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Abstract

A stability theorem says that a nearly extremal object can be ob-
tained from an extremal one by “small changes”. In this paper, we
prove a sharp stability theorem of sets of even type in PG(2, q), q even.
As a consequence, we improve Blokhuis and Bruen’s stability theorem
on hyperovals and also on the minimum number of lines intersecting
a point set of size at most q + 2b√qc − 2; furthermore we improve on
the lower bound for untouchable sets.

1 Introduction

The main result of this paper is a stability theorem on sets of even type in
PG(2, q), q even. A stability theorem says that when a structure is “close”
to being extremal, then it can be obtained from an extremal one by changing
it a little bit.

A set of even type S is a point set intersecting each line in an even number
of points. By counting the points of S on the lines through a point of S and
on the lines through a point not in S, one can see immediately that q must
be even. Hence from now on we will assume that 2|q. Another motivation for
studying sets of even type comes from coding theory. Such sets are codewords
in the dual code of the code generated by the incidence matrix of PG(2, q), q
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even. The smallest sets of even type, corresponding to codewords of minimum
weight, are the hyperovals; they have q + 2 points. Somewhat larger sets of
even type were constructed by Korchmáros and Mazzocca [18]. A (q+t, t)-arc
of type (0, 2, t) in PG(2, q) is a set S of q+ t points such that every line meets
S in either 0,2 or t points. It is known, see [18], that t has to be a divisor
of q. Korchmáros and Mazzocca also conjecture that whenever 4 divides t
and t divides q, then there exists a (q + t, t)-arc of type (0, 2, t). Several
constructions can be found in [18] and in Gács, Weiner [14], where it is also
proved that the t-secants of a (q + t, t)-arc of type (0, 2, t) are concurrent.
Among the sporadic examples we mention the (36, 4)-arcs of type (0, 2, 4) in
PG(2, 32) found by Key, McDonough, and Mavron [17]. More examples are
given by Limbupasiriporn [20, 21]. Recently, a new infinite class of (q+ t, t)-
arcs of type (0, 2, t) was constructed by Vandendriessche for t = q/4, see [23].
Planar sets of even type also appear in classifying small weight codewords of
the dual code generated by characteristic vectors of hyperplanes of PG(n, q),
see De Boeck [9].

A set of almost even type is a point set having only few odd-secants. If
we delete a point from a set of even type S then the new point set will have
q + 1 odd-secants, and of course this will also be the case when we add a
point to S. If ε points are modified then at least ε(q + 1 − (ε − 1)) and at
most ε(q + 1) odd-secants are obtained. A further motivation to study sets
of almost even type comes from small Kakeya-sets in AG(2, q), q even. If the
Kakeya-set is small, then the lines of the Kakeya-set cover almost all points
twice, hence in the dual plane they give sets of almost even type. For more
details, see [7] and the recent paper [6].

The main result of this paper is the following stability theorem, which
will be proved in Section 3.

Theorem 1.1 Assume that the point set M in PG(2, q), 16 < q even, has δ
odd-secants, where δ < (b√qc+ 1)(q+ 1−b√qc). Then there exists a unique
set M′ of even type, such that |(M∪M′) \ (M∩M′)| = d δ

q+1
e.

Let us also interpret this result in terms of codes. A set of points corre-
sponds to a set of lines in the dual plane. Odd-secants correspond to points
that are contained in an odd number of lines. Considering the sum of the
characteristic vectors of the original lines these are just codewords in the
p-ary linear code (C1(2, q)) generated by lines of PG(2, q), q = ph. If the
number of odd-secants is δ in the original setting, then this codeword has
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weight (the number of non-zero coordinates) δ. Hence the above result has
the following corollary.

Corollary 1.2 Assume that 16 < q, q = ph, p = 2. Let c be a codeword in
C1(2, q) and let w(c) denote the weight of c. Then w(c) < (b√qc + 1)(q +
1− b√qc) implies that c is the linear combination of exactly d δ

q+1
e different

lines. This also implies that such codewords can be more or less explicitly
described depending on the configuration of the lines.

When q is odd, one has to consider multisets, see [15]. There are similar
results when p is odd and h > 1; when h = 1 or 2, we have partial results
only. When q is a square, the above corollary is sharp as the Hermitian curve
is a codeword with weight q

√
q + 1. For details, see [2].

Earlier general results show that codewords with weight less 2q+(q−1)/2
were characterised as the linear combination of either one or two lines. (See
[12] and [19], where the authors consider codewords arising from projective
spaces.) When q is a prime, one must be cautious, since there exist codewords
with weight 3q− 3, which are not the linear combination of three lines. (See
[10], 10.3.)

Remark 1.3 A complete arc (maximal w.r.t. inclusion) of size q −√q + 1
has (

√
q+1)(q+1−√q) odd-secants, which shows that the bound in Theorem

1.1 is sharp, when q is a square. For the existence of such arcs, see [8], [13],
[11] and [16].

Remark 1.4 The famous theorem of Segre (see [22]) says that an arc of size
larger than q − √q + 1 in PG(2, q), q even, can always be embedded in a
hyperoval. A k-arc has k(q + 2 − k) odd secants (they are tangents). For
k > q − b√qc + 1, this is less than (b√qc + 1)(q + 1 − b√qc). This means
that Segre’s theorem follows from Theorem 1.1 when q is a square. For q
a non-square, the bound coming from Theorem 1.1 is worse (by one) than
Segre’s bound.

In Section 2, we collected the algebraic background needed for the proofs
in this paper. The last two sections contain consequences of our main result.

In Section 4, we improve on Blokhuis and Bruen stability result on hyper-
ovals and as a consequence of that we also improve the folklore bound (see [1])
on the number of lines intersecting a point set of size at most q+ 2b√qc− 2.
Note that the original bound is valid for sets of size at most 2q + 3. Here
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we just state the result for sets of size q + 2, which is a particular case of
Proposition 4.2 for m = 2.

Proposition 4.2 (for m = 2) Let N be a point set in PG(2, q), 16 < q
even, of size q + 2. Assume that the number of lines meeting N in at least
one point is

(
q+2
2

)
+ ν, where ν < 1

4
(b√qc + 1)(q + 1 − b√qc). Then there

exists a set N ∗ of even type, such that |(N ∪N ∗) \ (N ∩N ∗)| ≤ d 4ν
q+1
e.

The more general result for sets of size q + m, m ≤ 2b√qc − 2 can be
found in Theorem 4.6. For general m, the condition q ≥ 64 is imposed but
for the particular case m = 2, it is enough to assume q > 16.

Untouchable sets were introduced by Blokhuis, Seress and Wilbrink, see
[4]. For q even their results were improved by Blokhuis, Szőnyi and Weiner [4].
In Section 5, we further improve the lower bound of the size of untouchable
sets in Galois planes of even order.

Theorem 5.3 The size of an untouchable set U in PG(2, q), 16 < q even,
having odd lines, is larger than q + 3b√qc − 7.

2 Algebraic background

The proofs in this paper will use certain two variable polynomials. It will
turn out that the degree of the greatest common divisor of these polynomials
after substituting a value to one of the variables, has nice geometric meaning;
and so the next result plays a crucial role in this paper. For details, see [24]
and [25].

Result 2.1 Suppose that the nonzero polynomials u(X, Y ) =
∑n

i=0 ui(Y )Xn−i

and v(X, Y ) =
∑n−m

i=0 vi(Y )Xn−m−i, m > 0, satisfy degui(Y ) ≤ i and
degvi(Y ) ≤ i and u0 6= 0.

Furthermore, assume that there exists a value y, so that the degree of
the greatest common divisor of u(X, y) and v(X, y) is n− k. Denote by nh,
the number of values y′ for which deg(gcd(u(X, y′), v(X, y′))) = n− (k − h).
Then

k−1∑
h=1

hnh ≤ k(k −m).
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3 Proof of the main theorem

Let `∞ be the line at infinity intersecting the point setM in an even number
of points and suppose that the ideal point (∞) is not in M. Furthermore
let M \ `∞ = {(av, bv)}v and M ∩ `∞ = {(yi)}i. Consider the following
polynomial:

g(X, Y ) =

|M\`∞|∑
v=1

(X+avY−bv)q−1+
∑

(yi)∈M∩`∞

(Y−yi)q−1+|M| =
q−1∑
i=0

ri(Y )Xq−1−i.

(1)
Note that deg(ri) ≤ i.

Lemma 3.1 Assume that the line at infinity contains an even number of
points of M. Through a point (y) there pass s odd-secants of M if and only
if the degree of the greatest common divisor of g(X, y) and Xq −X is q − s.

Proof. We only have to show that x is a root of g(X, y) if and only if the
line Y = yX + x intersects M in an even number of points. Since aq−1 = 1,
if a 6= 0 and 0q−1 = 0, for the pair (x, y) the number of zero terms in the first
sum is exactly the number of affine points ofM on the line Y = yX +x, the
rest of the terms are 1. The number of ones in the second sum is q−|M∩`∞|
or one less, according to the ideal point of the line Y = yX + x being in M
or not. This shows that g(X, Y ) is zero for the pair (x, y), when the line
Y = yX + x is an even-secant of M. Similarly, one can show that g(X, Y )
is not zero for odd-secants of M, hence the lemma follows.

Remark 3.2 Assume that the line at infinity is an even-secant and suppose
also that there is an ideal point, different from (∞), with s odd-secants. Let
nh denote the number of ideal points different from (∞), through which there
pass s− h odd-secants of the point set M. Then Lemma 3.1 and Corollary
2.1 imply that

∑s−1
h=1 hnh ≤ s(s− 1).

Lemma 3.3 Let M be a point set in PG(2, q), 16 < q even, having δ <
(b√qc+1)(q+1−b√qc) odd-secants. Then the number of odd-secants through
any point is either at most b√qc+ 1 or at least q − b√qc.

5



Proof. Pick a point P 6= (∞) with s odd-secants and let `∞ be an even-
secant of M through P . (If there was no even-secant, then the lemma would
follow immediately.) Using Remark 3.2, we get that:

qs− s(s− 1) ≤ δ. (2)

Since we do not know anything about (∞), it does not contribute to the
left-hand side. It is easy to check that for s = b√qc+ 2 and for s = q + 1−
(b√qc+ 2), the above inequality is not valid; which shows that s < b√qc+ 2
or s > q + 1− (b√qc+ 2).

In the subsequent proofs we will use a little modification of the above
quadratic inequality (2). Each time we will give the solution (a lower and an
upper bound on the valid values). In order to verify that these bounds are
valid, as in the above lemma, one should just simply check that the bounding
values do not satisfy the given quadratic inequality.

Proposition 3.4 Let M be a point set in PG(2, q), 16 < q even, having
δ < (b√qc + 1)(q + 1 − b√qc) odd-secants. Assume that through each point
there pass at most b√qc+ 1 odd-secants. Then there is no point through that
there pass exactly b√qc+1 odd-secants and hence total number of odd-secants
δ of M is at most b√qcq − q + 2b√qc+ 1.

Proof. Assume to the contrary that δ > b√qcq − q + 2b√qc + 1. Pick a
point P and let `∞ be an even-secant ofM through P . Assume that there are
s odd-secants through P . If there is a point Q on this even-secant through
which there pass at least s odd-secants, then choose the coordinate system
so that Q is (∞). Then, by Remark 3.2, counting the number of odd-secants
through `∞, we get a lower bound on δ:

(q + 1)s− s(s− 1) ≤ δ.

Since δ < (b√qc + 1)(q + 1 − b√qc), from the above inequality we get that
either s < b√qc + 1 (hence s ≤ b√qc) or s > q + 1 − b√qc, but by the
assumption of the proposition the latter case cannot occur.

Now we show that through any point (not only through those which
satisfy the assumption made in the beginning of the proof), there are at
most b√qc odd-secants. The above argument and Lemma 3.3 show that
on each even-secant there is at most one point through which there pass
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b√qc + 1 odd-secants and through the rest of the points there are at most
b√qc of them. Assume that there is a point R with b√qc + 1 odd-secants.
Since δ > b√qc+1, we can find an odd-secant ` not through R. From above,
the number of odd-secants through the intersection point of an even-secant
on R and ` is at most b√qc. So counting the odd-secants through the points
of `, we get at most (q − b√qc)(b√qc − 1) + (b√qc+ 1)b√qc+ 1, which is a
contradiction; so there was no point with b√qc+ 1 odd-secants.

This means that the odd-secants form a dual (δ, b√qc)-arc, hence δ ≤
(b√qc − 1)(q + 1) + 1, which is a contradiction again; whence the proof
follows.

Proof of Theorem 1.1 By Lemma 3.3, through each point there pass either
at most b√qc+ 1 or at least q−b√qc odd-secants. Consider a point through
which there pass at least q−b√qc odd-secants. If such a point is inM then
delete it, otherwise add it to M. Note that when we modify (delete or add)
a point then each odd-secant through that point will become an even-secant
and vice-versa. Hence this modification reduces the total number of odd-
secants (by at least q − b√qc − (b√qc + 1) > 0) and so we can still apply
Lemma 3.3; which shows that through each point in this modified set there
pass at most b√qc+ 1 or at least q−b√qc odd-secants. Repeat this process
(for modifying points with at least q − b√qc odd-secants one by one) until
there are no points through which there pass at least q − b√qc odd-secants.
We denote this set by M′. Note that from above through any point of M′

there pass at most b√qc+ 1 odd-secants and also the total number δ′ of odd
secants ofM′ is at most δ. By Proposition 3.4, δ′ ≤ b√qcq− q+ 2b√qc+ 1.
Our first aim is to show that M′ is a set of even type.

Let P be an arbitrary point with s odd-secants, and let `∞ be an even-
secant through P . Assume that there is another point on `∞ with at least s
odd-secants through it. Then, as in Proposition 3.4, counting the number of
odd-secants through `, we get a lower bound on δ′:

(q + 1)s− s(s− 1) ≤ δ′,

where either s < δ′+q
q+1

or s > q + 2 − δ′+q
q+1

. By the construction of M′, the
latter case cannot occur.

As in the proof of Proposition 3.4, by changing the coordinate system,
we show that there is no point at all through which there pass at least δ′+q

q+1

odd-secants. On the contrary, assume that T is a point with δ′+q
q+1
≤ s odd-
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secants. We choose our coordinate system so that the ideal line is an even-
secant through T and T 6= (∞). Then from above, through each ideal point,
there pass less than s(≥ δ′+q

q+1
) odd-secants. First we show that there exists an

ideal point through which there pass exactly (s− 1) odd-secants. Otherwise,
by Remark 3.2, we get 2(q−1) ≤ s(s−1); but this is a contradiction since by
Lemma 3.3, s ≤ b√qc+1. Let (∞) be a point with (s−1) odd-secants. Then
as before, we can give a lower bound on the total number of odd-secants of
M′:

(s− 1) + qs− s(s− 1) ≤ δ′,

where either s < δ′+q
q+1

or s > q + 2 − δ′+q
q+1

. This is a contradiction, since by
assumption, the latter case cannot occur and the first case contradicts our
choice of T .

Hence through each point there pass less than δ′+q
q+1

odd-secants. Assume
that ` is an odd-secant of M′. Then summing up the odd-secants through
the points of ` we get that δ′ < (q + 1) δ

′−1
q+1

+ 1, which is a contradiction. So
M′ is a set of even type.

To finish our proof we only have to show that |(M∪M′) \ (M∩M′)| =
d δ
q+1
e. Note that at each step in the process that yieldsM′ fromM, through

each point there are at most b√qc+1 or at least q−b√qc odd-secants. Also,
observe that this means that if at some stage in this process there is a point
with at least q − b√qc odd-secants, then through this point there pass at
least q− b√qc odd-secants ofM (as at each step the number of odd secants
though a non modified point can only change by one). Similarly, if at any
stage of the process through a non-modified point there are at most b√qc+1
odd-secants, then through it there pass at most b√qc + 1 odd-secants of
M. So we modified precisely the points through which there passed at least
q − b√qc odd secants of M, hence the number of modified points in total is
surely less than 2b√qc. On one hand, if we constructM from the setM′ of
even type by modifying ε points, then δ ≥ ε(q + 1 − (ε − 1)). Solving the
quadratic inequality we get that ε < b√qc+ 1 or ε > q+ 1−b√qc, but from
above this latter case cannot happen. On the other hand, δ ≤ ε(q + 1).

From this, the previous inequality and from ε ≤ b√qc, we get that δ
q+1
≤

ε ≤ δ
q+1

+
b√qc(b√qc−1)

q+1
. Hence the theorem follows.
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4 The minimum number of lines meeting a

point set

Stability of hyperovals was already studied by Blokhuis and Bruen. A hy-
peroval is not only nice in the sense that it intersects each line in an even
number of points, but it is also extremal in the sense that considering point
sets of size q + 2, a hyperoval intersects the least number, namely

(
q+2
2

)
, of

lines. The next result shows that a (q + 2)-set intersecting a bit more than(
q+2
2

)
lines can always be obtained by modifying a hyperoval a little bit.

Result 4.1 (Blokhuis, Bruen [3]) Let H be a point set in PG(2, q), q even,
of size q + 2. Assume that the number of lines meeting H in at least one
point is

(
q+2
2

)
+ ν, where ν ≤ q

2
. Then H is a hyperoval or there exist two

points P and Q, so that (H \ P ) ∪Q is a hyperoval.

We will improve on the above result. Our improvement is twofold, we will
consider point sets with not only q+2 points, and also point sets intersecting
more lines.

Proposition 4.2 Let N be a point set in PG(2, q), 16 < q even, of size
q + m. Assume that the number of lines meeting N in at least one point is
1
2
(q +m)(q − m

2
+ 2) + ν, where (0 ≤)ν < 1

4
(b√qc+ 1)(q + 1− b√qc). Then

there exists a set H of even type, such that |(N ∪H) \ (N ∩H)| ≤ d 4ν
q+1
e.

Proof. First we show that almost all lines meeting N intersect it in 2
points. Let li denote the number of lines intersecting N in i points. We will
do the standard counting arguments to get a lower bound on l2. That is:

q+1∑
i=1

li = s =
(q +m)(q − m

2
+ 2)

2
+ ν, (3)

q+1∑
i=1

ili = (q +m)(q + 1), (4)

q+1∑
i=2

i(i− 1)li = (q +m)(q +m− 1). (5)
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Calculating (5)− 3 ∗ (4)− 4 ∗ (3) we get

∑
i:odd

li ≤
q+1∑
i=1

(i− 2)2li = 4ν, (6)

So Theorem 1.1 says that we can modify (add or delete) at most d 4ν
q+1
e

points of N so that we obtain a set of even type. The number of modified
points is at most d√qe.

Remark 4.3 The bound on the total number of odd-secants in the above
proof is sharp for a point set of size q + 2 with the property that through
each point there pass exactly the same number of 3-secants as 1-secants.

A corollary of the above proposition is that we improve the (folklore)
bound on the minimum number of lines intersecting a point set.

Result 4.4 (folklore, see Blokhuis [1]) Let X be a set of n points in a pro-
jective plane of order q. Write n − 1 = (q + 1)a − b, 0 ≤ b ≤ q. Then the
number of lines intersecting X is at least n

a(a+1)
(2a(q + 1)− n+ 1). Equality

occurs if and only if X is a set of type (0, a, a+ 1).

Remark 4.5 Note that, when m < 2, Result 4.4 applies with a = 1 and so
ν ≥ 1

2
(−m

2
+ 1)(q +m); hence the assertion of Proposition 4.2 is non-empty

if m ≥ −b√qc+ 1. This is a generalisation of Segre’s theorem (Remark 1.4).
Lines meet an arc in 0, 1 or 2 points. In the above proposition we prove
that if we have a point set of size at most q + 2 with the property that the
number of lines with intersection number 6= 0, 2 is just a little bit more than
the 1-secants of an arc of the same size, then we can modify (add or delete)
at most b√qc points to get a set of even type. Using Result 4.4, when m ≥ 2,
the assertion of Proposition 4.2 is non empty if and only if a = 2 in Result
4.4 and so m must be at most 3b√qc − 7. In the next theorem (which will
use Proposition 4.2), we will impose an even stronger condition on m, that
is m ≤ 2b√qc − 2; which will come from the very end of the proof of the
theorem. To do this, we need that 2b√qc − 2 ≤ 3b√qc − 7; hence q > 16.

In the rest of this section we are going to prove the next theorem.
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Theorem 4.6 Let M be a point set in PG(2, q), 16 < q even, of size q+m,
m ≤ 2b√qc − 2. Then the number of lines intersecting M in at least one
point is at least

• 1
2
q2 + q(3

8
m+ 3

4
)−m(1

8
m+ 3

4
), when m is even,

• 1
2
q2 + q(3

8
m+ 7

8
)−m(1

8
m+ 3

2
) + 11

8
, when m is odd.

Remark 4.7 For a set of size q + m, m ≤ 3b√qc − 7, Result 4.4 says that
the number of lines intersecting such point set is at least q2/2 + q(m/3 +
5/6) − m(m/6 − 5/6). Hence we improved the folklore bound for m ≤
3b√qc − 7 by q(m/24 − 1/12) + m(m/24 − 19/12), when m is even and by
q(m/24+1/24)+m(m/24−14/6)+11/8, when m is odd. The improvement
is roughly 1

24
qm.

Remark 4.8 It follows from Theorem 4.6 that there are no sets of type
(0, 2, 3) of size greater than q but less than q +m, with m ≤ 2b√qc − 2.

We will need the next three lemmas to prove our theorem.

Lemma 4.9 Let H be a set of even type of size q + k in a projective plane
of order q. Then the total number of lines that are not skew to H is at least
1
2
q2 + q(3

8
k + 3

4
)− k(1

8
k − 3

4
).

Proof. Let li denote the number of lines intersecting H in i points. Let us
write up the standard equations.

q+1∑
i=2

ili = (q + k)(q + 1), (7)

q+1∑
i=2

i(i− 1)li = (q + k)(q + k − 1). (8)

Calculating ((7)+(8)), we get

q+1∑
i=2

i2li = (q + k)(2q + k). (9)

As every line intersects H in an even number of points, each term of
the sum

∑q+1
i=2 (i − 2)(i − 4)li is non-negative, hence the whole sum is also

non-negative. Using this and (9) we get

11



0 ≤
q+1∑
i=2

(i− 2)(i− 4)li = −(4q + 6− k)(q + k) + 8

q+1∑
i=2

li,

from which the result follows.

Lemma 4.10 Let H be a set of even type of size q + k in a projective plane
of order q. Add x points to and delete y points from H to obtain the set H′.
Then the total number of lines intersecting H′ in at least one point is at least

1

2
q2 + q(

3

8
k +

3

4
)− k(

1

8
k − 3

4
) +

x

2
(q − k + 2)−

(
x

2

)
−
(
y

2

)
.

Proof. Through a point not in H there are at least (q + 1) − q+k
2

skew
lines. By adding x points to H we add x

2
(q + 2 − k) new lines meeting H′

and only the lines joining two points of the x points added are counted more
than once. Hence we have at least x

2
(q + 2 − k) −

(
x
2

)
“new” secants of H′.

By deleting y points we “loose” at most
(
y
2

)
of them.

Proposition 4.11 Let M be a point set of size q + m, m ≤ 2b√qc − 2 in
a projective plane of order q ≥ 16, q even. Assume that there exists a set
M∗ of even type, such that |(M∪M∗) \ (M∩M∗)| ≤ √q + 1. Then the
minimum number of lines intersecting M in at least one point is

• 1
2
q2 + q(3

8
m + 3

4
) −m(1

8
m + 3

4
), when m is even (that is when M is a

set of even type)

• 1
2
q2 + q(3

8
m+ 7

8
)−m(1

8
m+ 3

2
) + 11

8
,when m is odd (that is when M is

a set of even type plus one point).

Proof. Assume that |M \M∗| = x and that |M∗ \M| = y. Let |M∗| =
q+k, that is m = k+x−y. Then Lemma 4.10 gives us the minimum number
of lines intersectingM in at least one point, that is f(x, y) = 1

2
q2 + q(3

8
(m+

y−x)+ 3
4
)−(m+y−x)(1

8
(m+y−x)− 3

4
)+ x

2
(q−(m+y−x)+2)−

(
x
2

)
−
(
y
2

)
.

It is easy to see that for a given m, and x, y > 0 one has f(x− 1, y− 1) <
f(x, y). The change in the value of f(x, y) is −1

2
(q+2−(m+y−x))+(x+y).

Since x+y ≤ √q+1, (m+y−x) ≤ √q−1 and the value of f indeed decreases
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if q ≥ 16. This means that for a given m the minimum of f(x, y) is obtained
for x = 0 or y = 0. Similarly, for a given m, f(x − 2, 0) < f(x, 0), when
x ≥ 2. We also need that f(0, y− 2) < f(0, y). These show that for m even,
the minimum is obtained for (x, y) = (0, 0). For m odd f(1, 0) < f(0, 1) and
the result follows.

This proposition is valid for larger m (and with the assumption of q ≥
64) as well, but as we mentioned in Remark 4.7 it makes only sense when
m ≤ 3b√qc − 7.

Proof of Theorem 4.6: Denote the number of (≥ 1)-secants of the set
M by s and let s = 1

2
(q + m)(q − m

2
+ 2) + ν. Suppose to the contrary

that s < 1
2
q2 + q(3

8
m + 3

4
) − m(1

8
m + 3

4
), when m is even, and s < 1

2
q2 +

q(3
8
m + 7

8
) −m(1

8
m + 3

2
) + 11

8
, when m is odd. In both cases ν ≤ 1

4
qb√qc if

m < 2b√qc − 2. Then, by Proposition 4.2, we can modify (add or delete)
at most 4ν

q+1
≤ d√qe points of M, so that we obtain a set of even type and

Proposition 4.11 completes our proof by yielding a contradiction.

Remark 4.12 We can explicitly determine the initial segment of the spec-
trum of the number of lines intersecting a point set S of size q+m in at least
one point, if q + 2 ≤ |S| ≤ q + 2b√qc − 2. It follows from Theorem 4.6 (and
from Proposition 4.2), that a hyperoval has the minimum number of secants,
that is (q + 2)(q + 1)/2. Then the next value is (q + 2)(q + 1)/2 + q/2 that
happens when we add one point to a hyperoval. So there is a gap of size q/2
in the spectrum. This is followed by the number of secants of a set of even
type with q + 4 points, that is (q + 4)(2q + 1)/4; which yields a second gap
of size q/4.

Looking at a set of even type with q + 4 points from a point of it, we see
immediately that through each point there should pass exactly one 4-secant,
while the rest of the lines are 2-secants. Hence there are (q + 4)/4 4-secants
and by [14] they pass through one point (nucleus) not in the set. The next
value in our spectrum comes from a set of even type with q+ 4 points added
an extra point. Depending on whether this extra point lies only on 2-secants
or on a unique 4-secant, or it is the nucleus of our set, we get sets where the
total number of secants is (q+ 4)(2q+ 1)/4 + q/2− 1, (q+ 4)(2q+ 1)/4 + q/2
or (q + 4)(2q + 1)/4 + 3q/4.

Now let us consider (q + 2)-sets only. The (q + 2)-sets with maximum
number of 0-secants are hyperovals; they have roughly q2/2 + 3q/2 2-secants.
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Hyperovals ±1 points have roughly q2/2 + 2q (≥ 1)-secants, (q + 4, 4)-arcs
of type (0, 2, 4) minus 2 points have roughly q2/2 + 9q/4 (≥ 1)-secants, hy-
perovals ±2 points have roughly q2/2 + 5q/2 (≥ 1)-secants, (q + 4, 4)-arcs of
type (0, 2, 4) plus 1, minus 3 points have roughly q2/2 + 11q/4 (≥ 1)-secants.
Then come several examples with approximately q2/2 + 3q (≥ 1)-secants,
including (q + 6, 4)-arcs minus 4 points. As indicated above, the difficulty
in going further is the lack of our knowledge on small sets of even type. For
example, (q + 6, 4)-arcs are not unique from a combinatorial point of view.
It is possible that they don’t exist, but probably it is not easy to prove that.

As we do not know too much about sets of even type with at least q + 6
points, we cannot continue with this calculation.

The study of Kakeya-sets is closely related to the dual of the problem of
studying the number of 0-secants of a set. A Kakeya set is the union of lines
with the property that there is a line in each direction of AG(2, q). Dual of
a Kakeya-set and the line at infinity is just a (q+ 2)-set with a nucleus (that
is a point with only 2-secants through it). It is easy to see that for q even
the smallest Kakeya sets come from a dual oval whose (dual) nucleus is the
line at infinity. This Kakeya set has size q(q + 1)/2. Formulated in terms of
Kakeya sets, the result of Blokhuis and Bruen [3] says that the next smallest
examples have size q(q + 2)/2. Translated to the (≥ 1)-secant terminology,
it is essentially Result 4.1. In [6], Blokhuis, De Boeck, Mazzocca and Storme
classify the next smallest example. They come from dual (q + 4, 4)-arcs of
type (0, 2, 4) by deleting two lines. As the previous remark shows, such a
result also follows from our work, but for arbitrary (q + 2)-sets and also we
can describe Kakeya-sets up to size q2/2 + 3q approximately.

5 Untouchable sets in Galois planes of even

order

Sets without tangents were introduced by Blokhuis, Seress and Wilbrink [4],
who called them untouchable sets. It is obvious that an untouchable set has
at least q + 2 points. For q odd, Blokhuis, Seress and Wilbrink proved that
the size of a set without tangents in PG(2, q) is at least q + 1

4

√
2q + 2. For q

even, the plane PG(2, q) always has a hyperoval, which is an untouchable set
of minimum cardinality; here the question is to find the size of the second
smallest untouchable set. Of course, every set of even type is an untouchable
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set. The next result gives a lower bound on the possible size of an untouchable
set having odd lines.

Result 5.1 [5] The size of an untouchable set in PG(2, q), q even, having
odd-secants, is at least q + 1 +

√
q
6
.

In this section we will improve on the above bound. First we show that
a not too large untouchable set is very close to be a set of even type, hence
earlier results of Section 3 apply to such sets.

Lemma 5.2 Let U be a set without tangents in PG(2, q), q even, |U | =
q + 2 + ε points. Then the number of odd-secants is at most ε|U |/3.

Proof. Through any point of U there pass at most ε odd-secants. An
odd-secant contains at least 3 points of U , therefore the total number of
odd-secants is at most ε|U |/3.

Theorem 5.3 The size of an untouchable set U in PG(2, q), 16 < q even,
having odd-secants, is larger than q + 3b√qc − 7.

Proof. Assume that |U | ≤ q+ 3b√qc− 7. By Lemma 5.2, the number δ of
odd-secants of U is less than (b√qc+ 1)(q+ 1−b√qc). By Theorem 1.1, we
can construct a set of even type from U by modifying d δ

q+1
e ≥ 1 points. If

P is a modified point, then through P there pass at least q+ 1− (d δ
q+1
e− 1)

odd-secants of U . Counting the points of U on the lines through P we get
|U | > 2(q − b√qc), when P ∈ U , and |U | > 3(q − b√qc), when P 6∈ U . This
is a contradiction.
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