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Abstract. Given non-negative integers n; and oy with 0 < oy < 1y
i=1,2,...,k),an [a7, &z,. .., x]-k-partite hypertournament on Z]f ng
vertices is a (k+ 1)-tuple (Uq, Uy, ..., Uy, E), where U; are k vertex sets
with |U;| = ni, and E is a set of Z]f ai-tuples of vertices, called arcs, with
exactly oy vertices from U;, such that any Z]f o subset USUS of UKLy, E
contains exactly one of the (Z]f oci) ! Z]f ai-tuples whose entries belong

to UXU{. We obtain necessary and sufficient conditions for k lists of non-
negative integers in non-decreasing order to be the losing score lists and
to be the score lists of some k-partite hypertournament.

1 Introduction

Hypergraphs are generalizations of graphs [1]. While edges of a graph are pairs
of vertices of the graph, edges of a hypergraph are subsets of the vertex set,
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consisting of at least two vertices. An edge consisting of k vertices is called
a k-edge. A k-hypergraph is a hypergraph all of whose edges are k-edges.
A k-hypertournament is a complete k-hypergraph with each k-edge endowed
with an orientation, that is, a linear arrangement of the vertices contained in
the hyperedge. Instead of scores of vertices in a tournament, Zhou et al. [13]
considered scores and losing scores of vertices in a k-hypertournament, and
derived a result analogous to Landau’s theorem [6]. The score s(vi) or si of a
vertex vy is the number of arcs containing v; and in which v; is not the last
element, and the losing score r(vi) or r; of a vertex v; is the number of arcs
containing v; and in which vj is the last element. The score sequence (losing
score sequence) is formed by listing the scores (losing scores) in non-decreasing
order.

The following characterizations of score sequences and losing score sequences
in k-hypertournaments can be found in G. Zhou et al. [12].

Theorem 1 Given two positive integers 1 and k with n > k > 1, a non-
decreasing sequence R = [rq,72,...,Tnl of non-negative integers is a losing
score sequence of some k-hypertournament if and only if for each j,

j .
=0
ol

with equality when j = n.

Theorem 2 Given positive integers n and kK withm > k > 1, a non-decreasing
sequence S = [s1,82,...,Snl of non-negative integers is a score sequence of
some k-hypertournament if and only if for each j,

is_>, n—1 n n—j\ _ (n

2 Si=0\ K k)
i=1

with equality when j = n.

Some recent work on the reconstruction of tournaments can be found in
the papers due to A. Ivanyi [3, 4]. Some more results on k-hypertournaments
can be found in [2, 5, 9, 10, 11, 13]. The analogous results of Theorem 1 and
Theorem 2 for [h, k]|-bipartite hypertournaments can be found in [7] and for
[, B, v]-tripartite hypertournaments in [8].

Throughout this paper i takes values from 1 to k and j; takes values from 1
to ni, unless otherwise stated.
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A k-partite hypergraph is a generalization of k-partite graph. Given non-
negative integers ny and o4, (i =1,2,...,k) with ny > o«; > 0 for each i, an
(1, &2, . .., oxl-k-partite hypertournament (or briefly k-partite hypertourna-
ment) M of order Z]fni consists of k vertex sets U; with [U;| = ny for each 1,
(1 <1 < k) together with an arc set E, a set of Z]f ai-tuples of vertices, with
exactly oy vertices from Uj, called arcs such that any Z‘foq subset U]ﬂlﬁL of

U]fui, E contains exactly one of the (Z’foq) Z]f ai-tuples whose o entries

belong to Uj.

Let e = (uq7,u12, ... y Ulag , W21, U22y e ooy U2y - oy W]y U2y v e ,uko(k), with
uyj, € Uj for each i, (1 <i<k,1 <j; < «4), be an arc in M and let h < t, we
let e(uin, w1¢) denote to be the new arc obtained from e by interchanging uy,
and u¢ in e. An arc containing «; vertices from U; for each 1, (1 <1 < k) is
called an (g, g, . .., xg)-arc.

For a given vertex uy;, € Uj for each i, 1 <1<k and 1 <j; < «j, the score
d?\LA(uiji) (or simply d*(uy,)) is the number of Z]f ai-arcs containing 1y, and
in which uyj, is not the last element. The losing score dy,(uy;;) (or simply
d™(uy,)) is the number of Z]f aj-arcs containing uyj, and in which uy, is the
last element. By arranging the losing scores of each vertex set U; separately
in non-decreasing order, we get k lists called losing score lists of M and these
are denoted by Ri = [riji];”ﬂ for each 1, (1 <1 < k). Similarly, by arranging
the score lists of each vertex set U; separately in non-decreasing order, we get
k lists called score lists of M which are denoted as S; = [siji];i:] for each 1
(1 <i<Kk).

2 Main results

The following two theorems are the main results.

Theorem 3 Given k non-negative integers ny and k non-negative integers
oy with 1 < oy < ny for each i (1 < 1 < k), the k non-decreasing lists
Ri = [1'1]-1];”:1 of non-negative integers are the losing score lists of a K-partite
hypertournament if and only if for each pi (1 <1 < k) with py < ny,

> 3]l () 0

i=1 j; =1 i=1

with equality when py = ny for each i (1 <1< k).
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Theorem 4 Given k non-negative integers ny and k non-negative integers
oy with 0 < oy < ny for each i (1 < 1 < k), the k non-decreasing lists
Si= [Siji];{:1 of mon-negative integers are the score lists of a k-partite hyper-
tournament if and only if for each pi, (1 <1 <Xk) with p; <1y

5 s () (16) T ) o

i=1j;=1 i=1 i=1 i=1

with equality when piy = ny for each i (1 <1< k).

We note that in a k-partite hypertournament M, there are exactly Hl-f:] (ZL)
arcs and in each arc only one vertex is at the last entry. Therefore,

k My k .
>3 antws) =TT (%)
i=1j;=1 i=1 L

In order to prove the above two theorems, we need the following Lemmas.

Lemma 5 If M is a k-partite hypertournament of order Z]fni with score lists
Si= [siji]}:iﬂ for each i (1 <1< k), then

R

(5 00

i=1ji=1 =1

Proof. We have nj > «; for each i (1 <1 < k). If 1y, is the losing score of
Uiy, € U, then

i i T = ﬁ (;:)

i=1j;=1 i=1

The number of [oci]lf arcs containing uy;, € U for each i, (1 <1 < k), and

1<ji<nyis
k
Xi (nt>
ny 1 X+t
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Thus,

>3- S () ()

i=1j;=1 i=1j =1

O

Lemma 6 If Ry = [ry, ], (1 <1< k) are k losing score lists of a k-partite

ji=
hypertournament M, then there exists some h with T < %}H]f (];S) so that
Rl] - [T11»T12a e )T]h+])' .. )T]Tu]} Rls - [TS])TSZ) e )Tst_])' .. )TSTLS] (2 S S S
k) and Ry = [ry5,]i" 1, 2 <i< k), i+#s are losing score lists of some k-partite

ji=1’
hypertournament, t is the largest integer such that vg_1) < Tst = ... = Tgn,-

Proof. Let Ry = [Tiji];i:] (1 <1 < k) be losing score lists of a k-partite hyper-
tournament M with vertex sets U; = {uq1,ui2, ..., uy, } so that d~(uy,) = 1y,
foreachi (1 <1<k, 1 <j; <ny).

Let h be the smallest integer such that
TH=T2=... =TTh <Tinhe) < ..o < Ting

and t be the largest integer such that

Ts1 < T2 < ... éT‘S(t,1)<TSt:...:T5nS
Now, let
/
Ry =[r1,m2, .., T+ 1,000, Ty ],
/
Rs - [Ts1)T82)"')TSt_])'-'arSTLS

(2<s<k),and Ry = [ryy, i, (2<i<Kk), i #s.

Clearly, R} and R/ are both in non-decreasing order.

Since T1h < %}H]f (zz), there is at least one [o] ]f—arc e containing both up
and uge with uge as the last element in e, let ' = (ujp, ugt). Clearly, R}, R
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and Ry = [riji];:i:1 for each 1 (2 <1 < k), 1 # s are the k losing score lists of
M =(M-e)Ue. O

The next observation follows from Lemma 6, and the proof can be easily
established.

Lemma 7 Let Ry = [Tiji]?::p (1 <1< Xk) be k non-decreasing sequences of
non-negative integers satisfying (1). If Tin, < %} H]1< (ZI), then there exists s
and t (2 <s< k), 1 <t < mng such that R/] = [T11,T‘12,...,T1h+ 1,...,T1n]],
R, =1[rs1,Ts2y .-, Tst—1,...,Tsn ] and Ry = [Tiji];“‘:], (2 <i<k),1+#s satisfy

(1).

Proof of Theorem 3. Necessity. Let Ry, (1 <1i < k) be the k losing score
lists of a k-partite hypertournament M(U;, 1 < i < k). For any p; with oy
< pi < my, let U] = {uiji}}’i":1(1 < i < k) be the sets of vertices such that
d~(uyj,) = my, for each 1 < ji < p;i, 1 < i < k. Let M’ be the k-partite
hypertournament formed by U} for each i (1 <1i < k).

Then,

e

k  pi k  pi

D2 D i =2) ) dyluy)

i=1 ji=I i=1ji=1
k
_ H < Pt )
o\
Sufficiency. We induct on mj, keeping n,,...,ny fixed. For n; = «4, the

result is obviously true. So, let n; > &1, and similarly ny > o), ..., N > .
Now,

k My ny —1 k My

Tiny = Z Z Tij — Z T t+ Z Z Tij;

i=1ji=1 j1=1 i=2ji=1

<I1 () - ()
o)

Il
A~
22
~
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We consider the following two cases.

Case 1. 11, = < -l )HE( t ) Then,

oy — 1 ot

ny;—1 k ny k mny

D i+ D ty=) ) Ty —Tim

§1=1 i=2 j;=1 i=1 j;=1
k

. H Ny . ny — 1 Nt
() - (o))
- ny\ ny—1 ng
B (o8] oy — 1 Xt

ny—1 « n
_ 1— t
("I,

By induction hypothesis [r11,712,...,T1(n, -1, R2,..., Rk are losing score

lists of a k-partite hypertournament M'(Uf, Uy, ..., Uy) of order (Z]f:] ni> —

1. Construct a k-partite hypertournament M of order 21;1 n; as follows. In
M/, let UI] = {un,uu,...,u”m ,1)}, ui = {ui,-i};‘i:] for each i, (2 < i <
k). Adding a new vertex uin, to Uj, for each (Zlf:] oq)—tuple containing
Uin,, arrange win, on the last entry. Denote E; to be the set of all these

ny—1 k([ T ko) _ /
( A )1‘[2( o ) (Zi:1 ocl> tuples. Let E(M) = E(M’) U E;. Clearly,

R; for each 1, (1 <1 < k) are the k losing score lists of M.

T11—1 k Ny
Case 2. T1n, < < a1 >H2< cxt>'

Applying Lemma 7 repeatedly on Ry and keeping each Ry, (2 <1 < k) fixed

until we get a new non-decreasing list R} = [v};,77,, ... ,r’m]] in which now
—1 . .
/1n1 = < 2] : ) H’;( Zt ) By Case 1, R}, Ri (2 < i < k) are the losing
1— t

score lists of a k-partite hypertournament. Now, apply Lemma 6 on R/, R;
(2 <1 < k) repeatedly until we obtain the initial non-decreasing lists R; for
each 1 (1 <1< k). Then by Lemma 6, R; for each i (1 <1 < k) are the losing
score lists of a k-partite hypertournament. U

< k) be the k score lists of

i
), where U; = {ui)-.l};”:] with

Proof of Theorem 4. Let S; = [syj, 51 (1

<
a k-partite hypertournament M(U;, 1 < i < k
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dKA(uﬁi) =sj5,, for each 1, (1 <i< k). Clearly,
)+ o) = HTTE (0 ) (0 <i<kT<he<m)
i t

Let Ty 415, = d (uy,), (1 <1<k, 1T <5 <my).

Then R; = [rij.l];“:] (i=1,2,...,k) are the k losing score lists of M. Con-
versely, if Ry for each 1 (1 < i < k) are the losing score lists of M, then
Si for each i, (1 < 1 < k) are the score lists of M. Thus, it is enough to
show that conditions (1) and (2) are equivalent provided sij; + Tipn, +1-j;) =

(“‘)H]f< e ),foreachi(] <i<kand 1 <j;<ny.
n Kt
First assume (2) holds. Then,

2SI
23 () (n(

i=1ji =1

with equality when p; = ny for each 1 (1 <1 <k). Thus (1) holds.
Now, when (1) holds, using a similar argument as above, we can show that
(2) holds. This completes the proof. O
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