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Combinatorial Conditions for the Unique
Completability of Low Rank Matrices

Bill Jackson*, Tibor Jordan**, and Shin-ichi Tanigawa***

Abstract

We consider the problems of completing a low-rank positive semidefinite
square matrix M or a low-rank rectangular matrix N from a given subset of
their entries. Following the approach initiated by Singer and Cucuringu [20]
we study the local and global uniqueness of such completions by analysing the
structure of the graphs determined by the positions of the known entries of M
or N.

We present combinatorial characterizations of local and global (unique) com-
pletability for special families of graphs. We characterize local and global com-
pletability in all dimensions for cluster graphs, i.e. graphs which can be obtained
from disjoint complete graphs by adding a set of independent edges. These re-
sults correspond to theorems for body-bar frameworks in rigidity theory. We
also provide a characterization of two-dimensional local completability of pla-
nar bipartite graphs, which leads to a characterization of two-dimensional local
completability in the rectangular matrix model when the underlying bipartite
graph is planar. These results are based on new observations that certain graph
operations preserve local or global completability, as well as on a further con-
nection between rigidity and completability.

We also prove that a rank condition on the completability stress matrix
of a graph is a sufficient condition for global completability. This verifies a
conjecture of Singer and Cucuringu [20].

1 Introduction

In matrix completion problems a partially filled matrix is given and the goal is to
determine the missing entries so that the resulting matrix belongs to a certain class
of matrices. Such problems arise in several practical problems where one has to deal
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1.1 Local and global completability 2

with incomplete data sets. Here we consider the completion of low-rank positive
semidefinite matrices.

A square matrix M of size n is called a Gram matriz if M = PTP for some d x n
matrix P with real entries. Thus a Gram matrix is symmetric and positive semidefinite
with rank at most d. Conversely, any symmetric positive semidefinite matrix can be
expressed in the form P P for some matrix P.

A related problem is to decide whether such a completion is unique. Singer and
Cucuringu [20] investigated the uniqueness of the Gram matrix completion problem
and pointed out that several concepts and techniques from rigidity theory can be
adapted to the matrix completion setting. In this paper we explore these connections
further to obtain new results on uniquely completable matrices.

1.1 Local and global completability

The (two levels of) the uniqueness of the completion can be defined by using notions
which are similar to (the two levels of) the rigidity of bar-and-joint frameworks.

For a given Gram matrix PP, each column of P may be regarded as a point
in R?, and hence an n x n Gram matrix can be defined by specifying n points in
RY Tet V = {1,...,n}. Then p : i € V  p; € R? determines a Gram matrix
M = P(p)" P(p), where P(p) is the matrix whose i’th column is p;. Note that the
entry M[i, j] is equal to the scalar product (p;, p;).

Suppose that we are given a subset of the entries of some Gram matrix M =
P(p)" P(p). The given entries define an undirected graph G = (V, E) on V in which
two vertices i, j are adjacent if and only if M[i, j] is given. Note that G is semi-simple,
that is, it contains no parallel edges but it may contain loops. A d-dimensional
framework (or simply a framework) is a pair (G,p), where G = (V, F) is a semi-
simple graph and p : V — R? is a map. Thus each partially filled Gram matrix has
an underlying framework and each framework defines a partially filled Gram matrix
M in which M[i,j] = (pi,p;). We consider the situation where we only have an
incomplete Gram matrix in our hand and do not have p and investigate under which
circumstances we can decide if it has a unique completion.

We say that (G, q) is equivalent to (G, p) if

pispi) = (@, q4;)  (ij € E) (1)

and they are congruent if (1) holds for every pair ¢,j in V' (including i, 7 with i = 7).
This is equivalent to saying that ¢; = Ap; for all ¢ € V for some fixed orthogonal
matrix A.

We say that a d-dimensional framework (G, p) is globally completable in R? if for
every d-dimensional framework (G, g) which is equivalent to (G, p) we have that (G, q)
and (G, p) are congruent. Similarly, (G, p) is called locally completable in R if there
exists an open neighborhood N(p) of p in R4V! such that for any q € N(p) the
equivalence of (G, q) to (G, p) implies that the two frameworks are congruent!.

Tt can be seen that, as in the case of rigidity, the local completability of (G, p) is equivalent to
the fact that every continuous motion of the vertices of (G,p) in R? which preserves equivalence
must also preserve congruence.
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1.1 Local and global completability 3

One may also define the infinitesimal version of local completability. A map p :
V — R? is called an infinitesimal c-motion of (G, p) if

{pi;pj) + (0 pi) =0 (ij € E) (2)

The |E| x d|V|-matrix representing this system of linear equations with variables p is
the completability matriz of (G, p), denoted by C(G,p). (Thus the entries of C(G, p)
in the d-tuples of positions ¢ and j of row e = ij are p; and p;, respectively, and all
other entries are zeros.) For example, if G is a graph with V(G) = {1,2,3,4} and
E(G) = {11,12,23,24}, the completability matrix becomes as follows

1 2 3 4
11/2py 0 0 O
12 %) P1 0 0
231 0 p3s p2 O
24\ 0 ps O po

As observed by Singer and Cucuringu [20], for any d X d skew-symmetric matrix .S,
the map p : V — R? defined by p; = Sp; for i € V is an infinitesimal c-motion. (The
infinitesimal c-motions of this kind are called trivial.) Therefore, if |V'| > d, then

rank (G, p) < dn — @) (3)

Clearly the rank of C(G,p) is also bounded above by the number of edges in the
complete semi-simple graph on n vertices. A framework (G, p) is said to be infinites-
imally completable if rank C'(G,p) = dn — (g) when n > d or rank C(G,p) = ("}')
when n < d. Tt is c-independent if rank C(G,p) = |E|. A map p : V — R? is called
genericif the set of coordinates of p is algebraically independent over the rational field.
Thus the rank of C(G,p) will be the same for all generic realizations of G. Singer
and Cucuringu [20] showed that infinitesimally completability is a sufficient condition
for local completability, and that the two properties are equivalent when (G,p) is
generic. Hence we say that the graph G is locally completable or c-independent in R?
if some (or equivalently, every) generic realization of G' in R? is locally completable
or c-independent. It follows that in the generic case, the local uniqueness of a com-
pletion of a partial Gram matrix depends only on the underlying graph G, which is
determined by the positions of the known entries. This is similar to the well-studied
property of generic rigidity of bar-and-joint frameworks, where the rigidity of a frame-
work depends only on the underlying graph if the positions of the joints are generic.
Unlike in the case of global rigidity, it is not yet known whether the global uniqueness
of a completion of a partial rank d Gram matrix depends only on the positions of its
known entries when d > 2. We say that a graph G is globally completable in R if
every generic realization of G in R? is globally completable.

The d-dimensional completability matroid Cq(G) of G is the matroid on E in which
a set of edges is independent if and only if the corresponding set of rows in C(G, p)
is linearly independent, for some generic p : V — RY. We shall see that the complete
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1.2 Previous work 4

Figure 1: This graph G satisfies the necessary conditions of Lemma 1 for d = 2 but
it is not c-independent in R2%. To see this consider the graph G + uv obtained by
adding an edge between the vertices u, v in the unique 2-vertex cut of G. Let B be a
base of Co(G + uv) which contains uv. The fact that K53 is dependent implies that
|B| <147+ 7= 15. Hence the rank of C5(G) is at most 15 which is less than |E|.

semi-simple graph K2 on n vertices is locally completable in R¢. (For a loopless graph
G we use G° to denote the graph obtained from G by adding a loop incident with
each vertex.) Hence it has rank dn — (g), when n > d (resp. (";rl), when n < d) and
its bases are the (edge sets of the) minimally locally completable graphs on n vertices.

As mentioned above the map p defined by p(i) = Sp(i) for some skew-symmetric
matrix S is an infinitesimal c-motion of (G, p). Singer and Cucuringu [20] also noticed
that if G is bipartite with vertex bipartition {Vj,V,}, then the map p defined by
p(i) = Ap(i) for i € V; and p(j) = —ATp(j) for j € V4 is also an infinitesimal
c-motion of (G, p) for any d x d matrix A. Therefore,

rank C(G, p) < dn — d (4)

if G is bipartite with |V;| > d, i = 1,2. The inequalities (3) and (4) imply the following
necessary condition for c-independence. We shall use i(X) to denote the number of
edges induced by some vertex set X C V in a graph G = (V| E).

Lemma 1. Let G = (V, E) be c-independent in RY. Then

(i) i(X) < d|X| = () for all X CV with |X| > d, and

(i) for each bipartite subgraph H = (V1, Va; F') on vertex set X = ViUV, with |V;| > d,
i =1,2 we have i(X) < d|X| — d*.

1.2 Previous work

Singer and Cucuringu [20, Proposition 5.3] showed that for d = 1 the pair of necessary
conditions of c-independence in Lemma 1 is also sufficient. For d = 2 this is not
the case (see Figure 1) and it remains a challanging open problem to characterize
c-independence in RY, for d > 2.

They also characterized global 1-completability [20, Proposition 5.4] by showing
that G is globally completable when d = 1 if and only if it contains a connected c-
independent subgraph with |V| edges. The characterization of global d-completability
for d > 2 is also open.

Local and global completability of frameworks correspond to local and global rigid-
ity of bar-and-joint frameworks, which are analogously defined by replacing the in-
ner product in (1) with the Euclidean distance between the two points. Singer and
Cucuringu [20] pointed out that rigidity and completability are equivalent when G
contains a loop at every vertex (i.e., all the diagonal entries of the Gram matrix are
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1.3 The rectangular matrix model )

known). We will return to this in section 2.3 below. Laurent and Varvitsiotis [14]
also worked on the link between rigidity and completability, where they discussed
the relation between universal completability and universal rigidity in terms of SDP
formulations, again assuming that G' contains a loop at every vertex.

1.3 The rectangular matrix model

Singer and Cucuringu [20] also considered the unique completability of low rank rect-
angular matrices, i.e. rectangular matrices of the form PTQ for some d x n matrix
P and d x m matrix ). In this case the known entries of the rectangular matrix
define a bipartite graph G = (V,U; E) in which the colour classes are of size n and
m, respectively, and an edge ij corresponds to the known scalar product of row 7 in
PT and column j in (). The definition of local and global completability for partially
filled rectangular matrices is analogous to that for Gram matrices.

The low rank rectangular matrix model may appear more general than the Gram
matrix model, but it is actually equivalent to the Gram matrix completion model
restricted to bipartite underlying graphs. As we saw above, dimker C(G,p) > d* if G
is bipartite. Hence we say that a bipartite graph G is locally completable in the (rank
d) rectangular matriz model if rank C(G,p) = d|V(GQ)| — d>.

We note that Kirédly et al. [12] also considered the uniqueness of the matrix com-
pletion in the rectangular matrix model in the complex field. They discussed combi-
natorial characterizations of 1-dimensional completability and corank-1-dimensional
completability, a sufficient condition for global completability, and completability of
random graphs.

1.4 New results

In this paper we first present combinatorial characterizations of local and global com-
pletability of special families of graphs. We characterize local and global completabil-
ity in all dimensions for cluster graphs, i.e. graphs which can be obtained from
disjoint complete semi-simple graphs by adding a set of independent edges. These
results correspond to theorems of Tay [21], and Connelly, Jorddn, and Whiteley [3],
for ‘body-bar frameworks’ in rigidity theory. We also provide a characterization of
two-dimensional local completability of planar bipartite graphs, which leads to a char-
acterization of two-dimensional local completability in the rectangular matrix model
when the underlying bipartite graph is planar?.

These results are based on new observations stating that some (old or new) graph
operations preserve local or global completability, as well as on a further connection
between rigidity and completability.

We also prove that a certain rank condition on the completability stress matrix (de-
fined later) is a sufficient condition for global completability. This verifies a conjecture
of Singer and Cucuringu [20].

2The latter result has been obtained independently by Kalai, Nevo, and Novak [11] in a different
context.
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Section 2. Preliminaries 6

2 Preliminaries

We have seen that the concepts of global and local completability correspond to global
and local rigidity, respectively, in the theory of bar-and-joint frameworks. We first
give a brief summary of the relevant results from rigidity theory. We then adapt an in-
ductive technique for rigidity to completability. We close this section by describing the
above mentioned equivalence of rigidity with completability of a graph with a loop at
each vertex and use it to deduce necessary connectivity conditions for completability.

2.1 Rigidity of frameworks

Deciding whether a given framework is globally (or locally) rigid in R? is NP-hard for
d>1 (resp. d > 2), see [19]. The first order approximation of local rigidity and the
generic (local or global) rigidity behaviour of graphs is better understood.

Let (G, p) be a d-dimensional framework, where G is a simple undirected graph (no
parallel edges, no loops). We say that a map p : i € V +— p; € R? is an infinitesimal
motion of (G, p) if

(pi —pjs0i —Dj) =0 for all ij € F. (5)

An infinitesimal motion p is called trivial if p; = Sp; + t holds for all i € V' for some
skew-symmetric matrix S and some ¢ € RY. We say that (G, p) is infinitesimally rigid
if every infinitesimal motion of (G, p) is trivial.

The rigidity matriz of (G,p) is a matrix R(G,p) of size |E| x d|V| representing
the system of linear equations (5) with variables p. Hence the rows are indexed
by E and sets of d consecutive columns are indexed by V., and the entries in the
row of e = 47 and in the d columns of ¢ and j contain the d coordinates of p; — p;
and p; — p;, respectively, and the remaining entries are zeros. By definition, p is an
infinitesimal motion of (G, p) if and only if p is in the kernel of R(G,p). Since the
set of trivial infinitesimal motions forms a (d;rl)—dimensional linear space, (G, p) is
infinitesimally rigid if and only if either |V| < d and rank R(G,p) = (}) or |V| > d
and rank R(G,p) =d|V| — (d;rl).

Since the rank of R(G,p) is maximized for all generic p, (G, p) is infinitesimally
rigid for some generic p if and only if (G,p) is infinitesimally rigid for all generic
p. Moreover, if p is generic then (G, p) is infinitesimally rigid if and only if (G, p)
is rigid. We can define the d-dimensional rigidity matroid R,(G) on the edge set of
G by linear independence in R(G, p), for some generic p. Thus, assuming that p is
generic, the rigidity of (G,p) (or more generally, the rank of E in R4(G)) depends
only on G. Motivated by this fact, we say that a graph G is rigid in R? if (G,p)
is rigid for some generic p : V — R? or equivalently, if either G is a complete
graph on at most d vertices or |V| > d and rank R(G,p) = d|V| — (d;rl). It is
not hard to see that Ri(G) is isomorphic to the circuit matroid of G and that G
is rigid in R! if and only if G is connected. In R? the following celebrated result of
Laman [13] characterizes independence in Ry (G) and hence also the rigidity of G. The
corresponding characterization for d > 3 is a major open problem in combinatorial
rigidity.
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2.2 Inductive constructions 7

Theorem 2 (Laman). Let G = (V, E) be a graph. Then E is independent in Ro(G)
if and only if ic(X) <2|X| —3 for all X CV with | X| > 2.

Theorem 3 below implies that global rigidity in R? is also a generic property for all
d > 1 1i.e. the global rigidity of a generic framework depends only on its underlying
graph.

We say that w : E — R is a self-stress of (G, p) if R(G,p)"w = 0. The stress
matriz ) associated with w is a |[V| x |V| symmetric matrix whose columns and rows

are associated with vertices V' = {1,... ,n} and each entry is given by
Qli, j] = ¢ —w(ij) ifije F
0 otherwise

Theorem 3 (Connelly [2], Gortler, Healy, and Thurston [5]). Let (G,p) be a d-
dimensional generic framework. Then (G,p) is globally rigid in R if and only if

there is a self-stress w of (G,p) for which the associated stress matriz ) has rank
n—d—1.

Thus we say that G is globally rigid in R? if (G, p) is globally rigid for some (or
equvalently, for all) generic p : V' — R? As in the case of rigidity, global rigidity is
well-characterized up to dimension two. A graph is globally rigid in R! if and only if
it is 2-connected. By a theorem of Jackson and Jordén [7] a graph G is globally rigid
in R? if and only if it is 3-connected and G — e is rigid for all e € E(G). The higher
dimensional cases remain difficult open problems.

2.2 Inductive constructions

Inductive constructions of graphs provide a powerful technique for analyzing local
and global rigidity [25]. In this section we recall some well-known operations that we
shall further develop in subsequent sections and make some preliminary observations.
Perhaps the best known operations are the so-called Henneberg operations (also called
vertex addition and edge splitting). We shall call them 0-extension and 1-extension,
which are also frequently used in the literature.

Let G = (V, E) be a semi-simple graph. The (d-dimensional) 0-eztension operation
adds a new vertex v to GG and d new edges vuy, . .., vuy for distinct vertices uq, ..., uq €
V +v. The I-extension operation removes an existing non-loop edge ujus € F, adds
a new vertex v to G and d + 1 new edges vuy, vus, vus, . . . vugyq for distinct vertices
Ugy s Ugrr € (V4 0) \ {ur,us}. See Figure 2. Note that we allow one of the new
edges to be a loop in both 0- and 1-extensions by taking w; = v. If necessary, we
will specify whether or not a loop is added by referring to the operation as a looped
extension or a simple extension.

It is known that simple 0-extension and simple 1-extension both preserve the rigidity
of graphs in R?. It is also known that simple 1-extension preserves global rigidity in
R?. (Note that the simple 0-extension operation cannot preserve global rigidity since
(d + 1)-connectivity is a necessary condition for global rigidity in R<.)
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®¢>

Figure 2: 1-extension in R2.

One can easily check that the 0-extension operation preserves c-independence (and
hence local completability) in R%.

Lemma 4. Let (G,p) and (G',p’) be d-dimensional frameworks and suppose that G
is obtained from G’ by a 0-extension operation which adds a new vertex v and new
edges vuy, . ..,vug, and p' is the restriction of p to G'. Suppose further that (G',p’)

is c-independent and that the points 0,p(u1), ..., p(ug) are in general position in RY.
Then (G, p) is c-independent.
Proof. 1t is easy to check that rank C(G, p) = rank C(G’, p’) + d. O

It is easy to see that the ‘partial 0-extension operation’ i.e. the operation which
adds at most d new edges will also preserve c-independence. Since the complete semi-
simple graph K, can be obtained from K7 by a sequence of partial 0-extensions and
edge additions, Lemma 4 implies that

Corollary 5. Suppose (K7, p) is a d-dimensional framework and the points {0}Up(V)
are in general position in RY. Then (K2, p) is infinitesimally locally completable.

We shall prove later (Theorem 26) that the simple 0-extension operation also pre-
serves global completability in R<.

On the other hand, 1-extension does not always preserve local completability. This
follows by observing that C; can be obtained from Cs by a l-extension in R!. We
can deduce from this observation that 1l-extension does not always preserve global
completability either. Thus the behaviour of the extension operations in rigidity and
completability are quite different.

We shall introduce a new operation, called double-1-extension, and prove that this
operation preserves local completability. As an application of this result, we shall
obtain a new proof of the combinatorial characterization of locally completable graphs
in R,

Another key operation used in rigidity theory is vertex-splitting. Let G = (V| F)
be a graph, let v € V be a vertex, and let {U;,U*, Us} be a partition of N(v) for
which |U*| = d — 1 (and such that U; or Uy may be empty). The vertez-splitting
operation at v (with respect to {Uy, U*, Uy }) in RY removes v from G and inserts two
new vertices v; and vy and new edges v;u for u € U* for 1 = 1,2, v;u for u € U; for
i = 1,2, and vivy. Whiteley [24] showed that vertex-splitting preserves rigidity. The
corresponding statement for global rigidity (in the case when U; and Us are both non-
empty) is known to hold in R? [10] and is conjectured to hold in higher dimensions
[4].

We shall also introduce a more general version of the vertex-splitting operation
mentioned above and prove that it preserves local completability. This result will be
the key step in the proof of our result on bipartite planar graphs.
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2.3 Completability, rigidity, and coning 9

2.3 Completability, rigidity, and coning

We use G« {v} to denote the cone graph of G, that is, the graph obtained by adding
a new vertex v and connecting each vertex of G to v by a new edge. For a framework
(G, p), let p* be the extension of p to V(G )U{v} by p*(v) = 0. The following property
was observed by Singer and Cucuringu [20].

Proposition 6. Let G = (V| E) be a simple graph and let (G, p) be a d-dimensional
framework with p(v) # 0 for allv € V. Then (G°, p) is infinitesimally (resp. globally)
completable in Re if and only if (G * {v}, p*) is infinitesimally (resp. globally) rigid
in RY.

Whiteley [23] showed that a graph G is rigid in R?"! if and only if G * {v} is rigid
in R?. This fact and Proposition 6 imply the following. (A direct proof will be given
in Section 7.)

Corollary 7. Let G be a simple graph. Then G° is locally completable in R? if and
only if G is rigid in R4!,

Connelly and Whiteley [4] proved that a graph G is globally rigid in R?"! if and
only if G * {v} is globally rigid in R%. Thus we have:

Corollary 8. Let G be a simple graph. Then G° is globally completable in R if and
only if G is globally rigid in R,

This implies that global completability of frameworks whose underlying graph has
a loop at each vertex is a generic property. It is not known whether this holds for all
graphs.

Corollaries 7 and 8 also imply the following necessary conditions for completability.

Corollary 9. (a) If G is locally completable in R? then either G is (d — 1)-connected
or G is a complete semi-simple graph on at most d — 1 wvertices.

(b) If G is globally completable in R then either G is d-connected or G is a complete
semi-simple graph on at most d vertices.

This corollary can also be proved directly by considering a rotation about a (d —2)-
dimensional subspace which contains the vertices in a (d — 2) cutset in (a) and a
reflection in a (d — 1) dimensional subspace which contains the vertices in a (d — 1)-
cutset in (b).

We close this section by obtaining an analogue to Whiteley’s above mentioned result
which linked coning and rigidity.

Let G = (V, E) be a semi-simple graph. The looped cone extension G ov of G is
obtained by adding a new vertex v and all edges uv for u € V + v.

Lemma 10. Let G = (V, E) be a graph and G o v be its looped cone extension. Then
G is locally completable in R if and only if G o v is locally completable in R4,
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Section 3. Cluster graphs 10

Figure 3: A partially filled matrix with a cluster structure.

Proof. We use the fact that a framework is infinitesimally locally completable if and
only if every infinitesimal c-motion is a rotation which fixes the origin. Choose a
generic framework (G owv,p) in R¥1. By applying a suitable rotation, we may trans-
form (G o v, p) to a framework (G o v, q) with g(v) = (¢,0,0,...,0) for some t € R
and is such that (G o v, p) is infinitesimally completable if and only if (G o v, q) is
infinitesimally completable. Let ¢ be an infinitesimal c-motion of (G o v, q). Since
G o v has a loop at v, we may assume that g(v) = (0,0,...,0) (by composing ¢ with
a suitable infinitesimal rotation of R4™! which fixes the origin). The facts that ¢ is an
infinitesimal c-motion of (G owv, g) and wv is an edge of G owv for all u € V' now tell us
that the first component of ¢(u) is zero for all w € V. This in turn implies that the
projection of g onto its last d coordinates is an infinitesimal c-motion of the frame-
work (G, @) obtained from (G, q) by projecting each g(u) onto its last d coordinates.
Conversely any infinitesimal c-motion of (G, q) can be extended to an infinitesimal
c-motion of (G, g) which fixes v by putting the first component of the infinitesimal
velocity of each vertex u € V equal to zero. This gives us a bijection between the
infinitesimal c-motions of (G, g) which fix v and the the infinitesimal c-motions of

(G,q). O

3 Cluster graphs

Let H = (V, F) be a loopless multigraph. The cluster graph induced by H, denoted
by GY;, is the graph obtained from H by replacing each vertex v € V by K
that is a complete graph on d(v) vertices in which a loop is added to each vertex
(we call this subgraph the cluster C, associated with v), and replacing each edge
st € E by an edge between the clusters Cs and C} in such a way that the edges of G
connecting distinct clusters are pairwise disjoint. A graph obtained in this manner is
called a cluster graph. In this section we consider the characterization of local and
global completability of cluster graphs. The pattern of known entries in a matrix
corresponding to a cluster graph is illustrated in Figure 3.

3.1 Local completability

Tay [21] gave a combinatorial characterization for the rigidity of body-bar graphs, i.e.
cluster graphs with all loops deleted. By combining Tay’s theorem and Corollary 7
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one can derive a combinatorial characterization of locally completable cluster graphs
in each dimension. Here we shall present a simpler direct proof.

Let H = (V, E) be a multigraph. For a partition P of V' let Ex(P) denote the set,
and ey (P) the number of edges of H connecting distinct members of P. We say that
H is m-tree-connected if

en(P) = m(t —1) (6)

for all partitions P = {X;, Xo, ..., X;} of V. Note that a theorem of Nash-Williams
[16] and Tutte [22] implies that H satisfies (6) if and only if H contains m edge-disjoint
spanning trees.

Lemma 11. Let H = (V, E) be a multigraph and suppose that the cluster graph G%

induced by H is locally completable in RY. Then H is (g)—tree—connected.

Proof. It G5, has less than d vertices then it must be a complete semi-simple graph.
This implies that |V| = 1 and the lemma is trivially true. Hence we may assume that
G, has at least d vertices.

For a contradiction suppose that ex(P) < (4)(t — 1) — 1 for a partition P =
{X1,Xo,.... X3} of V witht > 2. Let V; = W{V(C,) : v € X;}, for 1 < i < ¢,
and let Q = {Y1,Ys,...,Y;} be the corresponding partition of V(G%). Observe that
eq,(Q) = ey (P) holds.

Let S C E(GY%) be a maximal set of independent edges in G, i.e. a base in the
d-dimensional generic completability matroid of G;. Since G, is locally completable
and has at least d vertices, we have |S| = d|V (G%)|— (‘;) Thus, by using the fact that
each vertex in a locally completable semi-simple graph on at least d vertices has degree
at least d (which follows from Lemma 1) we obtain that each subset Y C V(GY) has
Y| > d — 1 and hence it induces at most d|Y'| — (%) edges of S (again by Lemma 1).
Thus we obtain

aviGl - (3) = sl < i(dmw - () +eante)-

av(Gipl - (3)t+entP) < dviGil - (5) -1

d

a contradiction. Thus H satisfies (6) with m = (§

) and the lemma follows. O

Before the proof of the next theorem recall the correspondence between the trivial
infinitesimal c-motions of a d-dimensional framework (G, p) with n > d and the skew-
symmetric matrices of size d x d.

Theorem 12. Let H be a multigraph. Then the cluster graph GS; induced by H 1is

locally completable in R? if and only if H is (g) -tree-connected .

Proof. Necessity follows from Lemma 11. We prove sufficiency by showing that G%
has a d-dimensional realization (G%,p) which is infinitesimally completable.

We shall assign coordinates to the vertices of G%; so that each vertex is located on
some of the coordinate axes at unit distance from the origin. It will also follow that
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3.2 Global completability 12

the points corresponding to the vertices of some cluster contain such points from at
least d — 1 different axes, and hence each cluster gives rise to an infinitesimally locally
completable subframework (this follows from Corollary 5).

Let us fix (g) edge-disjoint spanning trees T; ;, 1 < ¢ < j < d as well as a root vertex
rin H and then orient the trees away from r, so that they become out-arborescences
rooted at r.

Consider an edge st of tree T;; (for some 1 < ¢ < j < d) and suppose that it
is oriented from s to t. This edge corresponds to an edge uv of G%; connecting the
clusters Cy and C; (with u € Cs,v € C}, say). Define the location of vertices u,v by

p(u) =e;, p(v) =e;,

where €; is the unit vector (0,0,...,0,1,0,...,0) on the [I’th coordinate axis. This
completes the definition of p.

Now consider an infinitesimal c-motion m of (G%,p). Since the clusters are in-
finitesimally locally completable, each cluster C, has a d x d skew-symmetric matrix
A, for which m(z) = A,p(x) for all vertices = in V(C,). The fact that m is an
infinitesimal c-motion, the definition of p, and the skew-symmetry of the matrices
imply that

0 = (m(u), p(o)) + (m(v), p(w) = (Ap(u), p(v)) + (Aip(v), p(w)) =
= As[j7 Z] + At[lvj] = At[,laj] - As[i7j]7
which gives A[i, j] = A;[i, j]. This argument, applied to all edges of the trees, implies
that A, = A, for all w € V(H) and hence m(z) = A,p(z) for all vertices x of

G%. Thus m is a trivial infinitesimal c-motion and (G, p) is infinitesimally locally
completable. It follows that G5 is locally completable in R¢, as claimed. O

3.2 (Global completability

The charaterization of globally rigid generic body-bar frameworks is also known. Let
H = (V,E) be a multigraph. We say that H is highly m-tree-connected if H — e is
m-tree-connected for all e € E.

Theorem 13. [3] Let H = (V| E) be a multigraph with |V| > 2 and |E| > 2 and let
Gy be the body-bar graph induced by H. Let d > 1 be an integer. Then the following
are equivalent:

(a) Gy is generically globally rigid in R?,

(b) H is highly (d;rl) -tree-connected.

Thus we can deduce, by using Corollary 8, that:

Theorem 14. Let H = (V, E) be a multigraph with |V| > 2 and |E| > 2 and let G
be the cluster graph induced by H. Let d > 1 be an integer. Then the following are
equivalent:

(a) GS; is generically globally completable in RY,
(b) H is highly (g) -tree-connected.
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Section 4. Operations preserving c-independence 13

®¢>

Figure 4: 2-dimensional double-1-extension.

Theorem 14 shows that global completability implies redundant local completability
for cluster graphs. This implication does not hold in general (see Section 6.2 for more
details).

4 Operations preserving c-independence

In this section we introduce some new graph operations and prove that they preserve
c-independence in R

4.1 Double-1-extension

Let G = (V,E) be a semi-simple graph. The (d-dimensional) double I-extension
operation removes an existing edge e = ab from G and inserts two new vertices v; and

vy with new edges avy, v1v9, v2b and vlu%, vlu%, o ,vluilfl and vgué, vgu%, e vgugfl,
where {ul,u?, ... u$™'} and {ud,u3, ..., ud '} are d — 1 distinct vertices in (V +w;)\

{a} and (V 4 wvy) \ {b}, respectively. We allow the possibility that e is a loop (in which
case a = b). See Figure 4 for an example.

Lemma 15. Let G = (V| E) be a graph and G' = (V', E') be the graph obtained from
G by a double 1-extension. If G is c-independent in R then G’ is also c-independent
in R,

Proof. Suppose that the double 1-extension removes the edge ab € E. We use the
notation given above to denote the vertices involved in the operation.

Since G is c-independent, there is a generic p : V — R? such that C(G,p) is row
independent. We define p’' : V! — R by

p(h) (ifu=u)
p'(u) =< pla) (if u=uwy) (uwe V).
p(u) (otherwise)

We show that C(G’,p') is row independent.
We first assume that a # b. Consider the rows of C(G',p’) associated with

avy, v1Ug, Vab:
/
vy vy a b V'\{v,v9,a,b}

avy | pa| 0 | pp| O 0
veb | 0 | pp | 0| pa 0
vive [ pa | Pp | 0] 0 0
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4.2 Vertex-splitting 14

The sum of the rows of av; and v9b minus the row of vvy is equal to

vy v a b V'\{v,v9,a,b}
[0 0 [pe]pa] 0

which is equal to the row of ab in R(G,q). Therefore, by using row operations,
C(G',p') can be transformed to

U1 U2
avq Pa 0 *
viug | Pl
: 0 *
v | Py
vob 0 D *
VoY Pul
: 0 *
vauy”! Dug—
0 0 |C(G,p)

This implies the row independence of C'(G’, p’).
An almost identical argument holds when a = b. O

Lemmas 4 and 15 imply the following characterization of local completability in
R!. The equivalence of (i) and (ii) was verified by Singer and Cucuringu [20], using a
different approach.

Theorem 16. The following statements are equivalent for a graph G = (V, E):

(i) G is minimally locally completable in R';

(ii) Each connected component of G contains exactly one cycle, which is odd;

(iii) G can be constructed from a graph with one vertex with one loop by a sequence

of one-dimensional 0-extensions and double-1-extensions.

4.2 Vertex-splitting

Let G = (V, E) be a semi-simple graph. The d-dimensional vertex-splitting (or simply
vertex-d-splitting) operation (at vertex v with some fixed partition {U;,U*,Us} of
N(v) with d — 1 < |U*| < d) consists of the following steps:

e [t removes v and inserts two new vertices v; and vy with new edges v;u for
ue U, UU* fori=1,2.

e [f v is incident with a loop in G, then it further adds a new edge vy vs.

o If |U*| =d— 1, then it further adds a loop incident with v;.
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4.2 Vertex-splitting 15

Figure 5: 3-dimensional vertex splitting (with |U*| = 3).

See Figure 5 for an example.

Lemma 17. Let G = (V, E) be a graph and G' = (V', E") be the graph obtained from
G by a vertex-d-splitting at vertex v. If G is c-independent in R? then G’ is also
c-independent in R?.

Proof. Let {Uy,U*, Uy} be the partition of the neighbors of v used by the vertex-d-

splitting operation.

(a) Let us first consider the case when |U*| = d and v is not incident to a loop.
Since G is c-independent, there is a generic p : V. — R? such that C(G, p) is row

independent. We define p’ : V/ — R? by

p'(u) =

p(v) (if u=v; or u =) o
{P(U) (otherwise) (we V).

We show that C(G’, p') is row independent.
For w € U*, consider the rows of C(G’, p’) associated with vju and vyu:

vr ve u V(G)\{w,v, v}
v | py | 0 | Py 0
vau | O | pu | Do 0

We first add the column of v; to that of vy. Notice that if we then subtract the row
of vou from that of vyu, we obtain

vy ve u V'\{w,v, v}
viu [ py| 010 0
v | 0 | pu | Do 0

where the resulting row of vyu is equal to the row of vu in C'(G, p). It follows that, if
we subtract the row of vou from that of viu for all u € U*, then, by identifying the
columns of vy in C(G’,p’) with that of v in C(G, p), and rearranging the rows, the
resulting matrix C'(G', p’) can be written as

U1 V/ \ {Ul}
ViU Puy
0
’Ulud pud
E'\A{viuy,...,nuq}t | * | C(G,p)
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Section 5. Local completability of planar graphs in R? 16

where U* = {uy, us, ..., uq}. Since the top-left d x d-block is row independent (by the
genericity of p) and C(G, p) is row independent, C(G’,p’) is row independent. This
completes the proof for the case when |U*| = d and v is not incident to a loop.

(b) Next consider the case when |[U*| = d and v is incident to a loop ¢. Then /¢ is
replaced by a new edge v;v, in the vertex-d-splitting operation. By using the map p’
defined above, the row of vjvy in C(G’, p’) can be written as

U1 U2 V/\{UlaUQ}
V102 ‘pv ‘PU ‘ 0 ‘

Notice that the restriction of this row to the columns associated with V'\{v;} coincides
with the row of £ in C'(G, p). This means that, by the same column and row operations,
C(G',p') can be converted to exactly the same form as above.

(c) Finally, suppose that |[U*| = d — 1. In this case the same argument can be
adapted, by observing that in the transformed matrix C(G’,p’) the top-left d x d-
matrix consists of the row of the loop together with the rows of the d — 1 edges vy u,
for u € U*. O

5 Local completability of planar graphs in R?

In this section we consider the local completability problem of semi-simple planar
graphs in R?, in both the Gram matrix and rectangular matrix models.

Lemma 1 implies that if a graph G = (V, E) is c-independent in R? then i(X) <
2| X|—1 for all non-empty X C V and |E(H)| < 2|V (H)|—4 for all bipartite subgraphs
H with at least three vertices. Note that in a planar graph the latter sparsity condition
is guarenteed by Euler’s formula and hence every bipartite planar graph will satisfy
both necessary conditions.

We shall prove that all planar bipartite graphs are c-independent.

5.1 Planar bipartite graphs

Consider a planar bipartite graph G = (V, E'). We may suppose that GG is a maximal
planar bipartite graph (a planar quadrangulation). The c-independence of G follows
by induction on the number of vertices by using the fact that every planar quadran-
gulation can be obtained from a pair of incident edges by repeated applications of the
vertex splitting operation (with |U*| = 2 = d) introduced in Section 4, see [1]. Hence
Lemma 17 implies the following.

Theorem 18. All planar bipartite graphs are c-independent in R?.

This implies the following characterization of locally completable planar bipartite
graphs in the rectangular matrix model.

Theorem 19. A planar bipartite graph is locally completable in the rectangular matriz
model in R? if and only if it is a quadrangulation.
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5.2  Planar graphs 17

(a) (b)

Figure 6: (a) Looped wheel W/. (b) A 3-connected (2, 1)-sparse simple planar graph
which is not c-independent in R2. This graph G can be obtained from two copies of
W by identifying four edges (including the loop) and then removing the loop. By the
circuit elimination axiom, the edge set of G contains a circuit of the 2-dimensional
completability matroid.

5.2 Planar graphs

Let G = (V, E) be a semi-simple graph. We say that G is (2, 1)-sparse if i(X) <
2|X| — 1 holds for all non-empty subsets X C V. Lemma 1 says that (2, 1)-sparsity
is a necessary condition for c-independence. Since planarity forces c-independence for
bipartite graphs in R?, it is natural to ask whether (2, 1)-sparsity characterizes the
c-independence of general planar graphs. We give a negative answer to this question
by constructing (2, 1)-sparse planar graphs which are not c-independent in R?.

The looped wheel W] with n vertices is the wheel W,, on n vertices with one loop
attached at the center vertex (see Figure 6(a)). Theorem 16 and Lemma 10 imply that
W! is c-independent in R? if and only if n is even. Hence W/ is a (2, 1)-sparse planar
graph which is not c-independent for all odd n. We can construct simple examples
by replacing the loop in W3, ., by any simple planar minimally locally completable
graph (so that the central vertex of W3, ., becomes a cut-vertex). Simple 3-connected
examples can also be constructed, see Figure 6(b).

6 Sufficient conditions for global completability

In this section we consider the global completability of graphs. Recall that a graph
G is globally completable in R? if (G, p) is globally completable for all d-dimensional
generic configurations p.

6.1 Completability stress and global completability

Let G = (V, E) be a semi-simple graph. We define the completability function fq :
RAVI — RIFI by

fa@)= (s (Pupo)s---) (P ERY).
Then fg is smooth. Notice also that the completion matrix C(G, p) is the Jacobian

of fo at p.
Following [20] we say that w : e € E — w, € R is a completability stress of (G, p) if
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6.1 Completability stress and global completability 18

C(G,p)Tw = 0, that is, for each u € V

Z WuvPv = 0. (7)

vENG (u)

The stress matriz associated to w is the |V| x |V|-matrix €2, where each column
and each row are associated with a vertex in V' and each entry is given by

Qu, v] = Wyp- (8)
The following was observed in [20].

Proposition 20. Let G = (V, E) be a graph and (G, p) be a d-dimensional framework
such that p(V') linearly spans RY. Then for any completability stress w : E — R of

(G,p),
P(p)Q = 0. (9)

In particular, the rank of § is at most n — d.

Singer and Cucuringu [20] conjectured that having a maximum rank stress matrix
implies global completability. Our next result verifies their conjecture.

Theorem 21. Let G be a finite graph and let p : V — R? be generic. Then G is
globally completable if there is a completability stress w of (G, p) with rank = n—d.

Our proof of Theorem 21 is an adaptation of the proof by Connelly [2] for the
sufficiency of Theorem 3.

We say that (G, q) (or q) is a linear image of (G, p) (or p) if there is a d X d-matrix
A such that ¢, = Ap, for all v € V.

Proposition 22. Let G = (V, E) be a graph, (G,p) be a d-dimensional framework
such that p(V) linearly spans R, and w be a completability stress of (G,p). If
rank  =n — d, then any other configuration q for which w is a completability stress
of (G, q) is a linear image of p.

Proof. By Proposition 20, P(p)Q2 = 0 and P(q)$2 = 0. Since p(V) linearly spans R?,
rank P(p) = d. Since the kernel of Q2 has dimension d, the row vectors of P(q) are

spanned by those of P(p), which implies that there is a d X d-matrix A such that
P(q) = AP(p). In other words, g, = Ap, holds for all v € V. O

We say that p: V — RY lies on a conic at infinity if there is a non-zero symmetric
d x d-matrix B satisfying

po Bp, =0 for uv € E. (10)

Proposition 23. Let (G,p) be a d-dimensional framework, and suppose that p does
not lie on a conic at infinity. Then, if (G,q) is a linear image of (G,p) and is
equivalent to (G, p), then (G, q) is congruent to (G, p).

EGRES Technical Report No. 2014-01



6.2 Operations Preserving Global Completability 19

Proof. By assumption there exists a d x d matrix A such that ¢, = Ap, for v € V.
Since the inner product is preserved for each uv € E, we have

0= <Qu7 QU> - <puapv> - pI<ATA - [d)pv-

However, since p does not lie on a conic at infinity, AT A — I; = 0 holds. In other
words, A is an orthogonal matrix and (G, q) is congruent to (G, p). O

Proposition 24. Let (G,p) be a d-dimensional framework such that each vertex is
incident with at least d edges. If p is generic, then p does not lie on a conic at infinity.

Proof. We proceed by induction on d. The claim is clear if d = 1 so may assume that
d>2.

Take any symmetric matrix B = (b;;) of size d x d. Note that condition (10)
is a system of |E| linear equations for b;;, where each coeflicient is a polynomial of
coordinates of p. Hence, if there exists a map q : V — R¢ that does not lie on a conic
at infinity, then any generic p will not lie on a conic at infinity.

Let v be a vertex, and take q such that g(v) = (0,...,0,1)" and q restricted to
V' \ {v} is generic. Let b; be the d-th row vector of B. For any u € Ng(v), condition
(10) implies that 0 = ¢, Bq, = (ba, ¢.). Since {q, | u € Ng(v)} linearly spans R?, we
get by = 0. (We take v € Ng(v) if there is a loop at v.)

Define g : V' \ {v} — R%! such that g(u) is the (d — 1)-dimensional vector obtained
from g(u) by removing the last coordinate, and let B’ be a (d—1) x (d — 1) symmetric
matrix obtained from B by removing its last row and column. Since by = 0, we have
0 = q, Bq, = 4, B'G, for any edge uw in G — v. Hence by induction we get B’ = 0,
which in turn implies B = 0. U

We also need one more claim from [2].

Proposition 25 (Connelly [2]). Let f; : R* — R be a polynomial with integer coeffi-
cients for 1 <i <b, f:R* - R" be f = (f1,..., fs), P € R* be generic over Q, and
q € /7' (f(p)). Then there are open neighborhoods N, of p and N, of q in R* and a
diffeomorphism g : Nq — Np with g(q) = p such that for all x € Ny, f(g9(z)) = f(x).

Proof of Theorem 21. Since (G, p) has a non-zero completability stress, the minimum
degree of G is at least d. Let (G, q) be a framework equivalent to (G,p). Then
q € f5'(fa(p)), and Proposition 25 implies that there are open neighborhoods N,
of p and N, of ¢ in R?" and a diffeomorphism g : N, — N, with g(q) = p and
falg(z)) = fo(x) for x € N,. By taking differentials, we get C'(G,p)A = C(G, q),
where A is the Jacobian of g at q. Therefore w'C(G, q) = w'C(G,p)A = 0. In other
words w is a completion stress of (G, g). Since rank {2 = n—d, Proposition 22 implies
that (G, q) is a linear image of (G, p). Since p does not lie on a conic at infinity by
Proposition 24, (G, q) is congruent to (G, p) by Proposition 23. O

6.2 Operations Preserving Global Completability

Theorem 3 tells us that having a maximum rank (rigidity) stress matrix is both
necessary and sufficient for global rigidity of graphs. The analogous result does not
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6.2 Operations Preserving Global Completability 20

hold for global completability since, as pointed out by Singer and Cucuringu [20], the
converse of Theorem 21 does not hold in general. The following result can be used to
construct an infinite family of counterexamples for any d.

Theorem 26. Let G be a generically globally completable graph in R?, and let G’
be a graph obtained from G by a simple 0-extension. Then G’ is generically globally
completable in R?,

Proof. Take a generic p : V(G) — R such that (G, p) is globally completable in R,
and let p’ : V(G'") — R? be a generic configuration obtained by extending p. We show
that (G’,p') is globally completable.

To see this take any q' : V(G') — R? such that (G’,¢q’) is equivalent to (G, p').
Since (G, p) is globally completable, we may assume ¢/, = p,, = p), for any u € V(G).

Let v be the new vertex. Then for u € Ng/(v) we have (p),pl) = (q,,q,), which
means (p,,p, — ¢,) = 0 for all u € Ng(v). Since {p, | u € Ng/(v)} linearly spans R,
we get p/ — ¢, = 0, which in turn implies p’ = q’. O

We next investigate the double 1-extension operation. Lemma 15 tells us that the
double 1-extension operation preserves local completability. In the proof we gave a
special configuration p that achieves the maximum rank of the completability matrix,
which in turn implies the generic local completability of the underlying graph G.

On the other hand, in the case of global completability, even if the rank of a stress
matrix of (G, p) is maximum for a non-generic configuration p, G may not be globally
completable. Theorem 27 below allows us to avoid this problem by showing that, if we
add the hypothesis that (G, p) is locally completable, then there does exist a generic
q so that (G, q) has a maximum rank stress matrix. We can then use Theorem 21 to
deduce that G is globally completable.

Theorem 27 can be proved by using a very similar technique to that used by Con-
nelly and Whiteley [4] to obtain an analogous result for global rigidity.

Theorem 27. Let (G,p) be a d-dimensional framework with a completability stress
w, and suppose that (G,p) is locally completable and 2 has rank |V (G)| — d. Then
there is a generic q and a completability stress w' of (G,q) such that ' has rank
V(G)| —d.

A stress w is called nowhere zero if w(e) # 0 for all e € E(G). We also need the
following.

Lemma 28. Let (G,p) be a generic d-dimensional framework with a completability
stress w. Suppose that the rank of 2 is |V| — d. Then there is a nowhere zero
completability stress w' of (G,p) such that the rank of Q' is |V| — d.

Proof. Let e € E(G) such that w(e) = 0. Then w (restricted to E(G) — e) is a
completability stress of (G — e, p) such that the rank of Q is equal to |V(G)| — d.
By Theorem 21 (G — e, p) is globally completable, and hence is locally completable.
This in particular implies that the completability matrix of (G —e, p) is full rank, and
hence there is a completability stress w’ of (G, p) for which w’(e) # 0. Since the rank
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of Q1is |V(G)| —d, the rank of the stress matrix of w+ew’ is |V (G)| —d for sufficiently
small e. Applying the same argument for all e € F(G), the desired completability
stress can be obtained. O

Theorem 29. Let G' be a graph obtained from a graph G by a double 1-extension.
Suppose that there is a generic p : V(G) — RY and a completability stress w : E(G) —
R of (G, p) such that the rank of 2 is |V (G)|—d. Then there is a generic p* : V(G') —
R? and a completability stress w* : E(G') — R of (G', p*) such that the rank of Q* is
V(G| = d. In particular, G' is globally completable.

Proof. Suppose that the double 1-extension is performed along edge ab by adding new
vertices v; and v, and new edges vlu%, o ,vlucf’l and vgué, o ,vgug’l. We define a
configuration p’ : |V (G’)| — R? as given in the proof of Lemma 15 i.e., p/(v;) = p(b),
P/(v5) = p(a), and p/(w) = p(u) for u € V(G).

By Lemma 28 we may assume that w,, # 0. Based on w, we define a completability
stress w': E(G) — R by

Wab if e = avy or by

W — —way 1f € = v1v9
) we if e € E(G) \ {ab}
0 otherwise.

Due to the special configuration p’, one can easily check that w’ is a completability
stress of (G',p’). Now the stress matrix € is

V(G)\{a,b} a b n Uy

V(G)\ {a,b} 0 0
a * Wab 0
b 0 Wab
ol 0 wap | O 0 —Wab
Uy 0 0 | Wap | —Wap 0

If we add the column of v; to that of b and add the column of vy to that of a, the
matrix is changed to

V(G)\{a,b} a b v Uy

V(G)\ {a,b} 0 0
a Q Wab 0
b 0 Wab
U1 0 010 0 —Wab
Uy 0 00| —wg 0

where the top left block turns out to be Q. Since wg, # 0, rank ' = |[V(G)|—d+2 =
V(G| —d.
In the proof of Lemma 15, we showed that (G',p’) is also locally completable.

Hence, by Theorem 27, there is a generic p* and a completability stress w* of (G', p*)
such that the rank of Q* is |V (G’)|—d. By Theorem 21, G’ is globally completable. [
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Singer and Cucuingu [20] obtained the following combinatorial characterization of
global completability of graphs in R!. (They proved the equivalence between (i) and
(ii). The equivalence between (ii) and (iii) is straightforward.)

Theorem 30. The following statements are equivalent for a graph G':
(1) G is globally 1-completable;
(ii) G is connected and contains an odd cycle;

(iii) G can be constructed from the graph consisting of one vertex with one loop by a
sequence of (1-dimensional) simple 0-extensions, double-1-extensions, and edge
additions.

Note that Theorem 30 does not follow from Theorems 26 and 29, as G may not have
a nowhere zero completability stress. On the other hand, Theorem 30 implies that
the double-1-extension operation preserves global rigidity in R, We have examples
showing that this is not the case in R2.

7 More links between completability and rigidity

We first show that we may focus on frameworks whose vertices lie on the unit sphere
St = {x € R? | (z,x2) = 1} when considering infinitesimal completability in R?
For a configuration p : V. — R\ {0}, the central projection of p onto S¥1 is a
configuration q : V. — S9! with q; = p;/|ps| for i € V. We say that (G, q) is the
central projection of (G, p) onto S~1.

Lemma 31. Let (G,p) be a framework in RY with p : V — R\ {0}. Then (G, p) is
infinitesimally completable in R? if and only if the central projection (G, q) of (G, p)
onto S is infinitesimally completable in RY.

Proof. Let s : (R)IVI — (RHIVI be a linear map defined by, for p : V — R? and
i €V,sop; =pi/|pil. Then, forany p:V — R andi,j €V x V,

(pi, D) + (pj; Pi) = |pillps| ({qis s 0 Pj) + (g5, 8 0 Ps))-

So (pi, p;) + (p;, pi) = 0 if and only if (g;, sop;) + (gj, sop;) = 0 and s induces a linear
bijection between the spaces of infinitesimal c-motions of (G, p) and (G, q). O

7.1 The Pogorelov map

In this subsection we give a brief description of a method used by Pogorelov [17] to
transform a framework on the upper hemisphere ST = {z € R? | (z,7) = 1, (e, ) >
0} to a framework on its tangent space E¢"! = {x € R? | (e,z) = 1} at the point
e=(0,0,...,0,1) € R% in such a way that the dimension of the space of infinitesimal
motions is preserved. The reader is referred to Saliola and Whiteley [18] and Ismestiev
[6] for more details.
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Given a point x € ST let T, = {y € R? | (y, ) = 0} be the tangent space of ST
at z. Following Pogorelov [17], see also [18], we define an infinitesimal motion of a
framework (G,p) on ST to be amap t:i € V > t; € T), satisfying

Thus an infinitesimal motion of (G, p) on ST is an infinitesimal c-motion in R? which
satisfies the additional constraint that the infinitesimal velocity of each point p; lies
in the tangent hyperplane at p;.

On the other hand, an infinitesimal motion of a framework (G, q) on E4~! is a map
m:V — M= {yeR?| (e,y) =0} satisfying

(pi —pjymi —m;) =0 (ij € E). (12)

Thus an infinitesimal motion of (G, q) on E?~! is an infinitesimal motion in R? which
preserves the edge lengths and the fact that the points lie on E4~1.

We can transform a framework (G,p) on ST to a framework on E?~! using the
map ¢ : Sflfl — E9! defined by

Qx> e.q)

Note that ¢ is bijective and its inverse is given by ¢~ '(z) = x/|x|.
We next define a map between the spaces of infinitesimal motions of (G, p) and
(G,¢op). For z € ST, define ¢, : T, — M by

t—(t,e)e
et —— . 13
0 Te.a) (13)
It is easy to check that v, is a linear isomorphism whose inverse is given by
Ut imo (e, x)m — (m, x)e. (14)

Given an infinitesimal motion ¢ of (G, p) we can now define an infinitesimal motion
Y(t) of (G, ¢ op) by putting ¢ (t;) = 1, (;) for all i € V. Then ¢ is a linear bijection
between the spaces of infinitesimal motions of (G, p) in ST and (G, ¢ o p) in E4~1.

7.2 An application to completability

We will use the Pogorelov map to obtain another relationship between completability
in R? and rigidity in R?"*. As an application we obtain a sufficient condition for
completability in R? which extends Corollary 7.

Let (G, p) be a framework in R? whose vertices lie on ST . Since R? = Tpf_ DT,
for each i € V, a map p : V ~ R? can be decomposed into the direct sum of two
maps s:1€ Vs, e Randt:i €V —t; €T,, such that

pi=spi+t  (eV). (15)
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Let L C E be the set of loops of G. We may substitute equation (15) into (2) to
obtain

0= (pi,p;) + (pj, Bi) = (si + 8;) (i, pj) + (Pisty) + (pj,ts)  (ij € B\ L)

. ) (16)
0= (2%1%) = 8z\p¢|2 =S (zz IS L)

On the other hand, a calculation (from [18]) shows that

(6(0) = 0003). 9 (0) — 1y, () = (2t = ol AL b
(pi ;) + (pj, i)
le.n)e.n)

where the last equation follows from the facts that ¢; € T, and t; € T,,. Putting
g = ¢(p;) € E¥! and ; = 1, (t;) € M, we obtain

(Pis B3) + (0s, Pi) = (si + 85)(pi, ps) — (€, pi) (€, 05) (D (Pi) — P(ps), Y (ti) — ¥(t5))
1 o _ N
= ——(si + (@, @) — (e, @){e, 4 (@ — @, wi — uy)].  (17)
|Gillg;]

Since 1, is a linear bijection between T}, and M, it induces a linear bijection 1) between
pe ROV p:ieV —p e ROT,}and {(s,u) | s:V = R,w:V — M}. It now
follows from (2), (16), and (17) that the space of infinitesimal c-motions p of (G, p)
is linearly isomorphic to the space of solutions (s, @) to the system of equations

o ad—a) — (@, @) o 4 s.) = i
GG T =) 1 e gy T =0 B (18)

s;=0  (iiel)

associated to the framework (G, q) on E®~!, where ¢ = ¢ o p.
By taking the natural projection of E¢~! onto R?!, we can transform (18) into a
system of equations associated to a framework (G, q) in R41. Let g, u : V — R}

be such that <qf) = ¢q; and (%Z) = u; for all i € V. Then (18) becomes
(@ = g ui —uy) = ({¢i, ) + V)(si +55) =0 (i € B\ L)

si=0 (i€l (19)

Let R'(G, q) be the |E| x d|V|-matrix representing this linear system of equations.
Then
R(G.q) =[R(G.q) —5(G,q)] (20)
where R(G, q) is the rigidity matrix of (G, q) and S(G, q) is the |E| x |V|-matrix in
which the row associated with each ij € F is
/—’; /—/]A

The equivalence of (2) and (20) gives us the following result.
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Proposition 32. Let (G, p) be the framework on ST and let (G, q) be the framework
in RS with ¢(p;) = (qf) fori € V. Then rank C(G,p) =rank R'(G,q).

Note that it is easy to deduce Corollary 7 from Lemma 31 and Proposition 32.

Lemma 31 and Proposition 32 tell us that the infinitesimal completability of a
framework (G, p) in the half-plane {x € R? | (x,e) > 0} is determined by the rank of
an |F| x d|V] matrix whose first (d — 1)|V/| columns are given by the rigidity matrix
of an associated framework (G, q) in R4"1. We can use this to obtain the following
sufficient condition for generic local completability in R2.

Lemma 33. Let G = (V, E) be a graph. If there exists a partition {V1,Va, ..., V;} of
V' such that G[V;] is locally completable in RY for all1 < i <t, and G —J._, E(G[Vi])
is connected, then G is locally completable in R?.

Proof. Let Gy = (V,E —J'_, E(G[Vi])) and Gy = (V,U:_, E(G[Vi])). By Proposi-
tion 32 it suffices to show that there is ¢ : V' — R such that the rank of R'(G,q) is
2n — 1. Take any t distinct numbers ay, ..., a,. By using the partition {V;,..., V;},
we shall define g by ¢; = a; for ¢ € V;. Then by definition R'(G, q) can be written as
follows.

EG) | I(G)]| =
E(Gy) | 0 | I(Gy)

where [ (81) is the incidence matrix of an arbitrarily oriented G; and I(Gs) is the

edge-vertex incidence matrix of Gs. Since G is connected, the rank of I(G) is
equal to n — 1. On the other hand, the rank of I(G2) is equal to n if and only if
each connected component of GGy contains an odd cycle, equivalently G5 is locally
completeble in R' by Theorem 16. U

The special case of Corollary 7 when d = 2 follows from Lemma 33 by considering
the partition of the vertex set into single vertices. This suggests that Lemma 33 may
extend to all dimensions if we replace the connectivity condition of G —|J'_, E(G[Vi])
by the condition that G — |JI_, E(G[Vj]) is rigid in R%!,

8 Concluding Remarks

A complete characterization of locally completable semi-simple graphs in R? remains
open. One possible approach is to strengthen the necessary condition for c-independ-
ence of a graph G = (V| F) given in Lemma 1 by considering families of subgraphs
of G which cover E. Such covers have played an important role in various rigidity
problems, see for example the formula for the rank function of the 2-dimensional
rigidity matroid given by Lovédsz and Yemini in [15], or the necessary conditions for
independence in the 3-dimensional rigidity matroid given in [8, 9].

Let H = (V, E) be a non-trivial bipartite graph i.e. H has bipartition (A, B) with
|Al,|B| > 2. A cover of F = {X;,Xs,..., X} is a family of subsets of V' with
| X;NAJL|X;NB| > 2forall 1 <i<sand each edge of H induced by at least one set
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in F. We say that F is 2-thin if | X; N X;NA| | X;NX,;NB| <lforalll <i<j<s.
A hinge of F is a pair of vertices {z,y} with X; N X; = {z,y} for some i # j. Let
H(F) be the set of all hinges of F. The hinge graph of F is the bipartite graph with
bipartition (F, H(F)) in which X; and h are incident if h is contained in X;. The
degree deg(h) of a hinge h is given by its degree in the hinge graph of F. The value
of F is defined as

S

val(F) = 32X —4) = 3 (deg(h) - 1). (21)

=1 heH(F)

We say that F is k-degenerate if for all ' C F, the hinge graph of F’ contains a
vertex X € F’ of degree at most k.

Lemma 34. Suppose G = (V, E) is a non-trivial bipartite graph and F is an 8-
degenerate 2-thin cover of G. Then the rank of Co(G) is at most val(F).

Proof. We use induction on |F|. If |[F| = 1 then H(F) = () and the lemma follows
from Lemma 1. Hence suppose that |F| > 2. We may assume that uv € E for all
hinges {u, v} of F since adding such an edge uv to G will not change val(F) or the fact
that F an 8-degenerate 2-thin cover, and can only increase the rank of Co(G). Since
F is 8-degenerate, we can choose an X € F which contains at most 8 hinges of F. Let
E* be set of edges of G whose end-vertices are the hinges of F which are contained
in X, and E’ be the set of edges of G which are induced by X and do not belong to
E*. Let G' = G — E" and let B’ be a base of Co(G’) which contains E*. (Lemma 4
implies that any set of at most eight non-loop edges is independent in Co(G’).) Since
F' = F \ {X} is an 8-degenerate 2-thin cover of G’ we may use induction, to deduce
that |B’| < val(F’). Let B be a basis of Co(G) which contains B’. Then Lemma 1
implies that |B\ B'| < 2|X|—4 — |E*| and hence |B| < val(F). O

Lemma 34 immediately gives the following necessary condition for c-independence.

Corollary 35. Suppose G is a bipartite graph. If G is c-independent in R? then
|E(H)| < val(F) for all non-trivial subgraphs H of G and all 8-degenerate, 2-thin
covers F of H.

For all examples of c-dependent bipartite graphs we know, their c-dependence can
be demonstrated by a 2-degenerate, 2-thin cover.

Acknowledgements

This work was supported by the Hungarian Scientific Research Fund grant no. K81472,
CK80124, and K109240.

EGRES Technical Report No. 2014-01



References 27

References

1]

2]

3]

[10]

[11]

[12]

[13]

[14]

[15]

V. BATAGELJ, An inductive definition of the class of 3-connected quadrangula-
tions of the plane, Discrete Math. 78 (1989) 45-53.

R. CoNNELLY, Generic global rigidity, Discrete Comput. Geom. 33:549-563,
2005.

R. CoNNELLY, T. JORDAN, AND W. WHITELEY, Generic global rigidity of
body-bar frameworks, J. Combinatorial Theory, Ser. B., Vol. 103, Issue 6,
November 2013, pp. 689-705.

R. CoNNELLY AND W. WHITELEY: Global rigidity: the effect of coning, Dis-
crete Comp. Geometry, Volume 43, Number 4, 717-735 (2010).

S. GORTLER, A. HEALY, AND D. THURSTON, Characterizing generic global
rigidity, American J. Math., 132:897-939, 2010.

I. IzMESTIEV, Projective background of the infinitesimal rigidity of frameworks,
Geometriae Dedicata June 2009, Volume 140, Issue 1, pp 183-203.

B. JACKSON AND T. JORDAN, Connected rigidity matroids and unique realiza-
tion graphs, J. Combinatorial Theory, Ser. B., 94 (2005) 1-29.

B. JACKSON AND T. JORDAN, The Dress conjectures on rank in the 3-
dimensional rigidity matroid, Advances in Applied Mathematics, Vol. 35, 355-367,
2005.

B. JACKSON AND T. JORDAN, On the rank function of the 3-dimensional rigidity
matroid, International Journal on Computational Geometry and Applications,
Vol. 16, Nos. 5-6 (2006) 415-429.

T. JORDAN AND Z. SZABADKA, Operations preserving the global rigidity of
graphs and frameworks in the plane, Computational Geometry, 42 (2009) 511-
521.

G. Kaval, E. NEvo, AND I. Novik, Bipartite rigidity, arXiv:1312.0209, De-
cember 2013.

F. KiRALY, L. THERAN, R. ToMIOKA, AND T. UNO The algebraic combina-
torial approach for low-rank matrix completion, arXiv:1211.4116v3.

G. LAMAN, On graphs and rigidity of plane skeletal structures, J. Engineering
Math. 4 (1970), 331-340.

M. LAURENT AND A. VARVITSIOTIS, Positive Semidefinite Matrix Completion,
Universal Rigidity and the Strong Arnold Property, arXiv:1301.6616.

L. LovAsz AND Y. YEMINI, On generic rigidity in the plane, SIAM J. Algebraic
Discrete Methods 3 (1982), no. 1, 91-98.

EGRES Technical Report No. 2014-01



References 28

[16] C.ST.J.A. NasH-WILLIAMS, Edge disjoint spanning trees of finite graphs, J.
London Math. Soc. 36 (1961), 445-450.

[17] A.V. POGORELOV, Eztrinsic geometry of convexr surfaces, Translation of the
1969 edition, Translations of Mathematical Monographs 35, AMS, 1973.

[18] F. SALIOLA AND W. WHITELEY, Some notes on the equivalence of first-order
rigidity in various geometries, preprint, arXiv:0709.3354, September 2007.

[19] J.B. SaXE, Embeddability of weighted graphs in k-space is strongly NP-hard,

Tech. Report, Computer Science Department, Carnegie-Mellon University, Pitts-
burgh, PA, 1979.

[20] A. SINGER AND M. CUCURINGU, Uniqueness of low rank matrix completion by
rigidity theory, SIAM J. Matriz Anal. Appl. 31 (2010) 1621-1641.

[21] T-S. TAy, Rigidity of multi-graphs I, linking rigid bodies in n-space, J. Combin.
Theory Ser. B 36 (1984), 95-112.

[22] W.T. TuTTE, On the problem of decomposing a graph into n connected factors,
J. London Math. Soc. 36 (1961) 221-230.

(23] W. WHITELEY, Cones, infinity and one-story buildings, Structural Topology 8
(1983), pp 53-70.

[24] W. WHITELEY, Vertex splitting in isostatic frameworks, Structural Topology 16
(1991), pp 23-30.

[25] W. WHITELEY, Some matroids from discrete applied geometry, in Matroid The-
ory, J. E. Bonin, J. G. Oxley, and B. Servatius, Eds. American Mathematical
Society, Contemporary Mathematics, 1996, vol. 197, pp. 171-313.

EGRES Technical Report No. 2014-01



