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Abstract. In this paper, we study the geometric properties of a class of nonlinear poly-
nomial vector fields in R3. By virtue of their induced vector fields, their global topo-
logical structures are discussed and we get that there are at least 82 types of invariant
regions with different topological classification without considering the closed orbit.
Finally, we give a sufficient condition of the existence of a closed orbit of the vector
field.
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1 Introduction

It is very difficult to analyze the geometric properties of vector fields in R® because their
geometric properties are more complex than those of planar vector fields such as the strange
attractor of the Lorenz equation. There are few results for vector fields in R® such as the
criterion of the existence of closed orbits, homoclinic and heteroclinic orbit, etc. However,
most of the models of engineering and biology are higher dimensional systems [3]. Therefore,
it is worth for us to investigate the vector fields in R3.

The simplest vector field in IR? is a linear homogeneous system, its local geometric proper-
ties were first analyzed by Reyn [12], and its global topological structure was given by Zhang
and Liang [18]. For nonlinear vector fields in R3, Coleman in 1959 [5] first studied the geo-
metric properties of flows of homogeneous vector fields in the neighborhood of the origin in
R3. Later Sharipov [13] discussed the topological classifications of flows of homogeneous vec-
tor fields and gave seven types of different invariant cones of the homogeneous vector fields.
Camacho in 1981 [1] investigated the topological classifications of the tangent vector fields
induced by homogeneous vector fields of degree two in R>. Zhang et al. in 1999 [17] showed
that there are at least sixteen types of different invariant cones by global topological analyses.
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More works about homogeneous systems can be seen in [2, 9, 10]. For non-homogeneous vec-
tor fields in IR?, Llibre and Zhang [11] studied the polynomial first integrals for n-dimensional
quasi-homogeneous system. Dumortier [6] used the quasi-homogeneous blow-up to investi-
gate the singularity of planar systems. Zhang et al. [19] gave the global dynamics of a class
of vector fields in R®>. Huang and Zhao [8] studied the limit set of trajectories in a three-
dimensional quasi-homogeneous system. More works about non-homogeneous systems can
be seen in [14, 15, 16].
In this paper, we will investigate the following vector fields:

xF(x) + Q(x) = (xqFi(x) + Q1(x), x2F2(x) + Qa(x), x3F3(x) + Qs(x)), (1.1)

where x = (x1,x2,x3) € R?, and
Q1(A%xy, A%x, A% x3) = AM 100 (xq, X2, X3),

Qo (A% xy, A% xp, A% x3) = A1 0, (x1, X2, X3),

( ) =

( ) =
Q3(A"x, A%2x, A x3) = A"‘371+‘5Q3(x1,x2, x3),

( )

)

F; /\“1X1 A“ZXQ )\a3X3 /\mFi(xlzx2/x3)/ (1.2)

A() _ B() _ R
- 2 = (),

4] 1)
AER, 6,a1,00,43 € RT.

In Section 2, we set up a bridge between the vector field xF(x) + Q(x) in R® and the tangent
vector field Qr(u) on the two-dimensional manifold S* = {u = (uy,up, u3) : u +u3 +uj = 1}.
In Section 3, we first discuss the relationship between the singular point of the vector field
xF(x) + Q(x) in R3 and the tangent vector field Qr(u) in S2. In Section 4, we give the
classification of the vector field xF(x) + Q(x) and we prove that the vector field xF(x) + Q(x)
has at least 82 types of different topological classification without considering the number of
limit cycles. At last we obtain the sufficient condition of the existence of closed orbit of the
vector field xF(x) + Q(x) in R3.

2 Global properties of xF(x) + Q(x)

In this section, we will investigate the global properties of xF(x) + Q(x). For each
x € R3\ {(0,0,0)}, we make a transformation:

x = (x1,x2,x3) = (ruy, r"up, v™usz), u = (uy,up us) € 2, reR*

then vector field (1.1) in R3\ {(0,0,0)} turns into

dr ™ u,v) + 0 (u, Q(u))

dt (w,u) ’

2.1)
du (i, u)Q(u) — (u, Q(u))1)
dt (w,u) '

where U = (aquy, agun, azuz), v = (u1Fy, upF, us3Fs), (-, ) is the Euclidean inner product.
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-1
(#u)

Introducing a new time T by means of relation dt = dt (the time variable is still

denoted by t), we could obtain

= ) + 1, Q) 2 G () + R (a), (2.22)
W = @ Q) — (1, Q)Y 2 Qr(w). (2.20)

where G(u) = (u,v), R(u) = (u,Q(u)). The vector field (2.2b) is called the tangent vector
field of (1.1), and it is an independent system on S2.

Proposition 2.1. The flows of the vector field xF(x) + Q(x) in R are topologically equivalent to the
flows of system (2.2).

3 Global geometric properties of xF(x) + Q(x)

In this paper, we only discuss the geometric properties for case m +1—¢6 > 0 and the ge-
ometric properties for case m +1— 6 < 0 is similar to case m +1 -6 > 0. For conve-
nience of the following discussion, we first introduce several notations. We will write g,
v, 0, Q,, A, to denote a singular point, a trajectory, a closed orbit, an w-, a-limit set of
the trajectory 7 of the vector field Qr(u) on sphere S?, respectively. If we use the notation
S(I) = {(A%x1, A%xy, A%x3) | (x1,%2,x3) € | C R3, A € R*} (I may be a point or a curve),
then S(y) = {x | x € w,,r0 € RT}. We will write w, (), Ay to denote a trajectory, an
w-, a-limit set of the trajectory w of xF(x) + Q(x) on S(vy), write 6* to denote a closed orbit
of xF(x) + Q(x) on S(0). At first we give some basic properties between the vector fields

XE(x) + Q(x) and Qr(u).

Theorem 3.1. If E(x1,x2, x3) is a singular point of system (1.1), then ¢ = (x1/1r*1, x2/1*2,x3/1"3)
is a singular point of (2.2b), where r satisfies r 2% x% 4 r—202x3 4 r~23x2 = 1.

Proof. If E(x1,x2,x3) is a singular point of system (1.1), then E satisfies EF(E) + Q(E) =0, or
xiFi(x1,x2,x3) + Qi(x1,x2,x3) =0, ie. axif(x1,x2,x3) + Qi(x1,x2,x3) =0,

then we have

(8,8)Qi(g) — (5,.Q(g)8gi

2 2 2
&1Xy | XXy | A3XF N\ a41-6 X1 oy 41-6
= (er toam o ) CQilry xz,xs) — | T Qu (v, x2, x)

X2 _py4+1-4 X3 _pai1-s X;
=yt Qz(xllxz,xe.)-l-wTSV G005 (21, %2, x3) “irTcli

2 2 2 2 2
{1Xy | @X; | ABXF\ _pi41-4 WIXT a1 K2X5 gl

i . 1 ar+1-0
om T T )T Qi(x1,x2,%3) + r 4+ 2272,

7o a2

pr o f(x1,x2,x3)

X3 apxs N a3x3

72m 7202 7203

+

+ 0‘33531,—0!3-5-1—5} &iXi
( > rfa[+1*(5 . [Qi<x1,_X2, .X'3) + aixif(xlle/ X3>]
0

Therefore g = (x1/r*1, xp/1r*2, x3/1r*) is a singular point of vector field Qr(u). O
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Theorem 3.2. If ¢ = (g1,82,43) is a singular point of the vector field Qr(u) on the sphere S?,
then there is a singular point E of the vector field xF(x) + Q(x) on the invariant curve Lo, =
{(A"1g1, A% g5, A% ¢3) | (§1,82,83) = § A € R}, ifand only if R(g)G(g) < 0. Moreover, we have
the following conclusions for all xo € Log:

1. if R(g) > 0, G(g) > 0, limy_, 100 (£, X0) = (g, 00);
2. ifR(g) <0, G(g) <0, limy_ 400 x(t, x) =
3. if R(g) >0, G(g) < 0, lim; 00 x(t, %) =
4. if R(g) <0, G(g) > 0, limy— 0 x(t) = O 0r (g, ).

Proof. We need only to prove the sufficient condition that the vector field xF(x) + Q(x) has a
singular point E(x1, x2,x3) € Log if R(g)G(g) < 0. The necessary condition is Theorem 3.1.

If g(g1,92,43) is a singular point of the vector field Qr(u) and R(g)G(g) < 0, then
(8,8)Q(g) — (¢,Q(g))g = 0. For any given point xg € Lo, there is a A € (0,00) such that
xg = (A"g1,A%2¢y, A% ¢3) and

X(]F(.XO) + Q<x0> = /\aigiaif(/\algll )\ang/ Aa3g3) + Qi()\algllAangI /\a3g3)
= a;g AT f(g) + AN TG (g)
= gAY f(g) + peit4s 48R (8)

— lxigi)\zxi—l-&—é |:Am+l—§f(g) + gfi))]

= aigiATIOf(Q) [Amﬂ_& N 2%3] .

Equation A"+179 + % = 0 has only one positive root A\g = [ — R(g)/G(g)] el Therefore,
xo is the only singular point of xF(x) + Q(x) on the invariant curve Lo,.
If R(g) > 0,G(g) > 0, by the equation (2.2a) we have

dré—m—l
dt

= (6 —m — 1) " 2P 270G (u) + rR(u))
(3.2)

=(0—m—1)G(u) [1 + r‘s_m_légzg]

Then, lim;_, 4o 7" 1(t) = 0, lim;_, 1o 7(t) = co. Therefore, lim;_, 1 x(t, x9) = (g, o).
Similarly, if R(g) < 0,G(g) < 0, we have lim;_, o 7(f) = 0, then lim;_, o x(¢,x0) = O;
if R(g) > 0,G(g) < 0, we have lim;, o 7(t) = ro, then lim;, x(t,x9) = E, where rj is
the singular point of equation (3.2); if R(g) < 0,G(g) > 0, we have lim;_,_ r(t) = ro, then
limy—, o x(t, x0) = E (or lim;, 1o x(t, x9) = O or (g, 0)). O

Remark 3.3. We use (g, ) to denote a point at infinity along the invariant curve Lo,.

Lemma 3.4 ([8]). If y is a trajectory of the vector field Qr(u) on the sphere S, then S(vy) is an
invariant quasi-cone of the vector field xF(x) + Q(x).

Theorem 3.5. Let ), = g1, Ay = g2, v = {u(t) | u(t) € $?, t € (—o0,400)}.
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1. IfR(g1) > 0,G(g1) < O, then there is a singular point Eq of the vector field xF(x) + Q(x) such
that
lim x(t,x0) = E1, Yxo € S(7) — Log,-

t—+o00
2. IfR(g1) > 0,G(g1) > 0, then lim; , 1o x(t, x0) = (g,0),Vx0 € S(77) — Log,-
3. If R(g1) < 0,G(g1) <0, then lim; o0 x(t, x0) = O,Vx0 € S(77) — Log,-
4. If R(g1) < 0,G(g1) > 0, then lim; , 100 x(t) = O or (g,00)), Vxg € S(y) — Log,-

Proof. (1) If xg € Log,, then, the existence E; as a singular point of vector field xF(x) + Q(x)
and lim;, 1 x(t, x0) = E1,Vxo € S(7) — Loy, are obvious by the result of Theorem 3.2.

If xo € S(v) — (Log, U Log,), let ug = (xo1 /12, x0p /7772, X503 /72%) (where r~21x3 +
rm20y2 4 r2%x3, = 1), then ug € v and limyeo u(t,ug) = 1. R(u), G(u) are continuous
functions of variables u = (u1, u, u3). For all ¢ > 0, there is Ty = Ty (¢, up) such that for t > Ty

R(g1) —e < R(u(t,ug)) < R(g1) +¢, (3.3)
G(g1) —e < G(u(t,up)) < G(g1) + . '

By equation (3.2), we have

dréfmfl
dt

=(6—m—1)G(u) {1 + r‘s—m—lggm

We construct the following equation:

o—m—1
drq

g = (0-m—=1)(G(g1) +¢) {1+r‘;—m—1m] ,
L o R(g) =
L = G m=)(G(g) —e) [1 44 EEEE]

By the comparison theorem of ordinary differential equations [4, 7] and inequalities (3.3), we
have

ri(t,ro) < r(t,ro) < ra(t, o).
when 7, (tg) = r(tp) = r1(tp) and ty > Tj. Since

t—o0

1
e
- [552]
_ ¢l mris
t—o0
and ¢ could be a sufficient small positive number, we could obtain
. I 1/(m+1-9) : —
tlggo r(t,r0) = [—R(u)/G(u)] , tlgg x(t, x0) = Ej.

The first part has been proved.
The proof of the remaining parts are similar to the first part, we omit it. O

Corollary 3.6. Let Q, = ¢1, Ay = g, v = {u(t) | u(t) € $% t € (—o0,+0)}. If R(g1) >
0, G(g1) < 0, R(g2) > 0, G(g2) < O, then there are two singular points Ey (Ey € Log,), E2
(E2 € Log,) and a unique trajectory w* connected with saddles of xF(x) 4+ Q(x) such that Oy =
Ei, Ay = Es.
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4 Classification of integral quasi-cones

For convenience of the following discussion, we first introduce some definitions and notations.
Similar to Remark 3.3, we define (6, c0), (G, 00) for a closed orbit, a graph of xF(x) + Q(x) at
infinity respectively, where +co stands for r — 4-o0.

Definition 4.1. S(v) is a parabolic quasi-cone of the 1st kind if each w € S(7) such that
Qw =0, Ay = (g,+0), or Oy, = (g,+0), Ay = O; S(7y) is a parabolic quasi-cone of the 2nd
kind if each w € S(y) such that Q,, = O, Ay = (0,+00), or Oy, = (0, +00), Ay = O; S(7) is
a parabolic quasi-cone of the 3rd kind if each w € S(1y) such that Q,, = O, Ay, = (G, +0), or
Qw = (G, +00), Ay = O.

Definition 4.2. S(vy) is a hyperbolic quasi-cone of the 1st kind if each w € S(vy) such that
O = (81, +%0), Aw = (82, +0);

S(7) is a hyperbolic quasi-cone of the 2nd kind if each w € S(7) such that Q, = (g, +),
Ay = (0,400), or Oy = (6, +00), Ay = (g, +00);

S(7y) is a hyperbolic quasi-cone of the 3rd kind if each w € S(7) such that O, = (61, +0),
Ay = (62/ +O°>}

S(7y) is a hyperbolic quasi-cone of the 4th kind if each w € S(v) such that Q,, = (g, +),
(G, 400), or Oy = (G, +0), Ay = (g, +);

S(7y) is a hyperbolic quasi-cone of the 5th kind if each w € S(-y) such that Oy, = (6, +0),
Ay = (G,+00), or Oy = (G, +00), Ay = (6, +0);

S(7y) is a hyperbolic quasi-cone of the 6th kind if each w € S(7) such that Oy, = (Gy, +0),
Aw = (Gz, +°°)'

Aw

Definition 4.3. Let S(7y) be a center-type quasi-cone.

S(7y) is a quasi-cone of type P of the 1st kind if each w € S(7y) such that Q,, = O, A, = 6%,
or (), =0% A, =0;

S(7y) is a quasi-cone type P of the 2nd kind if each w € S(7) such that O, = (g, +),
Ay = 0%, 0r Oy = 0%, Ay = (g, +);

S(7) is a quasi-cone type P of the 3rd kind if each w € S(7y) such that O, = 6f, A, = 63;

S(7y) is a quasi-cone type P of the 4th kind if each w € S(7) such that Q, = 0%, A, =
(Qll —|—OO), or Oy = (911 +0°); Ay = 0%;

S(7y) is a quasi-cone type P of the 5th kind if each w € S(7) such that Q, = 0%, A, =
(G, +00), or Oy = (G, +), Ay = 0*.

Definition 4.4. Let S(7) be a quasi-cone with singular point without origin and at infinity.

S(7y) is a quasi-cone of type S of the 1st kind if each w € S(vy) such that O, = O, A, = E,
or )y, =E, Ay, =0;

S(7y) is a quasi-cone of type S of the 2nd kind if each w € S(7) such that Oy, = (g, +0),
Ay =E, or Qy =E, Ay = (g,+);

S(7) is a quasi-cone of type S of the 3rd kind if each w € S(vy) such that Q,, = E;, Ay = Ep;

S(vy) is a quasi-cone of type S of the 4th kind if each w € S() such that Q,, = E,
Ay = (8, 400), or Oy = (0, +00), Ay = E;

S(y) is a quasi-cone of type S of the 5th kind if each w € S(vy) such that O, = E,
Ayp = (G, +00), or Qy = (G, +), Ay = E.

Definition 4.5. S(7) is a P-S type quasi-cone if each w € S(7y) such that O, = 0*, A, = E, or
Oy =E, Ay = 0%
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Theorem 4.6. Let O, = g1, Ay = g2, 7 = {u(t) : t € (—00,+00)}. Then

(1) S(vy) is a quasi-cone of type S of the Ist or 2nd kind if R(g1) > 0, G(g1) < 0, R(g2) > 0,
G(g2) <0;0r R(g1) <0, G(g1) >0, R(g2) <0, G(g2) > 0 (Figure 4.1.1);

(2) S(7y) is a quasi-cone of type S of the 3rd kind if R(g1) > 0,G(g1) < 0,R(g2) < 0,G(g2) > 0
(Figure 4.1.2);

(3) S(y) is a hyperbolic quasi-cone of the 1st kind or a parabolic quasi-cone of the 1st kind or an elliptic
quasi-cone if R(g1) < 0,G(g1) > 0,R(g2) > 0,G(g2) < 0 (Figure 4.1.3);

(4) S(7y) is a hyperbolic quasi-cone of the 1st kind or a parabolic quasi-cone of the 1st kind if
R(g1) > 0,G(g1) > 0,R(g2) > 0,G(g2) < 0;0r R(g1) < 0,G(g1) > 0,R(g2) <0,G(g2) <O
(Figure 4.1.4);

(5) S(7y) is a quasi-cone of type S of the 2nd kind if R(g1) > 0,G(g1) > 0,R(g2) < 0,G(g2) > 0; or
R(g1) >0,G(g1) < 0,R(g2) <0,G(g2) < 0 (Figure 4.1.5);

(6) S(7y) is a parabolic quasi-cone of the 1st kind or an elliptic quasi-cone if R(g1) < 0,G(g1) <
0,R(g2) > 0,G(g2) < 0;0r R(g1) <0, G(g1) > 0,R(g2) > 0,G(g2) > 0 (Figure 4.1.6);

(7) S(vy) is a quasi-cone of type S of the 1st kind if R(g1) < 0,G(g1) < 0,R(g2) < 0,G(g2) > 0; or
R(g1) > 0,G(g1) <0,R(g2) > 0,G(g2) > 0 (Figure 4.1.7);

(8) S(7y) is a parabolic quasi-cone of the 1st kind if R(g1) > 0,G(g1) > 0,R(g2) > 0,G(g2) > 0; or
R(g1) <0,G(g1) <0,R(g2) < 0,G(g2) < 0 (Figure 4.1.8);

(9) S(7y) is a hyperbolic quasi-cone of the 1st kind if R(g1) > 0,G(g1) > 0,R(g2) < 0,G(g2) < 0
(Figure 4.1.9);

(10) S(y) is an elliptic quasi-cone if R(g1) < 0,G(g1) < 0,R(g2) > 0,G(g2) > 0 (Figure 4.1.10);

Figure 4.1: The classification of integral quasi-cones of (), = g1, A, = ¢
The proof of this theorem is similar to the proof of Theorem 3.5, we omit it.

Let 1(6) = [ R(6(s))ds, H(6) = [} G(6(s))ds, 6 is a closed orbit of Qr (i) on S2.

Theorem 4.7. Let ), =0,A, = g, v = {u(t) : t € (—oo0, +00)}, then
(1) S(vy) is a quasi-cone of type S of the 1st or 2nd kind if 1(6) > 0, H(6) < 0,R(g) > 0,G(g) < 0;
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(2) S(vy) is a quasi-cone of type S of the 3rd kind if 1(6) > 0, H(#) < 0,R(g) < 0,G(g) >0;
(3) S(7y) is a hyperbolic quasi-cone of the 2nd kind or a parabolic quasi-cone of the 1st or 2nd kind or
an elliptic quasi-cone if 1(6) < 0, H(6) > 0,R(g) > 0,G(g) <0;
(4) S(7y) is a quasi-cone of type S of the 1st or 4th kind if 1(6) < 0, H(6) > 0,R(g) < 0,G(g) > 0;
(5) S(7y) is a hyperbolic quasi-cone of the 2nd kind or a parabolic quasi-cone of the 2nd kind if one of
the following conditions holds:
(a) I(6) > 0,H(6) > 0,R(g) >0,G(g) <0;
(b) 1(8) = 0,1im— 40 [y R(u(s)) ds = +0o,R(g) > 0,G(g) < 0;
(6) S(vy) is a quasi-cone of type S of the 4th kind if one of the following conditions holds:
(a) I(6) >0,H(0) >0,R(g) <0,G(g) >0;
(b) 1(0) = 0,1im— 40 [y R(u(s)) ds = +0o,R(g) < 0,G(g) > 0;
(7) S(vy) is a parabolic quasi-cone of 1st kind or an elliptic quasi-cone if one of the following conditions
holds:
(a) I(0) < 0,H(8) <0,R(g) >0,G(g) <O0;
(b) 1(0) = 0,1im— 40 [y R(u(s)) ds = —co,R(g) > 0,G(g) < 0;
(8) S(vy) is a quasi-cone of type S of the 1st kind if one of the following conditions holds:
(@) I(6) < 0,H(A) <0,R(g) <0,G(g) >0;
(b) I() > 0,H(8) <0,R(g) >0,G(g) >0
(c) 1(8) = 0,limy_+co [y R(u(s)) ds = —o0, R(g) < 0,G(g) > 0;
(9) S(vy) is a parabolic quasi-cone of the 2nd kind if one of the following conditions holds:
(a) I(6) >0,H(0) > 0,R(g) >0,G(g) >0;
(b) 1) = 0,1im— 40 [y R(u(s)) ds = +0o,R(g) > 0,G(g) > 0;
(10) S(vy) is a hyperbolic quasi-cone of the 2nd kind if one of the following conditions holds:
(a) I(6) >0,H(0) >0,R(g) <0,G(g) <0;
(b) 1(0) = 0,1im;— 40 [y R(u(s)) ds = +0o,R(g) < 0,G(g) < 0;
(11) S(vy) is an elliptic quasi-cone if one of the following conditions holds:
(a) I(6) < 0,H(A) <0,R(g) >0,G(g) >0;
() 1(8) = 0,limy_ 10 [y R(u(s)) ds = —c0,R(g) > 0,G(g) > 0;
(12) S(vy) is a parabolic quasi-cone of the 1st kind if one of the following conditions holds:
(@) I(6) < 0,H(F) <0,R(g) <0,G(g) <0;
(b) 1(0) = 0,limy_ 0 [y R(u(s)) ds = —c0,R(g) < 0,G(g) < 0;
(13) S(vy) is a quasi-cone of type S of the 2nd kind if I(8) > 0, H(6) < 0,R(g) < 0,G(g) < O0;
(14) S(7y) is a parabolic quasi-cone of the 2nd kind or an elliptic quasi-cone if 1(6) < 0,H(6) >
0,R(g) >0,G(g) >0;
(15) S(y) is a parabolic quasi-cone of the 1st kind or a hyperbolic quasi-cone of the 2nd kind if 1(6) <
0,H(6) >0,R(g) <0,G(g) <O0;
(16) S(vy) is a quasi-cone of type P of the 1st kind if 1() = H(6) = 0,lim;, o fOtR(u(s)) ds #
+o0,R(g) > 0,G(g) > 0;
(17) S(7y) is a quasi-cone of type P of the 1st or 2nd kind if 1(6) = H(6) = 0,lim;— 1« fot R(u(s))ds #
+oo,R(g) > 0,G(g) <0;
(18) S(v) is a quasi-cone of type P — S if 1(#) = H(H) = 0, limy, e fOtR(u(s))ds # oo,
R(g) <0,G(g) >0;
(19) S(vy) is a quasi-cone of type P of the 2nd kind if 1(0) = H(6) = 0,lim;— o0 fot R(u(s))ds #
+oo0, R(g) < 0,G(g) < 0.

Theorem 4.8. Let O, =01, Ay = 6,7 = {u(t) : t € (—o0,+0)}, then
(1) S(vy) is a quasi-cone of type S of the 1st or 4th kind if one of the following conditions holds:
(a) 1(91) > 0, H(Ql) < 0,[(92) > O,H(Qz) < 0;
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(b) 1(61) < 0,H(61) > 0,1(62) <0,H(62) >0;

(2) S(vy) is a quasi-cone of type S of the 3rd kind if 1(6,) > 0, H(61) < 0,1(62) < 0,H(62) > 0;

(3) S(7y) is a hyperbolic quasi-cone of the 3rd kind or a parabolic quasi-cone of the 2nd kind or an elliptic
quasi-cone if I(61) <, H(61) > 0,1(62) < 0,H(62) > 0;

(4) S(vy) is parabolic quasi-cone of the 2nd kind or a hyperbolic quasi-cone of the 3rd kind if one of the

following conditions holds:
(a) I(61) > 0,H(61) > 0,1(62) > 0,H(62) <O0;

(b) 1(61) <0,H(61) <0, 1(92) < 0,H(6;) > 0;
() 1(61) = 0,lim; o [ R(u(s)) ds = +o0,1(6) > 0 H(92) <0
(d) 1(91) <0, H(Gl) > 0, 1(92) =0, hmH °°f0 )dS

(5) S(vy) is a quasi-cone of type S of the 4th kind if one of the followzng conditions holds:

(a) I<91) >0, H 91) >0, 1(92) <0, H<92) > 0;

(b) 1(61) > 0,H(61) <0, 1(92) < 0,H(6;) <0;

(©) 1(61) = 0, limy oo [ R(1(s)) ds = +c0, 1(92) < o H(Qz) > 0;
(d) 1(91) > 0, H(Gl) <0, I(@z) =0,lim;_,_ °°f0 )dS

(6) S(7) is a parabolic quasi-cone of the 2nd kind or an elliptic quosz—cone if one of the following
conditions holds:
(a) I1(61) < 0,H(61) <0,1(62) >0,H(62) <O0;

(b) 1(61) <0,H(61) >0, 1(92) > 0,H(6;) > 0;
(c) 1(61) = 0,lim;—, 4o fo u(s))ds = —o0,1(62) > O H(6,) < 0;
(d) 1(91) <0, H(91> > 0, 1(92) =0, hmH °°f0 )dS

(7) S(vy) is a quasi-cone of type S of the 1st kind if one of the following conditions holds:

(@) 1(61) < 0,H(0;) < 0,1(6:) < 0,H(6;) > 0;

(b) 1(91) > O,H(Ql) < 0,[(92) > O,H(Qz) > 0;

(c) 1(61) = 0,limy_ oo fyy R(u(s)) ds = —o0,1(6) < o H(6,) > 0;
(d) 1(6;) > 0,H(6;) <0, 1(02) = 0,1im/ o [y R(u(s))ds =

(8) S(vy) is a parabolic quasi-cone of the 2nd kind if one of the following conditions holds:
(a) 1(91) > O,H(@l) > 0,[(92) > O,H(Qz) > 0;
(b) 1(61) < 0,H(61) <0,1(6) <0,H(6;) <O0;
(
(

(c) 1(61) = 0,1im;_ 10 fOtR(u(s)) ds = 400,1(62) > 0, H(6) > 0

(d) 1(61) = 0,limy— oo [, R(u(s))ds = —oo, 1(92) < o H(6,) <

(e) 1(6y) > 0,H(61) >0, 1(92) = 0,limy, fo (s))ds = —

(f) 1(61) <0,H(6;) <0, 1(92)—011mt_> °°f0 (s))ds = 4oo;

(g) I(61) =0,1(62) = 0,lim;—, 4 o fo (s))ds = 400, lim;_, °°f0 u(s))ds = —
(i) 1(61) = 0,1(62) = 0, limy—_, o fo (s))ds = —o0,lim;, o fo ( ))ds = +oo

(9) S(vy) is a hyperbolic quasi-cone of the 3rd kind if one of the following conditions holds:

(a) 1(61) > 0,H(6;) > 0,1(92) <0,H(6) <0;
() 1(61) = 0,limy_ 400 [ R(11(s)) ds = —I—oo 1(62) < 0,H(6,) < 0;
(c) 1(91) =0, 1(92) =0, llmt_>:|:oo fO )ds —I—OO
(d) 1(61) > 0,H(61) > 0,1(62) =0, hmH °°fo (s))ds =

(10) S(vy) is an elliptic quasi-cone if one of the following conditions holds:
(a) I(61) <0,H(6;) <O, 1(92) > 0,H(6;) > 0;
(b) 1(61) = 0,lim;—; oo fo u(s))ds = —oo, 1(92) >0, H(Gz) > 0;
(C) 1(91) = O 1(92 = 0 hmt_Hm fO )dS
(d) 1(91) <0, H(Ql) <0, 1(92) =0, llmt*) °°f0 )dS = —00;
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(11) S(vy) is a quasi-cone of type P of the 1st kind if one of the following conditions holds:
(a) 1(61) = H(61) = 0, limy_ 0 [ R( )) ds # 400, 1(62) > 0, H(6;) > 0;

(b) 1(61) = 0,1(6,) = 0,lim;_, 1 o fo (s))ds = —oo, limy_,_ oofot ( )) ds # ~oo;
(c) 1(61) =0,1(6;) = 0,lim;_, 4 fo (s))ds # +oo, hmH °°f0 (s))ds =
(d) 1(91) < O,H(Ol) < 0,1(92) (92) =0,lim;—_ o fO )dS 7'é +oo;

(12) S(vy) is a quasi-cone of type P of the 1st or 4th kind if one of the followmg conditions holds:
(@) I(61) = H(61) = 0,lim; 10 f; R( )) ds # +o0,1(6,) > 0,H(6,) < 0;

(b) 1(61) =0,1(62) = 0,limy—, 4o fo (s))ds = +o0,lim;_, oofot u(s))ds # +oo;
(c) 1(61) =0,1(62) = 0,lim;—, 4 o fo (s))ds # +oo, 11m,g_> °°f0 (s))ds = +o0;
(d) 1(9 ) < O,H(Ql) > 0,1(92) H(QQ) =0,lim;__ o fO )dS 7& +o0;

(13) S(y) is a quasi-cone of type P — S if one of the following condztzons holds:
(@) I(61) = H(81) = 0,limy_ o [y R(u(s)) ds # +oo, 1(92) < o H(6,) > 0;
(b) I(61) > 0,H(61) <0,1(62) = H(Gz) =0,lim;_, _ °°f0 (s))ds # too;
(14) S(vy) is a quasi-cone of type P of the 4th kmd if one of the followmg conditions holds:
(a) 1(61) = H(61) = 0,limy_ 0 [y R(1(s)) ds # %00, 1(6;) < 0, H(6,) < 0;
(b) I(61) > 0,H(61) > 0,1(62) = H(Gz) =0,lim;_, _ °°f0 R(u(s))ds # +oo;
(15) S(7y) is a quasi-cone of type P of the 3rd kind if 1(61) = H(6h) = I(6) = H(6) = 0,
limy oo fy R(1(s)) ds # %00, 1(8,) < 0, H(62) < 0.

Theorem 4.9. Let O, = G, Ay =g, v = {u(t) : t € (—00,+00)}, then
(1) S(vy) is a quasi-cone of type S of the 1st or 2nd kind if all ¢ € G such that R(g;) > 0,
G(gi) <0,R(g) >0,G(g) <0;
(2) S(7y) is a quasi-cone of type S of the 3rd kind if all g; € G such that R(g;) > 0, G(gi) < 0,
(8) <0, G(g) >0;
(3) S(vy) is a hyperbolic quasi-cone of the 4th kind or a parabolic quasi-cone of the 1st or 3rd kind or an
elliptic quasi-cone if all g; € G such that R(g;) < 0,G(g;) > 0,R(g) > 0,G(g) <O0;
(4) S(v) is a quasi-cone of type S of the 1st or 5th kind if all §; € G such that R(gi) < 0,
(gi) > 0,R(g) <0,G(g) >0
(5) S(7) is a parabolic quasi-cone of the 3rd kind or a hyperbolic quasi-cone of the 4th kind if all
gi € G such that R(g;) > 0,G(gi) > 0,R(g) > 0,G(g) < 0; or lim;—, o fOtR(u(s)) ds = +oo,
) >0,G(g) <0
) is a quasi-cone of type S of the 5th kind if all g; € G such that R(g;) > 0,G(gi) > 0,
) <0,G(g) > 0;orlim; fo u(s))ds = +oo,R(g) < 0,G(g) >0;
) is a parabolic quasi-cone of the lst kind or an elliptic quasz cone if all g; € G such that
Qi) < 0, G(gi) <0, R(g) >0, G(g) < 0; or limy—, ;o fo u(s))ds = —oo,R(g) > 0,
G(g) <
(8) S(7y) is a quasz cone of type S of the 1st kind if all ¢; € G such that R(g;) < 0, G(gl) <0,
g) <0,G(g) > 0;0rR(g;) >0,G(gi) <0,R(g) >0,G(g) > 0; orlim_, 1o fo u(s))ds =
—oo,R(g) <0,G(g) >0;
(9) S(7) is a quasi-cone of type S of the 2nd kind if all g; € G such that R(g;) > 0, G(gi) < 0,
R(g) <0,G(g) <0
(10) S(vy) is a parabolic quasi-cone of the 4th kind or an elliptic quasi-cone if all §; € G such that
R(gi) <0,G(gi) > 0,R(g) >0,G(g) >0
(11) S(y) is a parabolic quasi-cone of the 1st kind or a hyperbolic quasi-cone of the 4th kind ifall g; € G
such that R(g;) <0, G(gi) >0, R(g) <0, G(g) <0;
(12) S(vy) is a parabolic quasi-cone of the 3rd kind if all §; € G such that R(g;) > 0, G(gi) > 0,
R(g) > 0,G(g) > 0; or limy oo fy R(u(s))ds = +oo,R(g) > 0,G(g) > 0;

R(g
(6) S(vy

R(g
(7) S(v
R(
R(
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(13) S(7y) is a hyperbolic quasi-cone of the 4th kind if all g; € G such that R(g;) > 0, G(gi) > 0,
R(g) <0, G(g) < 0; or limy_ 0 [y R(u(s)) ds = +o0,R(g) < 0, G(g) < 0;

(14) S(vy) is an elliptic quasi-cone if all g; € G such that R(g;) < 0,G(gi) < 0,R(g) > 0,G(g) > 0;
or limy_, 4 fOtR(u(s)) ds = —oo,R(g) > 0,G(g) > 0;

(15) S(vy) is a parabolic quasi-cone of the 1st kind if all g; € G such that R(g;) < 0, G(gi) < 0,
R(g) <0,G(g) <0; or limy— 4o fOtR(u(s)) ds = —oo,R(g) < 0,G(g) < 0.

Theorem 4.10. Let Q) = G, A, =0,y = {u(t) : t € (—00,+00), then
(1) S(vy) is a quasi-cone of type S of the 1st or 4th kind if all g; € G such that R(g;) > 0,G(g;) <0,
1(0) > 0,H(0) < 0;
(2) S(vy) is a quasi-cone of type S of the 3rd kind if all g; € G such that R(g;) > 0,G(gi) < 0,
1() <0,H(B) >0;
(3) S(y) is a hyperbolic quasi-cone of the 5th kind or a parabolic quasi-cone of the 2nd or 3rd kind or
an elliptic quasi-cone if all g; € G such that R(g;) < 0,G(g;) > 0,1(8) >0,H(6) <0;
(4) S(vy) is a quasi-cone of type S of the 1st or 5th kind if all g; € G such that R(g;) < 0,G(g;) > 0,
1(6) <0,H(#) > 0;
(5) S(7y) is a parabolic quasi-cone of the 3rd kind or a hyperbolic quasi-cone of the 5th kind if one of the
following conditions holds:
(a)all g € G such that R(gi) >0,G(g;) >0,1(6) >0,H(P) <O0;
(b) lim; 1o fo (s))ds = 4o0,1(6) >0,H(0) <0;
(6) S(7y) is a quasi-cone of type S of the 5th kind if one of the following conditions holds:
(a)all g € G such that R(gi) >0,G(gi) >0,1() <0,H(0) > 0;
(b) lim;_, 1 oo fo (s))ds = +o0,1(6) <0,H(0) > 0;
(7) S(7y) is a pambolzc quasi-cone of the 2nd kind or an elliptic quasi-cone if one of the following
conditions holds:
(a)all gi € G such that R(gi) <0,G(gi) <0,1() >0,H(P) <O0;
(b) lim;_, 1 oo fo (s))ds = —o0,1(6) > 0,H(9) < 0;
(8) S(vy) is a quasi-cone of type S of the 1st kind if one of the following conditions holds:
(a) all g; € G such that R(g;) < 0,G(gi) <0,1(6) <0,H(P) >0;
(b) all g; € G such that R(g;) > 0,G(g;) <0,1(6) >0,H(8) >0;
(c)all g; € G such that R(g;) > 0,1(6) =0,H(0) # 0,lim;—, fot R(u(s))ds = —oo;
(d) lim;_, 4 oo fo (s))ds = —o0,1(6) < 0,H(0) > 0;
(9) S(7y) is a quasi-cone of type S of the 4th kind if one of the following conditions holds:
(a) all g; € G such that R(g;) > 0,G(g;) <0,1(8) <0,H(8) < O0;
(b) all ¢; € G such that R(g;) > 0,1(6) =0, H(#) # 0,lim;—, _« fo (s))ds =
(10) S(vy) is a parabolic quasi-cone of the 3rd kind or an elliptic quasi-cone zf one of tlze following
conditions holds:
(a) all g; € G such that R(g;) < 0,G(g;) > 0,1(8) >0,H(8) > 0;
(b) all ¢; € G such that R(g;) < 0,1(6) =0,H(0) # 0,lim;—, o fo (s))ds =
(11) S(vy) is a parabolic quasi-cone of the 2nd kind or a hyperbolic quasi-cone of the 5th kmd zf one of
the following conditions holds:
(a) all g; € G such that R(g;) < 0,G(g;) > 0,1(0) <0,H(8) <0;
(b) all ¢; € G such that R(g;) < 0,1(0) =0,H(0) # 0,lim;—, _« fo (s))ds =
(12) S(vy) is a parabolic quasi-cone of the 3rd kind if one of the following condztzons holds.
(a) all g; € G such that R(g;) > 0,G(g;) > 0,1(0) >0,H(0) > 0;
(b) all g; € G such that R(g;) > 0,1(8) = 0, H(8) # 0,lim;_,_co [; R(u(s))ds = —oo;
(c) imy—s 40 [y R(u(s)) ds = +oo,1(6) > 0, H(8) > 0;
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(d) lim;_, 4 fo (s))ds = 4o00,1(0) = 0,lim;_, o fOtR(u(s)) ds = —
(13) S(y) isa hyperbolzc quasi-cone of the 4th kind if one of the following conditions holds:
(a) all g; € G such that R(g;) > 0,G(g;) > 0,1(6) <0,H(8) <0;

(b) all g; € G such that R(g;) > 0,1(0) =0, H(#) # 0,lim;_, °°fo (s))ds =
(c) Timy_, 4o fof )) ds = 4o00,1(6) < 0,H(#) < 0;
(d) limy—+o0 [y R(u(s)) ds = +00,1(8) = 0,limy—, o [y R(11(s)) ds = +00;

(14) S(vy) is an ellzptlc quasi-cone if one of the following conditions holds:
(a) all g; € G such that R(g;) < 0,G(g;) <0,1(8) >0,H(8) > 0;
(b) all g; € G such that R(g;) < 0,1(8) =0,H(0) # 0,lim;—_ fOtR(u(s)) ds = —o0;
(c) limy_, 4o fof )) ds = —oo0,1(6) > 0,H(8) > 0;
(d) imy— o0 [y R(1(s)) ds = —00,1(8) = 0,limy—s oo [ R(1(s)) ds = —

(15) S(7y) isa pambolzc quasi-cone of the 2nd kind if one of the following conditions holds:
(a) all g; € G such that R(g;) < 0,G(g;) <0,1(6) <0,H(#) <0;

(b) all g; € G such that R(g;) < 0,1(0) =0, H(6) # 0, lim;_,_ °°f0 (s))ds =
(c) limy_, 4o fof )) ds = —o0,1(0) < 0,H(#) < 0;
(d) limy— 100 [y R(u(s)) ds = —00, 1(8) = 0,limy—, oo [ R(11(5)) ds = +00;

(16) S(vy) is a quasi-cone of type P of the 5th kind if one of the following conditions holds:
(a) all g; € G such that R(gi) >0,G(gi) >0,1(8) = H(A) =0,lim;, fOtR(u(s)) ds # too;
(b) limy oo fy R(u(s))ds = +00,1(8) = 0 = H(8) = 0,limy—, oo [ R(11(5)) ds # +oo;

(17) S(7y) is a quasi-cone oftype P—Sifall g; € G such that R(g;) > 0,G(g;) <0,1(0) = H(0) =0,
lim; o fot R(u(s))ds # +oo;

(18) S(vy) is a quasi-cone of type P of the 1st or 5th kind if all g; € G such that R(g;) < 0,G(g;) >0,
1(0) = H(8) = 0, limy_, oo [ R(u(s)) ds # %oo;

(19) S(vy) is a quasi-cone of type P of the 1st kind if one of the following conditions holds:
(a) all g; € G such that R(gi) <0,G(gi) <0,I(0) = H(B) = 0,lim; fOtR(u(s)) ds # +oo;
(b) limy_s 400 [y R(u(s)) ds = —co,1(8) = H(8) = 0,limy—,_co fy R(u(s)) ds # %oo;

Theorem 4.11. Let Oy = G1, Ay = Gy, v = {u(t) : t € (—00,400)}, then

(1) S() is a quasi-cone of type S of the 1st or 5th kind if all g; € Gy,g; € Gy such that R(g;) > 0,
G(gi) <O0,R(gj) >0,G(g) <O

(2) S(v) is a quasi-cone of type S of the 3rd kind if all g; € Gy, gj € Gy such that R(g;) > 0,G(g;) <0,
R(gj) <0,G(gj) >0;

(3) S(7y) is a hyperbolic quasi-cone of the 6th kind or a parabolic quasi-cone of the 3rd kind or an elliptic
quasi-cone if all g; € Gy, g € Gy such that R(g;) < 0,G(gi) > 0,R(gj) > 0,G(gj) <0;

(4) S(7) is a quasi-cone of type S of the 1st or 5th kind if all g; € Gy,g; € Gy such that R(g;) < 0,
G(gi) > 0,R(gj) <0,G(g) >0

(5) S(vy) is a parabolic quasi-cone of the 3rd kind or a hyperbolic quasi-cone of the 6th kind if all
gi € G1,8j € Gy such that R(g;) > 0,G(g:) > 0,R(g) >0,G(g) <0;

(6) S(vy) is a quasi-cone of type S of the 5th kind if R(g;) > 0,G(g;) > 0,R(g;) <0,G(g;) > 0;

(7) S(7y) is a parabolic quasi-cone of the 3rd kind or an elliptic quasi-cone if all g; € Gi1,8; € Gy such
that R(gi) < O,G(gi) < O,R(gj) > O,G(g]‘) <0

(8) S(vy) is a quasi-cone of type S of the 1st kind if one of the following conditions holds:
(a) all g; € Gy,8; € Gy such that R(g;) < 0,G(g;) < 0,R(g) <0,G(g) >0;
(b) all g; € Gy, 8 € Gy such that R(g;) > 0,G(gi) < 0,R(g;) >0,G(gj) >0;

(9) S(7y) is a quasi-cone of type S of the 5th kind ifall g; € Gy,g; € Gy such that R(g;) > 0,G(g;) <0,
R(gj) <0,G(g) <0
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(10) S(y) is a parabolic quasi-cone of the 3rd kind or an elliptic quasi-cone if all g; € G1,8; € Go such
that R(g;) < 0,G(gi) > 0,R(g;) >0,G(g;) >0;
(11) S(vy) is a parabolic quasi-cone of the 3rd kind or a hyperbolic quasi-cone of the 6th kind if all
gi € G1,g]' € Gy such that R(gi) < O,G(gj) > O,R(gj) < O,G(g]‘) < 0;
(12) S(vy) is a parabolic quasi-cone of the 3rd kind if one of the following conditions holds:
(a) all g; € Gy,8; € Gy such that R(g;) > 0,G(gi) > 0,R(gj) > 0,G(gj) > 0;
(b)all g; € Gy, 8j € G2 such that R(g;) < 0,G(g;) < O,R(g]') < O,G(g]') <0;
(c) 1im¢—s 4o fof u(s)) ds = 400, limy_,_co fy R(u(s))ds = —
(d) im0 [y R(1(s)) ds = —00,limy—_o [y R(1(s)) ds = ~+o0;
(13) S(7y) isa hyperbolzc quasi-cone of the 6th kind if one of the following conditions holds:
(a)all g; € Gl,g] € Gz such that R(g;) > 0,G(gi) > 0,R(g;) <0,G(gj) <0;
(b) limy oo [y R(u(s)) ds = o0, limy—s_oo [ R(1(s)) ds =
(14) S(vy) is an ellzptzc quasi-cone if one of the following conditions holds:
(a) gi € Gy, g € G2 such that R(g;) < 0,G(gi) <0,R(g;) >0,G(gj) >0;
(b) im0 fy R(u(s)) ds = —oo,limy—_co [ R(u(s)) ds = —

Theorem 4.12. If the tangent vector ﬁeld QT( ) has a closed orbit 6 = 0(s) with period T on the sphere

2 and [} R(6(s))ds - [, el@=m=1) ) JTROE)dG(0(T)) dT < 0, then the vector field xF(x) + Q(x)
has a closed orbzt 8*(9* € C (6)) in R3. Furthermore, the closed orbit 0* is an attractor for other
trajectories on S(0) if fo )ds > 0.

Proof. By the discussion in Section 2 we know that the flows of the vector field xF(x) + Q(x)
in R3 are topologically equivalent to the flows of systems (2.2), and system (2.2b) has a closed
orbit 6 = 6(s) with period T. If system (2.2a) has only one periodic solution r(t, ) (15 > 0
is the initial value) with period T on the closed surface S(6), then there is a closed orbit 6* of
the vector field xF(x) + Q(x) in R3. As a matter of fact, the general solution of system (2.2a)
on the closed surface S(6) is

1
—m—1

; t
r(t,ro) = elo R6E)ds [g m-1 (5—m—1)/ ~-m-D [{R )dsG(G(T))dT]5
0
Then,

r(t+T,7r9) = [(roefo >d5)5—m—1+(5—m—1)/0T (6=m=1) [ ROE)ds G (9(1)) dr

1
T y—1m— t
HE—m—1) [ eI RO G p(r ))dr]” Ll RO s
T

= [(roef(f R(G(S))dS)é—m—l +(G—m—1) /Te(é—m—l) fTTR(e(S))dSG(Q(T))dT
0

0

By fo (s))ds - f eld=m=1) [ R(® (5))45G(0(1))dt < 0 we know that there is a unique 77

i =

(6 —m—1) fy el@=m DI ROIG(o(r)) dr |
o 1—¢ (6—m—1) jo (6(s)) ds
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such that 7(t + T, ;) = r(t,r}). Therefore, there is only one closed orbit 6* of the vector field
xF(x) + Q(x) on the closed surface S(0).

We will prove that the closed orbit 6* is an attractor to all trajectories on S(0) if
Jy R(68(s)) ds < 0.

For any initial value ry > r§, the Poincaré map of the solution r(¢,79) of equation (2.2a) on
the closed surface S(6) is

r&—m—l(T, VO) . 7,ES)—m—l
_ [e(é—m—l)foT R(6(s))ds _ 1} rg—m—l
T

F(G—m— 1)e(§—m—1)f0T R((—)(s))ds/ o~ (=m=1) T RO6) a5 (g (7)) d.
0

Since (T, ry) = r5, we have

(6 — m — 1)el0=m=1) o R(O(s)) ds / " e-m-) Iy ROE) G (0(T)) dr
0

_ {1 _ pe-m=1) .fOTRw(s))ds] pa(o=m=1)

Then,
LT, ) — St = |:e(5—m—1)f0T R(6(s))ds _ 1} (rg—m—l _ ra(é‘fmfl)) <0
. o—m—1 *(6—m—1)
(sincem +1—6>0, rg -1, < 0). Therefore, we have r(T,rg) < ro.
The closed orbit attracts all the trajectories r(t,79) on the S(8) with initial condition r(0, ) =
ro > 1.
For any initial value rg < 7§, similarly, we have
r&—m—l(T, ro) — rg—m—1 _ [e(a_m_nfOTR(e(s))ds . 1] (rg—m—l B 1,8(5711171)) <0.
Therefore, we have that r(T,rg) > ro. The closed orbit attracts all the trajectories r(t,ry) on
the S(0) with initial condition r(0,ry) = ro < 5.
This proves that the global orbit r(t,7;)60(s) of the vector field xF(x) + Q(x) is a global
attractor of all trajectories of xF(x) + Q(x) on S() if fOT R(6(s))ds < 0.

Similarly, we can also get that the closed orbit 6* is a repeller for other trajectories on S(6)
if [ R(6(s))ds > 0. 0
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