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Abstract—Recent results of the authors—some of which are joint with Thalheim and Seleznjev—
in the area of combinatorial investigations of the relational database model are presented here. In
relational databases keys—combinations of attributes uniquely identifying the records—play an im-
portant role. The structure and size of keys have been widely investigated. Here, after a short review
of the earlier results, we discuss two generalizations: the (average) structure and size of keys in a ran-
dom database and the concept of error-correcting keys in case of unreliable data collection. © 2003
Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

A database M (or R) is an m X n matrix where the columns are the n attributes of the database—
the set of whose is denoted usually by 2—and the rows correspond to the m records or individuals.
It will be supposed that the data of two distinct individuals are different; that is, the rows of the
matrix are different.

If A,B C Q, b € Q we say that B (functionally) depends on A (denoted by A — B) or b
(functionally) depends on A (denoted by A — b) iff there are no rows (records) of M equal in A
but different in B (or b).

A subset K of Q is called a key if the data in K determine the individual (row) uniquely.
In other words, there are no two distinct rows of the matrix which are equal in K. A key is a
minimal key if no proper subset of it is a key. Usually, we denote the family of all minimal keys
by K while the family of all maximal subsets of attributes which are not keys is denoted by K~!.
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REMARK 1.1. K is a Sperner family; that is, for every A, B € K we have A ¢ B. Therefore, by
the well-known theorem of Sperner [1], |K] < ( Ln72 | )

The first classic question of this area was whether every Sperner family can be obtained in this
way.
THEOREM 1.2. (See [2,3].) K is the set of minimal keys of a certain database iff K is a nonempty
Sperner family.

The next question is whether we can draw a conclusion from the number of records of the
database to the system of minimal keys or, more precisely, what is the minimal size (number of
records, that is number of rows of the matrix) of a database realizing a given Sperner family.

DEFINITION 1.3. s(K) = the minimal number of records of a database where the system of
minimal keys is K.

Regarding this question the following results were found first for the size of K and the size
of K1,

THEOREM 1.4.

'IC_1| < (S(QK)) (Demetrovics and Katona [4]),
2|K-1 < s(K) <14 K71 (Demetrovics and Katona [4]),
n
VK, s(K) < [EJ ) +1 (Demetrovics and Gyepesi [5]),
2
i n
K, s(K) > 3 [EJ (Demetrovics and Gyepesi [5]).
2

The proof of the lower bound for s(X) above is not constructive. Nothing is known about the
(nearly) worst Sperner families, that is about the maxyx s(K), and similarly, nothing is known
about maxx|—x $(K) or minjg— s(XC). The similar questions for X~! can be asked as well.
Though neither max x|k K~1! nor min|x|—x K~1 are known, here at least we conjecture that
for ks relatively small compared to n the minimum is attained by a family consisting of i and
i+ 1 element subsets where i is determined by (T:) <k=<|( 1-11)-

Some results are known for the special Sperner families consisting of sets of uniform size.
Let K} denote the family of all k-element subsets of an n-element set; that is,

- (2)-0-(.2).

We have then the following simple, but as later described surprisingly strong lemma.
n e
LEMMA 1.5. (See [4].) (,_,) < (5(2“).
The lemma implies that for k = 2

s (K3) =min{s:n§ (;)},

and therefore, we have the equality

S(Cp) = [14-\/21-{——&1].

Another easy consequence of the lemma is that in case of Kk = 3 for s = s(K%) we obtain
(5) < (5) which implies that n < s. It turned out that this upper bound is almost always the

2
exact answer.







