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Abstract In the first part of the paper we study the reflexivity of Sobolev spaces on non-
compact and not necessarily reversible Finsler manifolds. Then, by using direct methods in
the calculus of variations, we establish uniqueness, location and rigidity results for singular
Poisson equations involving the Finsler—Laplace operator on Finsler—Hadamard manifolds
having finite reversibility constant.
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1 Introduction

Elliptic problems on Riemannian manifolds have been intensively studied in the last decades.
On one hand, deep achievements have been done in connection with the famous Yamabe
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problem on Riemannian manifolds which can be transformed into an elliptic PDE involv-
ing the Laplace-Beltrami operator, see Aubin [3] and Hebey [18]. On the other hand,
various anisotropic elliptic problems are discussed on Minkowski spaces (R”, F)) where
F € C2%(R", [0, 00)) is convex and the leading term is given by the non-linear Finsler—
Laplace operator associated with the Minkowski norm F, see Alvino et al. [1], Bellettini
and Paolini [7], Belloni et al. [8,15], and references therein. In both classes of problems
variational arguments are applied, the key roles being played by fine properties of Sobolev
spaces as well as the lower semicontinuity of the energy functional associated to the studied
problems.

In order to have a global approach, the theory of Sobolev spaces has been deeply inves-
tigated on metric measure spaces, see Ambrosio et al. [2], Cheeger [9], and Hajlasz and
Koskela [17]. In [2], the authors proved that if (X, d) is doubling and separable, and m is
finite on bounded sets, the Sobolev space wbh2(x,d, m)is reflexive; here, wl2(x,d, m)
contains functions u € L?(X, m) with finite 2-relaxed slope endowed by the norm u >

12
Jx IVulizdm + [y uzdm) , where | V|4 2 (x) denotes the 2-relaxed slope of u at x € X.

This result clearly applies for differential structures. Indeed, if (M, F) is a reversible Finsler
manifold (in particular, a Riemannian manifold), then for every x € M and u € C§°(M),

[Vl 2(x) = lim sup M

m st dr(x.2) = F*(x, Du(x)),

where dp is the metric function associated with F, and F* is the polar transform of F,
see Ohta and Sturm [24]. Consequently, within the class of reversible Finsler manifolds, the
synthetic notion of Sobolev spaces on metric measure spaces (see [2,9]) and the analytic
notion of Sobolev spaces on Finsler manifolds (see Ge and Shen [16], and Ohta and Sturm
[24]) coincide.

Although in the aforementioned works the involved metrics are symmetric, asymmetry is
abundant in real life. In order to describe such phenomena, we put ourselves into the context
of not necessarily reversible Finsler manifolds which model various Randers-type spaces,
including the Matsumoto mountain slope metric, Finsler—Poincaré ball model, etc.; see Bao
etal. [5]. If M is a connected n-dimensional C*> manifold and TM = J cem M is its
tangent bundle, the pair (M, F) is a Finsler manifold if the continuous function F : TM —
[0, 00) satisfies the conditions:

(@) FeC®(TM\{0});
(b) F(x,ty)=tF(x,y)forallt > 0and (x,y) € TM,;
(©) gij(x,y) = [%Fz(x, y)]y[yi/- is positive definite for all (x, y) € TM \ {0}.

If F(x,ty) = |t|F(x,y) forall t € R and (x, y) € TM, we say that the Finsler manifold
(M, F) is reversible.

Let (M, F) be a Finsler manifold. Although it is possible to use an arbitrary measure on
(M, F) to define Sobolev spaces (see [24]), here and in the sequel, we shall use the canonical
Hausdorff measure on (M, F),

dm =dVpg,

see Sect. 2. Having this measure in our mind, we consider the Sobolev spaces associated with
(M, F), see [16,24]. To be more precise, let

whi(M, F,m) = ‘u e WA (m) :/ F*2(x, Du(x))dm(x) < +oo] ,
M
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Singular Poisson equations

and W&'Z(M , F, m) be the closure of C§°(M) with respect to the (asymmetric) norm

1/2
lullp = (/ F*2(x, Du(x))dm(x)+/ uz(x)dm(x)) ) (1.1)
M M
Let
rp = sup  sup Fxy)
xeM yeT, M\(0) F(x, —y)

be the reversibility constant on (M, F). Clearly, rr > 1 and rp = 1 if and only if (M, F) is
reversible. Let
1/2

, (x,y)eTM.

Fz(xay) +F2(x»_)’))

FS(x’y):( 2

It is clear that (M, Fy) is a reversible Finsler manifold, F; being the symmetrized Finsler
metric associated with F. We notice that the symmetrized Finsler metric associated with F*
may be different from F, i.e., in general 2Fs*2(x, o) # F*z(x, o) + F*z(x, —a); such a
concrete case is shown for Randers metrics, see (2.11).

Our first result reads as follows:

Theorem 1.1 Let (M, F) be a complete, n-dimensional Finsler manifold such that rp <
~+00. Then (WOI’Z(M, F,m), || - |lr,) is a reflexive Banach space, while the norm | - || r, and
the asymmetric norm || - || g are equivalent. In particular,

12\ e -
lullp < lullp, <\ —5— lullp, Yue Wy=(M,F,m). (1.2)

2 2

For sake of clarity, we notice that the norm || - || , is considered also with respect to the
Hausdorff measure dm = dVr (and not with dVF,), i.e.,

1/2
lullr, = (/ F?(x, Du(x))dm(x) +/ uz(X)dm(X)) . (1.3)
M M
Some remarks are in order concerning Theorem 1.1.

Remark 1.1 (i) We emphasize that Theorem 1.1 is sharp. Indeed, let us consider the two-
dimensional Finsler—Poincaré model (B2(0, 2), F) which is a forward (but not backward)
complete Finsler manifold of Randers-type having the reversibility constant rr = +o00,
see Sect. 3. In this framework, we shall construct a function u € W01’2(BQ(0, 2), F,m)
such that —u ¢ W,'>(B(0,2), F, m); in other words, W,'>(B(0, 2), F, m) does not
have a vector space structure, and the norm || - ||z, and the asymmetric norm || - || p are
not equivalent. A similar pathological situation has been already pointed out by Kristdly
and Rudas [19] for a Funk-type metric on the open unit ball of R”".

(1) Itis clear that rr < 400 whenever (M, F) is a compact Finsler manifold. Thus, the
reflexivity of WO1 ’2(M , F, m) in [16,24] immediately follows from Theorem 1.1.

(ii1) We believe that (WOI’Z(M ,F,m), | - ||r) is a reflexive, complete asymmetric vector
space; a possible proof requires a long series of arguments from functional analysis for
asymmetric normed spaces, see Cobzag [11]. However, the statement of Theorem 1.1
is enough for our purposes.
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In the second part we consider that (M, F) is an n-dimensional Finsler-Hadamard man-
ifold (i.e., simply connected, complete with non-positive flag curvature), n > 3, having its
uniformity constant /r > 0 (which implies in particular that rr < +00), see Sect. 2. We
shall study the model singular Poisson equation

dr(x0.x)

A(—u) —p—5*—=1 in Q;
(Pg)
u=20 on 0€2,

where A denotes the Finsler—Laplace operator on (M, F),xo € Q is fixed, u > 0 is a
parameter, and 2 C M is an open and bounded domain with sufficiently smooth boundary.
We prove that the singular energy functional associated with problem (’Pg) is strictly convex
on Wé’z(Q, F, m) whenever u € [0, lFrgzﬁ), see Theorem 4.1; here, it = % is the
optimal Hardy constant. By exploiting Theorem 1.1, a comparison principle for the Finsler—
Laplace operator and well known arguments from calculus of variations, we prove (see also

Theorem 5.1):

Theorem 1.2 Problem (735) has a unique, non-negative weak solution whenever @ &
[0, pr o).

Having the uniqueness theorem in our mind, we focus our attention to geometric rigidities
related to the Poisson equation (Pg). To do this, let ¢ < 0 and the function ct. : (0, co) — R
defined by

et (r) = 1 if ¢=0,
T J/=ccoth(y/—cr) if ¢ <O.

For every u € [0, @), p > 0 and ¢ < 0, we consider the ordinary differential equation

[ S+ =D feter) + LS +1=0, r e, pl,

2
fp)y=0, [§ f)*rtdr < occ. (Qcp)

We shall show that (Qéf p) has a unique, non-negative non-increasing solution oy, , . €
C*(0, p), see Proposition 5.2. Although we are not able to solve explicitly (Q% p), in some
particular cases we have its solution; namely,

G;L,p,c(r)
—VIEHIE—1
1 . )
n+2n : (%) - "2 if ¢=0;
=1 J? sinh(y/=ecs) ! I sinh(v/—ct)"~'drds if ¢ <Oandu =0;
H(ST— . p) IO g 7=l r) i e=—1, n=3and p € [0, 1),

ﬁsinh(r)lﬁ(p)
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where H : (0, %] x (0, c0) — Ris given by

2v
(25 — 4v2) sin(v)I'(v) sinh(r)
3 v5 wv5 v 3 3 9 w 2
SR P Y ([ S P [ T
X[( V)3 4([4+2,4+2,4+2],[2, +v,2+v,4+2],r)
X (2”_2 sinwm) K, (r) + 27" 'n 1, (r) Pl

3 5 5 3 39
—v(5+2v)2”713F4(|:7 v Y 3];[—,1—1;,7—1;,7—3],#)

H,r) =

1723212
x T(v)? sin(vn)IU(r)r3_”};

here, I, and K, are the modified Bessel functions of the first and second kinds of order v,
while 3 F4 denotes the generalized hypergeometric function.

Before to state our rigidity results, we need some notations: K < ¢ (resp. ¢ < K, resp.
K = ¢) means that the flag curvature K(S; v) on (M, F) is bounded from above by ¢ € R
(resp. bounded from below by ¢, resp. equal to ¢) for any choice of parameters S and v;
S = 0 means that (M, F) has vanishing mean covariation; B¥(xg, p) denotes the open
forward metric ball with center xg € M and radius p > 0; for details, see Sect. 2.

Theorem 1.3 (Local estimate via curvature) Let (M, F) be an n-dimensional (n > 3)
Finsler—Hadamard manifold with S = 0 and lr > 0, and Q C M be an open bounded
domain. Let u € [0, lpr;zﬁ) and xo € Q be fixed. If c; < K < ¢ < 0, then the unique
weak solution u of problem (735) verifies the inequalities

O pr.er ([dp(x0, X)) < ux) < 0y py.er (dF(x0,x)) forae. x € BT (xg, p1),

where p; = sup{p > 0: BT (xq, p) C Q} and p» =inf{p > 0: Q C BT (x0, p)}.

In particular, if K = ¢ < 0 and Q@ = B¥(xq, p) for some p > 0, then O, p,e(dr(xo, )
is the unique weak solution of problem (Pg+<x0 p)), being also a pointwise solution in
B*(x0, p) \ {x0}.

A kind of converse statement of Theorem 1.3 can read as follows.

Theorem 1.4 (Radial curvature rigidity) Let (M, F) be an n-dimensional (n > 3) Finsler—
Hadamard manifold with S = 0, [p > 0and K < ¢ < 0. Let n € [0, lprgzﬁ) and xo € M
be fixed. If the function o, , (dF(xo, -)) is the unique pointwise solution of (Png(xo,p)) in
BT (x9, p) \ {x0} for some p > 0, then K(:; Vxo,y(t)) = c for everyt € [0,p) and y €
Ty M\ {0}, where yx, .y is the constant speed geodesic with yy, ,(0) = xg and yy,,,(0) = y.

In the generic Finsler setting, the conclusion of Theorem 1.4 does not imply necessarily
that the flag curvature K is constant. Indeed, we just stated that the flag curvature is radially
constant with respect to xo € M, i.e., along geodesics emanating from the point xo where
the flag-poles are the velocities of the geodesics. However, when (M, F) = (M, g) is a Rie-
mannian manifold of Hadamard type (thus the flag curvature and sectional curvature coincide
and the notion of the flag loses its meaning), Theorems 1.3 and 1.4 and the classification of
Riemannian space forms (see do Carmo [12, Theorem 4.1]) provide a characterization of the
Euclidean and hyperbolic spaces up to isometries via the shape of solutions to the Poisson
equation (’Pg ):
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Corollary 1.1 (Space forms vs. Poisson equation) Let (M, g) be a Riemannian—Hadamard
manifold with sectional curvature bounded above by ¢ < 0. Then the following statements
are equivalent:

(a) Forsome € [0, ) and xo € M, the function oy, (dFr(xo, -)) is the unigue pointwise
solution of the Poisson equation ("Pg(xo p)) in B(xo, p) \ {xo} for every p > 0;
(b) (M, g) is isometric to the n-dimensional space form with curvature c.

A full classification of Finslerian space forms (i.e., the flag curvature is constant) is not
available; however, the following characterization can be provided on Berwald spaces:

Theorem 1.5 (Full curvature rigidity) Let (M, F) be an n-dimensional (n > 3) Finsler—
Hadamard manifold of Berwald type with I > 0. Then the following statements are equiv-
alent:

(a) Forevery u € [0, lprgzﬁ) and xo € M, the function o, , o(dF(xo, -)) is the unique
pointwise solution of the Poisson equation (Pgﬂx(”p)) in B (xo, p) \ {xo} for every
p >0

(b) For some n € [0, ZFVEZE) and xo € M, the function o, , o(dF(xo, -)) is the unique
pointwise solution of the Poisson equation (Pgﬂx()’p)) in B (xo, p) \ {xo} for every
p > 0;

(c) (M, F) is isometric to an n-dimensional Minkowski space.

2 Preliminaries: elements from Finsler geometry
2.1 Finsler manifolds, geodesics, flag curvature, mean covariation, volume element

Let (M, F) be a Finsler manifold (i.e., (a)=(c) hold from the Introduction). If g;;(x) =
gij(x,y) is independent of y then (M, F) = (M, g) is called a Riemannian manifold. A
Minkowski space consists of a finite dimensional vector space V (usually, identified with R")
and a Minkowski norm which induces a Finsler metric on V by translation, i.e., F(x, y) is
independent on the base point x; in such cases we often write F (y) instead of F(x, y).

A specific non-reversible Finsler structure is provided by Randers metrics which will
serve to us as a model case. To be more precise, on a manifold M we introduce the Finsler
structure F : TM — [0, oo) defined by

F(Xs)’)=vhx(y7)’)+,3x()’)’ (x7y)€TM7 (21)

where £ is a Riemannian metric on M, $ is an 1-form on M, and we assume that

1BIn(x) = VA (Bx, Bx) <1, Vx € M.

Here, the co-metric /2% can be identified by h;l , the inverse of the symmetric, positive definite
matrix h,. Clearly, the Randers space (M, F) in (2.1) is symmetric if and only if g = 0.
Note that Randers metrics appear in the study of the electromagnetic field of the physical
space-time in general relativity, see Randers [21]. Moreover, a deep result of Bao et al. [6]
shows that a Finsler metric is of Randers type if and only if it is a solution of the Zermelo
navigation problem on a Riemannian manifold.

Let 7*T M be the pull-back bundle of the tangent bundle 7 M generated by the natural
projection w : TM \ {0} — M, see Bao et al. [5, p. 28]. The vectors of the pull-back bundle
7*T M are denoted by (v; w) with (x, y) =v € TM \ {0} and w € Ty M. For simplicity, let
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dily = (v; a/ax" |x) be the natural local basis for 7*T M, where v € T M. One can introduce
on 7*T M the fundamental tensor g by

8v ‘= g(ai|vaaj|v):gij(xa)’) 2.2)

where v = y?(9/0x")|,. Unlike the Levi-Civita connection in the Riemannian case, there is
no unique natural connection in the Finsler geometry. Among these connections on the pull-
back bundle 7 *T M, we choose a torsion free and almost metric-compatible linear connection
on t*T M, the so-called Chern connection, see Bao et al. [5, Theorem 2.4.1]. The coefficients
of the Chern connection are denoted by F; » Which are instead of the well known Christoffel
symbols from Riemannian geometry. A Finsler manifold is of Berwald type if the coefficients
l“l’.‘. (x, y) in natural coordinates are independent of y. It is clear that Riemannian manifolds
and (locally) Minkowski spaces are Berwald spaces. The Chern connection induces on 7w * 7'M
the curvature tensor R, see Bao et al. [5, Chapter 3]. By means of the connection, we also
have the covariant derivative D,u of a vector field u in the direction v € T\, M with reference
vector v. A vector field u = u(t) along a curve o is parallel if Dgu = 0. A C* curve
o :[0,a] - M is a geodesic if Dso = 0. Geodesics are considered to be parametrized
proportionally to arc-length. The Finsler manifold is forward (resp. backward) complete if
every geodesic segment o : [0,a] — M can be extended to [0, co) (resp. to (—oo, a]).
(M, F) is complete if it is both forward and backward complete.

Let u, v € Ty M be two non-collinear vectors and S = span{u, v} C T, M. By means of
the curvature tensor R, the flag curvature of the flag {S, v} is defined by

SR, V)V, U)

K(S;v) = )
g (V. V)gu(U, U) — gv(U, V)?

(2.3)

where U = (v;u),V = (v;v) € 7*TM. If (M, F) is Riemannian, the flag curvature
reduces to the well known sectional curvature. If K(S; v) < 0 for every choice of U and V,
we say that (M, F) has non-positive flag curvature, and we denote by K < 0. (M, F) is a
Finsler-Hadamard manifold if it is simply connected, forward complete with K < 0.

Leto : [0,7] — M be a piecewise C* curve. The value Lr (o) = for F(o(t),o(t))dt
denotes the integral length of o. For x1, xo € M, denote by A (x1, x7) the set of all piecewise
C® curveso : [0, r] — M suchthat o (0) = x| and o (r) = x,. Define the distance function
dr : M x M — [0, c0) by

dF(xl, X2) = inf LF(O‘). (2.4)
ogeN(x1,X2)
One clearly has that dr(x1, xo) = 0 if and only if x; = x3, and dF verifies the triangle

inequality. The open forward (resp. backward) metric ball with center xo € M and radius
p > 0is defined by BT (xp, p) = {x € M : dp(x0,x) < p} (resp. B~ (x0,p) = {x €
M : dp(x,x9) < p}). In particular, when (M, F) = (R", F) is a Minkowski space, one has
drp(x1,x2) = F(x2 —x1). _

Let {9/0x"'}i=1,... .» be alocal basis for the tangent bundle T M, and {dx'};=1, ., beits
dual basis for T*M. Let By (1) = {y = (y') : F(x,y'd/9x") < 1} C R". The Hausdorff
volume form dm = dVp on (M, F) is defined by

dm(x) = dVr(x) = op(x)dx! Ao Adx", (2.5)

where op(x) = W. Hereafter, Vol(S) and w, denote the Euclidean volume of the set
S C R”" and the n-dimensional unit ball, respectively. The Finslerian-volume of an open set
S C Mis Volp(S) = [gdm(x).
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Let {¢;}i—1....n be a basis for Tx M and g}’j = gv(ei, ej). The mean distortion . : TM \

.....

Jdet(g?)
{0} — (0, co) is defined by u(v) = o7 _ . The mean covariation S : TM \ {0} - Ris
defined by

d
S(r,v) = (I u (1),

where o, is the geodesic such that 0,,(0) = x and 6,(0) = v. We say that (M, F) has
vanishing mean covariation if S(x, v) = 0 for every (x, v) € T M, and we denote by S = 0.
We notice that any Berwald space has vanishing mean covariation, see Shen [25].

For any ¢ < 0, we introduce

P
Ven(p) = nwn/ Sc(t)n_ldt»
0

where s, denotes the unique solution of y” 4+ ¢y = 0 with y(0) = 0 and y’(0) = 1, i.e.,
r if ¢=0,
Sc(r) = sinh\(/\é?r) if ¢<O0.

In general, one has for every x € M that

Vol (B (e, ) _ o Volp(B~(x ) _

= 1. (2.6)
p—0F Ven(p) p—0F Ven(p)

When (R”, F) is a Minkowski space, then on account of (2.5), Vol (BT (x, p)) = w, 0"
for every p > 0 and x € R", and o (x) =constant. If F is the Randers metric of the form
(2.1) on a manifold M, then

ntl
AVr@ = (1- 1RW) T ava), @.7)

where dV}, (x) denotes the canonical Riemannian volume form of 2 on M.

We shall use a Bishop—Gromov volume comparison result; on account of Shen [25], Wu
and Xin [30, Theorems 6.1 and 6.3] and Zhao and Shen [33, Theorem 3.6], we recall the
following version:

Theorem 2.1 (Volume comparison) Let (M, F) be an n-dimensional Finsler—Hadamard
manifold with S = 0, K < ¢ < 0and x € M fixed. Then the function

Volr (BF (x, p))

, p>0,
Ven(p)
is non-decreasing. In particular, from (2.6) we have
Vol (BT (x, p)) = Veu(p) forall p > 0. (2.8)

If equality holds in (2.8) for some py > 0, then K(-; y,(t)) = c for every t € [0, po) and
y € Ty M with F(x,y) = 1, where yy is the constant speed geodesic with y,(0) = x and
]}y (0) =)
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2.2 Polar and Legendre transforms

We consider the polar transform (or, co-metric) of F, defined for every (x, «) € T*M by

F*(x,a) = sup ()

) (2.9)
verm\joy F(x, y)

Note that for every x € M, the function F*(x, ) is a Minkowski norm on 7,;°M. Since
F*2(x,-) is twice differentiable on T)M \ {0}, we consider the matrix g;"j (x,a) =
[%F*z(x, ®)]yiqi forevery « = D77, aldx’ e TM \ {0} in a local coordinate system
(xh).

In particular, if (M, F) is a Randers space of the form (2.1), then

Jh @ B) + (= 1B el () — ki (e )

F*(x,a) =
(@) 1= 1B ()

, (x,a)eT*M, (2.10)

where A% denotes the co-metric acting on 7'M associated to the Riemannian metric A.
Moreover, the symmetrized Finsler metric and its polar transform associated with the Randers
metric (2.1) is

h*2 ,
Fo(x,y) =/ he(y. y) + B2(0), F{ (x,0) = \/Ilallﬁ(X) - % 2.11)
h

The Legendre transform J* : T*M — T M associates to each element « € T;"M the
unique maximizer on 7y M of the map y — «a(y) — %F 2(x, v). This element can also be
interpreted as the unique vector y € Ty M with the properties

F(x,y) = F*(x,a) and o(y) = F(x, y)F*(x, o). (2.12)

In particular, if @ = Z:’Zl aldxt e T} M, one has
n

a (1 3
J*(x,0) = Z;' . (EF*z(x, a)) o (2.13)

2.3 Derivatives, Finsler—Laplace operator

Letu : M — R be a differentiable function in the distributional sense. The gradient of u is
defined by
Vu(x) = J*(x, Du(x)), (2.14)

where Du(x) € T} M denotes the (distributional) derivative of u at x € M. In local coordi-

nates, one has
n

ou i
Du(x) = ; o7, (2.15)
c 9 9
Vi) = D g Dule) = (05

i,j=1
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In general, u — Vu is not linear. If xo € M is fixed, then due to Ohta and Sturm [24],
one has

F*(x, Ddp(xg,x)) = F(x, Vdr(xg, x))
= Ddp(xg, x)(Vdp(xp,x)) =1 forae. x € M. (2.16)

Let X be a vector field on M. In a local coordinate system (x%), on account of (2.5), the
divergence is defined by div(X) = L 9 (opX'). The Finsler-Laplace operator

oF dxi
Au = div(Vu)

acts on WIL’CZ (M) and for every v € C°(M),

/ vAudm(x) = —/ Dv(Vu)dm(x), 2.17)
M M

see Ohta and Sturm [24] and Shen [27]. Note that in general A(—u) # —Au, unless (M, F)
is reversible. In particular, for a Riemannian manifold (M, F) = (M, g) the Finsler—Laplace
operator is the usual Laplace-Beltrami operator Au = A,u, while for a Minkowski space
(R*, F), by using (2.12), Au = Apu = div(F*(Du)V F*(Du)) = div(F (Vu)VF (Vu)) is
precisely the Finsler—Laplace operator considered by Cianchi and Salani [10], Ferone and
Kawohl [15], Wang and Xia [28,29], and references therein. We shall use the following result
from Wu and Xin [30]:

Theorem 2.2 (Laplacian comparison) Let (M, F) be an n-dimensional Finsler—Hadamard
manifold with S = 0. Let xo € M and ¢ < 0. Then the following statements hold:

(a) IfK < c then AdFp(xg,x) > (n — Deto(dp(xo, x)) for every x € M \ {xo};
() Ifc < K then Adp(xo, x) < (n — 1)ceto(dp(x0, x)) for every x € M \ {xo}.

2.4 Reversibility and uniformity constants

Inspired by Rademacher [20], we introduce the reversibility constant associated with F,

F(x,y)
rp = suprp(x) where rp(x)= sup ——— (2.18)

xeM yer.mjoy F(x, —y)’

It is clear that rr > 1 (possibly, rr = +00) and rr = 1 if and only if (M, F) is reversible.
In the same way, we define the constant r g+ associated with F* and one has rpx = rp.
The number

lp = inf [p(x) where Ip(x) = inf w,
xeM y,v,weTy M\{0} g(x,w)(yv y)

is the uniformity constant of F which measures how far F and F* are from Riemannian
structures, see Egloff [13]. Indeed, one can see that/r < 1, and/r = 1 if and only if (M, F)
is a Riemannian manifold, see Ohta [23]. In the same manner, we can define the constant [ g«
for F'*, and it follows that [ 7+ = [. The definition of /¢ in turn shows that

F2(x,ta+ (1 —0)B) < tF2(x,a)+(1 =) F*2(x, B) —lpt (1 =) F**(x, B—a) (2.19)

forallx e M, o, € TyM and t € [0, 1].
By the above definitions, one can easily deduce that

Ir(X)ra(x) <1, x € M. (2.20)
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For the Randers metric (2.1), a direct computation gives that

1+ (1Bl (x) 1= 18ln(x)\*
= d [ =|— , M, 2.21
O = T T Bl P (1+||,B||h(x)) e 2D

see also Yuan and Zhao [31].

Proposition 2.1 Let (M, F) be a Finsler manifold. Then the following statements hold:

(a) Iflp > Othenrp < +o00;
(b) If rr < 400, then forward and backward completeness of (M, F) coincide;
(c) If (M, F) is of Randers type [see (2.1)] with S = 0 then I > 0.

Proof (a) follows by (2.20). (b) is a simple consequence of the Hopf—Rinow theorem, since
asetin M is forward bounded if and only if it is backward bounded whenever rr < +00. (c)
If (M, F) is of Randers type with S = 0 and F has the form from (2.1), Ohta [22] proved that
B is a Killing form of constant i-length, i.e., there exists S € (0, 1) such that || 8]/ (x) = Bo

2
for every x € M. Therefore, by (2.21), one has that [ = (17’3") > 0. m]

1+Bo

3 Reversibility versus Sobolev spaces on non-compact Finsler manifolds

Proof of Theorem 1.1 Due to the convexity of F*2 ifu,v e WOI’Z(M, F,m)thenu +v €
Wol’z(M, F, m). Moreover, since rp < 00, one also has that cu € WOI’Z(M, F, m) for every

ceRandu € WOI’Z(M, F, m). Consequently, WOI’Z(M, F, m) is a vector space over R.

Note that || - || r, is anorm and || - || ¢ is an asymmetric norm. Moreover, a simple argument
based on the definition of the reversibility constant rr gives that || - ||, and || - ||F are
equivalent; in particular, one has

12\ I
( F) F*(x,a>5E:‘<x,a>5(2F) F*(x,a), V(x,a) € T*M;

2

thus relation (1.2) also yields.
Let

L*(M,m) = {u: M — R : uis measurable, [[u]l;2;m < o0},

12
||u||Lz(M,m)=( /M uz(x)dm(x)) .

It is standard that (L2(M, m), || - | 22(p,m)) is a Hilbert space. Since F*2isa (strictly) convex

where

function, so Fs*z, one can prove that (WS’Z(M, F,m), |l - |lF,) is a closed subspace of the
Hilbert space L2(M , m), which concludes the proof. ]

Remark 3.1 The statement of Theorem 1.1 remains valid for an arbitrary open domain  C
M instead of the whole manifold M.

Sharpness of Theorem 1.1. We claim that in general W01’2(M , F, m) need not has a vec-
tor space structure. In fact, we cannot assert that u € WO1 ’2(M , F,m) implies —u €
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WO1 ‘2(M , F, m) whenever the reversibility constant rr is not finite. A similar phenomenon
is already pointed out in [19] for a Funk-type metric.

For completeness, we provide another example on the Finsler—Poincaré disc model. If
x1 =rcosf and x, = r sin 0 are the polar coordinates, let

M =B%0,2) = {x = (x1,x2) € R*: r? = x> = x7 + x5 < 4)
and F be the Randers metric given by (2.1) where
16

2 2992
h:m(dr —I—rd@) and /3:

16r

16 — r4 dr,

see [5, Section 12.6]. Consequently, if V = p% + q% € T(9)M, then we explicitly have

F.0.V) = o2 gt 4 0
Note that
4r
I1B1ln(x) = i 3.1
thus the volume element [see (2.7)] takes the form
2
dm(x) = dVp(x) = %drd@. (3.2)

The pair (M, F) is a forward (but not backward) complete Randers space with constant flag
curvature K = —% and

4 2
dr(0, x) = log ((;%)2) and dr(x,0) = log (

2+7r)?
4472 )°
where 0 = (0, 0).
2
Due to relations (2.21) and (3.1), one has rp (x) = (%) , where r = |x|. Consequently,
the reversibility constant

. 2+7r)\*
rp = sup rr(x) = lim = 400
xeM r>2\2—-r

and
lp=0.
By (2.15), one has

42 +r)
Q-G+

Therefore, by means of (2.10), a direct computation yields that

Ddr (0, x) =

2
F*(x,Ddr(0,x)) =1 and F*(x,—Ddp(0,x)) = (ii—:) . (3.3)

Note that the first relation in (3.3) follows also by (2.16).
Letu : M — R be defined by

_dp(0.x)
ux) =—e & .
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dp(0,x)
It is clear that u € WIL’CZ (M). Since Du(x) = %e‘ 5 DdFr(0, x), by the first relation of

(3.3) and (3.2) one has

7dp(0,x)

I ;:/ F*2(x, Du(x))dm(x) = i/ e” " 2 dm(x)
, 16 Ju

2 N2
o [frE=reen,
0 4+r2)2

b4
30°

thus u € W1-2(M, F, m). Furthermore,

1:=/ uz(x)dm(x)z/ 2 gy = O
M M

15
Thus,

177

2
=1 —‘,—127’
lully = 1+ 30

sou € Wy (M, F,m).
However, the second relation of (3.3) and (3.2) imply that

%2 1 _dEO00) o
I_ = / F*(x, —Du(x))dm(x) = —/ ez F*(x,—Ddpr(0, x))dm(x)

2 2 5
[,

0 @+riQ-r2
= +o0,

Therefore,
I —ullf =1+ 1 = +oo,

ie., —u ¢ W1’2(M, F,m)and —u ¢ WOI’Z(M, F, m). Moreover, according to (2.11), one
has that

lul% = | —ul% == + =/ —2+2v2In (5+4ﬁ+4/4—2ﬁ+6/—2+2ﬁ)

5 16
/ 2422 =V =242/2
—i—z 2 + 24/2 arctan 2+ V2 V2 V2
8 V2-2
~0.1877.
Consequently, the norm || - || r, and the asymmetric norm || - || ¢ are not equivalent.

4 Convexity of the singular Hardy-Finsler energy functional

In order to deal with singular problems of type (Pg) we first need a Hardy inequality on (not
necessarily reversible) Finsler—Hadamard manifold with S = 0. As mentioned before, these
spaces include Finsler-Hadamard manifolds of Berwald type (thus, both Minkowski spaces
and Hadamard—Riemannian manifolds).
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Proposition 4.1 Let (M, F) be an n-dimensional (n > 3) Finsler—Hadamard manifold with
S =0, and let xg € M be fixed. Then

2
/MF*Z(x,—D(IuI)(x))dm(x)Zﬁ/ G

dm(x), Vu e CF(M), 4.1
vt (0, ) m(x), Yu e Cy (M) “.D

_ 2 . . .
where the constant [t = % is optimal and never achieved.

Proof By convexity, we have the following inequality
F2(x, ) =2 F(x,0) +2(8 =) (J*(x, @), Vo, p € TI M. 4.2)

Let xo € M and u € C{°(M) be arbitrarily fixed and let y = /;x = ”—52 > 0. We consider
the function v(x) = dp(xg, x)Y u(x). Therefore, u(x) = dr(xg, x)~7 v(x) and one has

D(ul)(x) = —ydr (x0, x) "~ [v|DdF (x0, x) + dF (x0, x) 77 D([])(x).

Applying the inequality (4.2) with the choices 8 = —DJu| and o = ydF(xo, x)"7 |
DdF(xg, x), respectively, one can deduce that

F*2(x, =D(lul)(x)) = F*(x, ydr(x0, x) 7"~ o(x)| DdF (x0, x))
—2dF (x0, x) 7Y D)) (x)(J*(x, ydr (x0, x) Y~ o (x)| DdF (x0, x))).

Due to relation (2.16), to the fact that J*(x, Ddr(xg, x)) = Vdp(xg, x) and D(|v|)(x) €
T}M, we obtain

F*2(x, =D(lu)(x)) = y*dF (xo, x) "2 o ()]
—2ydr (x0, x) " " )| D(v]) (x) (VdF (x0, X)).

Integrating the latter inequality over M, it yields
/M F*2(x, =D(luh(x))dm(x) = y? /M dp (x0, x) "2 () [2dm(x) + Ro,
where
Ry = _2)’/MdF(x0sx)_zy_l|U(x)|D(|U|)(x)(VdF(XO’x))dm(x)~

Since S = 0 and K < 0, Theorem 2.2 (a) shows that
dr(xg, x)Adp(xg,x) >n—1 forae. x € M.

Consequently, by (2.17), (2.16) and the latter estimate one has
Ro=—y / Do) dr (0. 1)~V (xp. ))dm(x)
M
=y / () 2div(dr (xo, x) "2 ' Vdp (xo, x))dm(x)
M

- y/ [v(x)|2dFp (x0, x) "2 72 (=2y — 1 + dF(x0, x)AdF (xp, x)) dm(x) > 0,
M

which completes the first part of the proof.

2
We now prove that y? = % is sharp. Fix the numbers R > r > 0 and a smooth cutoff
function v : M — [0, 1] with supp(y) = B+ (xo, R) and ¥ (x) = 1 for x € B¥(xo, r), and

for every ¢ > 0, let u.(x) = (max{e, dg(xg, x)}) 7V, x € M.
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On the one hand, by (2.16) we have
Ii(e) := /M F*2(x, =D (Yrug)(x))dm(x)

= / F*2(x, —Dug (x))dm(x) + / F*2(x, = D(Yue)(x))dm(x)
B+ (x0,r)

B (x0, R\B™ (x0,7)

2 / dr (0. x)~ 7 ~2dm() + T ().
B+ (x0,r)\B*(x0.¢)

where the quantity
Ii(e) = / F*2(x, =D () (x))dm(x)
B+ (x0, R)\B* (x0.r)

is finite and does not depend on ¢ > 0 whenever ¢ < r. On the other hand,

(Yue)* (x)

m dF(xo, x)?

> / dr (0, 1)~ 72dm(x) = o).
B+ (x0,r)\BT (x0,¢)

h(e) = dm(x)

By (2.8), one has
Vol (BT (xg, p)) = wup", Vp > 0.

Therefore, by applying the layer cake representation, we deduce that for 0 < & < r, one has

he) = / dr (x0, )2 2dm(x) = / dr (x0. x)"dm(x)
B+ (x0,r)\BT (x0,€) Bt (x0,r)\BT (x9,¢)

8—”
> / Vol (BT (xo, p~))dp
r*ﬂ

—n

&€
> wn/ pdp
r*"

= nw,(Inr —Ineg).
In particular, lim,_, o+ I>(¢) = 4-00. Thus, from the above relations it follows that

=27 o [y PP - D(uh)dm)
= 1 3
4 ueC§e (M)\{0} Iy dél()fg,l)dm(x)

Lie) _ . y*Dh(e) + 1ie)
= bIm < lim —————
e—0t Ir(e) e—01 12(8)
, (=27
= R
A standard reasoning shows that this constant is never achieved. O

Remark 4.1 Proposition 4.1 can be proved for an arbitrary open domain 2 C M instead of
the whole manifold M with xg € Q.

In the sequel, we prove the main result of this section.
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Theorem 4.1 Let (M, F) be an n-dimensional (n > 3) Finsler—-Hadamard manifold with
S=0andlr > 0. Let Q C M be an open domain and xy € 2. Then the functional
Sy 2 Wy R(R2, F,m) — R defined by

u?(x)

d
2o,

A (1) =/ F*2(x, Du(x))dm(x) —u/
Q Q

is positive unless u = 0 and strictly convex whenever 0 < p <1 prgzﬁ.

Proof Let 0 < u < lpr;zﬁ and xo € Q be fixed arbitrarily. By (2.20), one has r% <
l;l < +00. The positivity of K, follows by Proposition 4.1. Let 0 < ¢t < 1 and u,v €
Wy % (22, F,m), u # v be fixed. Then, by (2.19), from the fact that

F*(x, D(v — u)(x)) = rp' F*(x, —=D(Jv — u])(x)), x € €,

and Proposition 4.1, one has

o (tu 4+ (1 — o) = / F*z(x, tDu(x) + (1 —t)Dv(x))dm(x)
Q

_ 2
B /(tu+(1 t)v) dmo)
Q

dr (xo, x)?

< t/ F*2(x,Du(x))dm(x)+(l—t)/ F*2(x, Dv(x))dm(x)
Q Q

—lpt(1 — z)/ F*2(x, D(v — u)(x))dm(x)
Q

_ 2
u (tu + (1 — t)v) dm(x)

o  di(xo,x)
=t (u) + (1 — 1), (v)

)
(1 — t)lF/ (F*Z(x, D — u)(x)) — ulz! (vu)))dm(x)
Q

F
d%(xo, X

<t A, W)+ (1 —1)H, (v) —t(1 — Dlpry?

2
/ (F*Z(x, —DJv— ul(x)) — uli'r2 (vu))dm(x)
Q

P a2 (xo, x)

<t () + 1 =0, (v),

which concludes the proof. O

5 Singular Poisson equations on Finsler-Hadamard manifolds
Let (M, F) be a (not necessarily reversible) complete, n-dimensional (n > 3) Finsler mani-
fold, and 2 C M be an open domain, xg € 2. For u € R, on WOI’Z(Q, F, m) we define the

singular Finsler—Laplace operator

Lhu = A(—u) — p——.
g d?.(xo, x)
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Proposition 5.1 (Comparison principle) Let (M, F) be an n-dimensional (n > 3) Finsler—
Hadamard manifold with S = 0 and I > 0. Let @ C M be an open domain. If[l’;u < ll’;v
inQandu < von o2, thenu < v a.e. in Q whenever u € [0, lprgzﬁ).

Proof Assume that @ = {x € Q : u(x) > v(x)} has a positive measure. Then, multiplying
Lféu < £’;v by (u — v)4, by (2.17) one obtains

(u —v)?
(D(=v) — D(=u))(V(=v) — V(—u))dm(x) — M/ ———dm(x) < 0.

o Q, dx(xo, x)

By (2.14) and the mean value theorem, the definition of /r yields that for every x € 4,
(D(=v) = D(=u)(V(=v) = V(=) = [pF*(x, D(=v) = D(~u))
= 1pF*(x, D(u — v))
> Iprp? F*2(x, —D(u — v)).

Combining these relations with Proposition 4.1, it follows that
(IFFEZ - g)/ F*(x, =D(u — v)(x))dm(x) <0,
w)Ja,

which is a contradiction. m]

Letu €0,/ Frgzﬁ) and k € L°°(2). We consider the singular Poisson problem

woo_ : .
[EFM—K(x) in Q; (PS,K)

u=20 on 0€2,

where 2 C M is an open, bounded domain. We introduce the singular energy functional
associated with the operator 5’; on WOI’Z(SZ, F, m), defined by

) = (Lhu)(u).

According to (2.17), we have in fact

u?(x) o
dr (g, 2 M) = A0,

Eu(u):/ F*2(x, —Du(x))dm(x)—p,/
Q Q

Theorem 5.1 Let (M, F) be an n-dimensional (n > 3) Finsler—Hadamard manifold with
S=0andlr > 0. Let Q C M be an open, bounded domain and a non-negative function
k € L°°(2). Then problem (Pg"() has a unique, non-negative weak solution for every

1€ [0, lprp o).

Proof Let n € [0,1 Frgzﬁ) be fixed and consider the energy functional associated with
LK

problem (Pg,"), i.e.,
Fu(u) = %%(—u) —/ K(u(x)dm(x), u € Wy (R, F, m).
Q

It is clear that 7, € C 1(W(}’Z(Q, F,m), R), and its critical points are precisely the weak
solutions of problem (P5™). Let R > Oand xg € M be suchthat 2 C BT (xg, R). According
to Wu and Xin [30, Theorem 7.3], we have

F*2(x, D dm — 12
M(Q) = inf Jo (x2 u@)dme) g 2) .
wewl@ Fmno) Jour(x)dm(x) AR2Z
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Consequently, for every u € WOI’Z(Q, F, m), one has that
A1(£2)

F*2(x, Du(x))dm(x) > ————||u||>.
[P Duoame) = sl
Since || - || r and || - || r, are equivalent [see (1.2)], we conclude that 7, is bounded from below
and coercive on the reflexive Banach space (W&’Z(Q, F,m), |l - lr), ie, Fu(u) — 400

whenever ||u||r, — +o00. Due to Theorem 4.1, 7, is strictly convex on Wol‘z(Q, F, m), thus
the basic result of the calculus of variations implies that F,, has a unique (global) minimum

point u, € Wol’z(Q, F,m) of 7, see Zeidler [32, Theorem 38.C and Proposition 38.15],
which is also the unique critical point of 7. Since ¥ > 0, Proposition 5.1 implies that
u, > 0. O

Remark 5.1 Theorem 1.2 directly follows by Theorem 5.1.
Lemma 5.1 Let f € C?(0, 00) be a non-increasing function. Then

Ly (f(dF(x0, %)) = = f"(dF (x0, ) = f'(dF(x0, %)) X Adp(x0, x)

Sf(dF(xo, x))
MK d%(xo,x) , X € M \ {XO}-

Proof Since f' < 0, the claim follows from basic properties of the Legendre transform.
Namely, one has

A(=f(dF(x0,x))) = div(V(=f(dF (x0, x)))) = div (J*(x, D(— f (dF (x0, X))))
= div(J*(x, — f'(dF (x0, X)) DdF (x0, X)))
= div(—f"(dr (x0, x)) VdF (x0, x))
= —f"(dF (x0, x)) — f'(dF (x0, %)) x AdF(xo, x),
which concludes the proof. O
For every i € [0, &), ¢ < 0 and p > 0, we recall the ordinary differential equation
[f”(r) + (= Df (ete(r) + nlE +1=0, r € 0. pl,
f)=0, [ f'r)*r"~ldr < oo.

Proposition 5.2 (Q{.f o) has a unique, non-negative, non-increasing solution belonging to
C>(0, p).

Q)

Proof We fix n € [0,72), ¢ < 0 and p > 0. Let us consider the Riemannian space form
(M, g.) with constant sectional curvature ¢ < 0,, i.e., (M, g.) is isometric to the Euclidean
space when ¢ = 0, or (M, g.) is isometric to the hyperbolic space with sectional curvature
¢ < 0.Letxo € M be fixed. Since (M, g.) verifies the assumptions of Theorem 5.1, problem

(R )

—Agu — /«LW =1 in Bg. (x0, p);
u=20 on 9By (x0, ),

has a unique, non-negative solution u( which is nothing but the unique global minimum point
of the energy functional 7, : W&’Z(Bgv (x0, p), &, M) — R defined by

2
Fuu) = 1/ | Du(x)|2, dm(x) — ﬁ/ ) gm
By (x0.p) B

2 J By (wo.p) 42 (x0, X)
—/ u(x)dm(x).
By (x0,0)
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In this particular case, dm denotes the canonical Riemannian volume form on (M, g.).

Let ujy : By (x0, p) — [0, 00) be the non-increasing symmetric rearrangement of ug in
the space form (M, g.), see Baernstein [4]. Note that Pélya—Szeg6é and Hardy-Littlewood
inequalities imply that

/ |Dup ()12, dm(x) > / | D012 dm(x),
J By, (x0.0) By, (x0.0)

and

2 *2
/ 99 ey < / 20 _am ),
B B

o (X0.0) dgzc (x0, x) ¢ (X0.0) déc (x0, X)

respectively. Moreover, by the Cavalieri principle, we also have that

/ wo(x)dm(x) = / ()M (x).
By, (x0,p) By, (x0,0)

Therefore, we obtain that F, (ug) > F, (ug). Consequently, by the uniqueness of the global
minimizer of 7, we have ug = ug; thus, its form is ug(x) = f(t) where t = dg (xo, x)
and f : (0, p] — R is a non-negative and non-increasing function. Clearly, f(p) = 0 since
uop(x) = 0 whenever d, (xo, x) = p. Moreover, since ug = ug, € WOI’Z(BS(, (x0, p), &¢, M),
a suitable change of variables gives that fo'o f'(n?*r"~'dr < oo. By Lemma 5.1 and Theo-
rem 2.2 it follows that the first part of (R ,) can be transformed into the first part of (Q% ,);
in particular, problem (QZ ,) has a non-negative, non-increasing solution. Standard regu-
larity theory implies that f € C°°(0, p), see Evans [14, p. 334]. Finally, if we assume that
(Qﬁf o) has two distinct non-negative, non-increasing solutions f1 and f5, then both functions
ui(x) = fi(dg (x0,x)) (i € {1,2}) verify (Rﬁp), which are distinct global minima of the
energy functional ¥,,, a contradiction. O

Proof of Theorem 1.3 Let u be the unique solution of problem (Pg). We claim that

[[:l;"(au,p],q (dp(x,x))) <1=L%w) in BT (xp, p1);
Oupr,er (dF (X0, X)) =0 < u(x) on 3BT (xq, p1),

where p; = sup{p > 0: BT (xp, p) C £}. On one hand, since c; < K, due to Theorem 2.2
(b) and to the fact that oy, ,, ¢, is non-increasing, by equation (Q’fl, o) one has for x €
B (x0, p1) \ {x0},

1 =—0) , . (dr(xo, x)) = (n— Doy, , . (dF(xo, x))ete, (dF (x0, X))
_ Gu,pl,cl (dF ()CO, .X))
d%(xo, x)

Ou,pi,ci (dF (x0, x))
dF (x0, x)

> =0} o o @r(x0, %)) — 0y, (dF(x0, X)) AdF (x0, X) —

= LY (0. py.c (dF (X0, X))

On the other hand, since u is non-negative in 2, it follows that 0 = o, p, ¢, (dF (x0, X)) <
u(x) on B+ (xq, p1). It remains to apply the comparision principle (Proposition 5.1), obtain-
ing

O pr.e; (dr(x0,x)) <u(x) forae. x e B+(x0, 01).
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Similarly, by using Theorem 2.2 (a) and K < ¢;, one can prove that

1= L% ) < L0 py,00(dp(x0, %)) in €
u(x) =0 < oy, py,c, (dr(x0, X)) on 92,

where py = inf{p > 0 : Q C BT (xo, p)}. In particular, by Proposition 5.1 again we have
that

u(x) < oy py,e(dp(xo,x)) forae. x e Q.

IfK=c<0and Q = B (xp, p) for some p > 0, then p; = p» = p, and from above
it follows that u(x) = o ,c(dFr(xo, x)) is the unique weak solution of problem (PZJr o p))

which is also a pointwise solution in B (xg, p) \ {xo}. ]
A simple consequence of Theorem 1.3 is the following

Corollary 5.1 Let (M, F) = (R", ||-||) be a Minkowski space and let i € [0, lpr;zﬁ), Xg €
R" and p > 0 be fixed. Then u = o 5,0(|l - —xoll) € C>® (Bt (x0, p) \ {x0}) is the unique
pointwise solution to problem (Png(xO p)) in B*(xg, p) \ {x0}.

Proof (M, F) = (R", || - ||) being a Minkowski space, it is a Finsler—Hadamard manifold
with S =0, K= 0and/r > 0. It remains to apply Theorem 1.3. O

Remark 5.2 (i) In addition to the conclusions of Corollary 5.1, one can see that

(@) 0,.p.0 € CH(BT(x0, p)) if and only if © = 0, and
(b) oup,0 € C%(B*(xg, p)) if and only if £ =0and F = || - || is Euclidean.

(ii)) When (M, F) = (R", || - ||) is a reversible Minkowski space and p = 0, Corollary 5.1
reduces to Theorem 2.1 from Ferone and Kawohl [15].

In connection with Corollary 5.1 we establish an estimate for the solution of the singular
Poisson equation on backward geodesic balls on Minkowski spaces. To do this, we assume

that Orp0 is extended beyond r ) formally by the same function, its explicit form being

given after the problem (Q% ,). Although problem (P’ (Xo.p)) cannot be solved explicitly in
general, the following sharp estimates can be given for its unique solution by means of the
reversibility constant 7 r.

Proposition 5.3 Let (M, F) = (R", || - ||) be a Minkowski space and let v € [0, lFrljzﬁ),

xo € R"and p > 0 be fixed. If ii;, , denotes the unique weak solution to problem (Pg, o p)),
then

(=15 oIl = X0ID)4 = i p () < g 0(lx = x0l) for ae. x € B~ (xo, ).
Moreover, the above two bounds coincide if and only if (M, F) is reversible.

Proof The proof immediately follows by the comparison principle Proposition 5.1, showing
that
chi,) i B (x0, p);

on 9B~ (xo, p),

where w;’p(x) = O'l}”r;‘lpyo(”.x — xo]|) and w:{,p(x) = 0, rpp,0(lx — X0, respectively. O

@ Springer



Singular Poisson equations

Proof of Theorem 1.4 Let xo € M be fixed and we assume that for some p € [0, [ pr;zﬁ),

the function u(x) = oy, (dr(xo, x)) is the unique pointwise solution of (PZ+ o p)) on

BT (x0, p) \ {x0} for some p > 0. By Lemma 5.1 and from the fact that O, p,c 18 a solution
of (Q% ), it follows that

AdF (xo, x) = (n = Dete(dF (xo, x)) in B (x0, p) \ {x0}
pointwisely. The latter relation and a simple calculation shows that
Aw(dF(xo,x)) = 1in BT (x0, p) \ {xo},
where

we(r) = / so(5) ! /S so(1)""\drds. (5.1)
0 0

Let 0 < 7 < p be fixed arbitrarily. The unit outward normal vector to the forward geodesic
sphere St (xg, 7) = 0BT (x0,7) = {x € M : dp(x0,x) = t}at x € ST(xg, ) is given by
n = Vdr(xg, x). Let us denote by d¢ (x) the canonical volume form on S (x¢, 7) induced
by dm(x) = dVg(x). By Stokes’ formula (see [26], [30, Lemma 3.2]) and g(x ny(n, n) =
F(x,n)? = F(x, Vdr(xg, x))? = 1 [see (2.16)], on account of relation (5.1) we have

Vol (B* (xo, 7)) = / A(we(dF(xo, x)))dm(x)

Bt (x0,7)

= / div(V(we(dF (x0, x))))dm(x)
Bt (x0,7)

= / gee.my (M, w.(dp(x0, x))VdF (xo, x))dgF (x)
S+ (x0,7)
= w/.(t) x Arear (ST (xo, 7)).
Therefore,

Areap(St(xo.7)) 1 s.(o)"!
Volp (Bt (x0, 7))  wi(t) fO’ sc(n)n=1de’

or equivalently,

Vol p(B*(x0. 7)) _ L[5 se(1dr
Volg (Bt (xo, 7)) Jo se@)r=1de

Integrating the latter expression on the interval [s, p], 0 < s < p, and exploiting (2.6), it

follows that
Volp(B* (v0.p) _ | Volp(BY (x0.5)) _

im
Ven(p) s—>0% Ven(s)
According to Theorem 2.1, it yields
K(; yxo,y(t)) =c

for every t € [0, p) and y € T, M with F(xp, y) = 1, where yy,,, is the constant speed
geodesic with yy, ,(0) = xo and yy, ,(0) = y. This concludes the proof. O

1. (5.2)

Proof of Theorem 1.5 The implications “(a)=>(b)” and “(c)=-(a)” are trivial, see Corollary
5.1; it remains to prove “(b)=>(c)”. By the Proof of Theorem 1.4 we know the validity of
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relation (5.2) for every p > 0. Let x € M and p > 0 be arbitrarily fixed. We have that

- Volr (B (x, p))

1< (see(2.8))
Vo.n(p)
Volr (B (x,
< lim sup M (monotonicity from Theorem 2.1)
r—00 VO,n ()
Volg (BT d
< tim sup ~FBTC0.r HdE@0 D) gty Bt (o - 4 di (20, 1))
r—00 VO,n(V)
i (VolF(B+(XO, r+dp(xo, %)) _ Von(r +dr(xo, x)))
= lim sup X
r—00 Vo,n(r +dr(xo, x)) Vo,n (r)

=1, (see(5.2))
because one has

Vo, (r + dp(xo, X)) _ (r +dF(xp, x)" _

lim lim 1. (5.3)
r—00 Vo.n(r) r—00 ri
Consequently,
Volp (BT (x, p)) = Vo.u(p) = wpp" forallx e M and p > 0. (5.4

On account of Theorem 2.1 and relation (5.4), we conclude that K = 0.

Note that every Berwald space with K = 0 is necessarily a locally Minkowski space, see
Bao et al. [5, Section 10.5]. Therefore, the global volume identity (5.4) actually implies that
(M, F) is isometric to a Minkowski space. O
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