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The proposed semi-layerwise approach captures the mechanical behavior of delaminated
composite plates using four equivalent single layers independently of the lay-up. Two equiv-
alent single layers are applied for both the top and bottom parts of a delaminated plate. The
updated version of the system of exact kinematic conditions formulates the continuity of the
in-plane displacements between the neighboring layers, the location of the global reference
plane of the plate and - as important additions compared to previous papers - the continuity
of shear strains, their derivatives and curvatures, respectively. The method is demonstrated
using the first-, second- and third-order plate theories. As examples, simply supported de-
laminated plates are considered.The continuity between the delaminated and undelaminated
plate regions is established through the theorem of autocontinuity. The J-integral is calculated

Theoreom of autocontinuity along the straight delamination front and compared to the results of the virtual crack closure

technique. The results indicate that the the first- and third-order plate theories provide the
best solutions, and give good approximation even in those cases when the previous models
failed, i.e., when the delamination is asymmetrically placed between two layers and it is close
to the free surface of the plate.

© 2015 Published by Elsevier Inc.

1. Introduction

Composite materials are susceptible to many type of damage modes [1-3]. One of them is delamination fracture induced
by manufacturing and installation defects [4-8], low velocity impact [9-13], free edge effect [14,15] and the usage of notches
and indentations [16,17] for the installation of the structure. The presence of cracks and delaminations in laminated composite
beams and plates reduce significantly the stiffness and strength [18,19], moreover alter significantly the dynamical properties of
the structure [20-25]. The stress intensity factor (SIF) [26-30] and energy release rate (ERR) [31-33] are the basic parameters
of linear elastic fracture mechanics for the material characterization against delamination fracture (onset and propagation). The
mode-1[34-43], mode-1I [44-49], mode-1Il [50-63], and mixed-mode 1/l [42,44,64-76], /111 [77,78], 11/l [54,79-89], and 1/11/I1I
[90-92], fracture in composite materials is characterized by standard and nonstandard beam and plate specimens. While for
beams the analytical solutions are relatively easy to develop, for plates similar exact solutions are difficult to obtain.

The classical (CLPT) or Kirchhoff [93-96], first-order (FSDT) [97-101], second-order (SSDT) [102,103,103-106], general third-
order (TSDT) [107-111] and Reddy’s [112-115] third-order shear deformation plate theories are widely-used in the composite
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Fig. 1. Plate elements with orthotropic plies and the position of the delamination over the thickness of the plate.

literature to solve different plate problems in the field of statics, dynamics and stability. The layerwise (or zig-zag) theories
[93,116-120] make it possible to calculate the interlaminar stresses more accurately than by using the ESL methods. However,
the plate theories are applied only partially in the analysis of fracture mechanical tests, in most of the cases a 3D finite element
(FE) analysis is preferred [121,122]. The finite element modeling of delaminations and cracks in 3D structures is computationally
expensive. Typical examples in this respect are the different fracture mechanical configurations to determine the mode-IIl energy
release rate [78,122].

Recently many articles were published on the modeling of the bending of composite plates with delamination using CLPT,
FSDT, SSDT, TSDT for symmetrically [123-125] and asymmetrically [106,114,125,126| delaminated plates and by using layerwise
approximations for in-plane loading and cylindrical bending [127-130]. The method of two ESLs was introduced in the former
works and it was shown that for symmetric (midplane) delamination each method works well; however Reddy’s third-order
theory provides the best accuracy compared to FE results if the delamination is asymmetrically placed between two adjacent
layers [114]. The mentioned problems involve typically mixed-mode II/III fracture conditions, in case it has already been shown
that the coupling between the mode-II and mode-III SIFs could be significant [131,132].

This paper proposes the method of four ESLs for the delamination modeling of laminated composite plates. Three different
theories are applied: FSDT, SSDT and general TSDT. The main aspect of the formulation is that the delamination plane divides the
plate into a top and a bottom subplate. These subplates are modeled by two ESLs. The kinematic continuity is provided by the
updated version of the system of exact kinematic conditions (SEKC) [114,125], the novelty is the specification of the continuity
conditions with respect to the shear strain derivative and curvature. The displacement field satisfying the continuity conditions
are formulated and the governing equations are derived based on variational calculus. Two simply-supported plates with de-
lamination are examined and the Lévy plate formulation is used to reduce the system of PDEs to system of ODEs. The continuity
between the delaminated and undelaminated portions has been formulated and it was highlighted that the number of constants
in the solution functions is less than the number of continuity conditions. Therefore, in conjunction with the proposed 4ESL
method the theorem of autocontinuity is introduced and a proof is given, as well. This theorem makes it possible to ensure the
continuity between the delaminated and undelaminated portions by assigning the so-called autocontinuity parameters, which
ensures the automatic continuity of first-, second- and third-order displacement terms in a reduced form. The displacement and
stress fields in the laminated plates were determined by FSDT, SSDT and TSDT and at certain sections located in the delamination
front were plotted along the thickness of the plate. The distributions of the J-integrals and mode mixities along the delamination
front were also calculated and were compared to the results of the virtual crack closure technique (VCCT). The agreements and
disagreements of the 2D analytical results with the numerical models are discussed.

2. Semi-layerwise laminated plate theory - the method of four ESLs

The concept of the semi-layerwise modeling is shown in Fig. 1. The plate elements contain an interfacial delamination, which
divides the plate into a top and a bottom layer. Each layer is divided into further two ESLs. In other words the whole lami-
nate is modeled by four ESLs - two above and below the delamination plane. The interface plane between two adjacent ESLs
is the perturbation plane. The ESLs can be modeled by different plate theories. In this work the FSDT, SSDT and TSDT are ap-
plied to capture the mechanical fields. The components of the displacement field in general third-order plates can be written
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Fig. 2. Cross sections and deformation of the top and bottom plate elements of a delaminated plate in the X-Z plane (a). Distribution of the transverse shear
strains by FSDT, SSDT and TSDT (b).

as [107-110]:
(X, y.29) = ug(X. y) + oi(x. ¥) + O (%. Y)2¥ + Pyi (. y) )2 + X 1%, y) (2)?
vi(x.y.20) = vo(x.y) + Voi(X. ¥) + Oypi (%, )20 + P (x. ) (20)? + X%, ) (20)?
wi(x,y) = wi(x,y), (1)

where i is the index of the actual ESL, z\!) is the local through thickness coordinate of the ith ESL, 1y and v are the global, ug; and
Vp; are the local membrane displacements; moreover, & means the rotations of the cross sections about the X and Y axes (refer to
Fig. 1), ¢ denotes the second-order, A represents the third-order terms in the displacement functions. The displacement fields of
FSDT and SSDT can be obtained by reducing Eq. (1) [98,133].

Definition (semi-layerwise plate model). If a laminated plate with the N; number of layers is modeled by the Ngg; number
of equivalent single layers and Ngs; < N; then the model is called the semi-layerwise plate model. In this case the stiffness
parameters and matrices of each ESL has to be determined based on the original lay-up of the plate. If Nz, = N; then the model
is a standard layerwise model.

3. The system of exact kinematic conditions — SEKC

The system of exact kinematic conditions has been formulated in [125] for first-order plates, later it was applied to second-
[111] and third-order (Reddy) plates [114]. In the former papers the method of two ESLs was applied. Among the models pub-
lished recently by the author it was shown that the best agreement with the VCCT results can be obtained by using the Reddy
third-order theory. However, if the delamination is very close to the free surface of the plate then because of the perturbated
stress state even Reddy’s third-order theory predicts erroneously the shear stresses and the ERRs [114]. Therefore to perform
some refinement the method of four ESLs is presented: both the top and bottom plates are captured by two ESLs.

In the sequel we treat only orthotropic composite plates containing an interfacial delamination between any two adjacent
plies. The following formulation is valid in the general sense (with optional number of ESLs), as an illustration Figs. 2 and 3 show
the concept in the X-Z and Y-Z planes of a plate with 4ESLs. The kinematic continuity of the field variables has to be established
between each neighboring ESLs. First, the in-plane displacements have to be continuous at each interface (or perturbation) plane
involving the following conditions:

Wy Vay W) Lo 2= Wisnys Virtys Weirty) i ——g,, 20 (2)

where t denotes the thickness. If the global reference plane (given by zg‘)) is located in the kth layer, then at this plane the
in-plane displacements are equal to the global membrane displacements ug and vy [93,94], viz.:

Uk |Z(k)=z;(”<) —up =0,V |Z(k)=z'(€k) —1=0. (3)
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Fig. 3. Cross sections and deformation of the top and bottom plate elements of a delaminated plate in the Y-Z plane (a). Distribution of the transverse shear
strains by FSDT, SSDT and TSDT (b).

The conditions given by Egs. (2) and (3) are sufficient to develop semi-layerwise models using the FSDT. However, better accu-
racy can be achieved by using higher-order theories. If SSDT is applied then even the shear strains are assumed to be continuous
across the interfaces:

(Vxatiys Vyzi) |20 =t2= (Vxa(in1)> Vyztien)) z6e0 =t 2.

(4)

It will be discussed later, that for third-order plates even the derivatives and the curvatures of the shear strains need to be con-
tinuous between the interfaces (otherwise the model becomes too compliant and leads to erroneous shear strain distributions):

and:

az® ’

(

02 sz(i) 02 yyz(i)
3(z0)2° 3 (z)2

0 Vxa(i) 0 Yyz(i)
0z

N

20=t;/2

z0=t;/2

3sz(1’+1) 3J/yz(i+1)
0z(+1D) 7 §z(i+1)

)

?Vir(ir) 0% Vya(inn)

)

200 =—t,1/2

(

9 (z(+1)27 §(z(+D)2

)

Z(Hl):*[iﬂ /2

(5)

(6)

Based on the linear elasticity and assuming transversely inextensible deflection in each ESL, the SEKC formulates conditions
using the in-plane displacement functions:

" (ugy. vipy)
FICO)

n=0,1,2,3,

(7)

where n = 0 means condition against in-plane displacement, n = 1 means condition for shear strain, if n =2 and n = 3 then a
condition for the shear strain derivative and curvature is formulated.

4. Development of kinematically admissible displacement fields

In the sequel the SEKC is applied to the problem shown in Figs. 2 and 3. Therefore using the SEKC and the parameter elimina-
tion we modify the terms in Eq. (1).

Definition (Parameter elimination). Certain parameters of the in-plane displacement functions can be eliminated using the SEKC
requirements. The remaining (or primary) parameters are untouched, the parameters to be eliminated are the secondary param-
eters. The local membrane displacements and the second-order terms are typically secondary parameters, the global membrane
displacements are primary parameters, the rotations and the third-order parameters are mixed (either primary or secondary)
parameters. In the subsequent sections the undelaminated and delaminated regions are discussed separately. First, TSDT is con-
sidered and the SSDT and FSDT field equations are obtained by the reduction of TSDT model.
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4.1. Undelaminated plate portion

Fig. 2a shows the transition zone around the delamination tip of the plate in the X-Z plate. The in-plane displacement dis-
tributions are linear in the case of FSDT, and curved if the SSDT or TSDT is applied. In Fig. 2b the corresponding shear strain
distributions are shown: yy; is the piecewise constant if the FSDT is applied, piecewise linear if the fields are captured by SSDT
and piecewise quadratic distribution can be obtained by TSDT. Fig. 3a and b show the same in the Y-Z plane. The in-plane
displacement field has to satisfy the following conditions in accordance with Figs. 2a and 3a and the method of four ESLs:

(U1, V1, Wi) 02, = (U2, V2, W2) Lo g, 2
(U2, V2, W2) |, 1 = (U3, V3, W3) 0y, 2 (8)
(us, V3, W3) | 0, o = (Ug, Va, Wa) L __y, -

The reference plane is located in the second ESL; therefore we have:
(U2, 12) ] = (Uo(x.), Vo (X, ¥)), 9)
where based on figure 21(32) = 1/2(t3 + t4 — t). The shear strains have to be continuous between the neighboring ESLs, i.e. we
have:

Vizrys Vo) L2022 = Vxz@)s Vyz@) L@ = 1y 25
Ve Vyzo) 20262 = Vxz3)s Vyz3) L2012t 25 (10)
Viz3)s Vyz3) 200252 = Vz(ays Vyz@) Lo =, 2

To ensure the better distribution of the strains even the derivatives and the curvatures of the shear strains are imposed to be
continuous at interface planes 1-2 and 3-4:

3sz(1) aVyz(]) _ 8%{2(2) 8Vyz(2)
Az 7 9z(» 2ty 2 0z 7 9z

)

2@ =—t;/2
< @) 97203 ) _ ( x4y 9Vyz(a) ) ‘ (1)
0z3 7 9z Ot 2 9z 9z O —ty)2
<82yxz(1) 82)/yz(1) > _ <8zyxz(2) 82Vyz(2) )
3(z0)2" §(z0)2 gl 3(z?)2" 3(z)2 2(2)=—t2/2’
( P¥ae) Vo) ) ), ( PV 9 Vyaw ) . (12)
3(z®)2" 9(z®)2 -, 3(z@®)2 3(z@)2 o2

If Eq. (1) applies and the displacement functions are modified in order to satisfy Eqs. (8)-(12) then - using FSDT, SSDT or TSDT
- it is possible to have:

U = Ug + B2V + <I<i30) + Ki(jz) (z9)? + Ki(jB) (Z(i))B) Vwis

. . ‘ (13)
Vi = Vo + 020 + (Ki D+ KD (20)2 + K (z(’>)3> Y-

where the matrices denoted by Kj; are related exclusively to the geometry; moreover ¥ is the vector of primary parameters,
finally w;(x,y) = w(x,y) for each ESLs, i.e. the transverse normals of each ESL are inextensible [93].

4.1.1. Third-order plate theory
Using the conditions above (Egs. (8)-(12)) we can eliminate 22 parameters from Eq. (1), the secondary parameters are: u;,
Voir i Pryyi for i = 1.4, Ay, Ay for i =1,2 and 4. The primary parameters are: ug, Vg, 0(x);, 0(y) for i = 1..4 and A3, A(yy3-

The nonzero elements of the matrices Kl.(jo) , Ki(jz) and Ki(f) are defined in Appendix A. The vector of primary parameters is: ¥, =
Opy1 Oz Opy3 Oipya »(py3)" With p=xory.

4.1.2. Second-order plate theory

In this case A; = 0 and A(,; = 0 in Eq. (1). Egs. (8) and (9) apply together with Eqs. (10) (shear strain continuity), however
Eqgs. (11) and (12) are omitted. Therefore we can eliminate 14 parameters from Eq. (1), the secondary parameters are: ug;, V;,
®i» Pyyi for i = 1,2 and 4. The primary parameters are: ug, Vg, 0(x);, 0 for i = 1..4, ¢(,)3 and ¢ ;3. The nonzero elements of
the matrices I(,.(jo) and Kl.(jz) are defined in Appendix B. Obviously Kl.(f) = 0in this case. The vector of primary parameters becomes:

V) = Ot 02 O3 Opya Ppy3)" with p=xory.
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4.1.3. First-order plate theory

If the FSDT is applied then ¢ ,); = 0, ¢(y); = 0, A(x); = 0and A,,; = 0inEq.(1). Only Eq. (8) is utilized together with Eq. (9). The
continuity of shear strains cannot be imposed. Thus we can eliminate eight parameters from Eq. (1), the secondary parameters
are: ug; and vy; for i = 1.4, The primary parameters are: ug and vg and 6y, 0,y for i = 1..4. The nonzero elements of Kl.(jo) are
defined in Appendix C. Ki(jz) =0and Kl.(f) =0 in this case. The vector of primary parameters is: ¥ ) = (0(p)1 0(p)2 O(p)3 9(p)4)T
with p=xory.

4.2. Delaminated plate portion

In the delaminated portion (refer to Figs. 2 and 3) the top and bottom plates are modeled by two ESLs, and thus the first and
third of Eq. (8) still hold. The definition of the top and bottom reference planes involve:
(1, V1), 2 = (Uop (%, ¥), Vob (X, )
(us, V3)|z(3):t4/2 = (ugpc (X, y), Vor (X, ¥))

where ug;, and ug, are the global membrane displacements of the bottom and top layers in accordance with Figs. 2 and 3. More-
over, the first and third of Eq. (10) apply again, as well as Egs. (8) and (11) in the same form leading to ten conditions altogether.

(14)

4.2.1. Third-order plate theory

The first and third in Eq. (8) hold; moreover Eq. (14) is implied, again the first and third of Eq. (10) are utilized together with
Egs. (11) and (12) leading to 20 conditions altogether. The secondary parameters are: ug;, Vo;, @(xyi» P(yyi for i = 1.4, Aei, Ay
for i = 2 and 4. The primary parameters are: tgy, Vor, Uop, Vop» O (x)ir O ()i fOr i = 1..4 and Ay;, Ay for i =1 and 3. The modified
displacement field has the same form as that given by Eq. (13), the nonzero coefficients denoted by K are placed in Appendix A

and: ¥ ) = Bpy1 Op12 O3 Oppa Ao A(py3)", Where p=xory.

4.2.2. Second-order plate theory

In this case A(y); = 0 and A(); = 0in Eq. (1). The first and third in Eq. (8) hold; moreover Eq. (14) is implied, again the first and
third of Eq. (10) is utilized; however Egs. (11) and (12) are omitted. Therefore we can eliminate 12 parameters from Eq. (14), the
secondary parameters are: ug;, Vo; for i = 1.4 and ¢ ,y;, ¢(,; for i = 2 and 4. The primary parameters are: g, Vor, Uop, Vop O (x)is

Oy for i=1..4, ¢,y and ¢y for i = 2 and 4. The nonzero elements of the matrices K,.(jo) and Ki(jz) are defined in Appendix B.

Apparently Kl.(f) = 0 in this case. The vector of primary parameters takes the form: ¥, = (6(p)1 9(p)2 O(p)3 Op)a P ¢(p)3)T.
where p=xory.

4.2.3. First-order plate theory

Similarly to the undelaminated portion we have: ¢,); = 0, ¢,); = 0, A(y); = 0 and A ,; = 0 in Eq. (1). Only the first and third
of Eq. (8) apply together with Eq. (14). The shear strains are approximated by constant distributions in all four ESLs. Thus we
can eliminate eight parameters from Eq. (1), the secondary parameters are: ug; and vy;, the primary parameters are: ug;, Vo, Ugp,
Vgp and 6 yy;, 0(yy; for i = 1..4. The nonzero elements of I(,.(jo) are defined in Appendix C. Ki(jz) =0 Kl.(f) = 0 in this case and finally

Vi = Oyt Oy Opy3 Oppa)" With p=xory.
5. Equilibrium equations
If the displacement field is known, then the strain field is obtained by the following equation [134]:
gij = %(ui,j‘f‘uj,i)a (15)

where ¢;; is the strain tensor, u; is the displacement vector field. In plates assuming plane stress state the vector of in-plane
strains is [93]:

0 2 3
T o o o
&y =1{ & +20. 3 gD + 207 e? +[20P- et . (16)
. 0 1 2 3
Yolo vy} v ) ') v )

The vector of transverse shear strains becomes:

(0) ) (1) ) (2)
J/xz} _ {Vx(zo) } 170 {Vx(zl) } + 120 {Vx(zz) } (17)
Welo e ) Az N Yz )

The stress field can be obtained by using the constitutive equation [93,94]. The stress resultants are calculated by integrating
the stresses over the thicknesses of each ESL:

Please cite this article as: A. Szekrényes, Semi-layerwise analysis of laminated plates with nonsingular delamination—The
theorem of autocontinuity, Applied Mathematical Modelling (2015), http://dx.doi.org/10.1016/j.apm.2015.06.037



http://dx.doi.org/10.1016/j.apm.2015.06.037

155

156

157

158
159

160
161

162
163
164
165

166

167

168

169

170

171
172

173
174

JID: APM [m3Gsc;September 9, 2015;19:12]

A. Szekrényes / Applied Mathematical Modelling xxx (2015) xXx—XxX 7
(0
N, 1 i
Maﬂ 02 z ‘ Q()t 02 1 (i) ‘
L“‘ﬂ =/ ot ot dz. IRy :/ 0wzl zV dz®, (18)
of —ti/2 z Sa | .. —t;/2 72
Pup 0 z (@
where « and B takes x or y. The relationship between the strain field and the stress resultants can be written as:
{N} [A] [B] [D] [E] {e©}
iy ({18 D] [E]IF| JHe™) (19)
{L} (D] [E] [F] [G] {e@} -
), LEL IR 16 [H L™ ),
Q) [ B [DI"] ((r©)
Ryt =|B D [EF| O (20)
{S} 0 [D] [E] [F] 0 {y@®} 10
where:
* (~)55 0
= , 21
(-] |: 0 (Jaa (21)

moreover: {N}I,-) = {Nx Ny ny}(i) is the vector of in-plane forces, {M}E) = {My M, Mxy}(i) is the vector of bending and twisting
moments, {Q}{i) = {Qx Q}; is the vector of transverse shear forces, and finally {L}{i) ={Lx Ly Ly} iy, {P}E) ={B P Py} and
{R}E) ={Ry Ry}(i), {S}E,-) ={S Sy}(i) are the vectors of higher-order stress resultants. In Eq. (19) Aj; is the extensional, Bj is cou-

pling, D;; is the bending, Ej, Fy;, F;j and Hy; are higher-order stiffnesses [114]:

N Z41 —(k)
(Aij. Bij. Dyj, Eij. By, Gij Hi gy = Y Gij
k=1

2y

(1,2,22,23,2,2°, 25)Ddz®. (22)

The stiffnesses above have to be calculated with respect to the local reference planes of each ESL. The equilibrium equations
of the plate system can be obtained by using the virtual work principle [93]. In previous papers it was shown many times
[114,125,126]. Therefore, here only the final results are given. To give the equilibrium equations in compact form we define the
following vectors:

Ni(”y) = (Ny ny)(Ti)’ Ni(xy,y) = (Ny Ny).é-i)
M = (Mx My)(y, M = (Mg My){) (23)
Moreover, the vectors of higher-order stress resultants are:
(xxy) _ T (xy.y) _ T
Li( . (Lx Liy) Lz'( y (Lyy Ly (24)
XX XY..
P,— V= (Px P"y).é-i)’ Pi o = (ny Py)z-i)
Finally the vectors of shear and higher-order forces become:
Qi = (Qx Qy (T,')y Ri = (Rx Ry)gi)s si = (Sx Sy){,') (25)

In the sequel the equilibrium equations are derived separately for the undelaminated and delaminated parts.
5.1. Undelaminated portion
Formulating the total potential energy of the undelaminated plate portion based on the displacement field satisfying the SEKC

requirements (Eq. (13)) the equilibrium equations can be obtained by variational calculus [93]. The equilibrium of the in-plane
forces involves the following independently of the applied theory:

4 4
Sug: Y V-NIY =0, §vp: H V.N¥Y =0,

i=1 i=1

(26)

where V is the Hamilton differential operator [134]. In the general case (including FSDT, SSDT and TSDT) the number of primary
parameters in the displacement field is k, the variation of the total potential energy results in the following equations:

ook | & o[V NI V. M*) @ (V- L&Y
61,0(;(),{: i—leik V_Nl(xy.y) + ik V.Ml_(xy,y) + Ky V.Ll(xy,y)
- 1 1 1
(x.xy)
a(V-P; Q) 5@ (Rix) 23 (S _
+ K (V'P:(xy,y))'i_ﬂlk(@y) 2K, (Riy 3Ky Siy =0
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where ¥/, and ¥y, denote the primary parameters. Finally, the variation of the total potential energy with respect to the plate
deflection provides:

4
sw: > V.Q-q=0. (28)

i=1

and q = q(x,y) is the function of external load [93]. As can be seen the differences among the equilibrium equations of FSDT,
SSDT and TSDT are the matrices defined in Appendices A, B and C. Besides the matrices aj; and ;; are defined in the next section.

5.1.1. TSDT and SSDT
In the case of the TSDT and SSDT the matrices are defined as

1.0 0 0 0
01 0 0 0
“=-B=10 0 1 0 o0 29)
000 10
5.1.2. FSDT

If the FSDT is applied then both & and S is related to the Kronecker symbol: o, = —Bi, = -

5.2. Delaminated portion
The delaminated region consist of a top and bottom plate. Each is modeled by two ESLs. Therefore, the global membrane

displacements ug, vg are replaced by ugy, Vg, for ESL1 and ESL2, moreover by ug, vo; for ESL3 and ESL4 in accordance with Figs. 2
and 3. Thus, the equilibrium equations of in-plane forces take the form below:

2 4
Sugy : ZV : Ni("”‘” =0, Sug : ZV -N;X*"Y) =0,

i=1 i=3
2 4

Svgp: Y VNP =0 dvg: Y V-NOY=0. (30)
i=1 i=3

The other equilibrium equations have the same form as those given by Eqs. (27) and (28).

5.2.1. TSDT and SSDT
If the TSDT and SSDT is used then the & and 8 matrices become:
0 0 0 0 O
1 0 0 0 O
@=-B= 010 0 of B1)
0 0 1 0 O

[= NN

5.2.2. FSDT
If the FSDT is applied then «;, = —B;; = J;- In the next section the solution of the equations is presented for simply-supported
plates.

6. Examples - simply supported plates

The examples taken into account are simply supported laminated orthotropic plates with asymmetric delamination shown in
Fig. 4a and b. The plates are loaded by a concentrated force. The same problem has been solved in previous papers [114,125,126]
by using the method of two ESLs. In accordance with the Lévy plate formulation [135-136] the displacement parameters in
Egs. (13) are expressed by trial functions:

Ox(x,¥) Xa(x) sin By

Oy (x,y) o | Ya(x) cos By up(x,y) [ Uon()sin By

oy | _ ) T (x) sin By vy _ )3 Von (%) cos By (32)
By(x,y) — | Tn(x) cos By [ q(x,y) — | Qu(x)sinBy [~

(%, ) "1 | Zw(x) sin By w(x.y) "= | Wi (x) sin By

Ay(x,y) Zyn(x) cos By

where 8 = nmr/b. By taking back the solution in Eq. (32) into the equilibrium equations given by Eqs. (26)-(28) it is possible
to reduce the system of PDEs to system of ODEs, which can be solved by the state-space formulation [138]. Even the stress
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Fig. 4. Simply supported delaminated composite plates subjected to a concentrated force.

resultants can be expressed in terms of the displacement parameters through Eqs. (19) and (20). The state-space model takes the
form [93,138]:

Z =TZ+F (33)
where Z is the state vector, T is the system matrix, and F is the vector of particular solutions. The general solution of Eq. (33) is:
X
Z(x) =e™ <K+ / e ™ F(é)dé) = G(X)K + H(x), (34)
Xo
where K is the vector of constants. The parameters of the displacement field can be accessed by:
T S
(d) _ (d) pr(d) (d) (ud) _ (ud) - (ud) (ud)
9 =3 GIKY +HY, 7' = GHUKM + HMY, (35)
j=1 Jj=1

where subscript (d) refers to the delaminated (ud) means the undelaminated plate portion, r and s are the size of vectors, respec-
tively. Since many papers have been published on the construction of the state-space model [104,111,114,124], the vectors and
matrices in Eqs. (33)-(35) are discussed here only briefly.

6.1. Undelaminated region

In the case of the TSDT the state vector contains the parameters of vector ¥ (refer to Sections 4.1.1, 4.1.2, 4.1.3), the global
membrane parameters ug and v, the deflection w and the first derivatives of all these parameters leading to (and using the Lévy
solution): ZT =(Upy, Ubps Vors Vg Xins Xio Yins Yol Zi3, Z35. Zy3, Z§3, Wha, Wy) fori = 1.4, i.e. the vector Z contains 26 elements,
while the system matrix size is 26 x 26. If the SSDT is applied then Z;3 and Zy3 (and their derivatives) have to be replaced by
Ty3 and T3 (refer to Eq. (32)), the size of the system vector and matrix is the same as that in the TSDT. Finally, the FSDT model
involves only the membrane displacements, rotations and the deflection yielding a state vector with 22 elements and a system
matrix with size of 22 x 22, respectively.

6.2. Delaminated region

The state vector of the TSDT model of the delaminated part contains the following elements ZT = (Ugpy,, Ubpns Yobns V> Uomns

Uben> Yo Vo Xins XEy Yin, Y11 Zia, 23y 231, Z;m 23,25, Zy3, Z)’,3, Wy, W) fori = 1.4, ie. the size of vector Z is 34, the system

matrix size is 34 x 34. In the case of the SSDT Z; and Zy;, i = 1 and 3 (and their derivatives) should be replaced by T,; and Ty;, i = 1
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and 3, the size of the state vector and system matrix is the same as that in the TSDT. The FSDT model involves the top and bottom
membrane displacements, rotations and the deflection, consequently the state vector consists of 22 elements and system matrix
size is 22 x 22, respectively.

In the next sections the boundary and continuity conditions are given for the TSDT model, the same for the SSDT and FSDT
are placed in appendices.

7. Boundary conditions

The B.C.s of the problem in Fig. 4a at x = a are determined through the displacement parameters:

(W, oy, Vo, 01, Oy2, 03, Oy, Ayt Ay3) 194 = 0 (36)
and the stress resultants:
(Nxi + Nea, N + Nea, M1, Myo, Mg, Mya, Pt Pa) '@ [xa = 0. (37)
At x = —c we have:
(W, Vo, Oy1, 02, 0y3, Oya, Ay3) P |xec = 0, (38)
(Mg, Mo, M3, P, My, Nt + Neo + Nyg + Nea)@| = 0. (39)

8. Continuity conditions between regions (1) and (2)

The conditions between regions (1) and (2) (refer to Fig. 4a) involve the continuity of the displacement parameters and stress
resultants. In the sequel, the continuity of the displacement field and stress resultants are discussed separately.

8.1. Continuity of stress resultants

To define the continuity conditions the equivalent stress resultants can be defined based on the equilibrium Egs.
(Egs. (26) and (27)) and (30) and the vectors given by Eqgs. (23) and (24):

M
(D) _ g () ONE®) | (@] xx) -
R0 —MED0 3 (KONF K PLE) L =14, (40)
j=1.4
. o)
Py — Y po® .y (K}S)Nﬁ."”‘y) ¢ Kjf?L;"”‘”) , (41)
=34 j=34

for the delaminated portion (1). Moreover, for the undelaminated region (2) we have:

_ @
ME9C) - M@ 4 3 (K}?)Nﬁ."”‘y)+K;].2)L§"”‘5’)+K}i3>P§"”‘”> L i=1..4, (42)
j=1.4
. @
PEY@ — 37 pew@ 4 3 (Kj(g)N;x,xy) +1<;§>L§"~"”) . (43)
i=1.4 j=1.4

The continuity conditions using the equivalent stress resultants are:

g Xxy) Hxy) *xxy) | (1 v xxy) pxy) (x.xy) (2 s
M PV S TN ) D] = | MY RS N i=1 4 (44)
i=1.4 i=1.4 X0

8.2. Continuity of displacement parameters

In the case of the general TSDT the continuity of the in-plane displacement is ensured only if the constant, linear, quadratic
and cubic terms are exactly the same in the delamination front (x = 0). Because of the parameter elimination based on the
SEKC it is not possible to match directly the constant, quadratic and cubic terms in the displacement function from layer by
layer. Only the continuity of rotations can be defined between each ESL. In spite of that the continuity can be ensured indirectly
(automatically) if certain conditions are met. The requirements of automatic continuity is formulated in the form of a theorem.
We define the following set of parameters:

8a = (W, W, 04,601, 0k, 6y, Ox3. 03, Oxa, Opadss. Ay3). (45)
The continuity of the displacement parameters involves the following necessary conditions:
gl = g® . (46)
x=+0 x=—0

However these are not sufficient. The sufficient conditions are presented through a theorem.
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[0 continuous shear strain derivatives & curvatures (TSDT)

Fig. 5. Illustration of the theorem of autocontinuity: similar (a) and dissimilar (b) conditions are imposed at interface planes 1-2 and 3-4 of the delaminated
and undelaminated parts.

8.2.1. The theorem of autocontinuity (AC theorem)

Theorem. If the displacement field in the form of Eq. (13) in a laminated plate with delamination is developed by using the SEKC
requirements and Ny € N and N4 € N are the numbers of eliminated parameters in the delaminated and undelaminated parts, respec-
tively, and N4 # N4, then the total continuity of the in-plane displacement functions of the delaminated and undelaminated plate parts
- apart from those imposed by Eq. (46) (mutual primary parameters) — can be ensured by imposing the continuity of |[N; — Ny4| € N
number of parameters. These parameters are the autocontinuity (or simply AC) parameters, which are at the same time primary pa-
rameters too. The autocontinuity is satisfied only if along interfaces 1-2 and 3-4 (Figs. 2 and 3) the same conditions are imposed in
the delaminated and undelaminated portions. Along the delamination plane (interface 2-3) different conditions can be applied. Fig. 5a
shows the case when the autocontinuity between the delaminated and undelaminated parts is satisfied, Fig. 5b indicates a case when
dissimilar conditions are imposed at interface 3-4 leading to discontinuous displacement field in the top plates.

Proof. In the case of the TSDT model N; = 20, N4 = 22 (refer to Sections 4.1.1 and 4.2.1), so the number of AC parameters
is [Ng — Nyg| = 2. The AC parameters can be assigned based on the vector of primary parameters: the comparison of the ¥,
vectors in Sections 4.1.1 and 4.2.1 reveals that the AC parameters are A,; and A in the delaminated region. The comparison of
the displacement field (Eq. (13)) for the undelaminated and delaminated regions (Appendix A) reveals the following sufficient
conditions:

2

1 _ (3) _
Mpihlio= D K35 V) . P=XY. (47)
i=1.5 0

The former conditions ensure the continuity of the cubic terms in the displacement fields of regions (1) and (2) at x=0
(Fig. 4a). Considering the fact that the parameters in gg are continuous between regions (1) and (2) and by using the matrix
elements given in Appendix A it is possible to have the following expression for A at x = 4-0:

2)
4
Ap1)Vleeyo = 3<

1 [ Op1 9p2:| (2t3 4 t4)0p3 — t39p4> (263 4 t4)t3) 3 (48)

t+o)| G +26) & 6 (t3 + t4) (t1 + 2t5) t(t1 + 28)

x=-0
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Taking the former condition back into the quadratic part of the displacement field given by Eq. (13) of each ESL of the unde-
laminated part (2) yields the following at x = —0:

2)
3 (K(Z)W ) _ 1 (Bt +2t1)0p N (t; +26)0p | (25 +t4)0p3 — t30p4
i @) (t1 +1t2) (t1 +2t2) ty to(ts + ta) (t1 + 285)
)
(2t3 + ta)t3Ap3
Tt 220 , (49)
Lt +26) | _
@ 1 0 0
- t: t
K(Z) * ) _ 2Up1 + 1Yp2
j;5 ( 2i Vo (ti+t)| (h+2) b
= —
2
(t1 + ) (263 + t4)0p3 — t30p4) 3 (2t3 4 t4) (t + 1) t3 3 @
1 s (50)
tr(t3 + t4) (t1 + 26) 4 ty(t; + 2t3) o
(2) ()
—0p3+6 3
K@ _ _p P2 (b 4t 51
= 5( w(D)J) (t5 + ts) 4( 3 +1ta) p3 ) (51)
) x=-0 x=—0
(2) )
—Oy3+6 4 3
K® ) s Bk Y AV . 52
j—15( Vi (5 +ta) AR (52)
o x=-0 x=—0

Simultaneously, by taking back Eq. (48) into the displacement functions of every ESL of the delaminated part (1) defined by
Eq. (13) we have at x = +0:

1
1 3t 2t1)0 t 2t,)0
Z(IdZ)w()) _ _( 2+ 1)pl+(l+ 2)0p2
. 2 (t1 + t3) (t; +2t) ty
j=1..6 X=+0
Q)]
B (2t3 + t4)9p3 t;0 p4 (2t3 +tg)t3)h p3 (53)
(65 +tg) (t1 + 26) Lt +26) |
f 1 0 0
- t: t
K@ ) _ 2Up1 10p2
: ( Vi CEIICEE O
j=1..6 X=+0
1
(t1 + t2)((2t3 + t4)0p3 — t30p4) 3 (213 + 1) (1 + 2)t3Ap3 @ (54)
t(t3 +tg) (t + 2t) 4 6 (t + 28) 0
) ; ; (1)
®) _ O +0Ou 3
‘ (K W(m) = it Z(t3 +ta)Aps ; (55)
j=1..6 x=—0 0
M oo @
K@ _ ~Op3+0p 3
‘ ( 1[’@») = m + Z(t3 + t4))"p3 . (56)
j=1..6 X=+0 Xet0

Obviously, the right-hand sides of Eqs. (49)-(52) and Eqs. (53)-(56) are the same. Considering the continuity of the parameters
in Eq. (45) by Eq. (46) it can be seen that the continuity of the quadratic term in the displacement functions of regions (1) and (2)
is automatically satisfied. O

Consequence. If the continuity of linear terms (rotations) in the displacement field in each ESL given by Eq. (13) are continuous,
moreover the continuity of quadratic and cubic terms of each ESL are imposed using the AC parameters, then the continuity of
the membrane displacement components between the top plates (as well as the bottom plates) of the delaminated and unde-
laminated regions can be ensured by imposing the equality between the membrane (constant) displacement terms of only a
single ESL in the delaminated part and a single one in the undelaminated part, but not in every ESLs. The ESLs can be chosen
optionally, however the chosen ESLs should be in the same through-thickness position in the delaminated and undelaminated
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plate regions. In this case the continuity of the membrane parts in the other ESLs is satisfied automatically. We choose the first
(in the bottom layer) and third (in top layer) ESLs to impose the continuity of the membrane displacements using the equations

below:

U0b> OV _ (Uo O (Vewj

+ Z K3 ( . = + Z K3 )
(UOb s Vi Vo) 5% Y Vi 0

" (1) " (2)

Uor (0) (x)j) _ (u0> (O)< (x)j)

+ K = + K . (57)
(vm) j;;ﬁ 3 (w(y)j o O j=21;5 ¥ \Vwj e 0

9. Continuity between regions (1)-(1q) and (1q)-(1a)

(1) (2)

5

x=+0

The continuity between regions (1)-(1q) and (1q)-(1a) (see Fig. 4a) can be imposed by defining the sets of parameters below:

gp = (Ugp. Uog. Vop Vor, W W, Bi. Oyis Axt, Ayt Aaza Ay3), T=1..4, (58)

& = (Mxi!PX11PX3’ Z NXi? Z inaMxyianylvay% Z nyiv Z nyi>a i=1.4 (59)

i=1.2 i=3.4 i=1.2 i=3.4
The continuity conditions are (refer to Fig. 4a):

(1)

g,s (1q)

=8

Xx=Xo—do

=57 . (60)

x=Xo—do

)

(1)
g
X=Xg—dg 4

X=Xg—dg

g(lq) _ ga) (1g) _ g(la)

(61)

s .
X=Xo+dg Xx=xo+dp x=xo+do X=Xo+do

The summary of the equations results in: Eq. (36)-(39) means 30 B.C.s, Eqs. (44), (46), (47) and (57) yields 30 conditions
between regions (1) and (2). Egs. (60) and (61) provides 2 x 34 conditions. That means 30 + 30 + 34 + 34 = 128 conditions
altogether in the case of the TSDT solution of problem a in Fig. 4. Problem b in Fig. 4 can be solved similarly; therefore the details
are not given. The B.C.s and the C.C.s for the FSDT and SSDT models can be defined similarly, these are discussed in Appendix D.

In the sequel through some definitions it is explained why the dynamic boundary conditions [114] are not imposed at the
traction-free surfaces of the plate.

Definition (Over-constrained plate model). If the displacement field given by Eq. (13) is developed by using the SEKC require-
ments and the resulting equilibrium equations by the basic theory of elasticity, as well as the solution of the corresponding
boundary value problem do not make it possible to provide the continuity of the equivalent bending (M) and twisting moments
(1\7Ixy), between each ESL, moreover the sum of in-plane normal (Nx) and shear forces (Nyy) of the delaminated and undelami-
nated plate regions, then the model becomes over-constrained. The result of the over-constraining is the bad estimation of the
displacement, strain and stress fields.

Definition (Well-constrained plate model). If the solution of the boundary value problem (the number of constants in the solu-
tions functions) makes it possible to provide the continuity of the of the equivalent bending (My) and twisting moments (1\7[xy)
between each ESL, moreover the sum of in-plane normal (Nx) and shear forces (Nyy) of the delaminated and undelaminated plate
regions, then the model is well-constrained.

The models proposed in this paper are well-constrained models. If we impose even the dynamic BC.s [114], then in the
delaminated portion there are four traction-free surfaces, leading to eight further conditions. Moreover in the undelaminated
part, there are two traction-free surfaces involving four dynamic B.C.s. Due to these conditions the number of parameters that
should be eliminated from Eq. (13) leads to an over-constrained model with incorrect results, although the autocontinuity is
satisfied even in this case.

10. J-integral

The J-integral for FSDT, SSDT and TSDT has already been derived for plates with symmetric [104,111,123,124| and asymmetric
[114,125,126] lay-up. Therefore, in this work the details are not discussed. The mode-II and mode-III J-integrals are given in
Appendix E.
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Fig. 6. Distribution of the in-plane displacements (u and v), normal stresses (0'x and o) and shear stresses (7, and 7,,) over the plate thickness for example in
Fig. 4a, case I, b = 100 mm.

11. Results and discussions

To demonstrate the accuracy of the analytical models two examples shown in Fig. 4 are solved. The data of the problem de-
picted in Fig. 4a are: a = 105 mm (delamination length), ¢ = 55 mm (undelaminated length), b = 100 and b = 160 mm (plate
width), t; + t, = 4.5 mm (plate thickness), Qyp = 1000 N, X, = 31 mm, yo = 50 mm and y, = 80 mm (point of action coordi-
nates of Qp), dg = 0.1 mm. For the problem in Fig. 4b the data are: a = 55 mm (delamination length), ¢ = 35 mm (undelam-
inated length), b = 60 and b = 90 mm (plate width), t; + t, = 4.5 mm (plate thickness), Qy = 10000 N, xo = 11 mm, yg = 30
mm and yg = 45 mm (point of action coordinates of Qp), dyp = 0.1 mm. The material of the plates is carbon/epoxy. The lay-up
of the plate is [+45f/0/ + 455/(-)]5, the material properties can be found in [114]. Finite element models were also constructed
to validate the analytical results. The details of the FE models are presented in a recent paper [114]. The position of the delam-
ination was varied in the through thickness direction, these were assigned as cases I, II, IIl and IV in accordance with Fig. 1,
respectively.

11.1. Displacement and stress distributions

Fig. 6 shows the distribution of the in-plane displacements u and v, normal stresses oy, oy and shear stresses Ty, and
Ty, in specified cross sections at the delamination front for case I, when the delamination is near the midplane. The re-
sults of the FSDT, SSDT, TSDT and FE solutions are presented. The displacement curves show very moderate nonlinearity, it
can be seen that considering both components the TSDT provides the best fit to the numerical results. In contrast it is the
SSDT that approximates the normal stresses (ox and oy) in the best way, especially the peak in the plane of the delami-
nation. Regarding the shear stresses the TSDT provides the highest accuracy compared to the FE results. In the case of the
SSDT it is clear that the model becomes overperturbated, i.e. large fluctuations take place in the through thickness distri-
bution of Ty, and 7y,. In the case of the shear stresses, each theory approximates well the area under the distribution by
FEM.

The distributions of case II are presented in Fig. 7. Again, the TSDT provides the best fit to the displacement distributions
by FEM. However, this time it is FSDT that fits the normal stresses in the best way. The TSDT and FSDT approximate the shear
stresses well, the SSDT result becomes again overperturbated. The reason for the large fluctuations in the distribution are the
uncontrolled derivatives (Eq. (5)) of the displacement functions.

Cases IIl and IV - when the delamination is located closer to the top surface of the plate - are demonstrated through Figs. 8
and 9. Briefly summarizing the results, it can be seen that SSDT provides inaccurate predictions for the shear stresses, it is clear
that this model should be abandoned. On the contrary the FSDT and TSDT are still very reasonable to approximate the mechanical
fields. The most accurate results are obtained by the TSDT model.
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The results of problem b in Fig. 4 are plotted in Figs. 10-13. It is shown that in this example because of the smaller plate
dimensions and the shorter crack length the perturbation in the mechanical fields is significantly more intense than in problem
a. Case I is displayed in Fig. 10. An immediate observation is that u displacement by FEM is inaccurately predicted by all of the
theories. Nevertheless, it has to be emphasized that the load of problem b is Qu=10000 N, i.e. ten times higher than that of
problem a. Thus, smaller displacements and - as Fig. 10 shows - significantly higher stresses are obtained. In case I the normal
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stresses are again better predicted by the SSDT than FSDT and TSDT, however with respect to the shear stresses SSDT gives
unrealistic results. The FSDT or TSDT follows reasonably 7, but Ty, is badly estimated by both theory. The higher perturbation
of the system is the reason for the latter discrepancy compared to the FE results. The subsequent cases II, Ill and IV are presented
in Figs. 11-13. The conclusions are in fact the same as those for problem a. It can be stated that considering both problems and
all the four cases TSDT provides the best results.
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12. J-integral and mode mixity distributions

The ERR (Gy; = Ji;, Gy = Jiir) and mode mixity distributions are plotted in Figs. 14-17 for problem a in Fig. 4. In Fig. 14 cases
I and II are presented for both plate widths (b = 100 and b = 160 mm). The symbols show the results of the FE calculations by
the virtual crack closure technique (VCCT) [122,139], the curves represent the analytical solutions. The results of case I shows
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Fig. 14. Distribution of the energy release rates and mode mixity along the delamination front for example a in Fig. 4, cases I and II.
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Fig. 15. Distribution of the energy release rates and mode mixity along the delamination front for example a in Fig. 4, cases IIl and IV.

that compared to the FE model the mode-II ERR is underpredicted by the FSDT and TSDT models if b = 100 mm. Although the
SSDT still shows underprediction, it is obvious that it provides the best agreement with the numerical model. The mode-III ERR
is captured better by the TSDT and SSDT than by FSDT. The mode mixities (G = Gj; + Gy;) are well predicted by each theory
(b =100 mm). If the plate width is b = 160 mm then again the SSDT is definitely the best choice, although the FSDT and TSDT
theories also perform well. In case Il (bottom part of Fig. 14) it is shown that the FSDT performs better than the other two theories
for both plate widths.

Fig. 15 shows the results in cases Il and IV for both plate widths. In case IIl (top half of Fig. 15) if b = 100 mm the three theories
provide similar distributions compared to the FE results. For b = 160 mm the FSDT follows better the ERRs and the mode mixity
than the SSDT and TSDT. It has to be mentioned that in Fig. 8 the shear stresses are erroneously captured by the SSDT. In spite
of that the ERRs and mode mixities are predicted in the acceptable way by the second-order theory. In case IV (bottom half of
Fig. 15) it is conspicuous that close to the edges the SSDT gives negative distribution of the mode-II ERR both plate widths. For
this reason the mode mixities by SSDT are not correct. It is again surprising that in case IV the FSDT is slightly better than the
TSDT in the estimation of the ERRs, even the mode ratios are better predicted by FSDT. Considering all of the cases (I-IV) in
Figs. 14 and 15 (problem a) it is concluded that the FSDT approximates the numerical results with the highest accuracy among
the three theories considered.

The results for problem b in Fig. 4 are displayed in Figs. 16 and 17. It has to be mentioned that the perturbation of the
displacement and stress fields is significantly more intense than in the case of problem a. Therefore the agreement with the
FE results is expected to be worse than in problem a. The layout of these figures is the same as that for Figs. 14 and 15. Briefly
speaking, in case I the SSDT overestimates significantly the mode-III ERR for both plate widths (b = 60 mm and b = 90 mm),
while the FSDT and TSDT perform with similar accuracy. Nevertheless each theory overpredicts the mode-III ERR. In case II
(Fig. 16, bottom half) the performance of all three theories is similar, but SSDT seems to the best. Fig. 17 shows the results for
cases IIl and IV. In case III (top half of Fig. 17) the SSDT theory seems to be the best choice, while in case IV TSDT is definitely
better than the other two theories. Obviously the SSDT model is not suitable to capture the mechanical fields in case IV because
the mode-II ERR distribution is negative again.

Based on the results obtained it can be concluded that the accurate description of the displacement and stress fields is
very important to obtain ERR and mode mixity distributions with high accuracy. Moreover each theory gives finite stresses
that is why the delamination is nonsingular in each cases. The comparison of the shear stress distributions in Figs. 6-9 to
the ERR and mode mixity distributions in Figs. 14 and 15 indicates that the better the approximation of shear stresses is, the
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Fig. 16. Distribution of the energy release rates and mode mixity along the delamination front for example b in Fig. 4, cases I and II.
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Fig. 17. Distribution of the energy release rates and mode mixity along the delamination front for example b in Fig. 4, cases Il and IV.
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higher the accuracy of the approximation of the ERRs is. The final conclusion is that for problem a the FSDT theory gives the
best approximation of the numerical results. In contrast, for problem b the TSDT theory should be highlighted, especially in
case IV.

13. Conclusions

The method of four equivalent single layers is presented in this paper for the modeling of delaminated orthotropic composite
plates. The in-plane displacement functions were captured by the first-, second- and third-order plate theories. The problem of a
plate with straight delamination front was considered, each region was captured by four equivalent single layers. The kinematic
continuity between the equivalent single layers was established by the system of exact kinematic conditions. It is important to
note that the set of conditions was complemented with the continuity of the derivative and the curvature of the shear strains
between the adjacent layers of third-order plates. With the aid of the kinematic conditions the number of parameters in the
displacement functions was reduced significantly. The strain and stress fields were derived using the basic equations of elasticity.
The equilibrium equations of the delaminated and undelaminated parts were derived based on variational calculus. To exemplify
the developed models simply supported layered plates were considered with concentrated load. The problems were solved
by the state-space approach.

An important contribution of this paper compared to similar previous developments is the introduction of the theorem of
autocontinuity (AC theorem) for second- and third-order plates. Because of the parameter elimination the number of parameters
in the displacement field that continuity is required against is higher than the available constants in the state-space model.
Thus, there are no free constants for the matching of certain second- and third-order displacement parameters. However, in
accordance with the AC theorem the continuity of these parameters can be achieved by imposing the continuity of certain
autocontinuity (AC) parameters. An important requirement is that the autocontinuity is satisfied only if in each interface plane
between the adjacent equivalent single layers the same conditions are imposed in the delaminated and undelaminated plate
regions, except for the plane of delamination, where different conditions are necessary to be specified because of the presence
of the delamination front. Using the proposed conditions and the AC theorem the examples were solved and the mechanical
fields were compared to the results of 3D finite element calculations. It was shown that in problem a, very good agreement was
achieved with the numerical results. The energy release rate and the mode mixity were predicted by the FSDT in the best way.
Apparently the disadvantage of the theories were discovered through problem b, for which the TSDT theory was the best choice.
In this example the more intense perturbation led to the fact that the analytical models gave inaccurate results.In spite of that,
the updated system of exact kinematic conditions and the theorem of autocontinuity work well and can be implemented into
more accurate plate (and even beam and shell) theories. Also, it was discussed that the dynamic boundary condition is important
to be satisfied by an accurate plate model. However, in the method of four equivalent single layers these conditions make the
model over-constrained leading to continuity problems between the delaminated and undelaminated portions, and thus these
were not considered in this work.

More work is required to solve the benchmark problems discussed with higher accuracy and to find a model to be the candi-
date for the development of a plate/shell finite element in the delamination modeling of composite plates, which can replace the
computationally expensive 3D model and the VCCT. As a matter of fact there are numerous refined models [118-120,140-145]
that can be tried out before the final decision.
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Appendix A. TSDT constants

In this Appendix the nonzero constants in Eq. (13) denoted by Ki(jo), Ki(jz) and Ki(f) are collected.

Al. Undelaminated region

In accordance with Section 4.1.1 the following constants can be obtained:
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Appendix C. FSDT constants
C1. Undelaminated part

The explanation in Section 4.1.3 provides the following:
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C2. Delaminated region
According to Section 4.2.3 the following constants can be obtained:
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K9 = 7%t4, K = %(g —ty), K9 = %m (€2)

Appendix D. B.C.s and C.C.s for SSDT and FSDT

The B.C.s of SSDT can be defined by replacing A with ¢ and P with L in Egs. (36)-(39). The equivalent bending moments are
given by Egs. (40) and (42) with I(i(j3) = 0, moreover the equivalent higher-order stress resultants become:
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where i = 1..4. The displacement continuity can be defined by replacing A with ¢ in Eq. (46). Moreover, the continuity of the
second-order terms is imposed by:

2)

. b=xY. (D4)
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M 3)
b |x:+0 = Z K j Vi)

j=1.5

Between regions (1)-(1q) and (1q)-(1a) we can replace A with ¢ and P with L in Egs. (58) and (59) and impose the conditions
by Egs. (60) and (61). Finally, the conditions of the FSDT can be derived by ignoring ¢, A in the former displacement parameters;
moreover L and P in the stress resultants, i.e. only membrane displacements, rotations, normal forces and bending moments
should be continuous at x = 0.

Appendix E. J-integral - mode-II and mode-III ERRs

The J-integral has already been derived in previous papers [106,114,125,126] for similar problems to those considered in this
paper. The mode-II and mode-III integrals are:
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where the notations can be found in the former papers.
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