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Abstract. For a graph G with vertex set V(G) = {vq,v2,...,vn}, the
extended double cover G* is a bipartite graph with bipartition (X,Y),
X ={x1,%x2y...,xn}t and Y = {y1,Y2,...,Yn}, where two vertices x; and
y; are adjacent if and only if i =j or v; adjacent to vj in G. The double
graph D[G] of G is a graph obtained by taking two copies of G and joining
each vertex in one copy with the neighbors of corresponding vertex in
another copy. In this paper we study energy and Laplacian energy of the
graphs G* and D[G], L-spectra of G** the k-th iterated extended double
cover of G. We obtain a formula for the number of spanning trees of G*.
We also obtain some new families of equienergetic and L-equienergetic
graphs.

1 Introduction

Let G be finite, undirected, simple graph with n vertices and m edges having
vertex set V(G) = {vi,va,...,vn}. Throughout this paper we denote such a
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graph by G(n,m). The adjacency matriz A = (ay) of G is a (0, 1)-square
matrix of order n whose (i,j)-entry is equal to one if v; is adjacent to vj and
equal to zero, otherwise. The spectrum of the adjacency matrix is called the
A-spectrum of G. If A, Ay, ..., Ay is the adjacency spectrum of G, the energy
of G is defined as E(G) = Y ' IAil. This quantity introduced by I. Gutman
[16] has noteworthy chemical applications.

Let D(G) = diag(di,dy,...,dn) be the diagonal matrix associated to G,
where d; is the degree of vertex vi. The matrices L(G) = D(G) — A(G) and
LT (G) = D(G) + A(G) are called Laplacian and signless Laplacian matrices
and their spectras are respectively called Laplacian spectrum (L-spectrum)
and signless Laplacian spectrum (Q-spectrum) of G. Being real symmetric,
positive semi-definite matrices, let 0 = py, < gy < --- < ppand 0 < pf <
u:q <. < uT be respectively the L-spectrum and Q-spectrum of G. It is
well-known that w, = 0 with multiplicity equal to the number of connected
components of G (see [11]). Fiedler [11] showed that a graph G is connected
if and only if its second smallest Laplacian eigenvalue is positive and called
it as the algebraic connectivity of the graph G. Also it is well-known [8] that
for a bipartite graph the L-spectra and Q-spectra are identical. The Laplacian
energy of a graph G as put forward by Gutman and Zhou [17] is defined as

LE(G) =) _

i=1

2m

S

This quantity, which is an extension of graph-energy concept has found re-
markable chemical applications beyond the molecular orbital theory of conju-
gated molecules [22]. Both energy and Laplacian energy have been extensively
studied in the literature (see [1, 2, 5, 9, 10, 12, 13, 14, 15, 18, 19, 20, 24, 25,
26, 27, 29, 30] and the references in them). Based on the above definition, the
signless Laplacian energy of a graph G is defined as

n

2m
LET(G) = Z - —
i=1
where p (i =1,2,...,n)is the signless Laplacian spectra of G. It is easy to

see that

n—1

tr(L(G) =) w=) w=2m and tr(LE*(G) =) u =2m,
i=1 i=1

i=1

where tr is the trace of the matrix.
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Two graphs G; and G, of same order are said to be equienergetic if E(G1) =
E(G2) [3, 23]. In analogy to this two graphs G; and G, of same order are
said to L-equienergetic if LE(Gq) = LE(G32) and Q-equienergetic if LET(Gq) =
LE"(G;). Since cospectral (Laplacian cospectral) graphs are always equiener-
getic (L-equienergetic), the problem of constructing equienergetic (L-equiener-
getic) graphs is only considered for non-cospectral (non Laplacian cospectral)
graphs.

The extended double cover [6] of the graph G(n, m) with vertex set V(G) =
{v1,v2,...,vn} is a bipartite graph G* with bipartition (X,Y), X = {x1,%x2,...,
xn} and Y = {y1,Y2,...,Yn}, where two vertices x; and y; are adjacent if and
only if i = j or vi adjacent vj in G. It is easy to see that G* is connected if
and only if G is connected and a vertex v; is of degree d; in G if and only if
it is of degree d; + 1 in G*. Also the extended double cover G* of the graph
G always contains a perfect matching. The double graph D[G] of G is a graph
obtained by taking two copies of G and joining each vertex in one copy with
the neighbors of corresponding vertex in another copy. The k-fold graph D*[G]
[21] of the graph G is obtained by taking k copies of the graph G and joining
each vertex in one of the copy with the neighbors of the corresponding vertices
in the other copies. If T,, is the graph obtained from the complete graph K,
by adding a loop at each of the vertex, it is easy to see that D¥[G] = G ® T.
In this paper we study energy, Laplacian energy of the graphs G* and D[G],
the L-spectra of G** the k-th iterated extended double cover of G and obtain
a formula for the number of spanning trees of G*. We also obtain some new
families of the equienergetic and L-equienergetic graphs.

We denote the complement of graph G by G, the complete graph on n
vertices by Ky, the empty graph by K, and the complete bipartite graph with
cardinalities of partite sets q and T by Kq . The rest of the paper is organized
as follows. In Section 2, energy of the graphs G* and D*[G] are obtained and
some new families of equienergetic graphs are given, in Section 3 L-spectra of
G** and a formula for the number of spanning tress of G* is obtained and in
Section 4 Laplacian energy of the graphs G* and D*[G] and the construction
of some new families of L-equienergetic graphs by using the graphs G¥* and
DX[G] is presented.

2 Energy of double graphs

In this section we find the energy of the graphs G* and D*[G]. We also con-
struct some new families of equienergetic graphs based on these graphs.
For the graphs G; and G; with disjoint vertex sets V(G7) and V(G;), the
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Cartesian product is a graph G = Gy x G, with vertex set V(G;) x V(G2) and
an edge ((uy,v1), (u2,v2)) if and only if u; = up and (vq,v;) is an edge of G, or
vi = v and (ug,uy) is an edge of Gy. The following result gives the A-spectra
(L-spectra) of the Cartesian product of graphs.

Lemma 1 (Cvetkovic, Doob, Sachs, 1980 [7]) If Gy(ny, m;) and Gz(nz, my)
are two graphs having A-spectra (L-spectra) respectively as, (1, 12y ..., Hn, and
01,02, ...,0n,, then the A-spectra (L-spectra) of G = Gy x G is w;+ 03, where
i= 1,2,...,TL] andj = 1,2,...,n2.

The conjunction (Kronecker product) of G; and G; is a graph G = G ® G;
with vertex set V(G;) x V(G3) and an edge ((uy,v1), (uz,v7)) if and only if
(w1, uy) and (v1,vy) are edges in Gy and G, respectively. The following result
gives the A-spectra (L-spectra) of the Kronecker product of graphs.

Lemma 2 (Cvetkovic, Doob, Sachs, 1980 [7]) If Gy(ny, my) and Gz(ny, my)
are two graphs having A-spectra (L-spectra) respectively as (1, U, ..., Hn, and
01,02,...,0n,, then the A-spectra (L-spectra) of G = Gy ® G, is o5, where
i= ],2,...,“] andj = ],2,...,T‘Lz.

The join product of Gy and G; is a graph G = G; V G; with vertex set
V(G1)UV(G;) and an edge set consisting of all the edges of G and G, together
with the edges joining each vertex of Gy with every vertex of G;. The L-spectra
of join product of graphs is given by the following result.

Lemma 3 (Cvetkovic, Doob, Sachs, 1980 [7]) If Gy(ny, m;) and Gz(nz, m;)

are two graphs having L-spectra respectively as wi, 12y ..., Un,—1, Un, = 0 and
01,02y +++y0n,—1,0n, = 0, then the L-spectra of G = G1V Gy is Ny +ny,ny +
01, + 02y ...,y + Ony 1, N2 + W1y, N2 + M2y oo oy T2 + My -1, 0.

The following result gives the A-spectra of G*, the extended double cover
of the graph G.

Theorem 4 (Cvetkovic, Doob, Sachs, 1980 [7], Chen, 2004 [6]) IfA1,A2, ..., An
is the A-spectra of a graph G, then the A-spectra of the graph G* is £(A; +
N, A2+ 1) .., A0+ 1).

If A1, A2,...,Aq is the A-spectra of the graph G, then by Lemma 1, the A-
spectra of the graph G x Ky is A{ + T,A; — 1 for 1 <1 < n. It is clear from
Theorem 4, that the graphs G x K, and G* are cospectral if and only if G
is bipartite [6]. If D¥[G] is the k-fold graph of the graph G, the A-spectra of
D¥[G] is given by the following result.



Energy of double graphs 93

Theorem 5 (Cvetkovic, Doob, Sachs, 1980 [7], Marino, Salvi, 2007 [21]) If
A1y A2y ooy An @8 the A-spectra of a graph G, then the A-spectra of the graph
D¥[G] is kA1, kA2, ..., kA, O ((k — 1)ntimes).

If A1y A2, ..., Ay is the A-spectra of the graph G, then by Theorem 4, the A-
spectra of the graph G* is £(A1+1), £(A2+1),...,£(A+ 1) and by Theorem
5, the A-spectra of D¥[G] is kA7, kA2, ..., kAn, O ((k — 1)n times). Therefore,

n n n
E(G) =) M+1+) [—A—=1=2) A+1]

and

n n
E(D¥G) =) 2Al=2) I\ =kE(G).
i=1 i=1

If A1yA2,...,An is the A-spectra of a graph G, then the A-spectra of the
graph (G®Ky) x Ky is Ay + 1,Ai —1,—A; +1,—A; — 1, 1 <1 < n. Therefore,

E((G@Kz)xkz)=22m+1|+zZ|Ai—1|=2(Z|m+1|+Z|m—1|)
i=1 i=1 i=1 i=1
=2E(G xKy) =E(2(G x K3)) = E((G x K2) U (G x K3)).

From the above discussion, we observe that the graphs (G ® K;) x K, and
(G x K2) U (G x Ky) are equienergetic. Moreover, if the graph G is a bipartite
graph then the graphs (G®Kj;) x K; and G*UG™* are also equienergetic graphs.

As seen above E(D¥[G]) =k Y I, ]\l = kE(G) = E(kG) = E(GUGU- - -UG)
(G is repeated k times). This shows that the graphs D*[G] and (GUGU---UG)
(G is repeated k times) are non-cospectral equienergetic. However, we show
for any graph G the graphs D[G] and G ® K, are always equienergetic non-
cospectral graphs.

Theorem 6 If D[G] is the double graph of the graph G, then the graphs GRK;
and D[G] are non-cospectral equienergetic graphs.

Proof. Let A1, Az, ..., A be the eigenvalues of the graph G, then by Lemma 2,
the eigenvalues of the graph G ® K; are Aj, —A; for 1 <1 < n and by Theorem
5 (for k = 2), the eigenvalues of the graph DI[G] are 2A;, 0 (n times) for
1 <1 < n. Therefore,

n n n
EGaK) =) M+ [—=nl=2> Il
i=1 i=1

i=1
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Also,
n n
E(DIGN) =) 2\l =2) Il
i=1 i=1

Clearly these graphs are non-cospectral, so the result follows. O

In general, if D¥[G] be the k-fold graph of the graph G, we have the following
observation.

Theorem 7 If DX[G] is the k-fold graph of the graph G, then the graphs D*[G]
and G ® sKy are non-cospectral equienergetic graphs if and only if k = 28.

Proof. If Aj, Ay, ..., A, are the eigenvalues of the graph, then by Lemma 2,
the eigenvalues of the graph G ® sK; are A; (257 times), —A; (257 times) for
1 <i<n and by Theorem 5, the eigenvalues of the graph D¥[G] are kA;, 0
((k—1)n times) for 1 <1i < n. Therefore,

n n n
E(G®sKy) =2"> N[ +257") [=Al=2°) Al (1)
i=1 i=1 i=1
Also,
n n
E(D*G) =) [kAl=k) Al (2)
i=1 i=1

From (1) and (2) it is clear that E(G ® sKz) = E(D¥[G]) if and only if k = 25.
U

Let G** be the extended double cover of the graph G*. We have the following
result.

Theorem 8 If G is an n-vertex graph, then E(G* @ Ky) = E(G™*), if A > 2,
for all non-zero eigenvalues of G. Moreover these graphs are non-cospectral
with equal number of vertices.

Proof. Let A1, A2,..., Ay be the eigenvalues of the graph G. By Theorem 4,
the eigenvalues of the graph G* are A{+1, —(A;+1) for 1 <1 < n and so of G**
are A; + 2, A, —(A{ + 2), —A; for T <1 < n. Also by Lemma, 2, the eigenvalues
of the graph G* ® Ky are Ay + 1,—(Ai + 1),A +1,—Ai+ 1) for T < i< n.
Assume that |[A;| > 2. Then

R O VTS TS VS SN g WIS R TS W
|>\1+1{ A =1, ifa<0 > MFA=C N2 ifa<o.
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Therefore,

E(G™) zZp\ +2\+ZZI)\|_ > A2+ ) N +ZI+ZI)\|

A >0 A<0

=2 Z|A|+2+Z|?\|—2+Zl?\|

A0 Ai<0

-2 Z|>\|+Z\7\|+z Z1—Z1
A >0 A<0
:4Z|7\i|+49>
i=1

where 0 is the difference between the number of nonnegative and negative
eigenvalues of G and

n n n
E(G*®K2)=2<Zm+1|+z—(Ai+1)|>=4Z|Ai+1
i=1 i=1 i=1
=4[ D AU+ DY N+ =4 Y N1+ D) AT

7\120 )\i<0 )\120 )\i<0
n
_4Z|>\|+4 > 1= 1| =4> Inl+40.
A >0 Ai<0 i=1
Clearly these graphs are noncospectral with same number of vertices. [

Let G be a bipartite graph. It is well-known that the spectra of G is sym-
metric about the origin, so half of the nonzero eigenvalues of G lies to the left
and half lies to the right of origin. Therefore if G is a bipartite graph having
all its eigenvalues nonzero, the number of positive and negative eigenvalues of
G are same. Keeping this in mind we have the following result.

Theorem 9 If G* is the extended double cover of the bipartite graph G, then
the graphs G* and D[G] are noncospectral equienergetic if and only if |A| > 1
forall1<i<n.

Proof. Let A1, Ay, ..., Ay be the eigenvalues of the graph G. By Theorem 4, the
eigenvalues of the graph G* are A;+1,—A;—1 for 1 <1 < n and by Theorem 5,
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the eigenvalues of the graph D[G] are 2A;, 0 (n times) for 1 <1i < n. Suppose
that A;] > 1fori=1,2,...,n, then

) . |}\i|+]> if Ay >0
'7\1“_{ Al =1, if A <O.

Therefore,

n n n
=3 NI+ [=A=T1=2) A+1]
i=1 i=1 i—1
=2 > A+ ) T =2 D N+ + D (M=)

Ai>0 Ai<0 A >0 Ai<0
n

=2 Z\AHZI)\I Z1—Z1 =2) I\l =E(DIG].
A>0 A>0 i=1

Clearly these graphs are noncospectral with same number of vertices.

Conversely, suppose that the graphs G* and D[G] are noncospectral equiener-
getic. We will show that [A;| > 1 for all 1 <i<n.

Assume to the contrary that [A;] < 1 for some i. Then for this i, |A; + 1] =
Ai + 1. Without loss of generality, suppose that the eigenvalues of G satisfy
A>T, fori=1,2,...,kand A <1, fori=k+ 1,k + 2,...,n, since the
eigenvalues are real and reordering does not effect the argument. We have the
following cases to consider.

Case i. If Ay >0 fori=1,2,...,kand Ay >0 fori=k+1,k+2,...,n
then

k n n
E(G*):2<Z|A1+1|+ > |>\i+1) :2<Z|Ai|+n>.
i=1 i=k+1 i=1

Case #i. If Ay >0 fori=1,2,...,kand A; <O fori=k+1,k+2,...,n, then
if 8y is the number of zero eigenvalues of G, we have

_z(Zp\ +1+ Z A +1|> _z<Z(|7\i|+1)+ i (7\i+1)>

i=k+1 i=k+1

>z(ii(|>\i|+1)+ i (A —1) ) (Zm—e())

i=k+1
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Case iii. If Ay <O fori=1,2,...,kand Ay >0 fori=k+1,k+2,...,n, then

k n k n
E(G*)=2(Z|m+1+ > |Ai+1|> =2<Z(|Ai|1)+ > (MH))

i=1 i=k+1 i=1 i=k+1

=2 (i Al +60> .

i=1

Case iv. If Ay <O fori=1,2,...,kand Ay <O fori=k+1,k+2,...,n, then

k n k n
E(G*):2<Z|Ai+1|+ > I?\i+1l> :z(Z(w—]H > (?\i+1)>

i=1 i=k+1 i=1 i=k+1
k

z(z (Al = 1) + Z |>\|—1) z(Zm— )
i=1 i=k+1

Clearly in all these cases, we obtain E(G*) # E(D[G]), a contradiction. There-
fore the result follows. O

We can also prove Theorem 9 by using Theorem 6, the fact that the graphs
G* and G x K; are cospectral if G is bipartite [6, Theorem 2] and the graphs
G x K; and G ® K; are equienergetic if an only if |A;| > 1 [4, Theorem 8.

3 The Laplacian spectra of G**

Let G* be the extended double cover of the graph G, define G** = (G*)*,
and in general G** = (G*1*)* ¥ > 1, called the k-qtextitth iterated double
cover graph of G. The A-spectra of G** is given in [6]. Here we obtain the
L-spectra of the k-th iterated extended double cover G** of the graph G. Since
the graph G** is always bipartite for k > 1, therefore its Laplacian (L-spectra)
and signless Laplacian (Q-spectra) spectra are same.

For any complex square matrices A and B of same order, the following
observation can be seen in ([28, page 41]).

Theorem 10 If A and B are complex square matrices of same order, then
A B
‘B A’ = |A + B||A — B,

where the symbol | | denotes the determinant of a matriz.

We first obtain the L-spectra of G*, the extended double cover of the graph
G, in the following result.
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Theorem 11 Let G(n, m) be an n-vertex graph having Laplacian and signless

Laplacian spectra, respectively as 0 = pn < pn1 < ... <y and 0 < Wt <
u:_1 <...< uT. Then the Laplacian spectra of G* is W1, W2y ...y Hn, uT +
2,15 42,0t + 2.

Proof. Let A(G) be the adjacency matrix of the graph G. By a suitable
relabelling of vertices it can be seen that the adjacency matrix A(G*) of the
graph G* is
o 0 A(G) + I
AlGT) = (A(G)Jrln 0 )

Let D(G) and D(G*) be respectively the degree matrices of the graphs G and
G*. It is easy to see that

Therefore, Laplacian matrix L(G*) of G* is

(D(G)Hn —(A(G)Hn))
—(A(G)+1,) DG+, /°

So the Laplacian characteristic polynomial of G* is

Cg-(A) = ALy — L(G*)| = ‘(7‘—”111—13(6‘) A(G) + 1y ’

A(G)+ 1, (A—1)I, —D(G)
= (A =1 = D(G)) = (A(G) + I)I[((A = DIn — D(G)) + (A(G) + Ly
=[(A=2)In — (D(G) + A(G))|AIn — (D(G) — A(G))]

= Qa(A —2)Cg(A).
From this the result follows. O

We now obtain the L-spectra of G** as follows.

Theorem 12 Let G(n,m) be a graph having L-spectra Wi, and Q-spectra
u;r, 1 < i < n. The L-spectra of the graph G** is ((g) times), W +

2((]‘1’]) times), who+ 2((]‘51) times), o+ 4((]‘51) times), TRgE
4 ((k]’])x), cey i+ 2(k—2) ((E:;) times), o+ 2(k—2) ((i:;) times),
pi 20— 1) () times), wf + 20k—=1) (7)) times), w7 + 2k((})

times), where 1 <1< n.
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Proof. We prove this result by induction and we use induction on k. For k =1,
the result follows by Theorem 11. For k = 2, we have G** = G**. Let A(G*)
and A(G**) be the adjacency matrices respectively of the graphs G* and G**.
It is not difficult to see that

A(G™) = <A(G*)+IZn 0 >

Let D(G*) and D(G**) be respectively the degree matrices of G* and G**. It
can be seen that

*k\ D(G*)+12n 0
D(6™) = ( 0 D(G*)~|—Izn>'

Therefore the Laplacian matrix of G** is
L(G™)=D(G™) —A(G™) =

< D(G*)+12n _(A(G*)+12n)>
—(A(G")+ 1) D(G)+Im /-

So the Laplacian characteristic polynomial of G** is

(A=1)Ln—D(G") A(G*)+1Iom

Cgr(A) = ALyn — L(G™)| = ' A(G*)+1Im  (A—T)Iyn—D(GY)

= |((A=1)In—D(G")) — (A(G")+Ln)[I((A=1)Izn — D(G")) + (A(G") + L)l
=|(A=2)In — (D(G") + A(G"))| [ALzn — (D(G") — A(G"))]
= Qg+ (A —=2)Cg+(A).

From this it is clear that the L-spectra of G** is wi, Wi+ 2, uﬁ’ + 2, pf + 4,
for 1 < i < n, that is L-spectra of G** is ((é) times), w + 2 ((}) times),
u{'r +2 ((é) times), and u;’ +4 ((%) times). Therefore the result is true in this
case. Assume that the result is true for k = s — 1. Then by induction hypoth-
esis the L-spectra of GB—1* is 1y ((531) times), w+ 2 ((STZ) times), u-f +
2 ((562) times), e W+ 2(s—2) ((2:%) times), wh+2(s—2) <(§:§) times),
o +2(s—1) <(§j) times). Now for k = s, it can be seen by proceeding as in
the case k = 2 the Laplacian matrix L(G**) of the graph G** is

. . . D(GE ")+ L, —(A(GED*)+10,)
L(GS ):D(GS )_A(GS ):<—(A(G(S])*)+IZsT:) D(G(57”*)+12571: .
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Therefore, the Laplacian characteristic polynomial of G** is
Cgs+(A) = [ALysn — L(G*™)

_ A=) = D(GET) A(GET*) 4 Ty,
A(GED*) 4 T, (A — 11, — D(GE¥)

- ’(()\ — 1)L 1, — D(G %)) — (A(GED7) + IZHH)‘ X
)((A Nl 1, — D(GE)) 4 (A(GE*) + 123,111)‘
= | (A= 2y, = (D(GE) + A(GE))]

X )MZHn — (D(GI ) —A(G(S*”*))]

= Qg e (A—2)Cgis 1- (N

Therefore, it follows that the L-spectra of the graph G** is ( S ] t1mes>
W + 2 ((5? ) times) wh +2 ((56 ) times) o M+ 2(s—2) ( % t1mes>,
w+2(s—2) ((S 3) tlmes> wh+2(s—1) (( ) tlmes) 2( S ] t1mes>
15 +4((STZ) times), w; +4((562) times), ..., pi +2(s — 1)((; %) times), p;” +

2(s — 1)((2:§) times), u; —i-ZS((zj) times).

Using (7)+(,5) = (), 0 < v < kand (%) = (5) = (5) = (7)) =1, we
see that the L-spectra of G%* is ui(((s)) times), p.i+2((571) times), p +2((561)
times), ui—|—4((551) times), ui*—|—4((571) times), ..., ui+2(s—2)((z:;) times),
Wi+ 2(s — 2)((57}) times), py + 2(s — 1)((57]) times), & + 2(s — 1)((57))
times), u + 25(( ) times). Thus the result is true in this case as well hence
by induction the result follows. O

If G is a bipartite graph, it is easy to see that under elementary transforma-
tion the Laplacian characteristic polynomial of G coincides with the signless
Laplacian characteristic polynomial of G. Therefore the Laplacian and signless
Laplacian spectra of G are same. We have the following observation.

Corollary 13 If G(n, m) is a bipartite graph having L-spectra i, 1 <i<n,
then the L-spectra of k-th iterated double cover G** of G is W (('g) times),
wi+2 ((]f) tz’mes), cew i+2(k—2) ((kEZ) times), wi+2(k—1) ((kf]) times),
w + 2k ((}Z) times), where 1 <1< n.
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Proof. Since for a bipartite graph G the Laplacian and the signless Laplacian
spectra are same, we have [ = u{r for all 1 <1 < n. Using this in Theorem

21, we obtain the L-spectra of G** as ((‘g) times), W+ 2 ((kﬂ) times),
pi2 ((55") times), w4 ((45") times ), w4 ((457) times ), .. pi+2(k—
2) ((}j:;) times), wi+2(k—2) ((t:;) times), wi+2(k—1) ((tj) times), Wi+
2(k—1) ((‘;j;) times), ui + 2k ((}j) times). Now using the fact (1) + (%) =

r—1
(tt]), 0 < r < t, the result follows. O

In [6] three formulae are given for the number of spanning trees of G* in
terms of A-spectra of the corresponding graph G. We now obtain a formula
for the number of spanning trees in terms of the L and Q-spectra of G*.

Theorem 14 The number of spanning trees T(G*) of the graph G* is

i=1

.I n
T(G*) = ZT(G) (u +2).

Proof. Let 0 = pp < pp1 < --- < pjand 0 < p} < p' ; <--- < be
respectively the L-spectra and the Q-spectra of the graph G. By Theorem 3.2,
the L-spectra of the graph G* is wi, uf +2 fori=1,2,...,n. By using the
fact that the number of spanning trees of a graph of order n is % times the
product of (n — 1) largest Laplacian eigenvalues of the graph, we have

n—1 n n
WG = 5 [T +2)- () [ +2.

1 n—1 n n—1
(G = an ui_H](ui +2) =(G) H](ui +2).

In [6] it is shown that the graphs G* and G x K, are A-cospectral if and
only if G = K; or G is bipartite. An analogous result holds for the L-spectra
and is given below.

Theorem 15 The graphs G* and G x Ky are L-cospectral if and only if G = K,
or G 1is bipartite.
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Proof. If G = Ky, the graphs G* and G x K; are both isomorphic to Ky, so
are L-cospectral. Now if G # Kj, assume that G is bipartite. Then w = u:r
and so the L-spectra of G* is ui, uy + 2 for T < i < n which is same as the
L-spectra of G x K,. Conversely, suppose that the graphs G* and G x K, are
L-cospectral. Then w; = uf , which is only possible if G is bipartite. Hence the
result. O

An integral graph is a graph all of whose eigenvalues are integers. Following
observation is a consequence of Theorem 12.

Theorem 16 A graph G is Laplacian integral if and only if the graph G** is
Laplacian integral graph.

It is clear from Theorem 16, that given a Laplacian integral G it is always
possible to construct an infinite sequence of Laplacian integral graphs. Indeed
the graph G** is Laplacian integral for all k > 1.

Two graphs G; and G; are said to be co-spectral, if they are non-isomorphic
and have the same spectra. We have the following result, which follows by
Theorem 12.

Theorem 17 Two graphs Gy and Gy are Laplacian cospectral if and only if
the graphs G]f* and G‘E* are Laplacian cospectral.

Thus given two Laplacian co-spectral graphs Gy and Gy, it is always possible
to construct an infinite sequence of Laplacian co-spectral graphs. Indeed the
graphs G‘f* and Since the extended double cover G* of the graph G is always
bipartite, it follows by Theorem 6, the graphs G** and G* x K; are L-cospectral
and in general the graphs G** and G5~ V* x K, are L-cospectral. Also it is easy
to see that the graphs (G xKy)* and G* xK; are L-cospectral and in general the
graphs (G x K;)** and G** x K; are both L-cospectral as well as Q-cospectral.
Moreover, if G is bipartite then as seen in Theorem 6, the graphs G* and
G x K; are L-cospectral. Using the same argument it can be seen that the
graphs G™ and G x K; x K, are L-cospectral if and only if G is bipartite. A
repeated use of the argument as used in Theorem 6, gives the graphs G** and
G x Ky xKyx---xKy=GxsKy,=G x Qs (where K; is repeated s times)
are L-cospectral if and only if G is bipartite. From this discussion it follows
that the graphs G**, GB=1* x K5, (G x Kp)5~V* and G x Q,_; are mutually
non-isomorphic L-cospectral graphs if and only G is bipartite, where Q, is the
hypercube.
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4 Laplacian energy of double graphs

In this section, we study the Laplacian energy of the graphs D[G], D*[G]
and G*. Using these graphs we obtain some new families of non Laplacian
cospectral L-equienergetic graphs. Let D[G] and G* be respectively the double
graph and the extended double cover of the graph G. Then the Laplacian
spectra of the graph G* is given by Lemma 2, and the Laplacian spectra of
D¥[G] is given by the following result.

Theorem 18 (Marino, Salvi, 2007 [21]) Let G be a graph with n vertices
having degrees di,dy,...,dn and let wi, Wy, ..., un be its Laplacian spectra.
Then the Laplacian spectra of D¥[G] is ki, kdi ((k—1)n times) for 1 <i < n.

Let i for 1 <1 < m be the L-spectra of the graph G. Then by Theorem 11,
the L-spectra of the extended double cover G* of the graph G is i, u{F + 2 for
1 <1< n. Also the average vertex degree of G* is sz + 1. Therefore,

Zlm—f—HJrZIu1 ——+1|

Since average vertex degree of D¥[G] is szm, we have

n

2

i=1
n

2m 1“
ZkZ Wi —— ‘ Z
i=1 =

=KkLE(G) +k(k—1))
i=1

2
K — k—m -0y kdl—k—
1

LE(D"[G])

n

2
4 —
n

From this it is clear that LE(D¥[G]) = kLE(G), if G is regular. Also, since
the k-fold graph of a regular graph is regular, it follows, if G; and G, are
r-regular L-equienergetic graphs then their k-fold graphs D*[G;] and DX[G,]
are also L-equienergetic. Let £(G) be the line graph of the graph G. It is
shown in [23] that if G and G, are r-regular graphs then their k-th (k > 2)
iterated line graphs £%(G7) and £¥(G;,) are always equienergetic and so L-
equienergetic. Therefore it follows that given any two r-regular graphs, we can
always construct an infinite family of L-equienergetic graphs.

In case the given r-regular connected graphs are L-equienergetic, the k-fold
graph forms a larger family of L-equienergetic graphs than the k-th iterated
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line graph. As an example, consider the 4-regular graphs G; and G, shown
in Figure 1 on 9-vertices. It can be seen that the L-spectra of G; and G, are
respectively as 0,3% 6* and 0,2,32,5%2,6% (where a® means a occurs s times in
the spectrum). Therefore LE(Gy) = 16 = LE(G;). This shows that the graphs
G; and G, are regular L-equienergetic graphs, so their k-fold graphs D¥[G]
and D*[G;] and their k-th (k > 2) iterated line graphs are also L-equienergetic.
In fact the k-fold graph gives an infinite family of L-equienergetic graph pairs
of order n =0 (mod 9), whereas the k-th iterated line graph gives an infinite
family of L-equienergetic graph pairs of orders n = 542702430, and so on,
from this the assertion follows.

G2

Gy

Figure 1

We have seen that the Laplacian energy of the graph D[G] is twice the
Laplacian energy of G when G is regular. But this need not be true for the
graph G* as seen from the Laplacian energy of G* given above. However we
have the following observation.

Theorem 19 Let G* be the extended double cover of the bipartite graph G.
Then LE(G*) = 2LE(G) if and only if ‘Hi — sz‘ >1 for1<i<n.

Proof. Let y; for 1 <1 < n be the L-spectra of the graph G. Then by Corollary
13, the L-spectra of G* is Wi, pi+2 for T <1i < m. Assume that “Li — sz} > 1,

for all i = 1,2,...,n. Then since average vertex degree of G* is sz_i_]’ we
have
2 . 2m ifw > 2m
M_mH’:{ L R
|H1_T|_]) 1fui<T)
LS B N T R N T
T T T e it < 2
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Therefore,
LE(G")
n n
2m 2m
=> p.l——1'+Z ”l_nH’
i=1 i=1
2m 2m
:Z H—— —1 +H1—T+]
i=1
2m 2m
= > (|ju—=—1+|m—"+1
n n
}11227’“
2m 2m
+ Z Hi—n—]}—F ul_ﬂ,—i_]‘)
Hi<sz
2m 2m
= D |w— T e
n
MEZT’“
2m 2m
Hi<sz
2m 2m
=2 mi— == +2 ) |m— | =2LE(G)
n n
w>2m w<Zm

Conversely, suppose that LE(G*) = 2LE(G). We will show that ‘Hi — sz‘ >1
for all T <1 < n. We prove this by contradiction. Assume that |ui — sz‘ <1,
for some A;. Putting B; = w; — sz, and using the same argument as used in

the converse of Theorem 8 in [4] we arrive at a contradiction. O

If G is a graph satisfying the conditions of Theorem 19, then clearly the
graphs G* and G U G are L-equienergetic. We now obtain some new families
of L-equienergetic graphs by means of the graphs G*, G**, D[G] and D¥*[G].

Theorem 20 Let Gy(n,m) be a graph having L-spectra and Q-spectra respec-
tively as W and pf and let Go(n, m) be another graph having L-spectra and
Q-spectra respectively as Ay and A} for i =1,2,...,n. Then for p > 2n+k
and m < @ + ETZ, k > 3, we have LE(Gj} VK},) =LE(G; VK},).

Proof. Let G} be the extended double cover of the graph G;. Then by Theorem
11, the L-spectra of Gy is wi, u-j 4+ 2 for 1 <i<n and so by Lemma 3, the
L-spectra of GfV Ky is p+2n, p+m(1 <i<n—1),p+u+2(1 <i<n),2n
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((p—1) times), 0, with average vertex degree

2m’  4m+4pn+2n

n p+2n
Therefore, '
LE(GT\/KP):‘p—I—Zn—zn}, +n_ P+ ,, ’ —2:,1/
i=1
= 2m’ 2m/
+Z pHu+2— = +(p—1)’2n— i

i=1

Now, if p > 2n+k and m < B0 L K e > 3 we have for i = 1,2,...,m,

2m’ dm+4pn+2n plp—2n)+ 2n+p)y —4m —2n
P+ui— Y =ptui— p+2n = p+2n

- k(2n+k)—2(k—1)n—k*—2n _

=0
- p+2n ’
and 2m’ 4 4 2
+4pn+4In
R DL N DL
Pty + y Pty + P+ n
_p(p—Zn)+(2n+p)uf+2(p+n)—4m
B pP+2n
>k(2n+k)—2(k—1)n—k2+2(3n+k)_8n+2k>0
= P+2n  p+2n
So we have

- 2m'/ 2m/ 2m/
LE(GT VKp) = <p+2n— nl>+(n—1)<p— oy )+n<p+2— n’)

/ / /
+(p-—-1) <2m —Zn) +2::1 +4m:6n+(p—2n)2m + 4m.

n/ / n/

From this it is clear that the Laplacian energy of G} depends only on the
parameters p, m and n. Since these parameters are also same for G3, it follows
that LE(GTVK};) = LE(GZVK},). In fact all the graphs of the family (Gf\/K},),
i=1,2,..., having the same parameters n,p and m satisfying the conditions
in the hypothesis are mutually L-equienergetic. O
Let G* be the t-th iterated extended double cover of the graph G. We have
the following generalization of Theorem 20.
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Theorem 21 Let G(n,m) be a graph having L-spectra and Q-spectra respec-

tively as wi and p for 1 <i<n. Forp >2'n+%k and m < (k_zt)n + zlfi],

k>t+2,t>1, we have LE(GY V Kp) = 2!t +2) + (p — 2'n) 2% 4 2¢(2m).

Proof. Let G™ be the t-th iterated extended double cover of the graph G. Then
by Theorem 12, the L-spectra of G is p; ((8) times), W+ 2 ((tT]) times),
u:r + 2 ((tgl) times), w +4 <(t21) times), p.? +4 ((tT]) times), ce, Wi
2(t—2) ((E;) times), e +2(t—2) ((t:;) times), wi+2(t—1) ((Ij) times),
w4+ 2(t—1) <(i:;) times), w4 2t ((D times), where T < i1 < n. So by
Lemma 2.3, the L-spectra of G* /Ky, is 0,p+2'n, 2'n (p—1 times), p+p; ((5)
times) (1 <i<n—1),p+w+2 ((tT]) times), p + p + 2 ((t61) times),
p+w+4 (Y1) times), p+pf +4 (Y1) times), ..., p+w+2(t—2) (((7))
times), p 4+ i + 2(t — 2) ((E;) times), p + w + 2(t — 1) ((tj) times),
P +2(t—1) ((::;) times), p+ uﬁ“—FZt((:) times), 1 <1 < n, with average

vertex degree
2m’  2%'m 4 2%n 4+ 24 pn

n’ P+ 2tn
Therefore,
LE(G™ VKp)
n—1 t—1 n
2m/ t—1 2m/
:Zp+pi— — —i—ZZ( . )‘p—km—%Zr— ~
i=1 r=1 i=1
t—1 n n
t—1 2m/ 2m’
+y > <r_1> 'p+ui++2r— P2t
r=1 i=1 i=1
2m/ 2/ 2m’
+lp+2'n— vl RGP ey -

Now, if p > 2tn+k and m < ®9% 4 K e > £ 42t > 1, we have for

i=1,2,...,nand r=0,1,...,t

N .+2r_2m’_ N .+2T_2t+1m+2ttn+2t+]pn
P n P T H P +2n

=

plp—2) +2r(p +2'n) + (p + 2'n)u; — 2 'm — 2tn
p+2tn
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S kK(2'n +k) —k(2'n+ k) + 2%tn —2%n

- p+2tn N

Similarly, it can be seen that p + ui* + 2r — ZT“}I > 0. So we have
LE(GY VK,)

/ =1 / _ _
=n-1) <p—22,1> —i—Z (n(p—i—Zr—Z::}) —i—Zm) [(t . 1> + (:_1)]
2m’ 2m/
- <p+2tn— 7 > +(p-1) ( i —Ztn>

2m'’ 2m/
+<n<p+2t— $>+2m)+ ::,1 +2m

0.

2 /
=2t pn(Zt—U—{—(p—n)2/1
t
t 2m’
+Z<T> (n<p—|—2r— 2}>+2m>+2m

r=1

— 2t+1

n—pn(zt—1)+(p—n)22} +n(2t-1) <p_2m’>

+(2*—1)2m 4+ 2%n +2m
2m'/

n/

=2'"(t+2)+ (p—2'n) +24(2m),

T r—1 T

t
where we have made use of the fact [(tq) + (tf])] = (t) and )_ r(;‘) = 2t
=]

Clearly the Laplacian energy of the graph (G V K,) depends only on the
parameters p, m,t and n. Therefore all the graphs of the families (GI* V K_p),
where t,1 = 1,2,..., with the same parameters p, m,t and n satisfying the
conditions in the hypothesis are mutually L-equienergetic. O

Theorem 21 gives an infinite family of L-equienergetic graphs in various
ways, firstly fix the value of t and allow p to vary we obtain families of L-
equienergetic graphs with same t, secondly fix the value of p and allow t to
vary we obtain families of L-equienergetic graphs with same p and so on.

Corollary 22 Let G(n,m) be a bipartite graph having L-spectra p; for 1 <
i<n. Forp > 2'n 4+ k and m < (k_Tt)n—i- LS >t+2,t > 1, we have

2t+1

LE(G™ VKp) =2t +2) + (p — 2'n) ¥ 4 2¢(2m).

Proof. The proof follows the proof of Corollary 13 and the same argument as
in the proof Theorem 21. O




Energy of double graphs 109

From Theorem 21, it is clear if Gy and G, are any two graphs with the
same parameters, then we can always find tripartite graphs (G} V K},) and
(G3 V K;) having the same Laplacian energy. Next we show the construction
of L-equienergetic graphs by means of graphs D[G] and D¥[G].

Theorem 23 Let D[G] be the double graph of the graph G. Then, for p >
2n+k and m < M , k>4, we have

/

+ 8m.

LE(DIG] V Ky) = 4n + (p — 2n)2;:}

Proof. Let y; and d; for i =1,2,...,n be respectively the L-spectra and the
degree sequence of the graph G. Then by Theorem 21, the L-spectra of the
graph D¥[G] is ku;, kd; ((k — 1)n times) and so by Lemma 3, the L-spectra
of the graph Dk[G]\/I(p isp+kn, p+ku (1<i<n—1),p+kd; (k—T)n
times) (1 <i<mn), kn ((p—1) times), 0, with average vertex degree

2m’  2k*m+ 2pkn
n  p+kn

So,if p>kn+tand m < “;Tgt t > 2k,k > 2, we have for i=1,2,.

2m’ 2k?m + 2pkn
K — T gy — o epin
P+ KK iy P+ K P+ kn

_plp—kn) —2K'm +k(p + kn)y

p+kn
ttkn+1t) —t(kn+1t) 0
p+kn o
Similarly, we see that
2m’
p+2d; — oy > 0.
Therefore,
B zm/ n—1 n /
LE(D[G]\/KP)_'P“‘ZM—N“F p+ 20 — Z1 p+2di— ‘
2m’
T
2 /
=4n+ (p—2n) n,l + 8m.
n
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Clearly the Laplacian energy of the graph D[G] V K, depends only on the
parameters p, m and n. Therefore all the graphs of the family (D[G;] V l(p),
i=1,2,... with the same parameters p, m and n satisfying the conditions of
the theorem, are mutually L-equienergetic. O

If D¥[G] is the k-fold graph of the graph G, we have the following general-
ization of Theorem 23.

Theorem 24 Let DX[G] be the k-fold graph of the graph G. Then for p >
kn+t and m < 89Ut > 2k k > 2, we have LE(D*[G] V Kp) = 2kn + (p —
nk) 2 4 2mk?,

Proof. Let y; and d; for i =1,2,...,n be respectively the L-spectra and the
degree sequence of the graph G. Then by Theorem 21, the L-spectra of the
graph D¥[G] is ku;, kd; ((k — 1)n times) and so by Lemma 3, the L-spectra
of the graph Dk[G]\/I(p isp+kn, p+kw (1<i<n—1),p+kd; (k—1)n
times) (1 <i<mn), kn ((p—1) times), 0, with average vertex degree

2m’  2k’m 4+ 2pkn

n’ p+kn

t(kn+t)
2k?

So,ifp>kn+tand m < ,t>2k, k> 2, we have fori=1,2,...,n

2m/ 2k*m + 2pkn
ky — — = ky — ——
P+ K n, P+ Ky P+ kn

plp —kn) —2K2m + k(p + kn) S t(kn+t) — t(kn +t)
p+kn - p+kn

=0.

Similarly, we see that

2
2k“m + 2pkn S

kd; —
p+kd; i 2

Therefore,
LE(DX[G] V Kp)

!/ 2 m/

2m

T\-/

2m

P+ kui —

/

+(k—1)Z
i=1

1

n—I1

+)
i=1

m

+lo-

/

2
n’

2m
n -’

2m’
n/

= 2kn + 2mk? + (p — nk)

—i—(p—ﬂ‘kn—
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From this it is clear the Laplacian energy of the graph (D¥[G]\VK,) depends on
the parameters p, k, m and n. Therefore all the graphs of the families (D¥[G;]V
Kp) where i = 1,2,..., and k = 2,3,... having the same parameters p, m,k

and n satisfying the conditions of the Theorem, are mutually L-equienergetic.
O

Theorem 24 generates families of L-equienergetic graphs in various ways.
If we allow p to vary and keep k fixed, we obtain an infinite family of L-
equienergetic graphs with same k and if we allow k to vary and keep p fixed,
we obtain an infinite family of L-equienergetic graphs with same p and so on.

If D[G] and G* are respectively the double graph and the extended double
cover of the graph G, then the following result gives the construction of L-
equienergetic graphs with different number of edges.

Theorem 25 Let Gi(n,my) and Ga(n,my) be two graphs of order n = 0

(mod 4) with my = m;+%. Then forp > 4n+k and m; < n(k‘fZ) +%, k > 4,

we have

LE(D(G7) V Kp) = LE(D(G2)* V Kp).

Proof. Let ;, d; and p;’ for i = 1,2,...,n be respectively the L-spectra,
degree sequence and Q-spectra of Gy and let A, d! and 7\;r be the L-spectra,
degree sequence and Q-spectra of the graph G;. Then by Theorems 11 and
18 and Lemma 3, the L-spectra of the graphs D(G}) V l(p and D(Gy)* V Kp
are respectively as p+4n, p+2u (1 <i<n—1), p+2uf +4,p+2d; +2
(2 times) (1 <i<m), 4n ((p—1) times), O and p+4n, p+2A; (1 <i <
n—1), p+2A7 +4, p+2d,+2 (2 times) (1 <1< n), 4n((p—1) times), 0,
with average vertex degrees

2m;  lem;+8n+8pn 2m5  16my +8n+8pn

n p+4n oo p+4n
Now, ifp24n+kandm2§n(ﬁ_z)—i-%,kzél, we have fori=1,2,...,n
2m/ Temy + 8n + 8pn
2w — 1 _ 2w —
P+ Y P+ 2K S

plp—4n) +2(p +4n)u; — 16my; — 8n — 8pn
p+4n

< k(4n+k) —4n(k—2)—k? —8n _0
- p+4n -
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Similarly, we can show that

2m] 2m
P20 +4— = >0,p+2di+2- =5 >0
Therefore,
* - Zmﬂ s Zmﬂ
LE(D(G1)\/Kp)=‘p+4n— i +; P+ 20— — ’
n
2m
+ 1
n
2m]
+z; pt2di+2— =
2m] 2m]
+(p—1)‘4n— y 'O— oy ’
2 !/
=1len+ lem; + (p —4n) n}].
n

Proceeding similarly for the graph D(G;)* V K, it can be seen that

/
2m,
n

LE(D(G2)* VKp) = 12n+ 16my + (p —4n)

T the result follows. 0

Let D[G1] be the double graph of the graph Gj(n, m;) and let G be the
extended double cover of the graph G;(m,m;), then for p > 2n + k and
my < k2ntk) >4, we have from Theorem 23

Using the fact my; = m; +

8 9

2m]
n

LE(D[G1] VK,) =4n+8m; + (p —2n) (3)

+ ]Z—z, k > 4, we have by Theorem 20
2m}

n

n(k—1)

Also, for p > 2n+k and m; < =5

LE(G3 V Kp) =6n+4m, + (p — 2n) (4)

If we suppose that 4m; = 2m, + n, then it follows from (3) and 4 that
LE(D[G1] V Kp) = LE(G3 V Kp).

This gives another construction of families of graphs with same Laplacian
energy, same number of vertices but different number of edges. Next we give
another way of constructing a family of graphs having same number of vertices,
same Laplacian energy but different number of edges.



Energy of double graphs 113

Theorem 26 Let Gi(n,mq) and Ga(n,my) be two graphs with my = 2m;j.
Then forp > 4n+k and my < (4n+k —n, k >4, we have LE(D(GT)\/K},) =
LE(G3* V K p)

Proof. Let i, and d; for i = 1,2,...,n be respectively the L-spectra,
Q-spectra and the degree sequence of the graph G; and let A; and 7\;r be
the L-spectra and Q-spectra of the graph G;. Then by Theorems 11 and 18
and Lemma 3, the L-spectra of D(G]) V K_p isp+4n, p+2 (1 <i<

—1), p+2uf +4, p+2di +2 (2 times) (1 <i<mn), 4n ((p—1) times),
0. Also by Theorem 12 and Lemma 3, the L-spectra of the graph G3*V K_p is
pHAn, pH+A (1<i<n—1), p+A+2, p+A+2, p+A[+4 (1<i<
n), 4n((p — 1) times), 0, with average vertex degrees

2m] _ Temy +8n + 8pn 2m) _ 8my+8n+8pn
n/ p+4n ’ ’

n’ p+4n

(4n+k)

So,if p >4n+k and m; < —n, k>4, we have for i=1,2,...,n

2m/ T6m; + 8n + 8pn
2w — 1 = 2u; —
Pt n’ L p+4n

plp—4an) +2(p +4n)y; — T6my — 8n —8pn
B p+4n
k(dn+k)—k(4n+k)+8n—8n
N p+4n

=0.

Similarly, we can show

2m]

p+2u +4— > 0.

Therefore, B
LE(D(G}) VKp)

n—1

‘|+Z|p+zul ‘|+le+2ul+4

i=1 i=1

Zm1 |

= 2m]
+2) Pp+2di+2- .y

i=1

2m]

2m/
R

|
/

|+ (-1

!/

2
=len+ (p —4n) TT] + 16m;.
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Proceeding similarly as above for the graph G3*V K_p, we can see that

/

i 2
LE(G}* VK,) = 16n + (p —4n) :JZ + 8my.

Using m, = 2my, the result follows. O

Theorem 26 generates L-equienergetic graphs with same number of vertices
but different number of edges, infact when one graph contains twice the num-
ber of edges as contained in other. Lastly we give the construction of family
of graphs with same number of vertices, edges and Laplacian energy by means
of Cartesian product and extended double cover.

Theorem 27 Let Gi(n,m) and Ga(n,m) be two connected non-bipartite
graphs. Then for p > n+2, and min(w, ) > 2™ —2 we have LE(G} x Kp) =
LE(G3 x Kp) if and only if LE(Gy) = LE(G,).

Proof. Let 0 = pn < pn1 < - < mpand 0 < pf < pb | < -o0 < pf
be respectively the L-spectra and the Q-spectra of the graph Gy and let 0 =
A <A << Arand 0 < AL < 7\171 < -+ < A] be respectively the
L-spectra and Q-spectra of the graph G;. Then by Theorem 11 and Lemma
1, the L-spectra of the graphs G} x K, and G} x K;, are respectively as y; + q;
and 0; +qj,1=1,2,...,2n, j=1,2,...,n, where

o i, 1f1:1,2,,n
ViU w42, ifi=n+1,n+2,...,2n,
0 Ay ifi=1,2,...,n
VUL 42, ifi=n+n+2,...,2n
andp=q1=q2=-"-=(p-1, (qp =0 with average vertex degree
Zm/_2m+
n n P
Therefore, m n )
LE(Gi xKp) =D > |yi+g; i
i=1 j=1
2n n
2m'/ 2m/
== [p+vi— |+ v n,“
i=1 i=1

— (p— 1)LE(Gy) + 4pn —dn.
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Similarly it can be seen that
LE(G3 x Kp) = (p — 1)LE(G2) +4pn —4n.

It is now clear that LE(G} xK,) = LE(G3 xK}) if and only if LE(G1) = LE(G3),
therefore the result follows. O

Since G* is always bipartite, Theorem 27 gives the construction of connected
graphs from a given pair of L-equienergetic bipartite graphs having same num-
ber of vertices, edges and Laplacian energy. Moreover if t is the first value of p
satisfying the conditions in Theorem 27, then every value greater than t also
satisfies this condition, therefore we obtain an infinite family of L-equienergetic
graph pairs.
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