G,p).

Proof. The theorem is trivially true if G has at most two vertices. Hence we may
suppose that |V(G)| > 3.

We first show that there exists an open neighbourhood U of p such that (G,q) is
an infinitesimally rigid, regular valued framework for all ¢ € U. Suppose not. Then
there exists a sequence of realisations (G, p*) with p* — p, and such that (G, p*) is
not infinitesimally rigid and regular valued for all k. Since (G, ¢q) is infinitesimally
rigid for ¢ close enough to p, we may suppose that (G, p*) is infinitesimally rigid and
not regular valued for all k. Hence (G, p"*) has an equivalent realisation (G, ¢*) which
is not infinitesimally rigid. By compactness ¢* has has a convergent subsequence
g™ — q. Since ¢™ is equivalent to p™ and p™ — p, (G, q) is equivalent to (G, p). Since
(G, p) is regular valued, (G, q) is infinitesimally rigid. This contradicts the fact that
g™ — q and (G, ¢™) is not infinitesimally rigid for all m.

We next show that there exists an open neighbourhood U of p such that (G, q) <
r(G,p) for all ¢ € U. Suppose not. Then, by the previous paragraph, there exists
a sequence of infinitesimally rigid, regular valued realisations (G, p*) with pf — p
and r(G,p*) > r(G,p) for all k > 1. Since (G,p) is infinitesimally rigid we have

"'We believe that our results extend to the d-dimensional case but the proofs become more com-
plicated because of their reliance on ‘special position’ arguments. In particular we would need a
d-dimensional version of Lemma B=3.

2This is equivalent to saying that fo(p) is a regular value of the rigidity map of G i.e. ¢ is a
regular point of fg for all ¢ € f5' (fa(p)).

3Since fa(p) is a regular value of fe, fo Y(fa(p)) is a O-dimensional manifold. Compactness and
the fact that (G, q) is infinitesimally rigid for all ¢ € fél(fc(p)) now tells us that fgl(fg(p)) is
finite.
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p(u) # p(v) for some edge uv of G. Let S = {(G,p1),(G,p2),...,(G,ps)} be the
set of all equivalent realisations which are in standard position with respect to (u,v).
Since (G, p) is infinitesimally rigid and regular valued, each of the (G, p;) is infinites-
imally rigid and hence, in particular, does not have all its vertices on a line. This
implies that each congruence class of (G, p) will be represented exactly four times in S
and hence s = 47(G, p). Since r(G, p¥) > r(G, p) for each k > 1, we may choose a set
{d.d5,....q5 } of realisations which are equivalent to (G,p") and are in standard
position with respect to uw,v . By compactness there exist convergent subsequences
q" — g for all 1 <4 < s+ 1. Since ¢/" is equivalent to p™ and p™ — p, each ¢; is
equivalent to p. Hence ¢; = p; for some 1 < j < s. By the pigeon hole principle, we
may choose two sequences ¢, g5 say, converging to the same realisation, (G, p;) say,
of G. By Lemma B2, ¢i* — ¢4 is a non-trivial infinitesimal motion of (G, ¢{*+¢5"), and
hence (G, ¢ + ¢5") it is not infinitesimally rigid. Since ¢]" + ¢5* — 2p1, (G, 2p1) is not
infinitesimally rigid. This implies that (G, p;) is not infinitesimally rigid and contra-
dicts the hypothesis that all equivalent realisations of (G, p) are infinitesimally rigid. e

Note that Theorem B=3 generalises (the 2-dimensional version of) Theorem B since
an infinitesimally rigid, globally rigid framework (G,p) is regular valued and has
r(G,p) = 1.

We can have r(G, q) < r(G,p) for any framework (G, p) satisfying the hypotheses
of Theorem B3 and ¢ arbitrarily close to p. Consider for example the realisation
(G, p) of a wheel in which the central vertex and two nonconsecutive rim vertices are
collinear, see Figure B. Then r(G,p) = 2 but r(G,q) = 1 for all generic q. We will
show, however, that r(G, p) is constant in some open neighbourhood of p if either G
is minimally rigid or p is generic.

Theorem 4.4. Suppose that (G,p) is an infinitesimally rigid, reqular valued realisa-
tion of a minimally rigid graph G = (V, E). Then there exists an open neighbourhood
U of p such that, for all ¢ € U, (G, q) is infinitesimally rigid, reqular valued, and has
r(G,q) =r(G,p).

Proof. By Theorem B=3, it will suffice to show that an arbitrary sequence of in-
finitesimally rigid realisations (G, p*) with p* — p has r(G, p¥) > r(G, p) for k large
enough. Since (G, p) is infinitesimally rigid we have p(u) # p(v) for some uv € E. Let
{p1,p2,-..,ps} be the set of all realisations in standard position with respect to (u,v)
which are equivalent to (G, p). Then s = 4r(G, p) as in the proof of Theorem E3. By
the inverse function theorem, we may choose neighbourhoods U; of p; and W of fo(p)
such that fs maps U; diffeomorphically onto W for all 1 <17 < s. We may also assume
that p = p; and hence that p* € U, for k large enough, say k > K. Then fq(p*) € W
and hence there exists p¥ € U; with fo(pf) = fa(p*) forall 1 <i < sand all k > K.
This implies that there are at least s distinct realisations (G, p¥) in standard position
with respect to (u,v) which are equivalent to (G, p*). Hence r(G,p*) > r(G, p) for
k> K. °

Corollary 4.5. Suppose that (G, p) is an infinitesimally rigid, reqular valued realisa-
tion of a minimally rigid graph G = (V, E). Then there exists an open neighbourhood
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U of p such that, for all u,v € V and all ¢ € U, {u,v} is globally linked in (G,q) if
and only if {u,v} is globally linked in (G, p).

Proof. This follows immediately from Theorem B4 and the fact that, for any in-
finitesimally rigid, regular valued realisation (G, q), {u, v} is globally linked in (G, q)
if and only if (G, q) = r(G + wv, q). .

We next show that r(G, p) remains constant in an open neighbourhood of p for any
rigid graph G when p is generic. Our proof uses the Tarski-Seidenberg theorem on
semi-algebraic sets. A subset S of R" is semi-algebraic over Q if it can be expressed
as a finite union of sets of the form

{r eR": P(x)=0for 1 <i<sand Q;(zx) >0for 1 <j<t},
where P, € Q[Xy,...,X,] for 1 <i<s,and Q; € Q[Xy,...,X,]for 1 <j <t ®

Theorem 4.6. [31] Let S C R"™ be semi-algebraic over Q and 7 : R"F — R™ be
the projection onto the first n coordinates. Then w(S) is semi-algebraic over Q.

Theorem 4.7. Suppose that G = (V, E) is rigid and (G,p) is generic. Then there
exists an open neighbourhood U of p such that, for all g € U, (G,q) is infinitesimally
rigid, reqular valued, and has r(G,p) = r(G,q).

Proof. The hypothesis that (G, p) is generic implies that fs(p) is a regular value of
fe by [19, Corollary 3.7]. Hence (G, q) is infinitesimally rigid and regular valued for
q in some open neighbourhood of p by Theorem B=3.

Let V= {vy,v9,...,v,}, |E] = m and suppose that vjve € E. Choose a realisation
(G,p1) which is congruent to p and is in standard position with respect to (vy, vs).
We will consider the set of all realisations of G which are in standard position with
respect to (v, vq). For any such realisation (G, q) the first three coordinates of ¢ are
zero. We will abuse notation and consider ¢ € R?*"~3. Similarly we will consider the
rigidity map fg to be a map from R?"~3 to R™.

Let s = 4r(G, p), and let S be the set of all s-tuples of vectors (q1, g2, .. ., qs) where
¢ € R and {(G,q1), (G, q),...,(G,qs)} is a set of distinct pairwise equivalent
realisations of G in standard position with respect to (vy,vs). Then S C R5(22=3) and
we may represent S as

S={(q1:q2 - ¢) : 4 €R™, folg) = falqr), i # q; for 1 <i# j < s}.
Hence S' is semi-algebraic over Q. Let
Si={qn € R ¢ (q1,q2,-..¢5) € S for some go,q3,...,qs € R* 7}

be the projection of S onto the first 2n — 3 coordinates. Then S; is the set of all
q € R?"=3 such that (G, q) has s distinct pairwise equivalent realisations in standard
position with respect to (vy,ve). Thus p; € Sj.

4The usual definition for a semi-algebraic set uses polynomials with coefficients in R, or more
generally in a real closed field. The fact that the Tarski-Seidenberg Theorem holds for semi-algebraic
sets over Q follows from the original papers [B1, 27].
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By Theorem B@, S; is semi-algebraic over Q. Since p is generic, the (non-zero)
coordinates of p; are algebraically independent over Q by Lemma B=3. Hence P(p;) #
0 for all P € Q[Xy,..., X, 3]. Since p; € S; and S is semi-algebraic over Q, we
must have p; € S, for some Sy C S; of the form

Sy ={qg e R : Qj(q) >0for 1 <j <t}

where @Q; € Q[Xy,...,Xg,-3] for 1 < j < t. We may choose an open neighbour-
hood U of p; in R*? such that Q;(¢) > 0 for all ¢ € U and all 1 < j < ¢. Then
q € So C Sy for all ¢ € U. By the first paragraph of the proof, we may choose U small
enough so that (G, ¢g) is infinitesimally rigid and regular valued for all ¢ € U. Then
r(G,q) > s/4 = r(G,p) for all ¢ € U. Theorem B=3 now implies that there exists a
possibly even smaller open neighbourhood U’ of p; in R*"~3 with r(G, q) = r(G, p) for
all ¢ € U'. We can now complete the proof by choosing an open neighbourhood U”
of p in R?" such that, for each ¢ € U”, (G, q) is congruent to (G, q;) for some q; € U’. o

Corollary 4.8. Suppose that G = (V| E) is rigid and (G,p) is generic. Then there
exists an open neighbourhood U of p such that, for all u,v € V and all ¢ € U, {u,v}
is globally linked in (G, p) if and only if {u,v} is globally linked in (G, q).

Proof. This follows immediately from Theorem EZ4 and the fact that, for any in-
finitesimally rigid, regular valued realisation (G, q), {u, v} is globally linked in (G, q)
if and only if r(G, q) = (G + uv, q). o

The realisation (G, p) of a wheel in which the central vertex and two nonconsecutive
rim vertices are collinear (see Figure B) shows that Corollaries B8 and B=8 become false
if we remove the respective hypothesis that G is minimally rigid and p is generic. The
problem is that there are pairs of vertices which are not globally linked in (G, p)
but are globally linked in (G, gq) for ¢ arbitrarily close to p. We have no examples,
however, in which the property of being globally linked is not preserved in some open
neighbourhood.

Conjecture 4.9. Suppose that {u,v} is a globally linked pair of vertices in an in-
finitesimally rigid, reqular valued framework (G, p). Then there exists an open neigh-
bourhood U of p such that {u,v} is globally linked in (G,q) for all ¢ € U.

Conjecture 9 would follow from:

Conjecture 4.10. Let (G,p) be an infinitesimally rigid, reqular valued framework
and u,v be vertices of G. Then there exists an open neighbourhood U of p such that,
forallqe U, r(G,p) —r(G +uv,p) >r(G,q) — (G + uv,q).

5 Finding equivalent realizations by flexing

In this section we describe a possible approach to verifying Conjecture I which
is analogous to that used by Hendrickson [14] to show that redundant rigidity is a
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necessary condition for global rigidity. We need to show that if two vertices u, v are
not contained in the same redundantly rigid component of a rigid graph G then they
are not globally linked.® The idea is to find an edge ¢ = wz in G such that u, v do not
belong to the same rigid component of G — e. We then choose a flexing of a generic
realisation (G — e, p) to find another realisation (G — e, q) with the properties that
lg(w) = q(z)]| = [[p(w) — p(2)|| and [lg(u) = q(v)| # [[p(v) — p(v)[|. The equivalent
realisations (G,p) and (G, q) will then certify that that {u,v} is not globally linked
in GG. The first step in this approach is to show that we can find a suitable edge e.

Lemma 5.1. Let G = (V, E) be a rigid graph and u,v € V with uwv &€ E. Then {u,v}
is contained in a redundantly rigid component of G if and only if {u,v} is contained
in a rigid component of G — e for all e € E.

Proof. We first prove necessity. Suppose u,v is contained in a redundantly rigid
component H of G. Then H # K, and so H — e is a rigid subgraph of G for all e € E.
Hence u, v is contained in a rigid component of G — e for all e € F.

We next prove sufficiency. Suppose u,v is not contained in a redundantly rigid
component of G. Then G is not redundantly rigid so at least one edge of G is an M-
bridge. Let F' = {e1, e, ..., e, } be the set of M-bridges of G. The rigid components
of G — F are exactly the non-trivial redundantly rigid components of G (since if the
union of a set of redundantly rigid graphs is rigid and contains no M-bridges then it
must be redundantly rigid). Thus w, v is not contained in a rigid component of G — F'.
Let H' be a maximal M-independent subgraph of G — F'. Note that the vertex sets of
the rigid components of G — F and H' are the same and H' 4+ F' is an M-independent
(and rigid) spanning subgraph of G.

Let F’ be a maximal proper subset of F' for which wu, v is not contained in a rigid
component of H' + F'. If FF — F' = {f} then we are done by choosing e = f. This
follows from the fact that u,v is not contained in a rigid component of H' — f and
hence is not contained in a rigid component of G — f as well. So we may suppose
that we have two distinct edges fi, fo € ' — F’. By the maximality of F” there is
a rigid subgraph G; = (V;, E;) of H + F' + f; which contains u and v, for i = 1, 2.
Since H' + F' is M-independent, these subgraphs are induced subgraphs of H' + F
and we must have fi, fo ¢ G1 N Gy. Then Gy N Gy is a rigid subgraph of H' + F’
which contains u and v. This contradicts the choice of F”. °

Our next result implies that the ‘flexing approach’ to showing that {u,v} is not
globally linked in G works when G + uv is an M-circuit.

Lemma 5.2. Let (C,pgy) be a quasi-generic realisation of an M-circuit C' = (V, E),
er = uv and es = wx be edges of C and H = C — {e1,es}. Let F be the set of all
frameworks which can be obtained by a flexing of (H,po). Then there exists (H,p1) € F

with ||[po(w) = po(v)|| # l[p1(u) = pr(v)[| and [lpo(w) = po(x) || = lIp1(w) — pr(2)]-

5Tt is straightforward to reduce Conjecture -7 to rigid graphs since pairs of vertices which do not
belong to the same rigid component of a graph cannot be globally linked.
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Proof. We suppose that all realisations of H considered are in standard position with
respect to (w,z). For each such realisation (H,q) we suppress the (zero) coordinates
of ¢ corresponding to g(w) and the first coordinate of ¢(x) and consider ¢ € R?VI=3,
Let
S={peRWI=3. (Hp) cR}.

Let F: R2VI=® — R be given by F(q) = |q(u) — q(v)|*> (in the corresponding
realisation (H,q)) and let f be the restriction of F' to S. We can also view the rigidity
maps frie,, fr as maps on S. Note that the rigidity map fg., is obtained from fy
by adding an extra coordinate corresponding to f i.e. the length of the edge e in the
realisation of H + e;.

We can adapt the proof technique of [T4] to show that S is a 1-dimensional manifold
diffeomorphic to a circle. For each p € S, [20, Lemma 3.4] gives

rank df|, = rank dfy.., |, — rank dfy|, = rank R(H + e1,p) — rank R(H, p).

Thus, for every generic point p € S, we have rank df|, = 1 so p is a regular value of
f.

Choose a direction for traversing S and let p; be the first point after p, we reach
when traversing S which satisfies ||po(w) — po(x)|| = [|p1(w) — p1(x)||. We will show
that ||po(u) —po(v)[| # ||p1(u) —p1(v)[|. Suppose to the contrary that ||po(u)—po(v)| =
|lp1(u) — p1(v)]|. Then (C,py) is equivalent to (C,py).

We first consider the case when C' is 3-connected. Then C' is globally rigid by [B]
so (C,po) is congruent to (C,py). Since (C,py) and (C,p;) are in standard position
(C,p1) is a reflection of (C,pp) in the line through po(w),po(z). Let a : [0,1] — S
be the smooth path from py to p; induced by the diffeomorphism from S to the
circle, and let b : [0,1] — S be obtained by putting b(t) = a(t) for all 0 < ¢ < 1,
where a(t) is the reflection of a(t) in the line through py(w),po(z). Then b is a
smooth path in S from p; to py. Furthermore, we claim that a and b do not have
the same image in S. For suppose to the contrary that a and b traverse some path
P in S in opposite directions. Then by the intermediate value theorem there is some
t € [0,1] with a(t) = b(t). This implies that (H,a(t)) has all vertices on the line
through po(w), po(x) which is impossible since (H,p), and hence also (H,a(t)), has
2|V (H)| — 4 algebraically independent edge-lengths. It follows that a and b trace out
two paths that together form the entire manifold S. We can choose t;,t, € [0, 1] with
fla(t1)) < f(po) and f(a(tz)) > f(po). Now the intermediate value theorem gives
some t between ¢; and to with f(a(t)) = f(po). This contradicts the choice of p;.

We next consider the case when C' is not 3-connected. Let CiC,y...C,, be the
path in the cleavage unit tree of C' with e; € E(C}) and ey € E(C,,). (We refer the
reader to [I'4, Section 3] for more details on cleavage unit trees of M-circuits.) Let
C'=C1 P Cy Dy ... 0y Cp,. If C" # C then we can apply induction to C’. Hence we
may assume that ¢ = C'. We will proceed by adapting the proof of the case when C'
is 3-connected.

Let V(C;) NV(Cit1) = {zs,w;} for 1 < i < m. For each p € S, let ¢,,(p) be the
line through p(w), p(x), and ¢;(p) be the line through p(w;), p(x;) for 1 <i < m. Let
0;(C,p) be the realisation of C' obtained from (C,p) by reflecting Cy,Cy,...,C; in
the line through ¢;(p). For each S = {iy,ds,...,is} C {1,2,...,m}, let 05(C,p) be
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the realisation of C' obtained recursively from (C,p) by applying 6;, to 0s_; (C,p),
and taking 0s(C,p) = (C,p) when S = 0.5 Since (C,p,) is equivalent to (C,py),
it follows from the proof of [19, Theorem 8.2] that (C,p;) = 0s(C,py) for some
0 £S5 C{1,2,...,m}. Let a:[0,1] — S be the smooth path from py to p; in-
duced by the diffeomorphism from S to the circle, and let b : [0, 1] — S be obtained
by putting b(t) = a(t) for all 0 < t < 1, where (C,a(t)) = 65(C,a(t)). Then b is a
smooth path in S from p; to py. Furthermore, we claim that a and b do not have
the same image in S. For suppose to the contrary that a and b traverse some path
P in S in opposite directions. Then by the intermediate value theorem there is some
t € [0,1] with a(t) = b(t) = pa, say. But this implies that (C,ps) = 0s(C, ps), and
in particular (C,p2) = 05(C4,p2). Since the action of Og on (C,py) is a non-empty
sequence of reflections through lines with algebraically independent slopes it is either
a rotation or a reflection. Since (C1, p2) remains fixed under this action all vertices of
(C1,p2) must lie on the same line. This is impossible since |V (Cy)| > 4, and (H, p),
and hence also (H,p), have 2|V (H)| — 4 algebraically independent edge-lengths. It
follows that a and b trace out two paths that together form the entire manifold S.
We can choose t1,t € [0,1] with f(a(t1)) < f(po) and f(a(ta)) > f(po). Now the
intermediate value theorem gives some t between ¢; and to with f(a(t)) = f(po). This
contradicts the choice of p;. °

Lemma b= gives the following strengthening of Corollary B2 for a special family
of minimally rigid graphs. We say that a pair of vertices {u, v} is globally loose in a
graph G if {u, v} is not globally linked in all generic realisations of G.

Corollary 5.3. Suppose G is minimally rigid and G + uv is an M -circuit for two
non-adjacent vertices u,v of G. Then {u,v} is globally loose.

The special case of Corollary b23, when G + uv is a 3-connected M-circuit, follows
from [I9, Theorem 7.1]. The example in Figure [ shows that the stronger conclusion,
that {u,v} is not globally linked in all generic realisations of G, may not hold when
G 4 uv is not an M-circuit. On the other hand, we can try to apply Lemma b= to
an arbitrary rigid graph as follows.

Given a framework (G,p) let F(G,p) be the set of all frameworks which can be
obtained by a flexing of (G, p). We refer to F(G, p) as the flex of (G, p).

Suppose that G and H are minimally rigid graphs with at least three vertices and
H C G. Let e be an edge of H and (G,p) be a realisation of G. We say that
(G —e,p) is free for H — e if, for every (H — e,qy) € F(H — e,p|y), there exists a
(G —e,q) € F(G — e, p) such that gy = ¢|y. Intuitively (G — e, p) is free for H — e if
the edges of E(G)\ E(H) put no restriction on the flex of (H —e, p|g). We conjecture
that such realisations always exist.

Conjecture 5.4. Let G be a minimally rigid graph, H be a minimally rigid subgraph
of G with at least three vertices and e be an edge of H. Then there exists a generic
realisation (G, p) of G such that (G — e, p) is free for H — e.

61t can be shown that 6;(6;(C, p)) = 6,(0;(C, p)) and hence 05(C, p) is independent of the ordering
of the elements of S. We will not use this fact in our proof.
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We can use Lemmas b1 and b2 to show that Conjecture IZ4 would follow from
Conjecture b4.

Lemma 5.5. Suppose Conjecture is true. Let G = (V, E) be a rigid graph, and
u,v € V be such that {u,v} is not contained in any redundantly rigid component of

G. Then {u,v} is not globally linked in G.

Proof. Let e; = uv and let C' be an M-circuit of G+ e; containing e;. By Lemma b7
we can find an edge e; = wz such that {u, v} is not contained in any rigid component
of G —ey. Then ey € E(C). Let G’ be a minimally rigid spanning subgraph of G
which contains C' — e;. By Conjecture b4, there exists a generic realisation (G, p) of
G such that (G' — ey, p) is free for C'— e; — es By applying Lemma B2 to C, we may
deduce that there exists ¢ € F(G' — e, p) such that ||p(u) — p(v)|| # ||¢(u) — ¢(v)|| and
lp(w) —p(x)|| = |lg(w) —g(x)||. Since the distances between all pairs of vertices in the
same rigid component of G' — es remain constant for all (G' — eq, q) € F(G' — ea,p),
(G, q) is equivalent to (G, p). Since ||p(u) — p(v)|| # [|q(u) — q(v)||, {u,v} is not glob-
ally linked in (G, p). °

5.1 Closing Remark

It is not difficult to show that if H is a minimally rigid subgraph of a minimally rigid
graph G, then G can be obtained from H by a sequence of Henneberg extensions, see
for example [I7]. This fact encouraged us to try to prove Conjecture b4 recursively.
Let H = Hy,Hy,...,H; = G be a sequence of minimally rigid graphs with the
property that H; is a Henneberg extension of H; ; for all 1 < i < s and let e be
an edge of H. We could assume inductively that there exists a generic realisation
(Hs_1—e,ps_1) which is free for H —e and try to extend it to a realisation (Hs— e, p;)
which is free for H — e. A similar idea was outlined previously by Owen and Power
(24, Problem 2]. It can be shown that (H,_; —e, ps_1) can be extended to a realisation
(Hs — e, ps) which is free for H — e when Hj is a 0-extension of H,_;. We conjectured
that the same should hold for 1-extensions at a workshop on rigidity held at BIRS
(Banff, Canada) in 2012. Herman and Brigitte Servatius subsequently constructed an
infinite family of counterexamples.

Lemma 5.6. [28] There exist minimally rigid graphs H, K, L with H C K and H C L
such that L is a 1-extension of K, e is an edge of H, (K — e, py) is free for H— e for
some generic py, and (L — e, p) is not free for H — e for all generic p with p|x = po.
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