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THE GENERALIZED METHOD OF QUASILINEARIZATION AND
NONLINEAR BOUNDARY VALUE PROBLEMS WITH INTEGRAL
BOUNDARY CONDITIONS

RAHMAT ALI KHAN

ABSTRACT. The generalized method of quasilinearization is applied to obtain a mono-
tone sequence of iterates converging uniformly and rapidly to a solution of second order

nonlinear boundary value problem with nonlinear integral boundary conditions.

1. INTRODUCTION

In this paper, we shall study the method of quasilinearization for the nonlinear bound-

ary value problem with integral boundary conditions

2"(t) = f(t,z), t € J=[0,1],
(1.1) 2(0) — k12'(0) = /0 hi(z(s))ds,
SL’(l) + ka/<1) = /0 h,2<qj<3))d57

where f : J xR — R and h; : R — R (i = 1,2) are continuous functions and k;
are nonnegative constants. Boundary value problems with integral boundary conditions
constitute a very interesting and important class of problems. They include two, three,
multipoint and nonlocal boundary value problems as special cases. For boundary value
problems with integral boundary conditions and comments on their importance, we refer
the reader to the papers [13, 14, 15] and the references therein. Moreover, boundary value
problems with integral boundary conditions have been studied by a number of authors,
for example [11, 12, 16, 17].

The purpose of this paper is to develop the method of quasilinearization for the bound-
ary value problem (1.1). The main idea of the method of quasilinearization as developed
by Bellman and Kalaba [1] and generalized by Lakshmikantham [4, 5] has been applied
to a variety of problems [3, 6, 7]. Recently, Eloe and Gao [8], Ahmad, Khan and Eloe [9]
have developed the quasilinearization method for three point boundary value problems.

More recently, Khan, Ahmad [10] developed the method to treat first order problems
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with integral boundary conditions

2'(t) = f(t,z(t)), t € [0,T]
2(0) = ax(T) + /T b(s)x(s)ds + k = Bx + k.

In the present paper we extend the method of generalized quasilinearization to the bound-
ary value problem (1.1) and we obtain a sequence of solutions converging uniformly and

rapidly to a solution of the problem.

2. PRELIMINARIES
We know that the homogeneous problem
2'(t) =0, te J=10,1],
z(0) — k12'(0) = 0, (1) + koz'(1) = 0,

has only the trivial solution. Consequently, for any o(t), pi(t), pa(t) € C[0, 1], the corre-

sponding nonhomogeneous linear problem

Z'(t) =o(t), t e J=]0,1],
z(0) — k12'(0) = /0 p1(s)ds, x(1)+ kea'(1) = /0 p2(s)ds,

has a unique solution z € C?[0, 1],

where

= m{(l —t+ /{:2)/0 p1(s)ds + (k1 + t)/o pa(s)ds}

is the unique solution of the problem

P(t)

2'(t) =0, t e J=[0,1],
x(0) — k12'(0) = /0 p1(s)ds,
(1) + koo! (1) = /0 p2(s)ds,

and
-1 ki4+t)(1—s+ky), 0<t<s<l1
G (ks +0(1 =5+ k)
kitke 1 | (b +8)(1—t+ky), 0<s<t<l1

is the Green’s function of the problem. We note that G(¢,s) <0 on (0,1) x (0,1).
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Definition 2.1. Let o, 3 € C?[0,1]. We say that « is a lower solution of (1.1) if
o' = f(t,a(t), te[0,1]
1
Mm—kmnng/‘mm@»@,
0
1
a(1) + k(1) < [ haa(s))ds.
0

Similarly, 8 is an upper solution of the BVP (1.1), if 3 satisfies similar inequalities in the

reverse direction.

Now, we state and prove the existence and uniqueness of solutions in an ordered interval

generated by the lower and upper solutions of the boundary value problem.

Theorem 2.2. Assume that « and 3 are respectively lower and upper solutions of (1.1)
such that a(t) < B(t),t € [0,1]. If f : [0,]] xR — R and h; : R — R (i = 1,2) are
continuous and hl(x) > 0, then there exists a solution x(t) of the boundary value problem
(1.1) such that

a(t) < a(t) < B(¢), t € [0,1].

Proof. Define the following modifications of f(t,z) and h;(x)(i = 1,2)

Y

a0+ 0 it
F(t,x) =4 f(t,2), ifo<a<p,
fras M ite<a

and

Consider the modified problem

2"(t) = F(t,z), t € J=[0,1],

(2.1)
SL’( ]{71.1’ / H1 ( +k2.§lf / H2
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Since F'(t,z) : [0,1] x R — R and H; : R — R are continuous and bounded, it follows
that the boundary value problem (2.1) has a solution. Further, note that

o(t) = f(t,alt)) = F(t,a(t)), t € [0,1]

a(0) — k1a/(0) §/0 hy(a(s))ds :/o Hi(a(s))ds
a(1)+k20/(1)§/0 hg(@(S))dSz/O Hs(a(s))ds

p(t) < f(t,8(1) = F(t, 5(1)), t € [0,1]

mwwﬂ@z/ w_/Hl

ﬁm+@mw2/mw@mzjdummw

and

which imply that o and 3 are respectively lower and upper solutions of (2.1). Also, we
note that any solution of (2.1) which lies between « and 3, is a solution of (1.1). Thus, we
only need to show that any solution x(t) of (2.1) is such that a(t) < x(t) < 5(¢), t € [0, 1].

Assume that a(t) < x(t) is not true on [0, 1]. Then the function k(¢) = a(t) — z(t) has a
positive maximum at some ¢t =t € [0,1]. If £, € (0,1), then

k(to) > 0, k'/(to) =0, k'”(to) <0
and hence
0> K"(to) = a"(to) — 2"(to) = f(to, alto)) = (f(to, alto)) + 5 J;”U'(io(iogf((io&o)‘

a contradiction. If o = 0, then k£(0) > 0 and £'(0) < 0, but then the boundary conditions

and the nondecreasing property of h; gives

umgmmm+lwmwm—ﬂmwmw

) >0,

slwmwm—ﬂmmmw

If x < a(t), then Hi(x(s)) = hi(a(s)) and hence k(0) < 0, a contradiction. If z > [5(¢),
then Hy(z(s)) = hi(B(s)) > hi(a(s)) which implies k£(0) < 0, a contradiction. Hence
a(t) < z(t) < B(t) and Hy(z(s)) = hi(xz(s)) > hi(a(s)) and again k(0) < 0, another
contradiction. Similarly, if ¢y = 1, we get a contradiction. Thus a(t) < z(t), t € J.
Similarly, we can show that z(t) < (), t € [0, 1]. O

Theorem 2.3. Assume that o and 3 are lower and upper solutions of the boundary

value problem (1.1) respectively. If f : [0,1] x R — R and h; : R — R are continuous,

Jo(t,x) >0 fort €[0,1],x € R and 0 < hj(x) < 1. Then a(t) < 5(t), t € [0,1].
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Proof. Define m(t) = a(t) — 3(t), t € [0, 1], then m(t) € C?[0, 1] and

1
m(©) ~ k'(0) < [ Ia(s)) ~ ma(B(s)lds
(2.2) o
m(1) + ko' (1) < [ [hala(s) = ha(A(5)ds.

Assume that m(t) < 0 is not true for ¢ € [0,1]. Then m(¢) has a positive maximum at
some ty € [0,1]. If tg € (0,1), then m(to) > 0, m/(to) = 0 and m”(¢y) < 0. Using the
increasing property of the function f(¢,z) in x, we obtain

f(to, ato)) < & (to) < B"(to) < f(to, B(to)) < f(to, a(to)),

a contradiction. If ¢y = 0, then m(0) > 0 and m/(0) < 0. On the other hand, using the
boundary conditions (2.2) and the assumption 0 < b} (z) < 1, we have

m(0) < m(0) — kym!(0) < / ha(a(s)) — ha(B(s))]ds < / I, (cym(s)ds

< Iy (e) max m{t) = I (e)m(0) < m(0),

(2.3)

a contradiction. If 5 = 1, then m(1) > 0 and m/(1) > 0. But again, the boundary
conditions (2.2) and the assumption 0 < hj(x) < 1, gives

m(1) < m(0) + kym'(1) < / (ha(a(s)) — ha(B(s))]ds < / Ky (cym(s)ds

< hy(c) max m(t) = hy(c)m(1) < m(1),

(2.4)

a contradiction. Hence

As a consequence of the theorem (2.3), we have

Corollary 2.4. Assume that o and ( are lower and upper solutions of the boundary
value problem (1.1) respectively. If f : [0,1] x R — R and h : R — R are continuous,
Je(t,z) >0 and 0 < h'(x) < 1, fort € [0,1], x € R. Then the solution of the boundary

value problem (1.1) is unique.

3. QUASILINEARIZATION TECHNIQUE

Theorem 3.1. Assume that
(Ay) a and B € C?0,1] are respectively lower and upper solutions of (1.1) such that

a(t) < B(t),t € [0,1].
EJQTDE, 2003 No. 10, p. 5



(As) f(t,z) € C?[0,1] x R is such that f,(t,x) > 0 and fo.(t,7) + ¢ue(t,x) <0, where
o(t,r) € C?[0,1] X R and ¢.(t,x) < 0.

(As) h; € C*(R) (i = 1,2) are nondecreasing, 0 < h(z) <1 and h!(z) > 0.
Then, there ezists a monotone sequence {w,} of solutions converging uniformly and

quadratically to the unique solution of the problem.

Proof. Define, F': [0,1] x R — R by F(t,z) = f(t,x) + ¢(t,x). Then in view of (Ay), we
note that F' € C?[0,1] x R and

(3.1) Fo.(t,x) <O0.

For any ¢ € [0, 1], using Taylor’s theorem, (3.1) and (Ajz), we have

and
(3.3) hi(z) = hi(y) + hi(y)(z —y),

where z,y € R. Again applying Taylor’s theorem to ¢(t,x), we can find £ € R with
y < & < x such that

(34) 8(t,2) = 9(6.9) + 0ult,9)( — ) + 500 (1.€)(z — )

which in view of (A,) implies that

(3:5) o(t, 2) < o(t,y) + da(t, y)(x — y)

and

(3. 8(t,2) > 0(t,9) + 00t ) (& 1) — 510wt Ol 2 I,

where ||z — y|| = max;co1{|z(t) — y(t)|} denotes the supremum norm in the space of

continuous functions on [0, 1]. Using (3.6) in (3.2), we obtain

(37) f(t,l’) < f(t7 y) + fa&(tvy)(x - y) + %|¢xw(t7§)|”x - y“2

Let Q = {(t,z) : t € [0,1], z € [, 5]} and define on

39 ot 2,9) = S(t9) + Lot ) = ) + 3160l €l — o
and
(3.9) Hi(x,y) = hi(y) + hi(y)(z — ).

EJQTDE, 2003 No. 10, p. 6



Note that g(t,z,y) and H;(z,y) are continuous, bounded and are such that g, (¢, z,y) =
fo(t,y) > 0and 0 < 2 H;(z,y) < 1. Further, from {(3.7), (3.8)} and {(3.3), (3.9)}, we

have the relations

(3.10) ft,z) < g(t,z,y)
[t ) =g(t, z,x)

and

(3.11) hi(z) = Hi(z,y)

hi(x) = Hi(z, x)
Now, set wy = a and consider the linear problem
2"(t) = g(t, z,wp), t € [0,1],
(3.12) 2(0) — k12'(0 / Hy(x o(s))ds,
z(1) + ko' (1 / Hy(x o(8))ds.
Using (A1), (3.10) and (3.11), we obtain
wy (t) > f(t,wo) = g(t wo, Wp), t € [0, 1],
wo(0) — kywy(0

h1 (wo(s))ds —/ Hy(wo(s),wo(s))ds,

O\JN

hawn(s))ds = / Hawo(s), wos))ds
and

1) < F(1,0) < g(t, B, w0), £ € [0,1),

50~ 070) > [ m(@s> [ H(E6) wnls)is

B(1) + k(1) > / ha(B(s))ds > / Hy(5(s), wo(s))ds,

which imply that wg and [ are respectively lower and upper solutions of (3.12). It follows
by theorems 2.2 and 2.3 that there exists a unique solution w; of (3.12) such that

wo(t) < wn(t) < A1), t € [0,1].

In view of (3.10), (3.11) and the fact that w, is a solution of (3.12), we note that w; is a
lower solution of (1.1).
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Now consider the problem

2"(t) = g(t,z,w), t € [0,1],
(3.13) 2(0) — k12’ (0 / Hy(x (s))ds,
z(1) + koa'(1 / Hy(x(s), w1 (s))ds.

Again we can show that w; and [ are lower and upper solutions of (3.13) and hence by

theorems (2.2, 2.3), there exists a unique solution ws of (3.13) such that
w(t) < walt) < B(), te0,1]
Continuing this process, we obtain a monotone sequence {w,} of solutions satisfying
wo(t) < wi(t) <wy(t) < ..aw,(t) < B(t), t €10,1]
where, the element w,, of the sequence {w,} is a solution of the boundary value problem
2"(t) =g(t, v, w,_1), t € [0,1],

2(0) — k12'(0 / Hy(x(s), w,—1(5))ds,
z(1) 4 koz'(1 / Hy(x(s), wp—1())ds

and

(3.14) wy(t) = Py(t) +/0 G(t, 5)g(s, wn(s), wp—1(s))ds,
where

(3.15) P,(t) = m{(l —t+ kQ)/O Hy(wy(s), w,—1(s)) ds

+ (k4 +t)/0 Hy(w,(s), w,—1(s)) ds}.

Employing the standard arguments [2], it follows that the convergence of the sequence is
uniform. If 2(¢) is the limit point of the sequence, passing to the limit as n — oo, (3.14)

gives
x(t) = P(t) +/0 G(t,s)f(s,x(s))ds,

where

P(t) = m{(l —t+ kg)/o hi(x(s))ds + (k1 + t)/o ho(z(s))ds};

that is, (¢) is a solution of the boundary value problem (1.1).
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Now, we show that the convergence of the sequence is quadratic. For that, set e, (t) =
x(t) —wy(t), t € [0,1]. Note that, e,(t) > 0, t € [0,1]. Using Taylor’s theorem and (3.9),

we obtain

en(0) — k1€, (0) :/0 [ ((s)) = Hi(wn(s), wn—1(s)]ds

::A[m@%l@»%@y+%%@0%1@ﬂ%

and

en(1) + kaey, (1) :/0 [ha(2(s)) — Ha(wn(s), wn-1(s))]ds

= [ it )ens) + hEIE s

where, w,_1 < &1, & < z. In view of (Aj3), there exist A\; < 1 and C; > 0 such that
Wj(wn-1(s)) < N and 1R (&) < C; (1 = 1,2). Let A(< 1) = max{\;, A2} and C'(> 0) =
max{C, Cy}, then

1 1 1
%@%%wﬂng/eAWk+C/eiﬂﬂkﬁk/eﬁ$%+0knﬁ2
(3.16) 0 0 0

1 1 1

en(1) + e (1) < A/ en(s)ds +o/ ¢ (s)ds < )\/ en(5)ds + Cllen 1|
0 0 0

Further, using Taylor’s theorem, (As), (3.5) and (3.9), we obtain

en(t) = 2"(t) —w,(t) = (F(t, x) — o(t, 7))

= [F(t wna) + fo(t, wn)(wn — wpa) + %Iaﬁm(t, OMllwn — wna ]

2
3.17) > foltsn)en(t) + Fanlt, &) T — L 1ora 0, el
1
> 2 (Fenlt, )] (60t Ol
S

where wy,1 < & < @, wpo1 < &S Wy, [Fog| S My, [@p| < M and 2M = My + Mo.
From (3.16) and (3.17), it follows that

en(t) < r(t) on [0, 1],
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where, r(t) > 0 is the unique solution of the boundary value problem

r(t) = —M]|len_1]|?, t €[0,1]

r(0) — k17'(0) = /\/0 r(s)ds + C|len_1|)

r(1) + kor'(1) = )\/0 r(s)ds + C|len_1|*.

Thus, r(t) =
— m[(l —t+ kQ)()\/O r(s)ds + C||en_1||2)
(RO [ r(s)ds + ClleaalP) =31 [ Gl 9en P
< T O = ) o Rl L= ) + (4 R eaa )

1
Mleaal? [ 161 9)1ds
0
= Alrll + Cllen-1ll* + Millen—1l* = Allrll + Lllen— %,
where [ is a bound for fol |G(t,s)|ds and L = C' + IM. Taking the maximum over [0, 1],

we get

Il < dllenl®,

where, § = % O

4. RAPID CONVERGENCE

Theorem 4.1. Assume that
(B1) a, B € C?[0,1] are lower and upper solutions of (1.1) respectively such that o (t) <

B(t),t € 0,1].
(Bs) f(t,z) € C*[[0,1] x R] such that %f(t,x) >0(j=1,2,3....,k—1), and
D (f(t,x) + @(t,x)) <0, where, ¢ € C*[[0,1] x R] and Zré(t,x) <0,

i . k
(Bs) hj(z) € C¥[R] such that h;(z) < # (1=1,2,...k—1) and L:hj(z) >0,
where M < 1/3 and j =1, 2.
Then, there ezists a monotone sequence {w,} of solutions converging uniformly to the

unique solution of the problem. Moreover the rate of convergence is of order k > 2.

Proof. Define, F': [0,1] x R — R by F(t,z) = f(t,x) + ¢(t,z), t € [0, 1], then in view of
(By), we note that F € C¥[[0,1] x R] and
ak

(4.1) o

F(t,xz) <0.
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Using (Bj3), Taylor’s theorem and (4.1), we have
k=1 o ;
o EPAY
(4.2) ftn) <3 T k) T
— Oz il
and
k-1
d (z —y)
(4.9 ) 2 3 gt

Expanding ¢(t, x) about (t,y) by Taylor’s theorem, we can find y < ¢ < z, such that

k=1 ;
_ : (x—y) 0 (z—y)"
(4.4) ¢mw-2§w¢mw Tt ot )
which in view of (Bsy) implies that
(45) .0 < 3 Lot @)
' § T o R
Using (4.4) in (4.2), we obtain
—~ (x—y) O (z—y)"*
(1.6 i) <3 gt - e ot
Let Q = {(t,z) :t € [0,1], z € [a, B]} and define on 2 the functions
: —y) (z—y)"
(4.7) “(t,2,y) Z o/t ) Z.! — 50t €)
and
(4.8) i)=Y =
i=0

Then, we note that g*(¢,z,y) and H;(z,y) are continuous, bounded and are such that

giltwy) =) ai-f(lt,y) STl aiﬂt 5)% >0

— Ox (i —1)! (k—1)!
and
9 . S TN et
a—xHj (z,y) = 2 %hj(y)m
M (B! 1
< z; Gar T o1 <SM@B-g5=) <1

Further, from {(4.6),(4.7) } and {(4.3),(4.8) }, we have the relations

ft,z) < g*(t,z,y),
f(t ) = g*(t,z,z)

(4.9)
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and
hj(z) > Hi(z,y),

(4.10)
hj(z) = Hj (z,z).

Now, set a = wg and consider the linear problem

() = g*(t, z,wy), t € [0,1],
(4.11) 2(0) — k12'(0 / Hi(x(s), wo(s))ds,
(1) + ko' (1 / H}(x o(s))ds.

The assumption (B) and the expressions (4.9), (4.10) yields

wy () > f(t,wo) = g*(t, wo, wp), t € [0, 1],
/ 1(wo(s ds-/ Hi (wo(s), wo(s))ds,

wo(1) + kyuh(1) < / H; (o (5)) ds = / H (o (s), wo(s))ds

| N

wO(O k1w0

and
B'(t) < f(t,8) < g(t, B,wo), t € [0,1],
B3(0) — ky3(0) > / ))ds > / H(3(5), wo(s))ds.

B(1) + k(1) > / ha((5))ds > / H3(8(5), wo(s))ds,

imply that wy and ( are respectively lower and upper solutions of (4.11). Hence by

theorems (2.2, 2.3), there exists a unique solution w; of (4.11) such that
wo(t) < wi(t) < B(t), t €[0,1].
Continuing this process, we obtain a monotone sequence {w,} of solutions satisfying

wo(t) < wi(t) < wq(t) < ..wy(t) < B(¢), t €10,1],

where the element w,, of the sequence {w,} is a solution of the boundary value problem

() =g*(t, x, w,_1), t € [0,1],
2(0) — ky12'(0 / Hi(z(s), w,_1(s))ds,
(1) + ko' (1 / Hj(x(s),w,_1(s))ds.
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By the same process as in theorem (3.1), we can show that the sequence converges uni-

formly to the unique solution of (1.1).
Now, we show that the convergence of the sequence is of order £ > 2. For that, set

en(t) = z(t) — wy(t) and a,(t) = wuy1(t) — wy(t), t € 0,1].

Then,
en(t) >0, a, >0, epp1 =€y —ap, €, >al (i=1,2..)
and
1
€, (0) — k1e;,(0) :/ [hi(2(s)) — Hi(wn(s), wn-1(s)]ds
(4.12) 0

en(1) + kae, (1) :/0 [ha(2(s)) — Hy (wn(s), wn-1(s)]ds.

Using Taylor’s theorem and (4.8), we obtain

k-1 ,
. d’ (x —wp_1)'  d* (1 — wy_1)*
o) = H () w00 a(5) = 3 A0 () E oty o
=0
k-1
d' (W, — wp_1)"
=2 i) =
i=0
k—1 ; i—1
d’ 1 1 d* ek
= (Q_ gihi(wa1)7 > et en + @%‘(C)Tl
i=1 =0
M 651_1 M Hefz—lH

where p;(t) = Zi.:ll dd; hj(wp—1)3 S pei i lal | and y = maxyeo,1] B(t) — mingejo 1) oo(t).

In view of (Bj3), we have

k—1 i—1 k—1
M 1 4 M 1 ‘
Pi) <D =g ) e < (B <L
: ;w—a)“u Lt = 2 (G a1 (i 1)]

It follows that, we can find A < 1 such that p;(t) < A, ¢t € [0,1], ( = 1,2) and hence

1
M
en(0) — krel. (0) < )\/ en(8)ds + —o—len 1]
0 ity
(4.13) 1 o
en(1) + kae! (1) < A/ en(s)ds + —len 1 I"
0 YErE!
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Now, using Taylor’s theorem and (4.5), we obtain

€/I(t) — x//(t) _ w//<t)

n

[F(t,2) - o(t, 2) f:gifmwnoaﬁl—gg-mfﬂiw
(w14 —-ﬁii Dt o)y P ot L g
zT}Qw%og$f”%n it (PPt + o)
 _ylesilt

where — N}, < 2. F(t,2) <0, =Ny < Z:6(t,2) < 0 and N = max{Ny, No}. From (4.13)
and (4.14), it follows that 0 < e, (t) < r(t),t € [0, 1], where r(¢) is the unique solution of
the problem

k
) = ~NL e o,
(0) — k17'(0 )\/0 r(s)ds + e 1]{;‘”%71”/&
r(1) + ka1 )\/0 r(s)ds + gl |
and
1 1 M i 1
He— 11—tk a wal) (£ 4+ k) (A d
1) = sl =t RO [ r(e) s+ e )+ (k) [ (o) ds
M K ' len—1]*
+W”€“”]_N/O G(t,5) 1 s
1
SV R
< e MO k) B

=t + ko) + (L + K1)} len—11*] + N||6n—1||2/0 |G(t,s)] ds

M
iy !
= Allrll + C'llenll,
where L is a bound for fol |G(t,s)|ds and C" = % + NL. Taking the maximum over
0, 1], we get

[l < dllen—al*,

where, § = E . O

>
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