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Abstract. In this paper, the existence and multiplicity of positive solutions for a
critical singular elliptic system with concave and convex nonlinearity and sign-changing
weight function, are established. With the help of the Nehari manifold, we prove that
the system has at least two positive solutions via variational methods.
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1 Introduction and main result
In this paper, we are concerned with the following critical singular elliptic system

—Au —tpm = M () |ul"u+ Z5lul*ulvl?, in RM\ {0},

|| a+p
—Av — tty = pg(@)|o]7 20 + 2 Julofo]? %0, in RV \ {0}, (1.1)

u,v € DH2(RY),

where A\, up > 0 with 1 < ¢ < 2,a,8 > 1 satisfying a + 3 = 2%,2" = ﬁ—g,]\f >3

and 0 <t <t = (%)2, t is the best constant in the Hardy inequality. The weight

functions f, g satisfy the following assumptions:
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(Hy) f,g are measurable functions and locally bounded in RY \ {0}, with 0 #
forg: € C(RY\ {0}) and

O(|z]), as |z| — 0, O(|z|?), as |z| — 0,
iy = [0 s o oy = {OUtY. s o
O(|z|*), as [z — oo, O(lz[°), as 2| — oo,
for any a, b, ¢, d verifying
N
a,c < g(q—Q*) < b,d.
(Hy) Xy NY, # ¢, where ¥y = {z e RV : f(x) > 0}, X, = {z e RN : g(x) > 0}.

Similar assumptions have been mentioned in [1-3]. The role of such growth condi-

tions is to get a compactness condition.
Let £ = DY2(RY) x DV2(RY) be a Hilbert space endowed with norm

121l = (/ (IVul* + |VU|2)> :
RN
where z = (u,v) € E.

A pair of functions (u,v) € F is said to be a weak solution of problem (1.1), if

/R (VuVer + VoV, - P U2y

2 fa?

N /RN()\f (@) [u]"*upy + pg(x)|v]9%veps)
2c
a+ B Jgy

2
ooy + —2— [ ol

v
Of‘i‘ﬁ RN 902

for all (1, p2) € E.
The corresponding energy functional of problem (1.1) is defined by

1 u? 2
J)\#(U,U) = é/RN(|VU|2+|VU|2—tW—tw)
! / AF @)l + g (@)l — —— [ [u[*[]?.
q JrN a+ B Jrn

It follows from (H1)-(H2) that the functional Jy , is of class C'(E,R). Moreover, the
critical points of J , are the week solutions of problem (1.1).

Existence and multiplicity of solutions for elliptic problems with concave-convex
nonlinearities in bounded domain  C RY are studied extensively.

Set a = B, a0 + 3 = p, A = p,u = v, then in ) the problem (1.1) reads as the scalar
elliptic equation

{‘Au_t# = Af(@)lulu + |ufP e, in Q\ {0}, (1.2)

u € HL(Q).

EJQTDE, 2012 No. 20, p. 2



In [5], Ambrosetti, Brezis and Cerami considered the problem (1.2) for t = 0, f(z) =
1, 2 < p < 2* and proved that there exists A > 0 such that problem (1.2) admits at least
two positive solutions for A € (0, A), has a positive solution for A = A and no positive
solution for A > A. Chen [6] considered the problem (1.2) for f(z) = 1,p = 2* and
proved that there exists A > 0 such that the problem (1.2) admits at least two positive
solutions for A € (0,A),0 < ¢ < . Successively, Tsung-Fang Wu [7] investigated the
problem (1.2) for ¢t = 0,p = 2* with sign-changing weight function f and proved that
there exists A > 0 such that the problem (1.2) admits at least two positive solutions
for A € (0,A).

In whole space, Ambrosetti, Garcia and Peral [4] considered the problem (1.2) for
t = 0,p = 2* and proved the existence of A > 0 such that problem (1.2) admits at
least two non-negative solutions for A € (0, A), provided that f € L'(RY) U L*(R")
and f, #Z 0. More recently, under the proper hypothesis, Miotto [3] studied the same
problem above and obtained the similar results.

In recent years, much attention has been paid to the investigation of the following
elliptic system in bounded domain {2

—Au—tom = AMf(@)|ul"u+ Ze5ul* Pulvl?, in @\ {0},

a+p
v =t = pg(a) ol + o fulul e, in 9\ {0}, (13)
u,v € HY(Q).

Alves et [8] studied problem (1.3) with f(x) = g(z) = 1,t = 0,q = 2 and proved the
existence of least energy solutions for problem (1.3) for A, u € (0, A1), where A; denoting
the first eigenvalue of —A in H}(Q). Liu-Han [9] also considered problem (1.3) with
f(z) =g(x) =1,0 <t <t—1,¢g = 2 in bounded domain 2, and proved that (1.3)
admits one positive solution for A\, u € (0, A;). Subsequently, T.S.Hsu [10] considered
problem (1.3) with f(z) = g(z) = 1,0 <t < {,1 < ¢ < 2, and proved the existence
of A > 0 such that problem (1.3) has at least two positive solutions, provided that
0<A77 + uﬁ < A.

However, up to now, there are few papers on problem (1.1) in whole space RY.
The purpose to this paper is to investigate the existence and multiplicity of positive
solutions of problem (1.1) by using the decomposition of the Nehari manifold.

Inspired by [3] and [10], we have the following result.

Theorem 1 Assume (H1)-(H2) hold. Then there exists a positive constant A such
that problem (1.1) admits at least two positive solutions, provided that A, u > 0 and

O<)\2%q+,uﬁ</\.
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2 Notations and preliminaries

Set DM2(RY) = {u € L* (RY)|Vu € L*(RY)} with norm [jul = ([fen |Vu|2)%. For
t €10,t), we put

V(| Vul? =t
S,= inf e [V o).

wEDLEENN ([ ‘u‘z*)%
Catrina and Wang [11] proved that S; is achieved by the function

Ulz) = ! y (2.1)

il «/72\/1;
(1ol + Jo1 %)

where v, = VI — Vi — t,70 = VI + Vi — t.
N-—2

Moreover, for e > 0,U. = ¢ "7 U(%) (4N(E*t)> T satisfies

€ N-2

{—Au —tiy = [u* 2 in RV {0},

u—0 as |z| — oo.
Denote , ) 2 2
. _ Jan (IVul? + [Vl =t — t75)
Sep = inf —5- .
u,vEDL2(RN)\0 (IRN |u|a\v|5) atp

From [10], we have

L= (G + O ) s.

e

For z = (u,v) € E, let

1

u? v? 2

z||e = Vul> + |[Vo]? —t— —t— | .
ot = ([, 194 190P - = 05

By Hardy inequality

21
/ 4o < :/ |Vu|? for all u € DY#(RY),
R RN

Nz T

we can derive that || - ||; defines an equivalent norm in E.

We define the Palais-Smale (PS) sequence and (PS)-condition in £ for J, , as follows.
Definition 2.1 (i) {2, } is a (P.S).-sequence in E for J, ,, if J) ,(2,) = c+o(1), J;\#(zn) =
o(1) in B! as n — oc.

(ii) Jy,, satisfies the (PS).-condition in E, if any (PS).-sequence {z,} in E for J,
has a convergent subsequence.

As consequence of the assumptions (H1)-(H2), we have
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Lemma 2.1 [3] If {u,} C DY*(RY) such that u, — u weakly in DV?(RY), then there
exists a subsequence {u,} such that

i [ @l = [ f@

The same conclusion still holds if f is replaced by ¢ in Lemma 2.1.
Lemma 2.2 If {2,} C Fis a (PS),sequence for Jy ,, then {z,} is bounded in E.

Proof. Let z, = (un,v,). On the contrary, assume that ||z,|/; — oc.

Put
Zn

[

then {z,} is bounded in E. By passing to a subsequence, we can assume that z, —
z= (u,?) in E. So u, — ,v, — v in DY*(RY). By Lemma 2.1, we have

Zn = (una vn)

lim | (Af(@)[inl” + pg(@)[Ta]") = /RN(Af(x)Iﬂlq + pg () [v]?). (2.2)

n—oo R

Since Jy ,(z,) = ¢+ 0o(1), J/'\M(zn) =o(1) and ||z, — oo, then

Iapu(2n) — > < J;\#(zn), Zn >
1 1 1 1

= G ylalE = G =530 [ @l + gl

< ct+o(D)lzalle + o(1).

2<2*_Q) q—2 — 1q — 1q
mﬂznﬂt /RN(/\f(x)|un| + pg () [0n]) + o(1).

It easily follows from (2.2) and 1 < ¢ < 2, that [|Z,]; — 0 as n — oo, which is a
contradiction. O

IZallf =

Lemma 2.3 If {2,} C Eisa (PS).sequence for J , with z, — zin E, then J:\,u(z) =0

and J) ,(z) > —CO()\ﬁ + uﬁ) for some positive constant Cy only depending on
f,9:N,qt.

Proof. 1f Jy ,(z,) = ¢+ o(1), J;’M(zn) =o(l)in Bt asn — oo and 2, — z in E, it is
standard that J;\#(z) = 0. Let z = (u,v), we have

1 1

Dulz) = (5 = —)II = (— ~ ) /RN Af (@) ul® + pg(a)lv]?.

From the assumptions (H1)-(H2), there exist C, Cy > 0 such that

[ otaer

2)|ul? < Crllull, < Cyllv]*.

EJQTDE, 2012 No. 20, p. 5



By the Young inequality, Hardy inequality and 1 < ¢ < 2, it follows that

) = gl - 21) [ M@l + pg@)ler
> e ||t—<§ SO [l + uCylloo)
> <l Ht—%— SOCy +uC,) ()2
> —Co()\ ¢+ pre )

3 Nehari manifold
For any A, > 0, we consider the Nehari manifold
={z € E\{0}| < J; ,(2), 2 >=0}.

We recall that any nonzero solution of (1.1) belongs to N, ,. Moreover, z = (u,v) €
N, if and only if

ol 0, 2l = Ko +2 [ Jullol.

where Ky ,(2) = [on (Af(2)|u]? + pg(z)|v]).
Denote

Or, = inf Jy,(2).

ZEN/\ m

We will see that ), > —co. In fact, let z € N, ,, then from the proof the Lemma 2.3,
we have

1 1 1 t—1,_q
Ton(2) = Il = (; = 3 ACs + pC) (=) 2 [lE-

It follows from 1 < ¢ < 2 that J, , is coercive on N, ,. So 6, > —oc.
Define @, , : E — R, by @, ,(2) =< J:\’u(z),z >, then

<Bu)2> = @l -2 =) [ ol
= (2" =g Ku(2) — 2 = 2)|l]7. (3.1)
As in Tarantello [12], we divide N, , in three parts

IM - {Z = N)‘vﬂ < (I)/)\,,u,<z)7z >> 0}7
)(\]M = {Z S ./\/’)\7“ < (I);\’u(z),z >= (]}7
Ny, =1z €Ny, < ¢;7M(z),z >< 0},
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and consider

+ 0 . -
0y, = el/I\lff#J)\M(Z)’ 0.4 _zeljr\lfgﬂ Iau(2), 05, _zl/r\lfff# Iau(2)

Let

92— q 2*272 2% _ 9 QEq t— ¢\ 2-q N 2 2 4
A = _ _ i 2 g ) q—2
' <2(2* - Q)) (2* - Q) ( t ) (Sag)#(Cf + G,

where Cy, C, are from Lemma 2.3.
Lemma 3.1 N, =0if 0 < AT3 —l—,uﬁ <Ay,

Proof. Suppose by absurd that Ny , # 0 for any small X, u > 0. Let 2 = (u,v) € N,

by (3.1) we get

22 —0) [
a2 = 2522 [ ol
q JrN

2 —q

2 _

KA,M(Z)-

By the definition of S, ; and (3.2), we have

1
2—q \T N
|z|le > <m) (Se.p)*-

By the assumptions (H1)-(H2), (3.3) and Holder inequality, we have

1 — q
2 _ g\ 7 LT\
e < (5=4) " 0 +ucy™ ()

1
2 — g\ T
< (Z20) o

NI

2x =2 t

So AT + ,uﬁ > Ay, which is a contradiction with 0 < AT + uﬁ < A;.
By Lemma 3.1, we have 0, , = min{e;:u, 0.}

Lemma 3.2 If 0 < A7 + W%q < Ay, then

— pt -
O =10y, <0<0y,,

_2
where Ay = (%) 2= A,
Proof. The proof is similar to Theorem 3.1 in [10].
Lemma 3.3

lim (9)\,“ = 0.
(A1) =(0,0)
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Proof. By Lemma 2.3, we have
Ory > —Co(AT7 + p77).
Combining with Lemma 3.2, it is easy to verify that lim ,)—(0,0) Oru. = 0. O

Similar to Lemma 2.6 in [15], we have the following result.
Lemma 3.4 If0 < A\?s —HLﬁ < Ay, then for every z = (u,v) € E with [5y |u|*[v]? >
0, there exist unique s* = s¥(2) and s~ = s7(2) > 0 such that sTz € N} ,s72 € N .
Moveover, we have

1
2 _ 2 2% 3
s > . ( q)HZHta 3 = Smaz > S+7
2(2* = q) Jaw [ul*[v]
+ . .
Duls™2) = mmin aul(s2)

and
Iau(s2) = max Iau(82).

Lemma 3.5 Assume that z is a local minimizer for Jy, on Ny, and z ¢ N7, then
Juu(z)=0in E7L.

Proof. The proof is almost the same as that of Theorem 2.3 in [14] and is omitted
here. 0

The following lemma provides a precise description of the (P.S).-sequence for Jy ,,.
Lemma 3.6 If 0 < \™7 + uﬁ < Ay, then each sequence {z,} C E satisfying

Iau(zn) = c+o(1), J:w(zn) =o(1) in E!

with ¢ # 0 and
2 Sis
N( 9 ) )

ol

c < 9)\7“ +
has a convergent subsequence.

Proof. By Lemma 2.2, we have {z,} C E is bounded and there exists z = (u,v) € F.
We can assume, by passing to a subsequence if necessary, that z, — 2z in E and
z, — z a.e. in RY. Now we will show that z € N, ..

First, we prove that z # 0. On the contrary, suppose that z = 0.

Then by Lemma 2.1, we have

f(@)|u,|? = o(1), / g(@)|v,|T = 0(1), as n — oo.
N RN
By < J;\#(zn), 2, >= 0, we get that
laallf =2 [ fenl"lonl? +0(2). (3.4
RN
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Moreover, because {z,} is a (P.S).sequence, we have
1 2
¢ =o0(1) + Daulzn) = 5 lzall + o(1).

It is obvious that ¢ > 0. Thus ||z,||? > ¢ for large n. Then by (3.4) and the definition

of S, 5, we obtain that
t

S,
a?/B
Il > 2(222)

N
2

+o(1)

for large n. So ¢ > %(S“Tﬁ)%, which contradicts 6, < 0. Therefore z # 0.

It is easy to verify that z = (u,v) is a weak solution of problem (1.1) and z € N, ,.
Let 2z, = 2z, — 2z, U, = u,, — w and v, = v, — v.

Then
a2 02
Vil|> + |V = t—s — t—
[ (V493 = b = 1)
v ) v ) U2 U2
— n n -t
9l V0= e — )
v ) v ) u2 'U2
- u? + | Vo> — t— — t—) + o(1).
[ (Va4 190 = i = ) + 1)

By Lemma 2.1 in [13]

[l il = [ pualfenl? = [ uelol? +o(2),
RN RN RN

and by Lemma 2.1

[ rnit= [ s [ @l o) = ot

[ o= [ g@lolr= [ gt o) = o),

we have
< Du(En), 2 >=< Ty (20), 20 > — < Ty ,(2), 2 > +o(1) = o(1).

So we can get that

~ 2 ~ 2
lim (| Vi |* + | VU, |? — t— —t—=) = lim 2/ |, |0 |° = a, (3.5)
x RN

Ty . E

where a is a nonnegative constant.
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If a = 0, the proof is completed. Assume that a > 0, it follows from (3.5), that

2

Sty(5)F = I )
Lol = St lim ([ pala)

li Vi,|? + |V, —t— —
T [V 4 VG~ b — )

a,

IN

which implies that a > 2(#)%.
Thus

¢ = Jaulzn) +0(1)
= Dau(zn) + Iau(z) +0(1)
Z JAM(ZNTL)+9>\M+O(1)
- 1/ (Va2 + [V 2 — n g Ty _ 2/ | [)? + O + 0(1)
g S VIV T e T ) g f e
= 9)\7“—|—NCL
2 Spp\x
Z 9)‘7/>‘L+N< 27 )27
which is a contradiction. So the proof is completed. O

4 Proof of Theorem 1

First, we shall use the idea of Tarantello [12] to get the following results.

Similar to Proposition 9 in [16], we can prove the following result.
Proposition 4.1 (i) If 0 < AT o+ ;H%q < Ay, then there exists a (PS),, -sequence
{z.} C N, in E for Jy ,;

(i) If 0 < Pt ,quq < A, then there exists a (PS)GX -sequence {z,} C N, in
E for Jy . "

Now, we establish the existence of a positive solution in j iy
Theorem 4.1 If 0 < \73 + u% < Ay, then Jy , has a minimizer z' in /\/’IM which
satisfies

() Tulz ) =bau =05, <0;

(i) 2! is a positive solution of problem (1.1).

Proof. By Proposition 4.1(i), there exists a (PS)y, ,-sequence {z,} C Ny, in E for
Iy It follows from 6, , < 0 and Lemma 3.5, that there exists z! = (u',v!) € Ny,
such that z, — 2! strongly in E. So 2! is a nontrivial solution of problem (1.1).
Similar to the proof of Theorem 4.1 in [10], we can prove that |2!| = (Jul|,|v]') €
/\/’;H is a positive solution of problem (1.1). O
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Next, we establish the existence of a positive solution of the system (1.1) on N .
First, we consider

N—-2

ue(z) = 5’TU(§), e>0, z€RY,

which is an extremal function for Sy, where U is defined in (2.1).

Since fT, g are continuous functions in RY and ¥ = X; N %, # ¢. Following the
method of [17], without loss of generality, we may assume the ¥ is a domain of positive
measure.

We consider the test function
Wey(T) = ny(2)ucy(z), € RN,

where y € 3, u. (2) = u.(r — y) and n, € C3°(X) with n, > 0 and 7, = 1 near y.

Let Ay as in Theorem 4.1, then for 0 < AT + u% < A5, we have the following
result.
Lemma 4.1 Let 2' = (u!,v!) be the local minimizer in Theorem 4.1. Then for every
[ >0 and a.e. y € X, there exists g = £o(l,y) > 0 such that

2
JA#(u1 + l\/awe,y, vl + l\/Bwavy) <Oy, + N( i

for all € € (0,¢p).
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Proof. One has

(Ut + I awe ,, vt + 1/ Buwe)
1 A
= Sl ey 1R -2 [ f@l
RN

2
_H/ g(x)|vl+l\/6w€7y|q— _*/ |U1+l\/aw€7y|a|v1 Jrl\/ﬁwa,yw
q JrN 2 RN

2

1 l
= I DI+ Gla+ Blweylf +1 [ < uls Vawe, >0+ < ' y/Funy >|
1

- / M (@)t + I/ |1+ g() [0 + 1/ Beoe |1
RN

2
5 | lu' + Iy aw, ,|* o' + l\/ﬁwe,yw
[2 2 1
= )+ et Dol 2 [ PP [ @l et
RN q JrN
1

- / A (@)|a + Iy/awe |7 + pg(@)[o" + 1y/Beony |
]RN

+ / A () [t Vo + 1g(2) [0 B
RN

2
5 - lu' + Iy aw, ,|* o' + l\/ﬁwe,yw

2l _ 3 o 1,8
""? N\u1|°‘ 1\vl\ﬁa2w€,y—|—\u1| ‘Ul‘ﬁ 1520}5,3/-
R
Since
1 1 q 1 l|q 11g—1
L f@t + e, -2 [ @t -t [ fat e,
q JrN q JrN RN

- [ f@ { / T s ) ds}

1

o[ ol 1Bl [ @l =1 [ gl

q RN

- / () { / T @ e e ds} ,

and
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it follows from f > 0,9 > 0 in ¥ and w., = 0 in X, that

Tt + 1w, ,, vt + 1y Bwe.,)

12 2
< Do)+ Glat Al + 5 [l

2
21 lja—1),1(18,.3 1|a, 118—1 123
tor | T Perwey 4 P By,
2
e [t e [t 4 1 By . (4.1)
R

Similar to the estimate in [16] and [17], we can get
/RN Ju' + IV awe, |*v" + l\/BW&yW
- / Ju[*|0!7 + l/ |u1|a71|vl|ﬁa%w€,y + |u1‘a|vl|ﬁilﬁ%w&y
RN RN
+l2*a%ﬁg / |w€7y|2* + l2*1/ (a%ﬂﬁgul + a%ﬁ%vlﬂwayﬁ**l + o(gTﬂ)
RN RN

and
/ |W6,y|2* = A + O(eN)v ||We,y||§ = B + O(EN_l)v
RN

where A = ||U||3., B = ||U||? and S; = ABL.
2*
Substituting in (4.1), we obtain

J,\W(u1 + l\/aw&y, vl + l\/Bw&y)
l2 2[2* a B
< Oaut 5(04 +8)B — 2—*0425214

—l2*_1/ (OzaTJrlﬁgu1 +0z%ﬁ%vl)|wg7y|2*_1 +o(e72).
RN

Similar to the argument of Lemma 3.1 in [12], we can conclude that for every [ > 0 and
a.e. y € 3, there exists g = £¢(l,y) > 0 such that

2
Tt + /w01 + 1/ Buey) < Oy + 5(=57)

for all € € (0, ). O

Theorem 4.2 There exists A > 0 with A < Ay, for all 0 < AT +uﬁ < A, then J, ,

has a minimizer 22 in N. N i which satisfies
. _ St g\
() DHu(2?) =05, <O+ %(757)2;
(i) 22 is a positive solution of problem (1.1).
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Proof. First, we will show that

- N
9>\7M < 9)\““ + N( 2 ) 2,
Let
I _, =z a8
Uy = qz=(u,v)€eE: s ( ) > 1, |u|*[v]” >0
121l =1 RN
U {z = (u,v) € E: / |u|*|v]? = 0}
RN
and

1
Us = {z = (u,v) € E: s‘(i) <1, / |u|*|v]? > 0} .
Izl l=1le RN

Then N. W disconnects E in two connected components U; and Us,. For each z € N, ;L e

one has 1 < $4e < $7(2). Since s7(2) = =5~ (%), we have Ny, C Ui So 2! € UL

EE [

In the following, we will prove that there exits [y > 0 such that 21+l0(\/aw57y, \/Bw57y) €
U,. First, we show that there exists ¢ > 0 such that

_ 2! +l<\/awe,ya\/gwe,y) )
Vs <||z1 + Uawey V)l ) =€

for any [ > 0.
On the contrary, assume that there is a sequence {l,,} with [, — oo such that

o ( 2t + ln(\/awe,ya \/Bwe,y) ) R
|21+ In(Vawe y, \/Bws,y) I

as n — 00.
Let

w?) = 2+ ln(\/awaya \/Bwevy)
P2+ L(Vawe y, v Bwe )

In connection with s~ (w,,)w, € N, ., and the Lebesgue dominated convergence theorem,

/ |w1|a|w2|ﬁ _ IRN u' + ln\/awe,y‘ah]l + ln\/ﬁtus,yw
v 121 + I (vVowe y, V/Buwey) |7
fRN |% + \/awe,y|a|% + \/Bwayw
H% + (Vawe y, vVBwe ) |IF
fRN |\/awe,y|a|\/BW6,y h
[(Vawe y, \/Bwe,y) ;

+o(1), as n — oc.
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Thus

_ |s™(wa) [ |s~ (wa)[* o
J)UM(S (wn)wn) = 9 - 9 |wrlz| |wi|ﬁ
RN

_Is w7 / Af () (wy) + pg(x)(w?)

which contradicts that J) , is coercive on N, A
Set )
| — [[M]IZ]2

~ I(Vawe g, VBl

+1,

then

Hzl + ZO(\/aws,yv \/Bws,y)H?
= ||2'I7 + B+ B)llwe 17 + 210 < ul, Vawey, >¢ +2lo < v', /By >¢

= 127 + §(a + B)llweylI7 + 210 (/ F@)|u " Vawe y + pg(a) ot 1fw5y)
RN
4l o e 4143
O / Valu'* o' Pw Wey + = ) / VBt .,

Since f > 0,9 > 0in ¥, w., = 0 in X and the choice of [y, we have

2+ lo(v/awe y, /B |7

12102 + B0+ B) eI

12402 + | — 1121 ] = ¢

> [( 2 4 (Ve y, /Puoey) )}
I8+ 1Vt s v/ Bl

ALY,

So 2t + o (vVawe y, vBwe ) € Us.

Denote

0 = inf max J) ,(7(s)),

~v€el s€[0,1]

where I' = {y € C([0,1], E) : v(0) = 2!, 7(1) = 2z + lo(v/awe y, vV Bwe ) }-

Obviously, the path o(s) = 2! + slo(v/aw: , v/Bw.,,) belongs to I'. Thus, it follows
from v(0) € Uy and (1) € Uy, that there exists so € (0, 1) such that v(so) € Ny,

By Lemma 4.1, we get

2 B
N 2
By Proposition 4.1(ii), there exists a (PS)ef -sequence {z,} C N\, in E for J, ,. By

N
2

9;#1 §9<9A,,u+

Lemma 3.5, there exists 22 = (u?, v?) € N)\M such that z, — 2% strongly in E. So 22 is
a nontrivial solution of problem (1.1).
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Similar to the proof of Theorem 4.1 in [10], we can prove that |2%| = (Ju?|,|v]?) €
N, . is a positive solution of problem (1.1). O

Finally, we will give the proof of Theorem 1.

Proof. Let A be defined as in Theorem 4.2. For all 0 < pe=ut /ﬂ%q < Ay, by Theorem
4.1, the system (1.1) has a positive solution |z!| € N;fu. By A < Ay < A; and Theorem
4.2, the system (1.1) has a positive solution |2*| € Ny . Tt follows from Ny, NN, =0,
that the system (1.1) has two positive solutions |z!| and |22|. O
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