Electronic Journal of Qualitative Theory of Differential Equations
2010, No. 17, 1-15; http://www.math.u-szeged.hu/ejqtde/

Multiple Positive Solutions for Boundary Value
Problems of Second-Order Differential Equations
System on the Half-Line*

Shouliang Xif Mei Jia} Huipeng Ji

College of Science, University of Shanghai for Science and Technology, Shanghai, 200093, China

Abstract: In this paper, we study the existence of positive solutions for bound-
ary value problems of second-order differential equations system with integral
boundary condition on the half-line. By using a three functionals fixed point
theorem in a cone and a fixed point theorem in a cone due to Avery-Peterson,
we show the existence of at least two and three monotone increasing positive
solutions with suitable growth conditions imposed on the nonlinear terms.
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1 Introduction

In this paper, we consider the existence of monotone increasing positive
solutions for second-order boundary value problems of differential equations
system with integral boundary condition on the half-line:

U"(t)+ F(t,U) =0,
U(0) = o0,

U'(c0) = /000 g(s)U(s)ds

where
U1 fl(taulaUQa"' aun)
U2 fQ(t,Ul,UQ,"' 7un) .
U= - F(t,U) = . , U'(00) = limy—,00 U'(2),
Un fn(t,ul,UQ,"’ 7un)
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0 () 0 1
g(s) = : A .| fi € CRYTLRY) and g € LY(Ry)
0 0 DY gn(s)
(i=1,2,--- ,n) are nonnegative and Ry = [0, +00).

This work is a continuation of our previous paper [I6] where we considered
the existence of one positive solution for a system of two equations. Boundary
value problems with Riemann-Stieltjes integral boundary conditions are now
being studied since they include boundary value problems with two-point, multi-
point and integral boundary conditions as special cases, see for example [, 2,
13, 14, 15, 26, 27].

In [I3], Ma considered the existence of positive solutions for second-order
ordinary differential equations while the nonlinear term is either superlinear or
sublinear. This was improved by Webb and Infante in [T4} [T5] who used fixed
point index theory and gave a general method for solving problems with integral
boundary conditions of Riemann-Stieltjes type. In [I6], by using the fixed point
theorem in a cone, we studied the existence of positive solutions of boundary
value problem for systems of second-order differential equations with integral
boundary condition on the half-line. In fact, the result in [I6] holds for n terms
in the system.

Boundary value problems on the half-line have been applied in unsteady
flow of gas through a semi-infinite porous medium, the theory of drain flows,
etc. They have received much attention in recent years, and there are many
results in these areas (See [B]-[I2] and the references therein). In [3]-[§], authors
studied two-point boundary value problems on the half-line by using different
method. By using fixed point theorem, Tian [9] studied three-point boundary-
value problem, and then she studied multi-point boundary value problem on
the half-line, see [I1].

Zhang [12] investigated the existence of positive solutions of singular multi-
point boundary value problems for systems of nonlinear second-order differential
equations on infinite intervals in Banach space by using the Monch fixed point
theorem and a monotone iterative technique

a”(t) + f(t, x(t), 2 (t),y(t),y'(t) =0
y'(t) + g(t, x(t), 2" (t),y(t),y'(t)) = 0,

2(0) = Y ase(€n) /(oc) = 7=

y(0) = z_: Biy(&i);y' (00) = Yoo

In [20], by using a new twin fixed point theorem due to Avery and Henderson
(see [I7], [18]), He and Ge studied twin positive solutions of nonlinear differential
equations of the form

(G(u) +e(t)f(u) =0
with boundary conditions including the following
w(0) — Bo(u'(0)) = 0,u(1) + By (v (1))
u(0) — Bo(u'(0)) = 0,2/(1)
uw'(0) = 0,u(1) + B1(v'(1))

0
0
0.
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Liang [21] used the same method and studied four-point boundary value problem
with a p-Laplacian operator.

By using a fixed point theorem in a cone due to Avery-Peterson, see [19],
Pang [24] and Zhao [23] investigated the existence of multiple positive solu-
tions to four-point boundary value problems with one-dimensional p-Laplacian.
Afterwards, Feng [25] studied the existence of at least three positive solutions
to the m-point boundary value problems with one-dimensional p-Laplacian by
using the same method. In 2007, Lian [22] studied two-point boundary value
problems on the half-line by using the Avery-Peterson fixed point theorem.

Motivated by these works, we use the three functionals fixed point theorem in
a cone due to Avery and Henderson (see [I7], [I8]) and the fixed point theorem
due to Avery-Peterson (see [I9]) to investigate the boundary value problem

CD.

We define U,V € R} ,U >V if and only if u; > v;,i =1,2,--- ,n. U >V if
and only if u; > v;,i=1,2,--- n.

Throughout the paper, we assume that the following conditions hold.

(H1) 1— [5 sgi(s)ds > 0,i=1,--- ,n;

(H2) F is an L'-Carathéodory function, that is,

(1) F(-,U) is measurable for any U € R’} ;
(2) F(t,-) is continuous for almost every t € Ry;
(3) For each 71,72, -+ , 7, > 0, there exists ¢r, ry..c r,, € Ll(RJr,Ri)
such that
0 S F(t’ (1 + t)U) S ¢T1,T27”'7Tn (t)a

for all w; € [0,7;],i =1,2,--- ,n and almost every t € Ry.

2 Preliminaries

In this section, we first give the two fixed point theorems which will be used
in the following proof.
Definition 2.1. Let E be a real Banach space and P C E be a cone. We
denote the partial order induced by P on E by <. That is, x < y if and only if
y—x € P.
Definition 2.2. Given a cone P in a real Banach space E, a functional v :
P — R is said to be increasing on P, provided ¥(z) < ¢(y), for all z,y € P
with z < y.
Definition 2.3. Given a cone P in a real Banach space E, a continuous map
1 is called a concave (convex) functional on P if and only if for all «,y € P and
0 < A <1, it holds

YAz + (1= N)y) > Ap(z) + (1 — N (y),

((Az + (1= Ay) < Mp(z) + (1= A)o(y).)

Let « be a nonnegative continuous functional on a cone P. For each ¢ > 0,
we define the set
P(y,¢) = {z € Ply(z) < c}.
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Let o, a, p,% be nonnegative continuous maps on P with o concave, a, ¢
convex. Then for positive numbers a, b, ¢, d, we define the following subset of P

P(a®) = {x € Pla(z) < d},

(
(op,0?) = {z € P|b < o(z),a(z) < d},
(
(

)

P(op, ¢¢,a) = {z € Pb< o(z), p(z) < ¢,a(x) < d},
R(Ya,a?) ={z € Pla < ¢(z), a(x) < d}.

Theorem 2.1 ([I7], [I8]) Let P be a cone in a real Banach space E. Let «
and 7 be increasing, nonnegative, continuous functionals on P, and let 6 be a
nonnegative continuous functional on P with 8(0) = 0, such that, for some ¢ > 0
and M >0, v(z) < 0(x) < a(z) and ||z|| < M~y(z), for all x € P(v,c). Suppose
there exists a completely continuous operator T : P(y,¢) — P and0 <a <b<c
such that

0(Az) < X0(x), for 0<A<1 and x€dP(6,b),
and
(i) v(T(x)) < ¢, for all x € OP(v,c);
(i1) 6(T(x)) > b, for all z € OP(0,b);
(i11) P(a,a) # 0, and o(T(x)) < a, for all z € IP(a, a).
Then T has at least two fixed points x1,x2 belonging to W such that
a < a(zy), with 0(x1) < b,

and
b < 0(x2), with y(z2) < ¢

Theorem 2.2 ([19]) Let P be a cone in a real Banach space E. Let a and ¢ be
nonnegative continuous convex functionals on P, o be a nonnegative continuous
concave functional on P, and v be a nonnegative continuous functional on P
satisfying Y(Ax) < Mp(x) for 0 < XA < 1, such that for some positive numbers
M and d,

o(z) < ¢(x) and ||z]| < Ma(z),

for all x € P(a?). Suppose T : P(a?) — P(a?) is completely continuous and
there exist positive numbers a,b, and ¢ with a < b such that

(1) {z € P(op, ¢, a)|o(x) > b} # 0 and o(Tx) > b for x € P(op, ¢, ad);
(2) o(Tz) > b for x € P(op, a?) with o(Tx) > ¢;
(3) 0 & R(2pa,a?) and ¢(Tz) < a for x € R(1pa, a?) with ¢(x) =

Then T has at least three fived points x1, w2, x3 € P(a?), such that

a(x;) <d fori=1,2,3; P(x1) < a; Y(x2) > a with o(xz2) < b; o(xs) > b.

Let C(R4) = {z : Ry — RJx is continuous on Ry and supcp, ‘31552' < 400},

Define ||z[|1 = sup;cp, 'fﬁfz‘. Then (C(R4), || - |l1) is a Banach space (refer to

[16]).
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Let X = {U = (u1,u2, - ,upn) :u; € C(Ry),i=1,2,--- ,n} with the norm
Ul = 37 ||lui]l1, where ||ug||y = sup |“i(t)|, and it is easy to prove that
i=1 teRy 1+t
(X, |- 1) is a Banach space.

Let ¢ € (0,1) be a constant and

P={UecX: :U() >0,teRy, g 6min ui(t) > d||U||}.
° <t<%
=1 —"—29

Then P is a cone in X.
The following lemmas and 274 are proved in [I6].

Lemma 2.3 Assume that (H1) holds. Then for any y € L*(R%) N C(R?), the
boundary value problem

U'(t)+y(t)=0 (2.1)
U(0) =0,U'(cx0) = /0 g9(s)U(s)ds (2.2)

has a unique solution U € X, and

U(t) = /000 H(t,s)y(s)ds,

where
Hq(t,s) 0 0
0 Hy(t,s) --- 0
H(ta S) = . . . : ’
0 0 <o Hy(t,s)

tfooo g:(r)G(s,r)dr
1— [57 sgi(s)ds
G(t,s) = min{t, s}.
Lemma 2.4 Assume that (H1) holds. If y € L'(R})NC(R%),6 € (0,1),y > 0,
(2.

then the unique solution U of the boundary value problem ) — (2.2) satisfies
U(t) 2 0 fort € Ry and 377 ming, 1 u;(t) = 0| U||.

Hi(t,s) = G(t,s) +

=12, ,n.

From [16], we know F(t,U) € L'(R;y x R?) N C(R4 x R%). Hence, the
solution of the boundary value problem(1.1) is equivalent to

U@ﬁié H{(t, s)F(s, U)ds.
Define T; : P — C(R4) by
awmeA Hilt, $)fi(5,un(s), s un(s))ds,i = 1,2, .m.
Let

(TU)(t) = (TU)(E), -, Tu(U)(t)"
Then T': P — C(R"), and

GWﬂﬂ:AWH@QF@UM&

It is easy to get the following lemma.
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Lemma 2.5 Assume that (H1) and (H2) hold. Then T : P — X is completely
continuous.

Lemma 2.6 Suppose (H1) and (H2) hold. If U = (ui(t), - ,un(t)) >0 is a
solution of boundary value problem (1.1), then u;(i = 1,2,--- ,n) are increasing.

Proof. For i = 1,2,--- ,n and f; > 0, we can get U”(t) < 0. So U'(¢) is
decreasing.

Noticing the boundary condition U’(co fo s)ds, we can obtain
U'(0) >0. SoU'(t) > 0,t € Ry.

This proves the lemma.

3 Existence of two positive solutions of (I.1)

We define the nonnegative, increasing continuous functionals v, « and 6 :
P — ]R+ by

- u;(t)
U =
1(U) ;521%1H,
S u;(t)
a(U) = su ,
( ) i:zlte]RIi 1+t
H(U)§<;1+5+;1+%)

For every U € P,
Y(U) <0(U) < a(U).

It follows from Lemma 24 for each U € P, we have y(U) > %HUH, s0
140
52
We also notice that 0(AU) = M(U), for A > 0 and all U € P.

For convenience, we denote

U] < (U), UeP.

= OoHl ta
L= min ( S)al(s)ds,
= s<t<i Jo 1+t
[ H(Gs) N~ [P Hilg9)
Ly = mi { ds, LAY LAL }
=i {3 5 ;/6 s
* H;(
sup (s)ds.
t€R+

We will also use the following hypothesis:

(H3) There exist nonnegative functions a; € L'(Ry), a;(t) # 0 on R, and
continuous functions h; € C[R},Ry], i =1,2,--- ,n, such that

fi(taulaUQa' o ,Un) S G@(t)hi(Ul,UQ,' o aun)a t;ulaUQa" CL,Un € R-i—a

with / sa;(s)ds < +o0.
0
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Obviously, if (H1) and (H3) hold, then [;* ngft‘s)(l + s)a;(s)ds < +o0 for
teRy andi=1,2,--- ,n. We denote

hl(ul,UQ’... ,un)
h(ui, ug, -+ up) = hQ(U1,u.2.’.... )
hn(ul,u%... 5un)

Theorem 3.1 Assume that (H1), (H2) and (H3) hold, suppose that there exist

positive constants a,b, c such that 0 < a < 1+6 < (1‘5+§)2£1 and

(H4) h((L+t)ur, - (L+t)un) < (5 )nx1, for 0< 3500 u; < a,t € Ry;

(H5) F(t,(1+thur, -, (1+ Oun) > (£)nx1, for £ < S0 u; < B ¢ e
16,51

(HE) h((1+tyus, -, (14 )un) < (£ )nx1, for 0 < 30wy < S e Ry

Then, the boundary value problem ([I1l) has at least two monotone increasing
positive solutions U* and U** such that

u; (t) Lo ui(0) | x~ui(3)
a< sup ———=, with —( st G )<b,
ver, 1+t 2 ;1+5 ;1—1—%
and
1
5

Limu ™ (0) | w3y = ut()
b<§(; T +izzl 1+%),wzth Zamm T <ec.

Proof. For U € P, it follows from Lemma 4

and
n
> min i, ( ) > 3||TU|.
i=1 Ist<3
By Lemma 28 we know T : P — P is completely continuous.
‘We now show that the conditions of Theorem 2.1 are satisfied.

(i) For every U € OP(y,c), v(U) = }J;_; ming,<1 1J(rtt) =c, 50

therefore

By (H6) of Theorem BTl
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We have

. . OoHi(tas) (s u1(s8). - .u. (s S
Zémm%/o s (s), - un(s)d

Therefore, condition (i) of the Theorem Il is satisfied.
)

ol

) = b. We can

(S

.o n ui (6 n o uj;
(ii) For U € 0P(8,b), 6(U) = §( S0, 4% + 00, 4
obtain that |U|| > 6(U) = b.

Noting that [|U|| < L~(U) < L26(U) =

\
~
%\+
(=9

b, for t € [0, %], we have

5%b 52 "t 1+6
< o< <oy < 150

So

1/~ (TU)O) <= (TU)(3)
9(TU)§(;7(1+)2)+;71+%5)

-5/

" Hi(

+Z/OOO

zi(;

(s,u1(8), -+ ,un(s))ds

5
(s,u1(s),- -,un(s))ds)
5
n g 1;1z 5,5 o % Hz(%as) b
>5(;/5 71” ds+;/5 Sree ds)L—2

>b.
Hence, condition (ii) of the Theorem Bl holds.

(iii) Finally, we verify the condition (iii) of the Theorem Bl satisfied.
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We choose Uy(t) = (1 +1¢) : |, t € Ry, then a(Up) = §, and Uy € P, so
o
P(a,a) # 0.
For U € 0P(a,a), a(U) = 31, supep, ul—ft) = a. It implies
- ui(t)
0< <a,t€eR,.
= ; T4 WP ER

From (H4), we have

Therefore
- (TU)(t)
o(TU) = su
( ) i:theRIj' 1 + t

< — sup
Ls ;teﬂh o 1+t

Thus, all of the conditions of the Theorem Bl are satisfied, from Lemma
28 we complete the proof of the Theorem Bl

4 Existence of three positive solutions of (I.T)

We define the nonnegative continuous functionals ¢, 0,1 on P by

i:15§t§§1+t
1 n
oU)=—— min_ u;(t),
V)= 15 2 i, i)
n

The definitions of the nonnegative continuous functional a and L3 are the

same as that in Section 3.
For every U € P and 0 < XA <1, ¥(AU) = M)(U) and

ui(0) < (1490) sup ui(t)

mins<,<1 u;(t)
(140)* ~ ter, (1+16)%

1+0

< (1+40)

So

= o(U). (4.1)
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Denote

X
19505570
=  Hi(t,s)
Ls = su / " Za;(s)d
° ;te]ﬁ o (1+1)? (®)

Lemma 4.1 For all U € P, we have o(U) > 2=o(U).

Proof.

Theorem 4.2 Assume that (H1), (H2) and (H3)hold, suppose that there exist

positive constants a, b, d such that 0 < a < b < 2+5, and

(H7) h((1+tyus, -, (L + t)un) < (£ )nx1, for 0 <D0 uy <dyt € Ry;

(HS) F’(t7 (1+t)u1, Ce ,(1+t)un) > (b(élzrzs))nxl’ fOT’ 5b < 2?21 u; < (2§§)b,t c
[0, 5]; :

(H.g) h((l +t)U,1’-- . ,(1 +t)un) < (m)nxh f07’- 0 S Z?:l Uu; S 1+5a t c
R..

Then, the boundary value problem [Il) has at least three monotone increas-
ing positive solutions UV U2 and U®) such that

n (J)
t
sup ()<dj—1,2,3
_1156]R+ 1+t
and

U
146 su L
( );teu&g (1+1¢)2

< a;

)
1
(1490) Zsup ) >a with —Z min u§2>(t)<b;

— ter, ( 140 = s<t<}
1 i min u<3>(t) >b
1+ —s<t<i ’
Proof. For U € P(a?), we have
" ul(t)
alU) = su <d,
) ;tenﬁ e

S0, we can get

1

Notice (H7), and we can obtain «(TU) < d whose proof is similar to that in
Theorem Bl

From Lemma R T : P(a?) — P(a?) is completely continuous.
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Next, we show that conditions (1)-(3) of the Theorem EZ2 hold.
(1) Take ¢ = ZE2h. We choose U (t) = (22 (144)b),x1,t € Ry, then o(U) =
(14+8)b>b,pU)=(140)b<c,alll ) = (1+68)b<d. SoU € P(op, ¢ a?)

with o(U) > b. Hence, {U € P(oy, ¢¢, a?)|o(U) > b} # 0.
For U € P(oy, ¢¢,a), we have

EODLUNICED e

From (H8) and Lemma BTl we can get

A E

R T;U(t)
o(TU) > ——p(TU) = —— ggmax

Y
‘oq
(]
3
B
S—
=
=
=
®
S~—
=
—
<
=
S
<
3
o
=
&

§ (146)b < 5 Hi(t,
> 135 +9) Zamax /6 Mds
> b.
Therefore, a(TU) > b, for U € P(oy, ¢°, a?).

(2) For U € P(oy,a?) with ¢(TU) > c,

5
14467 1+6

Thus, o(TU) > b, for U € P(oy, a?) with o(TU) > ¢

o(TU) > o(TU) > ¢>b.

(3) It is clear that 0 ¢ R(3q,a?). For U € R(1,,a?) with (U) = a, from
ET) we have 1+5HUH <o(U) <¢(U) = a. Hence,

= _ 140
Z ~LateR,.
From (H9),

Y(TU)=(1+ 5)2 sup LUt
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Hence, from Theorem 22 and LemmaZ8 the boundary value problem ([ITI)
has at least three monotone increasing positive solutions U, U and U
such that

n (4)
Mt
sup ul—() S de — 1,2’3;
Siter, 1+t
and "
- ul (t)
146 sup —* < a;
( ) 5 teRy (1+1¢)2
n u(?) n 2
1+6 su L > a with —— min w;”’(t) < b;
( : i=1 teRp+ (1+1)? 1496 ;635% ®)
b z": min u@(t) > b.
1+ 1) im1 Jgtg% v

Remark 4.1 It follows F# 0 from the conditions (H8) of the theorem As
a result, the solutions of the boundary value problems cannot be zero.

5 Illustration

We give an example to illustrate our results.
Example We consider the boundary value problem

U"(t) + F(t,U) = 0,
U(0) = o0,

U'(x) = /OOO g(s)U(s)ds,

_ U _ fl(t,ul,u2) B e 28 0
U= (UQ)’ F(t, U) — (fg(t,ul,u2) y g(S) = 0 6735 ,
%a Ogul +’LL2 < %a
1 1 23
) Tty 2 St <fT’
3 3 1 2v3
74500(3 — mgapr) s B Sutup <4

339 200
236m T Uituz’ U1 + uo Z 4,

fl(t,Ul,Ug) =€

1
7 —(uitus) 1
( 3 (21+u2)2+1)’ O<ur+uz <y,

1 4
_ — < urtus <z
fg(t,ul,UQ) —e 2t §1+u2+1’ 94 . N 3’4
2
2+680(35 — )y 3 S tu2 <2

34 170V5, uy +ug > 2.

(S

Let
ar1(t) = et as(t) = e 2.

—t
For the constants 71, r2 > 0, we take ¢r, ,, () = ( 600e )

6002t
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Let h(uy,uz) = <Z;EZ?Z§§)7 where

é, 0<u1+u2< f

ha(u1,u2) = ho(ur,ug) = 2 + 600/3 — 1200 2‘/_ <up +ux <2,

w1 +uo’ 3

600\/3— 5991, wuy +up > 2.

We take 6 = % By calculating, we can get L1 ~ 0.443194, Lo ~ 1.20668, L3 ~
0.571763, Ly ~ 1.77563, L5 ~ 0.30729.

Leta=1,b =10, c = 220. Then ¢ ~ 1.74898, - ~ 8.28719, 1~ ~ 496.397.
It is easy to verify that the conditions in Theorem B are all satlsﬁed By
Theorem 3.1, the boundary value problem mentioned in the example above has
at least two monotone increasing positive solutions.

On the other hand, let a = 22, b = 4, d = 300. Then £ ~ 524.693,

M;TZS) = 6.75816, m ~ 0.835043. Then the conditions in Theorem 4.2 are
all satisfied. By Theorem EE2 the boundary value problem mentioned in the

example above has at least three monotone increasing positive solutions.
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and helpful comments.
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