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1 Introduction

777 Balazs says: the interval coalescent representation should not be stated
as a main result, because we want to keep the introduction fairly short. In
this section let’s just refer briefly to Section 3.2

Let

E&:{m:(ml,mg,...) : m12m22...20}
=1 i=1
Eé:{megio : Jige N : m; =0 forany i >4 }

We will use the topology of coordinate-wise convergence on £%_.
For m,m’ € @ we define the distance

1/2
d(m,m’) = |m — /||, = (Z(mZ - m;)2> : (1.1)[eq_def_d_metric

1>1

The metric space <€$, d(-, )) is complete and separable.

Definition of the multiplicative coalescent: process m(t),t > 0. Markov,
Aldous, natural state space is Ké, Feller.

Let A € Ry. For any m € Eg we want to define a continuous time Markov
process m; with state space Eg where mg = m and m; represents the ordered
sequence of sizes of components of a coagulation-deletion process at time t.
We want the dynamics of the process (m;) to satisfy

(i) two components of size m; and m; merge with rate m,; - m;,

(1.2) ‘mcld_informal_def

(ii) a component of size m; is deleted with rate A - m;.



We are going to call such a process a multiplicative coalescent with linear
deletion with rate A, and briefly denote it by MCLD(\).

Ifme fé (i.e., if the initial state has finitely many components) then the
MCLD()) process obviously exists and my, € £§ for any ¢ > 0.

For initial conditions with infinitely many blocks, the construction of
MCLD()) is non-trivial: in Section 2.2 we will give a graphical construction of
the process m, with initial state m € £5 and deletion rate . Our construction
indeed gives rise to a well-behaved continuous-time Markov process on Eé:

(thm:feller_basic) Theorem 1.1 (Feller property). Let m™,n € N be a convergent sequence
of elements of K% with limit m>), i.e., lim,_. d(m™, m()) = 0. For any
t € Ry andn € Ny U{oco}, denote by m" the MCLD(\) process with initial
condition m™ at time t. For any t > 0 we have

d
mgn) — mtoo), n — o9, (1.3) ?feller_convergence.

where —% denotes convergence in distribution of random wvariables on the
Polish space (£5,d(-,-)).

We will prove Theorem 1.1 in Section 2.3.

1.1 Excursions

(def :excursion)

Definition 1.2. Consider a c.a.d.l.a.g. function g : [0,00) - RU{—00}. For
0 <[l <r < oo, the interval (I,7) is an excursion above the minimum of g if:

(i) g(z) > g(l) for all z < .

(ii) r=1inf{z: g(z) < g(l) }.
We say that r — [ is the length of the excursion and g(l) is the height of the
excursion. We say that the excursion in strict if g(z) > g(I) for any x € (I, 7).
From now on, we say simply “excursion” to mean excursion above the
minimum, and we say “minimum” for a (strict) running minimum; i.e. g has
a minimum at [ if [ is the left endpoint of an excursion.
(def :0RDX) Definition 1.3. Suppose that for any € > 0, g has only finitely many excur-

sions with length greater than e. Then let ORDX(g) € £ be the sequence
of the lengths of the excursions of g, arranged in non-increasing order.

We write g for the function defined by

g(x) = inf g(u). (1.4)[eq:def_barg|

0<u<lz
Note that a c.a.d.l.a.g. function g and g have the same excursions, thus

ORDX(g) = ORDX(g). (1.5)[ordx_of _bar_is_ordx




1.2 Tilt operator representation of the multiplicative
coalescent

(@8geintonseittf) 1y g hition 1.4. Given a locally finite measure p on (—o0, 0], we define the
inverse cumulative distribution function f, : [0,4+00) — [—00,0] of u by

fu(iﬁ) =sup{y <0 : puly,0) >z}, x> 0. (1.6)‘def_eq_inverse_sdf_

In particular, f,(z) = —oo for any = > p(—o00,0).

Note that f, is non-increasing and c.a.d.l.a.g.
Given some m = (my,ma,...) € E%, we define the independent exponen-
tial random variables

E; ~Exp(m;), i=1,2,.... (1.7)‘exponentials_E._i

If m; = 0, we formally define E; = 4o00.
Let us define the random point measure po with point masses of weight
m; at locations —F;, i € N:

po=y mi-dy, Yi=-E,. (1.8) [mu_0_def]|
=1

The total mass pio(—00,0] is infinite if m ¢ ¢. However, as long as
m € @, the mass distribution is locally finite:

(Lemma:exponential) [emma 1.5. Let m € (5. Define o by (1.7) and (1.8). With probability 1,

onential_i_bounded)?

(i) po(A) < oo for every bounded set A C (—o0,0].

onential_ii_sparser

> (it) poly,y +1] =0, as y — —o0.
The proof of Lemma 1.5 is postponed until Section 5.

>_from_exponentials) Definition 1.6. Let m € (5. Define E;, i € N by (1.7) and po by (1.8). Let
fo : [0, 4+00) — [—00,0] be the inverse cdf of py, i.e.,

fo@) = fo(a). (1.9) [fodet b

(remark:f_0) Remark 1.7. Let f, be defined by Definition 1.6.

smark_fO_i_lebesgue) ) o ) ) )
(i) An alternative characterization of the function fj is as follows: fj is the

non-increasing c.a.d.l.a.g. function such that the interval /; on which it
takes the value —F; has length m;, moreover the Lebesgue measure of
the complement of U3, [; is zero.
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~emark_fO_ii_finite)

_tilt_from_f_zero)?

(thm:tilt)

shift_step_function)

(i) If m = (my,...,my,) € €5 and E,, < --- < E, is the increasing
rearrangement of F;, 1 < i < n, then an equivalent way to write the
function fj is

—E,, if z;‘;l My < T < Zle Mo, 1<k<mn,
fo(z) =

—00 if ZiE:::lrnUr

(1.10)\deef_for_lzeroord

777 see Figure 777

(iii) Recalling Definitions 1.2 and 1.3 we see that the excursion lengths of
fo are given by the entries of m; that is, ORDX( fy) = m.

Definition 1.8. Let f; be defined by Definition 1.6. Let us define

fi(x) = fo(z) +tz, 2 >0. (1.11)[def _eq

We say that the function f; is a “tilt” of fo.

In Lemma 6.2 we will show that, with probability 1, for all ¢ the function
f+ has only finitely many excursions with length greater than any given ¢ > 0.
Then we can consider its list of excursions ORDX(f;).

Theorem 1.9. Let m € ¢5. The process ORDX(f;),t > 0 has the law of the
multiplicative coalescent my,t > 0 started from mg =m

We will prove Theorem 1.9 for m € Ké in Section 3, and extend this result
tom € é% in Section 7.

We say that Theorem 1.9 gives a “rigid” representation of the multiplica-
tive coalescent process, because all of the randomness is contained in the
initial state of the representation and the rest of the dynamics is rigid, i.e.,
deterministic.

1.3 Tilt & shift representation of MCLD(\)

Similarly to the rigid representation of the multiplicative coalescent in terms
of the excursion lengths of (f;(:)) in Theorem 1.9, we will give a rigid rep-
resentation of the MCLD(A) in terms of the excursion lengths of another
function (g;(-)) in Theorem 1.12 below. We begin with the case of finitely
many blocks.

Definition 1.10. Given m € £, we define go(z) = fo(x), were fo(x) is
defined by (1.9) (or, equivalently, (1.10)). The time evolution of g;(-) consists
of two parts:

f_t_from_f_0O




1. Tilt: If g,(0) < 0 then we let $g,(z) = X + .

2. Shift: 1f g;—(0) = 0, then we let g:(z) = g;—(z + 2*(t)), where

z*(t) =inf{z >0 : g_(x) <0} (1.12)[eq_def_finite_shift

is the length of the first excursion of g, (-) (see Definition 1.2).

Let us define v to be the measure on [0, c0) given by

V= Z ™ (t) - & (1.13)‘def_eq_nu_sum_dirac

0<t<oo

where z*(t) > 0 is the size of the shift to the left at time ¢ (see (1.12)); and
if no shift occurred at time ¢, then we let 2*(¢) = 0. Let us also define

o (t) = v[0,1], (1.14)‘def_eq_Phi_from_nu

the total amount of left shifts up to time t.

Recall the definition of the MCLD(A) from (1.2) and the notion of ORDX
from Definition 1.3.

:tilt_and_shift_10) Proposition 1.11. Letm € Eé, A > 0 and let fy be defined by Definition 1.6.

The process ORDX(gt),t > 0 has the law of the MCLD(A) process my,t > 0
started from mgy = m.

We will prove Proposition 1.11 in Section 3.
Note that in the MCLD()\) interpretation, ®(¢) corresponds to the total
amount of mass deleted up to time t¢.

From Definition 1.10 it follows that we have

ge(x) = go(x + O(t)) + A\t + /Ot (x +D(t) — D(s)) ds. (1.15) [g_t_from_g_0]

Extending the dynamics of g,(x) for initial states in m € £5 will amount
to finding ®(-) corresponding to go(-). We will then define g;(x) using the
formula (1.15): the question is how to define ®(-) in way that will appropri-
ately extend Definition 1.10 from m € Eg tom € Ké. The technical issue that
we have to overcome is that for a typical ¢ > 0 our functions g;—(-) will not
have a “first excursion” (c.f. (1.12)) if m € €5\ £}.

nsion_introduction) Theorem 1.12. For any m € 5 let us define go(z) = fo(x), where fy is
constructed using Definition 1.6. There exists a unique random measure v
such that if we define ®(t) = v|0,t] and g¢(x) by (1.15) then

6



-_shift_statement_i)

(i) the process ORDX(g:),t > 0 has the law of the MCLD(\) process
my,t > 0 started from mg = m,

1i_stopping_time_ii) ‘
(i) 222 prove it 222 for any t,z >0

the event { ®(t) < x } is measurable

with respect to the sigma-algebra o (go(z'),0 < 2’ < x), (1.16) kind_of _stopping.ti

(g_t_zero_is_zero

> (iii) if m € €5\ ¢, then g,(0) = 0 for any t > 0.
We will prove Theorem 1.12 in Section 7.

extend_mcld_to12)7 Remark 1.13. (i) In words, (1.16) means that for any fixed ¢, the random
variable ®(t) := v[0, ] is a stopping time with respect to the filtration
Fr=0(go(x),0<2a" <z),z>0.

(ii) The control function ®(-) of Theorem 1.12 is measurable with respect
to the sigma-algebra o (go(x),x > 0) (see (1.16)), therefore we have
obtained a “rigid” representation of MCLD(\), because the function
g:(+) defined by (1.15) is determined by the initial state go(-).

(iii) We construct the measure v that appears in Theorem 1.12 by extending
our earlier construction given in Definition 1.10 from £} to £} in the
sense that we obtain v as the weak limit as n — oo of the measures
v corresponding to initial conditions m(™ truncated at index n, see
Lemma 7.5 and Corollary 7.6.

(iv) If m € €5\ £%, then go(-) is a continuous function satisfying go(z)/z —
—00 as £ — o0 (see Lemmas 6.2, 7.4). We conjecture that for such a
go(+), there is a unique measure v such that the function g,(z) defined
by ®(t) = v[0,t] and (1.15) satisfies ¢;(0) = 0,¢ > 0.

1.4 Context, recalling related results by others

Aldous’s result and Armenariz’s extension. N.B. Broutin and Marckert.

roposition:Aldous)

”
" Proposition 1.14 (Aldous).

heorem: Armendariz)? Theorem 1.15 (Armendariz).



2 MCLD

We define £ to be the space of square-summable sequences with non-negative
entries:

€+:{x:(9€1,x2,...) : Vi ox; >0, Z:U?<+oo}.
i>1

We have 5 C ¢} Define the mapping

ord : 03 — 3 (2.1)[eq:def_ord]

by letting ord(x) be the decreasing rearrangement of x € /.

weights_from_graph) Definition 2.1. If m € ﬁé and G is a graph with vertex set V' C N,
denote by ord(m,G) the ordered sequence of the weights of the connected
components of G. More precisely, if C;,Cs, ... is the sequence of the vertex
sets of the connected components of G, we define

To = (Z my, Z My, - ) and ord(m, Q) D ord(z), (2.2)‘eq_def_ord_um_G

i€Cqy 1€Co
assuming that x, € 3.

Let us now state an elementary yet useful result which involves the metric

d(-,-) defined in (1.1).

aph_compare_aldous) [emma 2.2. If m € Eé and G,G" are graphs with vertex sets V,V' C N,
such that V.C V', G C G’ and ord(m, G) € £} then we have

d (ord(m, G), ord(m, ")) < \/Ilord(m, G)I3 — llord(m, G)|3.

Proof. This is a special case of [1, Lemma 17].

2.1 Basic results on the multiplicative coalescent

?(subsection:me)? The aim of this section is to collect some basic results about the multiplicative
coalescent.
7?77 Known, Aldous, Limic, but we want to be self-contained.



(def_mc_graphical) Definition 2.3. Let (fm);x;:l be independent random variables with EXP(1)
distribution. Given z € £; let us define the simple graph G; with vertex set

N, and an edge between ¢ and j if and only if & ; < tx;x;. For ¢,57 € Ny we

denote by ¢ PN j the fact that ¢ and j are connected by a simple path in
the graph G;.

Given G; we recursively define the connected components (Cy(t)),—, of
Gt by
i, = min{ N \ U;:llcl(t) book>1 (2.3)‘eq_def_componnets_o
Cr(t)y={ieN, :i PN in}t, k>1. (2.4)‘eq_def_componnets_o
We define 52G * to be the sum of the squares of the weights of the components
of GtI
2
[ee]
ST =D | D | =S8 D i € ] (2.5) 52_def|
k=1 \jeCu(t) i+

Note that we have S5° = 3% 22 < +o0 if 2 € {5

Lemma 2.4. For any x € {5 andi,j € N, and t < ﬁ we have
2

N Ti - Tj-l — ‘
P (2 ) < . 2.6)|eq_i_j_conn_in_G_t
J) = 1_1¢. SQGO ( )‘ 9-1-]
Proof.
P ( i Gy j) <
iP Jig, ..., i €Ny @ ig=1i, i = j and -
— (10,71, .-, ik_1,1x) is a simple path in Gy | =
00 k
Z H(1 — exp(—;,_, ;1)) <
k=1 (i17~~-7ik—1)€N§:1 =1
00 0o k—1
> || EREASEEIED DD DR | EAS
k=1 (il,...,ikfl)ENlj_il =1 k=1 (il,...,ikfl)ENiil =1

oo

et

rix;t - Z(t . S2Go)k—1 = flt—x]SGO. (2.7)‘eq_proof_connect_i_
k=1 TR

[]



5_not_increase_much)

(lemma_bipartite)

Lemma 2.5. For anyz € {5, t>0 and i,j € Ny, if

1
560 < o (2.8) [eq_bound_on_initial
holds then we have
E (S5") < 255° (2.9)[small_s2_if_small_i
Proof.
(2.6),(2.8)
E(SQGt)(Qé))SQGO—i-inij(i@j) <

i#]

(2.8)
SQGO + 2t Zx?m? < SQGO + 2t - (5«26’0)2 < 2526’0‘ (2.10)‘eq_proof_expect_con
i#]

[]

Lemma 2.6. Let z,y € {5 and t > 0. Denote the index set of x by I and
the index set of y by J. Denote by a = ||z||3 < +oo and = |jy||3 < +oo.
Consider the bipartite random graph B, with vertex set I U J, where i € I
and j € J are connected with probability 1 — exp(—tx;y;). Then we have

’[| < +00 - E (SQBz ) < H400. (2.11) ‘ eq_bipartite_S_2_B_

Moreover, if

1
t2aﬁ < 5 (2.12)‘eq_assumption_bipar

holds then we have

E (SQBt ) —a<26-(1+ ta)2 . (2.13) ‘ eq_bipartite_S_2_B_

Proof. First note that, similarly to the first step of (2.10), we have

E(SP)=a+8+ Y z,2,P <i1 <i>z'2> +
i1#£i2€]

Z yjlijP (]1 &) ]2> + 2 Z inyjP <Z & Z) (2.14)‘eq_bipartite_S_Q_ex

J1#je€d i€l,jed

10



Similarly to (2.7), we obtain the inequalities

1
P (i % in) < (wywe - 813D (BaB) !, iy #ia, inip € 1

. B . _ o
P (]1 > ]2) < (Y - 17) - Z(tzﬁﬁ)k Lo A e d
k=1
]

P <Z<i>j> < (wyit) - Y (Pap), iel jeJ

k=1
Combining these inequalities with (2.14) we obtain (2.11) as well as

5 (2.12) ) ) ) ) (2.12)
E(S))—a < B+2(® B-?+p* a-t?+2a-5-t) <

B (14207 + 1+ 4at) =28 (1 + at)’.
This completes the proof of (2.13). O

Definition 2.7. For any z € /5 and t > 0, m € N, define the graph GZW to
be the subgraph of G; spanned by the vertex set {1,...,m} and G;”T to be
the subgraph of Gy spanned by the vertex set {m + 1,m + 2,...}.

1:8_2_G_t_as_finite) [ emma 2.8. For any t >0 and x € {5 we have

P (S5 < +00) =1 (2.15)[S_2_G_t_as_finite

In particular, for any t € R, the weights of the connected components of Gy
are almost surely finite:

P|VkeN, : Z r; < 4+oo | =1. (2.16)‘finite_components

1€Cr ()

mt
Proof. Given x € {5 and t > 0 we first choose m big enough so that 52G 0 =

mt
> i1 27 < 5 holds. Then we apply Lemma 2.5 to deduce E (SQGt ) <

+00. Now if we condition on the component sizes of GJ™ and G}"T, we can
apply Lemma 2.6 to construct the graph G; as B, and use (2.11) to deduce
that S is almost surely finite. [

We have obtained a graphical representation of the Eﬁ—valued multiplica-
tive coalescent process with initial state m € E% in the form ord(m, Gy),t > 0,
see Definitions 2.1 and 2.3.

11



aphical_rep_cadlag) Lemma 2.9. With probability 1, the function t — ord(m,G;) is c.d.d.la.g.

with respect to the d(-,-)-metric (defined in (1.1)).
Proof. Let us fix some T" > 0. Denote by A the event

for any 7,7 € N the number of simple
paths connecting ¢ and j in G is finite

A= {S2GT < 4o0}N { } (2.17)‘event_A_cadlag_on_t

By Lemma 2.8 the event A almost surely holds. Assuming that A holds,
we will show that ¢ — ord(m, G;) is c.a.d.l.a.g. on [0,T).

Since G4 C G, if s < t, we can apply Lemma 2.2 in order to reduce our
task to showing that the function ¢ — S5 is c.a.d.La.g. on [0, T). If A holds,
then for any i,j € N the function ¢ — 1[i N j] is c.a.d.la.g. on [0, 7).
Using this fact, (2.5) and the dominated convergence theorem, we obtain
that indeed ¢ — S5 is also c.a.d.la.g. on [0, 7).

O

2.2 Graphical construction of MCLD())

ibsection:deletions) Recall the informal definition of the MCLD()) process m, from (1.2). We
now give a graphical construction of the process m; with initial state m € Eg
and deletion rate \. Let

(§j)7j—1 be random variables with EXP(1) distribution,

(Mi)s; be random variables with EXP(A) distribution, (2.18)[exponetials_xi_1amb

and let us also assume that all of these random variables are independent.
The heuristic description of our graphical construction is as follows: we
increase ¢ and if the event §; ; = tm;m; occurs for some 4, 7 € N}, we merge
the components of the vertices ¢ and j, moreover if \; = tm; for some ¢ €
N, , then we say that a lightning strikes vertex ¢ and delete the connected
component of vertex ¢. Since the total rate of merger and deletion events is
infinite if m € €5\ €1, we need to be careful with the above heuristic definition
if we want to make it precise: we will now provide the graphical construction.

In Definition 2.3 we defined the simple graph G; with vertex set N,. We
enumerated the connected components Ci(t), k € N of G; in (2.3), (2.4).
We will define for any ¢t € R

the set of intact vertices V; C N, and

the set of burnt vertices N, \ V. (2.19) {7}

12



The graph H; will be the subgraph of G; spanned by V, and m; will be the
ordered sequence of component weights of H;.

By the properties of exponential random variables, (2.16) and the inde-
pendence of (&; ;) and (\;);~,, we see that for every ¢t > 0

o)
2,j=1

P| VkeN,: Z 1N < tm;] < +o0 | = 1. (2.20)[finitely_many_light
1€C(t)

In words: every connected component of G; is exposed to only finitely many
lightning strikes on [0, ¢].

Equation (2.20) implies that for every ¢ > 0 and k € N, there exists an
almost surely finite N-valued random variable N (the number of lightnings
that hit the component Cg(t) by time t), indices iy,...,ixy C Ci(t) (the
vertices that are hit by lightning) and times 0 < ¢; < -+ < ty < t (the
ordered sequence of the times of the lightnings) such that

Ai

mil

!

{ie€Ck(t) : \i<tm;}={dy,...,ixy} and VI<I<N : ;=

We now define the set of intact vertices V; C N, by constructing V,NCy(t)

for every k € N,.
Let us fix £ € N;. We recursively define V4, N Ci(t) for each 1 <1 < N
in the following way.

(i) At to = 0 we have V;, N Ci(t) = Ci(t).

(ii) Assume that we have already constructed V;,_, NCi(t) for some 1 < <
N. We define V;, N Ci(t) by deleting the connected component of 4; in
the restriction of the graph Gy, to the vertex set V,,_, N Ci(t).

(iii) With this recursion we define V;,, NCi(t). Since there are no lightnings
hitting Ci(t) between tx and t, let V; N Cr(t) = Vi, N Ci(2).

Since Ci(t), k € N, is a partition of N, , we define
YV, = Uk21 Vi N Ci(t) and

o
H; to be the subgraph of GG; spanned by V. (2.21) {7}
Recalling Definition 2.1 we let
m; — ord(m, Ht). (2.22) ‘ def_bm_t_graphical

We define S to be the sum of the squares of the weights of the components
of Hy, that is S = ||my||3.

13



(lemma_indeed_MCLD)?

-aphical_rep_cadlag)

Lemma 2.10. For any m € f% the graphical construction (2.22) of the pro-
cess my gives an MCLD(X) process with initial condition m, i.e., an @-valued
Markov process whose dynamics satisfy the informal definition given in (1.2).

Proof. my is a random element of 5, because we have

(2.15)
|my||2 = S < 8" "< 0.

The fact that m; is a Markov process with the prescribed transition rates
follows from the memoryless property and independence of the random vari-
ables (&;);5_, and (\;)i,. O

ij=1

Lemma 2.11. With probability 1, the function t — ord(m, H;) is c.d.d.la.g.
with respect to the d(-,-)-metric (defined in (1.1)).

Proof. Let us fix some T' > 0. We know that the event A defined in (2.17)
almost surely holds. Denote by B the event that every connected component
of G is exposed to only finitely many lightning strikes on [0, 7. By (2.20),
the event B occurs almost surely. Assuming that A N B holds, we will show
that ¢ — ord(m, H;) is c.a.d.l.a.g. on [0, 7).

For any ¢t > 0 we define ]:It—',-At to be the graph that we obtain by restricting
Gy to Viia. Define ]:It+At to be the graph that we obtain by restricting Gy a¢
to V,. With these definitions the inclusions

Hiine € Hy C Hyppgs Hiine € Hipne © Hypng

hold, so we can apply Lemma 2.2 in order to reduce our task of proving
right-continuity at ¢ to showing that

li Ht+At _ QH: _ li Hy HH—At —0.
(a) lim S, Sy =0, (b) lim 55 — 5, 0
Now (a) follows from the fact that the graphical representation of the multi-
plicative coalescent possesses the c.a.d.l.a.g. property (see Lemma 2.9).

In order to show (b) we observe that on the event B, for every connected
component C of Gy, we have

lim 1[3ie€C : tm; < A\ < (t+ At)m;] = 0.
At—0

Given this observation, we see that for every connected component C of H;

we have lima;0L[C € Vipar] = 1. Using this fact and the dominated
convergence theorem we obtain (b).
The proof of the existence of left limits is similar and we omit it. m
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2.3 Proof of Feller property

ler_coupling_proof) Definition 2.12. The graphical construction of Section 2.2 gives a joint

realization of all of the MLCD(\) processes with different initial conditions
by using the same collection of random variables (;;); ;o and (A;);cy (see
(2.18)). We call this coupling the (£, A)-coupling.

(thum:feller) Theorem 2.13. Let m™.n € N be a convergent sequence of elements of

Eé and let m®) denote their limit, i.e., lim,, o d(m("),m(oo)) = 0. For any
t € Ry andn € Ny U{oco}, denote by m" the MCLD(\) process with initial
condition m™ at time t. Under the (£, \)-coupling, we have

d<m§n)7 mgoo)) L 0, n— oo. (2.23)‘feller_convergence_

This statement in particular implies that the MCLD(\) Markov process
indeed possesses the Feller property, i.e., Theorem 1.1 holds.

Proof. Let us fix t > 0, the sequence m™, n € N and the limit m(>®). We
prove Theorem 2.13 using truncation. For any n € N, U {oo}, let m!™™
denote the realization under the (£, \)-coupling of the MCLD(A) with initial

state

mmm = (m§"), ...,m{™,0,0,...), where m" = (mgn), mé"), ...). (2.24)[truncation_def

) m )

We also define V™™ to be the set of intact vertices of the graph H™™ of
the MCLD(\) with initial state m(™™ under the (£, \)-coupling.

In order to prove (2.23) we only need to show that for every € > 0 there
exists m,ng € N such that for all n > ny we have

P <d(m,§n), mgn’m)) > 8) < e, (2.25)[X"n_and_X"nm_close]
P (d(mgn’m), mgoo’m)) > 8) <eg, (2.26) ‘X“nm_and_X“inftym_c
P (d(mg"o’m), m{>) > 5) < 4e. (2.27)[X"inftym_and_X“inft

For the rest of Section 2.3, we will fix £ > 0 and omit the dependence of
random variables on ¢:

Definition 2.14. Let us fix t > 0. Given some m € K%, denote by G, G™
and G™' the graphs spanned by the edges 1[&; < tm;ym;] on the vertex set
Ny, {1,...,m}, and {m+ 1,m +2,...}, respectively.

Let m(™) denote the vector truncated at index m. Denote by m the state
of the MCLD() process with initial state m at time ¢ and by m(™ the state
of the MCLD(\) process with initial state m(™ at time ¢.

(def _G_truncated)
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Denote by V and V(™) the corresponding sets of intact vertices.
Denote by H™ and H the subgraphs of G spanned by V™ and V.

In order to prove (2.25) and (2.27) we will need the following result.
y_graph_inclusions) [ emma 2.15. If G™ and G™ are random graphs with vertezr sets
V(GM™), V(G™) C N,
and under the (&, X)-coupling we have
Gm™mcH™ cgm,  GmcHCcq™ (2.28)[G_nm_H_nm_inclusion

then almost surely we have

d(m,m™) < 3./ 8¢ — 5¢. (2.29)

Proof. First note that it follows from (2.28) that

A(m m) ~(m A(m “(m
S¢ < SHM < gG  gG < gl < g8 (2.30) [¢_nm_H_nn_S_2_inegs

Y

Thus we have

(2.2) .
d(m,m™) <" d(m,ord(m, G"))+

. R R (%)
Alord(zm, G™),ord (™, G™)) + d(ord(m™, G, m™) &
- - - —— (2.30)
\/SQG(m) _SH \/Sg;(m) _ 56 4 \/SQH(M) _ o U2

3. /S2G(m) . SQG(M)7

where (%) follows from (2.22), the inclusions (2.28) and Lemma 2.2. This
concludes the proof of Lemma 2.15. n

We will now construct auxiliary graphs G and G in such a way that
(2.28) holds. Recall Definition 2.14. Note that H™ is the subgraph of G™
spanned by the vertex set V™. In particular, every connected component
of H™ is a subset of a connected component of G™.

The next definition only involves the random variables (QJ);}Z:I only (i.e.,
we don’t have to look at (\;);~,).

bipartite_parallel) Definition 2.16. Given G™ and G™ denote the connected components of
G™ by C,Z”i, k € K and the connected components of G™ by ClmT,l € L.

Let us define an auxiliary bipartite graph B with vertex set KUL. Declare

k € K and | € L connected in B if C;”i is connected to C" in G. We allow

parallel edges to be present in B: if Cj*" is connected to C"! by more than

one edge in GG, then we put an equal number of parallel edges between k € K
and [ € L.

16



Now we define a subset K* C K indexing “bad” components of G™.

This definition involves the random variables (§;;);5_; as well as ()2

I_components_feller) Definition 2.17. Declare k € K* if there is a path in B with no repeated
edges which consists of at least one edge and connects k to a vertex in K UL
which corresponds to a not entirely intact connected component of G™ or
G™" at time t, i.e., a lightning hit a vertex of that component before time ¢.

Now we state some useful properties of the “good” components of G™
indexed by K \ K* whose straightforward proof we omit.

Claim 2.18.
(i) If k € K\ K* and C,Ti is hit by a lightning before t then there are no

parallel edges connected to k in B and no circle of the graph B contains
k as a vertez.

(i) Recalling Definition 2.1/, we have

Vke K\ K" : C;ni Nym = C,Zw ny. (2.31)‘good_components_ide

Now we define auxiliary random graphs GO and G™ that satisfy (2.28).
sandwich_m_graphs)? Definition 2.19. Let G(™ be the subgraph of G spanned by the vertices

V(é(m)) = U C;ni Nnym™ Ju ( U C;’w) U{m+1,m+2,...}. (2.32)‘eq_def_major_G_m

kEK\K* keK*

Define G(™ to be the subgraph of G spanned by the vertices

V(G™M) = U crmnpm), (2.33)[eq_def_minor_G_m
keEK\K*

We now show that with these definitions the inclusions (2.28) hold. The
inclusions V(G™) C Vm C V(G™) follow from the definitions (2.32),
(2.33). Thus G™ C H™ C G™ follows from the fact that H™ is the
subgraph of G spanned by the vertex set V(™. The inclusions Gm C H C
G™ follow from the observation (2.31) and the fact that H is the subgraph
of GG spanned by the vertex set V.

The next lemma is quite similar to Lemma 2.6.

17



_minor_major_close) [ emma 2.20. Given the above set-up let us condition on the graphs G™

and G™ and denote by
a=255" p=255""

There exists a constant C' = C(\,t) such that if t*aff < % holds then we have

E (SQG(M) — Sg(m) ’ Gmi, GmT> <C-B- ((1 + ta)2 + (1 +ta) - 043/2) . (2.34) ?ineq_minor_major_c:

We postpone the proof of Lemma 2.20 until Section 2.3.1. Now we finish
the proof of Theorem 2.13 by showing that for every € > 0 there exists
m,ng € N such that for all n > ny we have (2.25),(2.26),(2.27).

Let us fix t, A € Ry, ¢ > 0. We know from Lemma 2.8 that

(c0)
P (SQGt <+oo) =1,

where G§°°) denotes the random graph constructed from the exponential vari-
ables (fi,j);}jzl and the initial state m(*) € E% according to the rules described
in Definition 2.3. Given ¢ > 0, we can find M € R, such that

(o0)
P<S§’t 2M—1>§5. (2.35) [eq_def M|

Recal the notion of the constant C' = C(t,\) from Lemma 2.20. Let us
choose 6 > 0 such that

1
t*M6 < 5 and 9C -6 - ((1 +tM)* + (1 +tM) - M3/2) =g’ (2.36) [choice_of_delta

holds. Now we choose the truncation threshold m. Since m™ — m(>) in I,
we can make

sup ||m(n) _ m(n,m)H

neNU{oco}

(where m(™™) is defined in (2.24)) as small as we wish by making m large.
Thus by (2.9) and the Markov inequality we can choose m such that

(n,m)t
VneNU{} : P (SQGt > 5) <e. (2.37) ‘remaining_small_SQ

Having m fixed, we note that under the (£, A)-coupling we have
dm!™™, m™™) 50, n— oco.
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We also have
Ggﬂ/vm)i P

S

thus we can choose ng such that for all n > ny we have (2.26) and

(c0,m){ (o0)
SO < gl

),(2.38)

R (2.38) ‘ limsup_truncated_S2

(n,m)l (2.35
Vnée{ny,no+1,...} U{cc} : P (SQGt > M) < 2¢. (2.39)[uniform_truncated_S

Now we are ready to show (2.25) and (2.27).
For any n € {ng,no + 1,...} U {oo} we have

(n) (n m) G(nam)T G("am)i
P(d(mt ,m{" )25>§P ISR I I - (S Vi
(TL) (n m) G(n,'m)’r G(n,m)J, (237),(239)
P(dm" m, ") >e S5° <9, Sy <M <

e+2e 4+ P (d(mf”, m{"™) > 2, A),

1)

Gm)t Gl
where A = {5, <6, 9, < M}. We bound

(2.29)

P (d(mﬁ"),mﬁ"’m)) > g, A) < P <9- (Szé(n’m) — Sf(n’m)> > &2, A) =
E (P <9_ (S2G’(n,m) _ Sf(n’m)> > 22 ‘ G G(n,m)T) : A>

) 9C -8+ ((1+tM)? + (1 +tM) - M3/2) (230)
< < ¢

e2

where in the equation marked by (%) we used Lemma 2.20 and the Markov
inequality. This concludes the proof of (2.25),(2.26),(2.27) and Theorem
2.13, given the statement of Lemma 2.20. O

2.3.1 Proof of Lemma 2.20

>roof _lemma_min_maj)

We fixed t € Ry and A € R,. Recall Definition 2.14. Note that H™ is
the subgraph of G™ spanned by the vertex set V™). In particular, every
connected component of H™ is subset of a connected component of G™.
Recall the bipartite graph B from Definition 2.16 and the set of ”"bad”
vertices K* from Definition 2.17. Recall the property (2.31) of ”good” com-
ponents.
G(™ is the subgraph of G' spanned by the vertices V(G
G is the subgraph of G spanned by the vertices V(G(m)

, see (2.32).
, see (2.33).

— —
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Given the above set-up we conditioned on the graphs G™ and G™' and
denoted by
o — SQGWLL’ /6 _ S2G'mT‘

In order to prove Lemma 2.20 we need to show that there exists a constant
C = C(\,t) such that if

tQaﬁ < (2.40) ‘t_2_a1pha_beta_leq_

1
2
holds, then we have

E (SQGW) — Sf(m ‘ Gm‘L, GmT> <C-pB- ((1 + ta)2 +(1+ta) - a3/2) . (2.41) ‘truncation_uniform_

For any subset C of N, denote by
w(C) = Z m;
ieC
the weight of the subset, where m = (mq,mo,...).

Definition 2.21. Define a bipartite weighted graph B whose "left” vertices
correspond to the connected components of the restriction of G to the vertex
set

v =v(@m)n{L,...omy=|( |J ¢g*nvm™ |u ( U cﬁ),

ke K\K* keK*

and the "right” vertices correspond to the components of G™'. Define the
weights of the vertices of B to be the w(-)-weight of the corresponding con-
nected components. We declare two vertices in B to be connected if the

corresponding subsets are connected in G Denote by G™ the subgraph
of G spanned by V™.

With the above notation we have

s§ =55, ST =87 4 3wl

keK*

Thus we can start to rewrite the left-hand side of (2.41):
G(m) G(m) m mT \ __

E (S5 s¢" (Gmi, G") +E ( > w(e)?

keK*

Gm gmt ) .
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In order to show (2.41), it is enough to prove that t?af < % implies

E (SQE - SQé(m ) Gmia GmT) <20- (1 + tOé)z, (2.42) ‘truncation_uniform_
E ( Z w(C,Ti)Q G™, GmT> <2t2N\B - (1+ta) - o’ (2.43)‘truncation_uniform_
keK*

First we deduce (2.42) from Lemma 2.6, with the underlying bipartite graph

being B. Note that the condition (2.12) holds, because SG( < S =
and 8 = S$™". Thus we have

. 2o | o . o (213)
E(Sf-s§" |6 o () <
285" (14+1SS"")2 < 28 (1 + ta)?.

Now (2.42) follows by averaging over the values of (\;)™;.
In order to prove (2.43), we first give an upper bound on the probability
of the event {k € K*}. For k € K, denote by }, = w(C;™) and for | € L,
denote y, = w(C;""). Note that we have
a=> (1)  B=> W)
keK leL

Recall the definition of K* from Definition 2.17. The next calculation is
similar to (2.7), so we omit the first few steps:

P(keK*|G™, G™) <

Z (x;cyll )‘yll + Z Z xk’yll yl1x;€1t) ()\x;ﬂt) +

hel LelkiekK
S S (htht) (vh ) (i) () + - =
lheLl kieK lsel
x;tZ)\ﬁ + x;tsx\aﬁ + x;ﬂt4)\aﬁ2 4=
> , (2.40)
A8 (1 + ta) - (t2a5) < 200208 (1 +ta).

n=0

Now we are ready to prove (2.43):

E(z<>

keK*

(*)
G™, Gmf> <> 22)PAB - (1 +ta) <

keK

20208 - (1 4 ta) - o®/?,

where in (*) we used the fact that x}, < \/a for any k € K. This completes
the proof of (2.41) and Lemma 2.20.
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3 Rigid representation results: finite state
space

finite_state_space . . . . .
' B -sPace) 3 1 Construction of size-biased sequences using inde-

pendent exponential random variables

(sec:expsizebiased)? Now we recall some useful definitions from [1, Section 3.3].

e_biased_for_1zero) Definition 3.1. Let m = (my,mg,...,my,) € fé. A random total linear
ordering < on [n] is a size-biased ordering (with respect to m) if for each
permutation iy, i, . .., 4, of [n],

n

Piy < iy < -+ <) = |

r=1

my;

: (3.1) [sizebiased]

mi'r +mir+1 + e +m1n

I_with_exponentials) Definition 3.2. Suppose m € £ . Let E; ~ Exp(m;) independently for each
i. Define a random linear ordering on N by 7 < j if and only if E; < Ej;.
Then the law of < is size-biased (with respect to the sizes m;), in the sense
that equation (3.1) holds for any finite subset of the index set N.

X <gensedsizg biasedg . ) .

°-blased_extensions) Remark 3.3. (i) There is a smallest element with respect to the order <
if and only if m € ﬁ. If m e\ K% then the values E; are dense in
R, , see Lemma 5.1.

~ial_size_biased_ii) ) o )
(ii) The excursions (see Definition 1.2) of the random function f, defined

in Definition 1.6 appear in size-biased order.

3.2 A size-biased interval representation of MCLD(\)

al_coalescent_repr) I this section we restrict the MCLD(A) process (my) to the state space £},
Recall that the dynamics of (m;) consist of coalescence and deletion:

o if m,m' € ﬁé where m’ arises from m by merging two blocks of size m;
and m; then the rate of this transition is Ryc(m, m’) = mrmy

o if m,m' € Eé where m’ arises from m by deleting a block of size m;
then the rate of this transition is Ryc(m, m') = Amy;

(def:ic_state_space) Definition 3.4. Denote by Q° = U,R? the space of non-negative finite

sequences. Given b = (by,...,b,) € Q, let W(b) € £} denote the reordering
of b into non-increasing order.
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We now define a process by, t > 0, where only neighbouring intervals are
allowed to merge and only the leftmost interval is allowed to be deleted.

nterval_coalescent) Nefinjtion 3.5 (Interval coalescent with linear deletion, ICLD(A)). The
state space of the continuous-time Markov process (b;) is Q°. The dynamics
consist of coalescence and deletion:

(i) If b,b' € Q° where b’ € R’ arises from b € R by merging the blocks
b, and by for some 1 < k < n; that is

b;, 1=1,2,...,k—1
b; = Qb +bpr1, i=k (3.2) ?icchange?
bi+17 Z:k,,n_l

then the rate of the transition from b to b’ is

Ric(b, l_)/) =b - Z by. (3.3)‘eq:merge_rate_ic

>k

(i) If b, b € Q° where b’ € Rﬁ_l arises from b € R} by deleting the leftmost
block, i.e.,
b;:bi+1, 1§Z§7’L—1

then the rate of this transition is

Ric(b, Z_)/) =\ Z by (3.4)‘eq:deletion_rate_ic
l

intervalcoalescent) Theorem 3.6. Let m € 5. Let by be a random size-biased reordering (see
Definition 3.1) of m. Let by,t > 0 be an ICLD(X) started from the initial
state by. Then the law of the process W(b;),t > 0 is that of the MCLD(\)
process my,t > 0 started from my =m

We will prove Theorem 3.6 in Section 3.2.1.

val_coalescent_11)? Ramark 3.7. Theorem 3.6 generalizes in a natural way to any initial con-
dition m € Ef For initial conditions with infinite total mass, the situation is
more complicated since under the natural extension of the concept of size-
biased order (see Definition 3.2) there is no smallest element of the order,
and any two elements are separated by infinitely many other elements in the
order, c.f. Remark 3.3(i).
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3.2.1 Proof of Theorem 3.6

intervalcoalescent) p m € £} let 7, denote the probability distribution on Q¥ (see Definition

3.4) which arises from the size-biased reordering of m:

7Tm(l_)) = ]l[b S \I/_l(MH : H %, Q = (bl, RN bn). (3.5)‘eq:def_pi_sizebiase
i=1 ~~j=i "]

(lemma_mc_ic) 1 ornma 3.8. For every m € 5 and b € Q° we have

Z Tm (D) R1c(b, V') = Ruyre(m, m)mmy (U), where m’ = ¥(L').  (3.6)[ic_mc_identity

bev—1(m)

ary-coal_induction) Corollary 3.9. If P (b =b|WU(bg) =m) = mu(b) for any m € €5 and
b € Q° and (by) is an ICLD()) then the process (¥(by)) is an MCLD()),
moreover for any t > 0 we have P (b, =b|¥(b,) =m) = my(b) for any

m e ﬁé and b € Qb. In particular, Theorem 8.6 follows.

In words: if the initial state of an ICLD(\) is size-biased, then for any
t > 0 it remains size-biased. First we derive Corollary 3.9 from Lemma 3.8,
then we prove Lemma 3.8.

Proof of Corollary 3.9. Any possible initial state of W(by) is in Eé, so if we
fix the initial state then the set of reachable states of our Markov chain (by)
becomes finite and we are allowed to prove Corollary 3.9 by induction on the
number of jumps of our Markov process (by).

Note that if b. jumps then U(b.) also jumps. We assumed that by is
size-biased. Now assume that, before a jump, we have ¥(b.) = m, and also
assume that the distribution of the state of b. is a size-biased version of the
state m, i.e., we have b. ~ m,,. We want to show that

(ic_induction_1)

(i) the holding time until the next jump of b. is exponentially distributed
with parameter Ryc(m) := >, Ruc(m, m'),

(ic_induction_2)

(i) the probability that ¥(b.) jumps to m’ is Rasc(m, m')/Rasc(m),

(ic_induction_3) | . . . . .
(ili) after U(b.) jumps to m/, the state of the process b. is again a size-biased

version of the state m/, i.e., we have b. ~ 7.

Now (i)-(ii) is exactly how MCLD()) is supposed to behave, moreover by (iii)
we are allowed to inductively repeat this argument, so as soon as we show
(i)-(iii), the proof of Corollary 3.9 will follow. We will now prove (i)-(iii).
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Proof of (i): note that for any b € ¥~!(m) the total jump rate is

Ric(b ZRmbb’ 34)21% S b+ Zb,

>k

Z miymy + A Z my = Z RMc(m, m/> = RMC’(@); (37) ‘total_rate_ic_mc

1<J

therefore (i) holds if b. ~ 7, since 7, is supported on ¥~ (m).
Proof of (ii): the probability that ¥(b.) jumps from m to m/ is

Z Z chbb) RMc(m m)

Yel-1(m/) bel— _ RIC(b) RMc(m)

Proof of (iii): conditioned on the event that ¥(b.) jumps from m to m/,
the probability that b. is in state b’ is

/ / -1
Z (D) Ric(l_% b) ] R]\fc(m, m') (3.6),(3.7) . (Q/)-
beU—1(m) Ric(b) Rc(m)

[]

Proof of Lemma 3.8. There are two cases that we have to handle, corre-
sponding to coalescence and deletion.

We first treat the case of coalescence, that is we assume that the state
(V) = m € £} arises from m € £} by merging some blocks m; and m of
m, where I # J. Now b’ has an interval of size m; + my, say b}, = m; +m.
There are exactly two elements b of U=!(m) for which R;c(b,b') > 0, namely

bt = (b, By, mg, by B, (3.8) {7}
Z_?Q == (bll, ceey ;C_l,mj,mf,b;ﬁl, RN ,b;) (39) {7}
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Let us rewrite the two sides of (3.6). The left-hand side is

(3:3),(3.5)

Y TR0, ) = T (0 )Ric (b, V) + T (b)) Ric (8%, V)

bev—1(m)
H mr my )
Zyz] Zykaa kb;_mf

1)~ )

(HZJ =1 J) Z;Lk JZJ kb;

The right-hand side is

Rasclom e () 2 s (Hz >mz+ ka<H > )

Therefore (3.6) holds in the case of coalescence.

We now turn to the case of deletion, that is we assume that the state
U(b) = m' € ¢} arises from m € ¢ by deleting some block m; of m. There
is one element b of ¥~1(m) for which Rrc(b,b') > 0, namely

B = (m,b,. . 1), (3.10) {7}
Thus (3.6) holds in the case of deletion:

Z (D) R1c(b, V) = mp (0" )R (0%, 1) (3.4),(3.5)

beW—1(m)
T (B) - X - + > U
mr + Z] 1 b_/7 ( (mI Z )
AL« Ty (1_7) = Raro(m, m)m (V)

This completes the proof of (3.6), and Lemma 3.8. ]
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3.3 Tilt and shift representation of ICLD(}\), finitely
many blocks

?(tiltproofll)? T representation of the multiplicative coalescent in Section 3.2 moved some

of the randomness of the process into the choice of an initial condition (using
a size-biased ordering). Thereafter the possible transitions of the process
were restricted (only neighbouring blocks are allowed to merge).

In this section we take this to an extreme by giving natural constructions
of the process in which all the randomness is in the initial condition; the
evolution of the process thereafter is entirely deterministic, but nonetheless
the process projects to the multiplicative coalescent. Such processes might
be called “rigid”.

Recall the notion of excursions from Definition 1.2 and the notion of
Qb =U,R? and ¥ : Q° — ¢ from Definition 3.4.

?(def:EX)? Definition 3.10. Assume g : [0,00) — R U {—oc} has only finitely many
excursions. Denote by
EX(g) € @

the sequence of the lengths of the excursions of g, in order of appearance.

Denote by
ulg) = mi- oy, (3.11) [mu_of g|

the point measure with a Dirac mass m; at location Y; where m; is the length
and the Y; is the height of excursion 7 of g.

lef_exp_measure_lav) Definition 3.11. Let m = (my,mg,...) € Eé. We say that the random point
measure j = »_.m; - dy; has £(m) distribution if —Y; = E; ~ Exp(m;) and
Ey, Es, ... are independent.

We have py ~ £(m), where pg is defined in (1.8).

:tilt_and_shift_ic) Proposition 3.12. Let m € 5. Define the process gi(-),t > 0 by Definition
1.10 where go(-) = fo(:) is defined by Definition 1.6. Then

(t_s_ic_a

>(a) the process by := EX(g¢),t > 0 has the law of the ICLD(X) process, as
defined in Definition 3.5;

t_s_ic_b
\t-8-1c.b) (b) for anyt > 0, the conditional distribution of pu(g;) given m; := ORDX(g;)

is €(my).

Proof. Let m = (my,...,m,). Recalling Remark 1.7(ii), the function g is a
non-increasing c.a.d.l.a.g. function with values —F, ..., —FE,, and —oo. The
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length of the interval on which it takes the value —FE; is m;. By (1.7), with
probability 1 the values E; are distinct, hence m = ORDX(go).
Let 0 = (o01,...,0,) be the random permutation of [n] expressing the
ordering of the random variables E;, so that E,, < --- < E, . Then
b=(b1,....b,) = (Mo, -, my,) = EX(g0) < T,
where (%) holds by Remark 3.3(ii), c.f. (3.5).
Recalling Definition 1.2, the minima of gy are located at the points

rg=0, x1=Dby, 29=by+by, ... z,=bi+ ---+b,, (3.12)‘eq:def:minima_x_k

and the values of gy at these points are

gO(l’O) =—FE;, ... go(xnfl) = —E,,, go(ajn) =~

For convenience we also formally write go(z_1) = 0.

Let b € U~!(m). Conditional on the event EX(gg) = b, what is the joint
distribution of go(zg),0 < k < n?

By repeated use of the memoryless property of the exponential distri-
bution, one finds that the conditional joint distribution of the height gaps
between successive minima of gq is

go(zr_1) — go(zx) ~ Exp(bry1 + -+ - + b,), independently for 0 < k < n.

(3.13) heightge)

We are now going to prove part (a) of Proposition 3.12. For the proof of (a),
we will fix b and condition all probabilities on the event EX(gy) = b. We will
show that if gy has distribution (3.13) then the process

b, := EX(¢),t >0

evolves as an ICLD()\) process with by = b, c.f. Definition 3.5. Denote by

7 =min{t : g(zr_1)—gi(xx) =0}, 0<k<n, T = min 7. (3.14)‘eq_tau_gaps_close

0<k<n

By the Tilt part of Definition 1.10, %gt(x) = A+ z. Hence, for any ¢t < 7,

1
Pt (5) gu(nr) — gi(ee) decreases at speed @y — 2y = by i 0 < k <,

d_2
(i) 1) — glen) = —u(0) decreases at speed A
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Also note that for any ¢t < 7 we have EX(¢g;) = EX(go) = b. If we define

, O0<k<n, 715= gt(m_l))\_ gt(I())? (3.15)‘eq:def_tau_star

go(Tr—1) — go(wx)
bi.

T =

then by (i)-(ii) above and (3.14) we see that ming<j<, 77 = 7.
Using (3.13) and (3.15) we obtain that

(3.16) ‘ eq:tau_star_exponen

)
TgNEXp(bkzl>kbl), O<k<n, TSNEXp()\Zlbl),

T5,---,Tn_q are independent.

Let us define K to be the random index for which 74 = 75 = 7 holds.

(i) If 0 < K < n then at time t = 7 the point zx is no longer a mini-
mum, therefore the excursions (xx_1,2x) and (g, T y1) merge into
an excursion on the interval (xx_1, k1), thus EX(g,) = b’ where

b;, 1=1,2,..., K—1
b; = bg + b1, i=K (3.17)‘casel:excursions_me
b7;+1, Z:K+1,,7’L—1

(ii)) If K = 0 then g, (0) = 0, moreover by (1.12) and (3.12) we have
x*(7_) = x; = by, so by the Shift part of Definition 1.10, we obtain
g-(z) = gr—(x + by), thus EX(g,;) = b’ where

bl = b1, 1<i1<n—-1. (3.18)[case2: excursion_del

As a result of (3.16), (3.17) and (3.18) we see that
e 7 =min, 7, and K = argmin,7; are independent,

e the rate of the exponential variable 7 is exactly the same as the rate of
the first jump in an ICLD(A) process with by = b (see (3.7)),

e the probability distribution on the possible transitions from EX(g,_) =
b to EX(g,;) = b’ arising from the probability distribution of K via
(3.17) & (3.18) above exactly coincides with the probability distribution
on the possible transitions at the time of the first jump in an ICLD())
process with by = b (see Definition 3.5).

Thus the process EX(g;) behaves like an ICLD(\) up to (and including) the
first jump. Now we show that after 7 the situation is very similar to (3.13),
see (3.19) below.
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Denoting EX(g,) = b/, analogously to (3.12), we define
xg=0, =0y, ay=bi+b) ... 2l =Dbi+ -+b

n—1»

so that z are the locations of the minima of ¢,.

Given 7 and K, what is the conditional joint distribution of the height
gaps between successive minima of ¢, 7

Applying the memoryless property of the exponential distribution, the
conditional distribution of the remaining height gaps (apart from the one
which has already reached 0) is unchanged from what it was at time 0. As a
result we have that

Gr—(@r-1) = gr— (@) ~ Exp(bpy1 + - - + bn)
independently for 0 < k < n, k # K.

Then by considering the cases (3.17) and (3.18) separately and using the
fact that g,(zx—1) — g-(vx) = 0 to translate from b,x to b’,x’, we obtain
that conditional on the event b’ = V', the conditional joint distribution of the

height gaps between successive minima of g, is

g-(xy_1) — g-(2},) ~ Exp(bj4q + - - -+ b),_;) independently for 0 < k <n—1,
(3.19)‘heightgap_after_jum

where we formally defined ¢, (2’ ;) = 0 for convenience.

Continuing recursively the argument starting after (3.13), we find that the
process EX(g;),t > 0 continues to evolve like an ICLD(\). This completes
the proof of Proposition 3.12(a).

Now we prove Proposition 3.12(b). First we show that (b) holds when ¢ is
a jump time. Let m’ € fé and ' € U~1(m/). Let p’ denote a measure-valued
random variable with distribution £(m’) (see Definition 3.11).

(i) By Remark 3.3(ii), Proposition 3.12(a) and Corollary 3.9, the condi-
tional distribution of EX(g;) given ORDX(g:) = m' agrees with the
distribution of EX(f,/) (see Definition 1.4), namely both have distribu-
tion 7, (defined in (3.5)).

(condexp_law_i)

(condexp_law_ii)

(ii) By induction, (3.19) holds for all jump times, so the conditional law of
u(g¢) conditioned on EX(g;) = b" agrees with the conditional law of z/
conditioned on the event EX(f,) =1

Therefore (b) follows when ¢ is a jump time from (i) & (ii) above by averaging
out over the possible outcomes of EX(g;).

The fact that (b) holds between jumps easily follows from the memoryless
property of exponential random variables, so we omit the details. The proof
of Proposition 3.12 is complete.

[]
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WE WILL INCLUDE A DIAGRAM HERE TO ILLUSTRATE
t=0and t="1T].

Proof of Proposition 1.11. Recalling the definition of ORDX from Definition
1.3 we see that U(EX(g)) = ORDX(g) for any ¢ : [0,00) - RU {—o0} with
finitely many excursions, thus Proposition 1.11 is an immediate corollary of
Theorem 3.6 and Proposition 3.12. O]

4 Particle representation: finite state space

cldefepaeséntatiop) Definition 4.1. Let m = (my,...,my,) € Eé. Let Y;(0) = —E; be the initial
height of particle ¢ with mass m;, ¢ = 1,...,n. The heights of particles
evolve over time; let us now describe the joint time evolution of the heights
Yi(t),...,Y,(t) using a system of ordinary differential equations.
Analogously to the definition of pg in (1.8), we define

p= " me - S, (4.1) [dF eqmu_t|
=1

The system of differential equations that Y;(t),..., Y, (t) solves is

%Yi(z&) =A-1[Yi(t) < 0] + pe(Y;(2),0). (4.2) [particle_dynamics_1

We say that the particle ¢ “dies” at time ¢;, where ¢; is defined by

t; :==min{t : Y;(t) =0}. (4.3)[def_eq_t_i_death_ti

A “time-t block” consists of the union of all the particles that share the same
(strictly negative) height at time ¢.

In words, particles start at negative locations and move up. If a particle
reaches zero then it stops there and dies. Before it dies, the speed of a particle
is equal to A plus the total weight of particles strictly above it and strictly
below zero. If two particles merge they stay together forever.

The next lemma states that the above particle representation gives the
same coalescence process as the tilt & shift representation. The proof is
straightforward and we omit it.

ft_particle_equiv)

? Lemma 4.2. For anym = (my,...,my,) € Eé, if g:(+) is defined by Definition
1.10 and if Y1(t), ..., Y, (t) and p; are defined by Definition 4.1 then we have

gt() = fut(-) and ,u(gt) = U, (4.4)‘eq_particle_tilt_sh
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where gi(+) is defined in (1.4), f,, is defined using Definition 1.4 and j1(g) is
defined in (3.11). In particular, we have

(4.4

ORDX(g;) (L2) ORDX(g;) = ORDX(f.,), t>0. (4.5) 7eq_particle_tilt_sl

Recalling Definition 3.11, Propositions 1.11 and 3.12(b) imply

m, := ORDX(f,,),t >0 isa MCLD()),
py ~ E(my) given my for any t > 0.

(4.6) ‘ particle_exp_for_al

pio ~ E(m) = {

Recalling the definition of v from (1.13) and t; from (4.3), we have

n
V= Z m; - 5ti' (4.7)‘def_eq_death_time_m
=1

In words, if a time-t block of particles dies at time ¢, then the total mass
of this block is equal to the length z*(¢) of the shift that occurs at the same
time ¢ in the tilt & shift representation.

Our next lemma quantifies the effect of the insertion of a new particle on
the death times of other particles.

rticle death_times) [ oymma 4.3. For any m = (ma,...,my) € L5, let us define Yi(t), ..., Y,(t),
e and ty, ... t, as in Definition 4.1. B B B
Let us initialize a new particle system Yy(t), ..., Y, (t) by letting Y;(0) =
Yi(0) for any i = 1,...,n and by adding a new particle with initial height
Y,(0) and mass my.
Let us then define }70(2?), o ,?n(t), Ly and to, ..., t, according to Defini-
tion 4.1. Then we have

T — ;] < 1[To(0) > m(c))]m‘)'f;(o)' exp (“O(Yiio)’())) Ci=1...n

(4.8) ‘ eq_insertion_of_new

Remark 4.4. Lemma 4.3 is a deterministic statement, i.e., it holds for all
possible choices of Y;(0), Y1(0), ..., Y,(0).

4.1 Proof of Lemma 4.3

: R
m_proof insertion)?y .o enough to prove (4.8) for infinitesimally small my = ¢, because (4.8) is

linear in mg, so we can achieve (4.8) for any mg > 0 by stacking infinitesimally
small weights on top of each other.
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Without loss of generality we may assume Y;(0) > Y2(0) > --- > Y,,(0),
because if Y;(0) = Y;(0) for some ¢ # j then we can replace our particle
system by another one with fewer particles in which these two particles are
merged.

This implies t; <ty < --- <t,. Let us denote

Denote by
i* =inf{i : Y;(0) < Y5(0) }. (4.9) ?def_eq_i_star?

In particular, we define i* = oo if Y;(0) > Y(0) for any i € [1,n).

By (4.2) the speed of Y;(t) only depends on the locations of particles
strictly above it, so we have Y;(t) = Y;(t) for any 1 < i < 4, thus At; = 0
for any 1 <7 < ¢*, and (4.8) trivially follows for these particles.

Denote by Yy(t) the position at time ¢ of a particle with weight 0 and ini-
tial location Y,(0), inserted into the particle system Yi(¢), ..., Y, (t). Denote
by to the death time of this particle. B

Denote by #, the death time of particle Yo(t) in the particle system

Yo(t),Yi(t),...,Y,(t). Note that we have ty = to.

initesimal_change)? [ emma 4.5. If my = € s infinitesimal then for any i* < i < n we have

i—1
1
|AL;] < i (8 “to + Z m; - |Atj|) . (4.10)‘Delta_t_i_recursive

j=i*

Proof. We will prove (4.10) by induction on i. We begin with ¢ = *. If
i* =1, then by (4.2) we have

~ ~Y,(0 -v(0) - -t
}/1(0)<%(0)7 t[): §< )a tlz 1( )7 tlztl_8 0

s0 (4.10) holds in this case.
If i =¢* > 1, then we will consider two sub-cases:

(a) If t;«_1 < t;« then At; = —%,
(b) If ti*—l = ti* then Atl* = Ati*—l = 0.
In both cases, (4.10) holds.

Now we turn to the case i > 7,. We will again consider various sub-cases:
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(case_no_merge)

(A) If ti1 <t then

i—1
1
At; = _X (E 1o + Z m; - Atj> , (4.11)‘exact_formula_on_in

j=ir
because
(I) the insertion of the new particle with weight € at initial location

370(0) increases the velocity of the particle with index i by € on
the time interval [0, ¢y];

(II) for any j < 4, the change At; in the death time of particle j
changes the velocity of particle i by m; for a (signed) time interval
of length At;;

(ITI) the speed of particle i just before it dies is A if ¢;_; < ¢;.
Now (4.11) implies (4.10).

(case_merge)

(B) If t;,_1 =t; and mln{t : Y;_l(t) = K(t)} < i, then Atz = Atl‘_l, SO

(*)

i—2 i—1
1 1
N (8 “to + E mj - ’Atﬂ) < N (8 <ty + E mj - |Atj‘> , (4.12)‘merge_i_and_i_minus

j=i* j=i*

where (x) holds by our induction hypothesis. Now (4.12) implies (4.10).

(C) If t;-y =t; = min{t : Y;_1(¢t) = Y;(t) }, then either we have At;_; <0
and then we can proceed like in case (A) and obtain

1
Aty = Aty — XmiAtz’—b

or we have At;_; > 0 and we can proceed like in case (B) and obtain
At; = At;_1. As we have seen earlier, (4.10) holds in both cases.

]

From the recursive inequalities (4.10) one deduces by induction on i the
following explicit bound:

i—1

€'t0

At;| <
| Zl — )\

<1 + %) , 7 <i<n. (4.13)‘Delta_t_i_explicit_

j=i*

34



Now we are ready to deduce (4.8) for any i* < i < n:

. (4.13) et i1 ms c -t i1 m.
1] < v, _J) < [ I <
|ti —t;] < 5y H (1 + Y ) S exp <Z ) ) <

The proof of Lemma 4.3 is complete.

5 Some facts about

*_lemma:exponential) Proof of Lemma 1.5. For any 0 < a < b,
E (10— Zml (E; € ab])

Zmie_“mi (1 — e “)ml Zm (b—a)

since m € £, and this is already enough to give (i).
For (ii), we have

E(HO[ k—1,— Zml 7kml _efmi) <

Zm?e_km" —+0 as k— oo,

i
and also

Var (o[—k = 1,—k]) = Y m? Var (1[k < E; <k +1)).

)
)

Thus Y, Var (po[—k, —k — 1]) < >°.m? < .
Then let k be large enough such that E (uo[—k — 1, —k]) < §/2. Then by
Chebyshev’s inequality,
Var (uo[—k, —k — 1))
(6-0/2°

Hence ), P(uo[—k,—k — 1] > §) < oo and the result in (ii) follows from
Borel-Cantelli. O
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(lemma:dense)

Lemma 5.1. If m € 05\ ¢}, then with probability 1 we have po[—b, —a] > 0
for any 0 < a < b, where g is defined by (1.8).

Proof. Tt is enough to prove that for all pairs of rational numbers 0 < a < b
we have fi9[—b, —a] > 0 with probability 1. This follows from the second
Borel-Cantelli lemma and the fact that

S B(a< B <b) (L.7) S emom (1 — ¢~-am) Yoo if me ¢
=1

i=1

where (x) follows from e~ (1 — e~ ®=9™) ~ (b — a)m as m — 0. O

6 Good functions

We define a set G of “good” functions. Recall the notion of excursions from
Definition 1.2.

(def:good_functions) py g ition 6.1. If g is a function from [0, 00) to RU{—o0}, we say g € G if:

d_i_cadl
(good_i_cadlag) (i) gis c.a.d.la.g.

(good_ii_minusinf)

(i) If g(x) = —oo then g(2') = —oo for all 2/ > z.

rood_iii_arrangable) . . ) . o
(iii) For any € > 0, ¢g has only finitely many excursions above its minimum

with length greater than or equal to €.

(good_iv_lebesgue)
(iv) Let &pax = sup{z : & > —00 } < co. The Lebesgue measure of the set

of points in (0, Zyax) Which are not contained in some excursion above
the minimum is 0.

If g € G, then ORDX(g) (see Definition 1.3) is well-defined.

(Lemma:ftgood) | emma 6.2. Suppose fo is defined from m € Ké by Definition 1.6. Define f;
by (1.11). Then with probability 1, we have f; € G for all t > 0.

Proof. Properties (i), (ii) in Definition 6.1 can be deduced for f; directly
from the definitions (1.9) and (1.11). Property (iv) for f; follows from the
fact that (iv) holds for fy (see Remark 1.7(i)) and the observation that every
excursion of fj is contained in an excursion of f;.

[t remains to justify property (iii). The function fj is non-increasing, and
Lemma 1.5(ii) tells us that the length of the interval on which fy takes values
in [y,y + 1] tends to 0 as y — —oo. Hence for every ¢ there exists a K. such
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that fo(x) — fo(x —e) < —1 for all x > K.. As a result, fi(z) — fi(zx —¢) <
—1+4te. Ife < 1/t, we find that fi(z) < fi(x—¢), so all excursions intersecting
(K., 00) must have length less than ¢, as desired.

[]

(lemna:cadlag_tilt) Lemma 6.3. Given some fo € G define f; by (1.11) and assume that f; € G

for all t > 0. The function ORDX(f;) from [0,00) to £% is c.d.d.la.g.

Proof. Let us write m(t) = (mq(t), ma(t),...) = ORDX(f;). Since we use
the topology of coordinatewise convergence on £%_, it is enough to show that
the function ¢ — m;(t) is c.a.d.l.a.g. for all 1.

Consider 0 < t' < t. Since f; is obtained from fy by adding on an
increasing function, any minimum of f; is also a minimum of fy, and any
excursion of fy is a sub-interval of an excursion of f;.

Fix t and suppose (I,7) is an excursion of f;. Take € with 0 < & < 2[.
Recalling the notion of f from (1.4), we have f;(I —/2) > fi(1); hence if §
is sufficiently small, then

frs(L—€/2) > fi(l) + 6l = frys(D),

and so fi1s has a minimum in [l —¢/2,1].

Also, there is some x € (r,r 4+ ¢/2) with fi(x) < fi(I). Hence if ¢ is
sufficiently small, then f;,s has a minimum in [r,r 4+ €/2].

So for any €, we can find § such that the length of the excursion of f; s
which includes (I,7) is at most r — [ + €.

Now we will argue that for any € > 0 there exists small enough ¢ such
that the length my (¢t + 9) is at most m4(t) + e.

Fix any T > t and consider 6 € (0,7 —t). Since the excursions of f;,s are
contained in the excursions of fr, any excursion of f; s of length more than
m1(t) + € must be contained in an excursion of fr whose length also exceeds
that. There are only finitely many such excursions of fr since fr € G. Let
U be the union of those excursions, which has finite total length, say L.

Now let us look at all the excursions of f; contained in U. There are
at most countably many. We can take a finite number of them whose total
length is at least L —e. Each of them has length no more than m,(¢). From
the property above, if we choose 0 small enough, then at time ¢ + §, none of
them is contained in an excursion of length more than m4(t) + €. But also,
since the remaining length of I/ outside this set is only ¢, then also no other
point in U is contained in an excursion of length more than m4(t) + ¢.

It follows that m,(t + J) < e+ my(t) as desired.

In similar fashion we can also obtain that 3% m;(t+0) < e+ 3% mi(t)
for sufficiently small 0, for any k. But note that Zle m;(t) is increasing in
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t. So for each k, S2F  'my(t) is right-continuous with left limits, and hence
the same is true for m;(t) for each . O

(def_uniformly_good) Definition 6.4. A family of good functions f) € G,i € T is said to be
uniformly good if for any ¢ there exists K. € R such that for any ¢ € Z the
excursions of f() intersecting [K., o) are all shorter than e.

nif_good_conv_ordX) [ emma 6.5. Let f € G be continuous and assume that all of the excursions
of f are strict (c.f. Definition 1.2). Let f™ € G, n € N be a sequence of (not
necessarily continuous) functions that converge to f uniformly on bounded
intervals. Let us also assume that the family consisting of f and f™,n € N
is uniformly good. Then ORDX(f™) — ORDX(f) as n — oo in the product
topology on (.

Proof. Suppose (I,r) is an excursion of f. For any given v > 0 (with v < 1),
there is a 0 > 0 such that the following properties hold:

(i) f(x) > f(I)+ ¢ for all z € [0,1 — ~];
(i) f(x) > f()+oforall z €[l +~,r—7];
(i) f(x) < f(I) — ¢ for some z € [r,r + 7.

Here (i) holds since f has a minimum at [ and, being continuous, must achieve
its bounds on [0,! — ~]; (ii) holds since the excursion is strict, and (iii) holds
since by the definition of excursions, there must be points arbitrarily close
to the right of r which take value lower than f(l).

Now suppose n is large enough that |f™(z) — f(z)| < §/2 for all x €
[0,7 + 7]. Then we obtain the following properties:

(1) f™(z) > f(I) +6/2 for all € [0,1 — 7];

(ii) f™(z) > f(I) +6/2 for all w € [l + 7,7 — 7];

(iii) g™ (z) < f(I) — 6/2 for some = € [r,r + 7];
v) g )

"
(iv) g™ (1) € (F(1) = 6/2, F(1) +6/2).

Then f™ must have an excursion which starts somewhere in [l — v, + 7]
and ends somewhere in [r — v, 7 + 7).

Now let £ > 0 and choose K. such that the excursions of f and f™,n € N
intersecting [K., 00) are all shorter than e.

Now by Definition 6.1(iv) there exists a finite collection of excursions
(;,7;) of f, whose union covers all of [0, K. + €] except for a set of total
length less than £/2. Let k be the total number of these excursions. Apply
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the above argument to all of these excursions with v = ¢/4k. Then if n is
sufficiently large, we have that for each of these excursions of f, there is a
corresponding excursion of f™ whose length is within £/2k; the remaining
length in [0, K. + €] amounts to no more than ¢; and we know that outside
[0, K. + €], all excursions (either of f™ or f) have length less than or equal
to €.

It follows that for any i > 0, the ith largest excursion of f™ and the
ith largest excursion of f differ by at most . Hence indeed ORDX(f(™)
converges componentwise to ORDX(f), as desired.

]

7 Extension of rigid representation to 6%

1:extension_to_ltwo)

7.1 DBrief section about extension to d

on_of_easy_11_case) g, that we can later assume that we are in €5\ £}

> >m; < oo. This case is much simpler. Since E; ~ Exp(m;) indepen-
dently and » m; < oo, then for any h < oo, there are only finitely many ¢
such that E; < h.

Let Tmax = Y. my. If @ > Zyay then fo(x) = —oco and fon) (x) = —oo for
all n. If © < Tpax, then fo(z) > —o0, and fé”) (x) > —oo for all large enough
n (namely, large enough that >  m; > x).

Fix any ¢ > 0. For sufficiently large n, the functions fén) and fo are
identical on [0, Zyax — €] (and hence so are the functions ft(n) and f;). So
for large enough n, the kth longest excursion of ft(n) is the same as the kth
longest excursion of f;, which, as before, leads to (7.1) as desired.

77?7 POSSIBLY NEED MORE HERE? DO WE NEED TO MENTION
THAT WE ONLY NEED THE CASE WHERE INFINITELY MANY ¢;
ARE POSITIVE (SINCE THE OTHER CASE WAS ALREADY CONSID-
ERED) AND SO WE HAVE f;(z) — —00 as & — Tyayx?!

7.2 Proof of extension of MC tilt representation to f%

1sion_mc_tilt_to_12) The aim of this section is to prove Theorem 1.9.
Recalling Remark 1.7(i) the function f, has an excursion of length m; at
height Y;(0) = —E;. Let z; denote the left endpoint of this excursion.
Since the function f; is obtained by adding an increasing function to fo,
the set of left endpoints of excursions of f; is a subset of the points x;,7 > 1.
Set
Yi(t) = fi(z;) = =Yi(0) + it
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(def_good_times) Definition 7.1. With probability 1, for each pair i, j, there is at most one
time ¢ such that Y;(¢) = Yj(¢); hence with probability 1, all the values Y;(t)
are distinct for all except countably many ¢. Hence for all but countably
many t, the probability that all the values Y;(t) are distinct at time ¢ is 0.
Let T be this set of “good” times t.

VAR R SRR R o ark T2, (i ion £ is Diecewi . £

emark 7.2. (i) The function f; is piecewise constant; note that if x is
not one of the points z;,7 > 1 then for ¢ > 0, x is a point of increase
of f; (in fact, f; is differentiable at x with derivative t). As a result, if
t € T then with probability 1, every excursion (I,r) of f; is strict (see
Definition 1.2).

(ii) 7 is a deterministic subset of R, which might depend on the initial
condition m. We conjecture that 7 = R, for any m € @.

From Lemma 6.2 and Lemma 6.3 it follows that ¢ — ORDX(f;) is a
c.a.d.1.A.g. process with respect to the product topology on £%_. The graphical
representation of the multiplicative coalescent my is also a c.a.d.l.a.g. process
with respect to the topology of the d(-,-)-metric (see Lemma 2.9), thus it is
c.a.d.l.a.g. with respect to the weaker product topology on £% . Hence, since
T is dense, if we can show that for any finite collection t1,...,t, € T, we
have

(ORDX(f;,),1 <i<r) < (my,, 1 <i<r), (7.1)[tiltconclusion

then indeed the law of ORDX(f;) is that of the multiplicative coalescent.
For each n, let m™ be given by

m;, 1<mn
mgn) = {0 " . (7.2)\truncation_of_initi
., i>n

For each n, m™ € Eé, and m™ — m in éé as n — 00.
We couple processes starting from m(™, n > 1, by using the same height
variables Y; = —F; throughout. If we define

1 (@) = £ (@) +
then by the A = 0 case of Proposition 1.11 we have

(ORDX(ft(in), 1<i<r) 4 (mgl), 1<i<r), (7.3)‘finite_dim_agree_fo

where mgn),t > 0 is the multiplicative coalescent started from m(™.
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We will let n — oo, and show that

ORDX(f{") — ORDX(f,) forall teT

7.4)|mc_ _ORDX
coordinate-wise with probability 1. (74) me_convergence

By the Feller property (i.e., the A = 0 case of Theorem 1.1) we have

(mi:l), 1<i<r) LN (my,, 1 <i<r), n — 00 (7.5)‘eq_truncated_conv_f

(with respect to the topology of Eé and hence also coordinatewise). Putting
together (7.3),(7.4) and (7.5) we obtain (7.1) as required.

It remains to show (7.4). We will achieve this by checking that the con-
ditions of Lemma 6.5 almost surely hold if £ € 7. We may assume that
m € 05\ £, as discussed in Section 7.1.

(lemma:tailsmall) | emma 7.3. Fiz t > 0. With probability 1 , the family of functions that
consists of ft(n), n > 1 and f; is uniformly good (c.f. Definition 6.4).

Proof. Recalling Definitions 1.4 and 1.6 we see that

o) = Fs where  pug? =" my - by,
i=1

Now po — ,ué”) = > .<iM; - dy, is a non-negative measure for each n € N,

thus we obtain the proof of Lemma 7.3 by repeating the argument of proof
Lemma 6.2, uniformly in n. O

(Lemma:uchi) [ opyma 7.4. If m € €5\ ¢ then for anyt > 0 the function fi(+) is continuous
and ft(n) — fy uniformly on bounded intervals.

Proof. Since ft(n) (x) = fén) () 4+ tx, and fi(z) = fo(z) + tx, it is enough to
show the statements of the lemma for ¢ = 0.

By Lemma 5.1 the values E;,i > 0 are dense in [0, 00), thus the function
fo is non-increasing and by Remark 1.7(i) the values it takes are dense in
(—00,0). Hence fj is continuous.

Since fp is a continuous function on [0, 00), it is uniformly continuous on
any bounded sub-interval.

Fix any U < oo. Let us define ng = min{n : " ;m; > U}. For all
n > ng we have f\"(U) > f"\(U) = —8.

Consider x < U, n > ng. By (1.10) have fé")(x) = Y}, where k is such

that
S Z m;, mp+ Z m;

j<n:E;<Ey j<n:E;<Ey
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By considering the interval on which the function f, takes the same value
Y., we have

()= fo(x+6)  where = Z m;.

j>n: Ei<Ey

For all n > ng we have § < Ej>n:Ej<Smj. This goes to 0 as n — oo by
Lemma 1.5 and dominated convergence.

Then by the uniform continuity of fy on bounded intervals, we have that
fén) — fo uniformly on [0, U], as desired. O

By Remark 7.2(i), for ¢t € T, with probability 1, all excursions of f; are
strict. We can thus insert the properties derived in Lemmas 7.3, 7.4 into
Lemma 6.5 to obtain (7.4). This completes the proof of Theorem 1.9.

7.3 Proof of extension of MCLD tilt and shift repre-
sentation to E%

tom_by_truncptaof)? The aim of this section is to prove Theorem 1.12 using truncations and
approximation.

Given some m € £}, let us generate Fy, Es,... as in (1.7). Define the
truncation m™ by (7.2). We define ¢\ (-) = f{(-) using Ey, Es, ..., Ey,
by (1.9). Note that we still denote by fi(-) the function constructed from
the un-truncated m by (1.9)&(1.11) and that we use the same sequence of

random variables Eq, E5, ... to obtain a coupling of g(()n)(-), n € N. We define
gt(")(-) from g(()n)(-) using the method of Definition 1.10 (this works, because
m™ € (). This gives rise to the measure v by (1.13) and the function

®™ by (1.14). By (1.15) we have

t
g (x) = g (@ + (1)) + M + / (z+ @™ (t) — d™(s)) ds.  (7.6)]g_t_trom_g_0n
0

Our next result states that P-almost surely v(™ vaguely converges to some v
as n — 0o.

(Lemma_vague_conv) Lemma 7.5. If v n € N is defined as above then P-almost surely there ex-

ists a locally finite measure v on [0, 00) such that for any compactly supported
continuous function h : [0,00) — R we have

o0

lim h(t) dp™ (t) = / h(t) dv(t), P — a.s. (7.7) ‘Vague_conv_of_measu
0

n—o0 0
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llary_portemanteau) Corollary 7.6. By the portemanteau theorem (7.7) implies

lim @™ () = &) if v({t}) =0, where ®(t):=v([0,]) (7.8)eq_Phi_n_conv_to_Ph

n—o0

Proof of Lemma 7.5. We will use the particle representation (see Section 4)
V), .., Y ()

of gt(n)(-). We can then write v = Z?:l m; - 5t§n), see (4.7). Note that

Y"(0)=Y;(0) forany 1<i<n.

Let us assume that the function h : [0,00) — R for which we want to
show (7.7) is supported on [0, T7].
Recalling the definition of f19 = Y22, m; -y (o) from (1.8), we analogously

define u(()n) = > ", m; - dyo. Then by Lemma 1.5 there exists a P-almost

surely finite random variable K such that

V[-K,0 ~K, 0] _ 1
iglg Ho [K 0] = pol K 0] < o7 for any K > Kj. (7.9) [eq_sparse_weight

If |Y;(0)| = E; > Ky then for any ¢ > 0 we have

(4.

d 4.2)
<

Y0 < M (7 (0),0) < Mg (¥i(0),0) < A (7.10) [speed_ineq]

This implies that if Y;(0) <Y := —(K V 2AT), then

(7.10) Y,
Y"U(T) < Yi(0) + (A + %) T <0,

which implies that the time of death tl(n) of particle i (see (4.7)) satisfies

h(tgn)) =0 if Y;(0)<Y. (7.11)[far_starting_point_

Our aim is to show that the sequence [ h(t)dv™(t),n € N is Cauchy.
In order to show this we let n < m and bound

(4.7),(7.11)
<

/ h h(t) dv™(t) — / h h(t) dv™ (t)

A[Yi(0) > Y]+ [[hlloc - Y mi- 1[Yi(0) > V],

i=n-+1

S i [(t™) = n(e?”)
=1

(7. 1 2) ‘ bound_for_vague

43



In order to bound the first term on the right-hand side of (7.12) we observe
that if 1 <4 <n and Y;(0) > Y then

m—1
‘tgm) ()| < D 40 (‘g)
k=n
S V()] O (%(0),0)
1[Yi1(0) > Y] 32 xp | 22 3 ’ <
k=n
Y (Y,0)
|)\—2|ex (MO )ka+1 [Yi+1(0) > Y]. (7.13)[bound_for_death_tim

Note that Lemma 1.5 implies that with probability 1 we have

Zml >Y]—0 as n— oo

If we combine this with (7.12), (7.13) and the fact that A(-) is uniformly con-
tinuous, we can conclude that [; (t) dv™(t), n € N is a Cauchy sequence
for any h € Cy(R), from which it follows that the exists v for which (7.7)
holds. [

i ?
y-excursions_burn)? Lemma 7.7. If v is the random measure obtained in Lemma 7.5, then for

every t > 0 there exists y € (—o0,0] such that

v[0,t] = woly, 0], (7.14) [nu_mu_corresp|

where the measure pg is defined in (1.8).

Proof. Note that v = Yo mi-o Ke for every n € N, where Y; > Y; implies

tl(") < tg-n) for every 1 < 4,7 < n. Since v™ is an atomic measure with

masses (m;)"; located at (t(”)> and v™ — v vaguely, we can conclude
i=1

that v is also an atomic measure with masses (m;)°; located at (¢;);-, where
lim,, oo tl(n) = t;, thus Y; > Y} implies ¢t; < ¢; for every ,7 € N. From this

(7.14) readily follows. O

Given some m € 05\ ¢} we defined go(+) = fo(-) by (1.9), v by Lemma 7.5
and ®(-) by (7.8).

in_g_t_n_unif_conv) COlaiy 7.8, Let m € €5\ 0 and define g,(-) using (1.15) and gt(n)(-) using
(7.6). Then g.(-) is continuous and if t € [0,00) satisfies v({t}) =0 then

ggn)() — g:(+)  uniformly on compacts. (7.15) [g_n_t_converges_to_
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Proof. (7.15) follows from Corollary 7.6, Lemma 7.4 and (1.15), (7.6). [

Recall from Definition 7.1 the notion of the set of good times 7. In
particular, if ¢ € T then the function f;(-) defined by (1.9) and (1.11) almost
surely only has strict excursions, see Remark 7.2(i). Let us now define

T =Tn{t:Pw{t}) =0)=1}. (7.16)‘good_times_for_mcld

Since v is a random measure which only has countably many atoms, we see
that the 7" is a deterministic set whose complement is at most countable.
In particular, 7* is a dense subset of R.

on_ORDX_t11t_shift) [ o rima 7.9. [fm € £5\ £}, t € T* then ORDX(¢g{™) — ORDX(g,) in the
product topology on % .

Proof. First note that the functions g,(-) and gﬁn)(-),n € N are uniformly
good (c.f. Definition 6.4): this follows from Lemma 7.3 and the fact that g
is a “shifted” version of f;:

(1.11),(1.15)

ag(z) =7 filx +O(t)) + M — /Ot d(s)ds, (7.17)[g_t_is_shifted_f_t

and similarly, g\ is a left-shifted version of £™.

It follows from Definition 7.1 and (7.17) that if ¢ € 7 then almost surely
g+(+) has no strict excursions. Now the claim of this lemma follows from
Claim 7.8 and Lemma 6.5. O

ma_g-t-ORDX_cadlag) 1 o yima 7.10. If m € 5\ 0% then the function t — ORDX(g;) is c.d.d.Ld.g.

with respect to the product topology on (%, .
Proof. Let us fix t > 0 and define the auxiliary functions
gira(®) = gz + Bt + A1) = 0(1),  gia(2) = g:(x) + AL - .

From (1.15) we obtain

t+At
Gerar(x) = gfia(x) + AAL + / (x 4+ Pt + At) — P(s)) ds, (7.18) |g_t_plus_delta_from
t

t+AL
Gerae(x) = gl a(x + O(t+ At) — O(t)) + NAL — / O(s)ds.  (7.19) |g_t_plus_delta_from
¢

i

If m,m' € £}, we say that m < m' if 3% m; < 23:1 m/; for any i € N.



We are going to show

ORDX (g7 a¢
ORDX(gt+At
ORDX(g;;A;) = ORDX(g:
ORDX(g} ) = ORDX (g,

7.20 ‘g_t_bound_lower ‘

)
7.21)
)
)

< OR (gHAt)a
<0

R (g;iAt)a
in ¢ as At \,0,
in ¢4, as At \,0.

DX
DX ‘g_t_bound_upper‘

7.22

‘g_t_conv_lower‘

— N — —

(
(
(
(

7.23)|g_t_conv_upper |

As soon as we show (7.20)—(7.23), we immediately obtain
ORDX(gsa¢) — ORDX(g,) in £ as At\,0,

i.e., the right-continuity of ¢ — ORDX(g;) with respect to the £% topology.
The proof of the existence of left limits is similar and we omit it.

(7.20) follows from the fact that g, is obtained from g;, ,, by adding
an increasing function (see (7.18)), thus the collection of excursions of giyay
are obtained by merging some excursions of g, ;.

(7.21) follows from the fact that gy, a; is obtained from g/}, by a shift
to the left plus an addition of a constant (see (7.19)), thus the excursions of
gr+a¢ are obtained by deleting/splitting some excursions of gf, A,

From (7.14) it follows that for every At > 0 there exists some y € (—o0, 0]
such that ®(t + At) — ®(t) = ]y, 0] (see (4.1)), thus the collection of ex-
cursions of g, 5, is obtained by removing some excursions of g, whose total
length is ®(t + At) — ®(t). From this (7.22) follows, since ®(t+ At) — (1) =
v(t,t + At] — 0 as At N\, 0.

From (1.15) and Lemma 6.2 it follows that g;%A,(x) € G for any At > 0,
thus Lemma 6.3 implies (7.23). O

proof of Theorem 1.12(1). Given m € K% \ E%, we constructed two stochas-
tic processes: the graphical construction of the MCLD(A) process m; =
ord(m, Hy),t > 0 was given in Section 2.2, the process ORDX(g;),t > 0 is
defined by (1.15) using the control function ®(-) that appears in (7.8). We
now want to show that these two £ -valued processes have the same law.
Both processes are c.a.d.l.a.g. with respect to the product topology on % by
Lemma 2.11 and Lemma 7.10.

Hence, since the set 7* defined in (7.16) is dense, if we can show that for
any finite collection t,...,t, € T*, we have

(ORDX(g;,),1<i<r) < (my,1<i<r), (7.24)[¢ilt_shift_conclusi

then indeed Theorem 1.12(i) will follow.
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We prove (7.24) by replicating the argument given in Section 7.2. By
Proposition 1.11 we have

(ORDX(gg), 1< < 7") 4 (rngl), 1< < 7“), (7.25)‘finite_dim_agree_fo

where mt”) ,t > 0 is the MCLD()) process started from m™. By the Feller
property (i.e., Theorem 1.1) we have

m(ﬁ) 1< <r i) m, 1<:<r n — 00 7.26)|eq_truncated_conv_f
t; 1+ U > tiy L >0 > 5 q

(with respect to the topology of Eé and hence also coordinatewise). Putting
together (7.25), Lemma 7.9 and (7.26) we obtain (7.24). The proof of Theo-
rem 1.12(i) is complete. O

Proof of Theorem 1.12(ii) . 7?7 Incomplete proof 777 It is easy to deduce

that (1.16) holds if m € ¢§ from Definition 1.10 by an induction on the

number of “shift” events. Let us assume that m = (my,ms,...) € €5\ (1.
Let us recursively define

ny =1, ne =min{i : m; <my,_, }, k> 2, Mg = My, .

Thus we have {mq,ma, ...} = {my,ma,... } and my > my > ....

We have already shown that the measure-valued random variable v is
almost surely the vague limit of the sequence of the measure-valued random
variables v(™ as n — oo, so the same remains true for the sub-sequence
v as k — oo. Consequently, (1.16) will follow as soon as we show that
v~ is o (go(x),r > 0)-measurable for any k > 2. This is indeed true,

because vV is o (g™ (2), 2z > O)—measurable by Definition 1.10 and

g™ V() is o (go(x), z > 0)-measurable, because go"* () is determined as

soon as we know the set {Y,,,...,Y,, 1 } of initial heights of particles with
mass m; for each i = 1,..., k—1, but this information can be determined by
looking at the heights of the excursions of go(-) if the exponential variables
E;,i > 1 all take different values, which happens almost surely. O

Proof of Theorem 1.12(iii). It is enough to show that for any K > 0 and
e > 0 we almost surely have —e < ¢,(0) < 0 for any 0 < ¢ < K. Let us

fix K,e > 0. Recall from (7.9)-(7.11) that there exists Y < 0 such that if
Y;(0) < Y then " > K for any i < n. By Lemma 5.1 there exists an
almost surely finite ny such that ,u(()no)[y —e,y]l > 0forany Y <y <0,
thus for any n > ng and any = > 0 such that ¥ < g(()n)(x) < 0 we have

g((]n) (x_) — g(()")(a:) < e. In words: the gaps between consecutive particles
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initially located in [Y; 0] are smaller than or equal to €. By Definition 4.1,
these gaps can only decrease with time, thus for any n > ng and t < K there
is a particle in [—¢,0], i.e., we have —e < ¢\ (0) < 0. Now g™ (0) — ¢,(0)
as n — oo for all except countably many values of ¢ € [0, K] by Claim 7.8,
moreover ¢;(0) is a c.a.d.l.a.g. function of ¢ by (1.15), therefore —e < ¢,(0) <0
holds for every 0 <t < K.

]

8 Applications

8.1 Tilt representation for eternal MCs

8.2 Scaling limit of frozen percolation started from
critical Erd6s-Rényi graph

8.3 Particle representation of the forest fire model

This section contains a particle representation of the mean field forest fire
model of [3], see Proposition 8.5. This representation is an adaptation of the
one in Section 4 and we will briefly explain in Remark 8.6 how it sheds some
new light on a certain controlled non-linear PDE problem (see (8.5) below)
which played a central role in the theory developed in [3] and [2].

In [3] the authors modify the dynamical Erdés-Rényi model to obtain the
mean field forest fire model:

_forest_fire_model)

Definition 8.1 (FF(n, A(n))). We start with a graph on n vertices. Between

each pair of unconnected vertices an edge appears with rate 1/n, moreover a

connected component of size k “burns” with rate A\(n)-k, i.e., the component

is replaced with k isolated vertices. The total number of vertices remains n.
Denote by C™(i,t) the connected open component of vertex i at time t.
We define the empirical component size densities by

ViD= S SAC GO =H, V) = (RO (8 v

With the above definitions v"(t),¢ > 0 is a Markov process, let us call it
here the forest fire component size density Markov process on n vertices with
lightning rate A(n), or briefly FF(n, A(n)).

One investigates the model when % < A(n) < 1 as n — oco. We assume
that vi#(0) — vg(0) for all k € N as n — oo, where Y, k*v,(0) < +oc.
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Under these assumptions [3, Theorem 2| states that

vi(t) — v(t) in probability as n — oo, (8.2)‘eq_forest_densities

where (vg(t)),—, is the unique solution of the following system of ODE’s:

VEk Z 2 —Uk = ngl Uk l k}Uk( ) ka = 1. (83)

=1 k=1

In order to prove that (8.3) is well-posed (c.f. [3, Theorem 1]), one looks
at the Laplace transform

oo
Z Uk; e ke — (8.4) ‘V_t_x_laplace def
k=1

which satisfies the following controlled PDE (c.f. [3, (43)]):

0 0

where the control function () measures the intensity of fires at time ¢:

V(t,x) + p(t)e ™, V(t,0) =0, (8.5) ‘burgers_controlled

p(t) = %T(t), r(t) = lim r"(t), ZB” i,t), (8.6)[def_eq_varphi_burni

n—oo

and B"(i,t) denotes the number of times vertex i has burnt before time t.
Given a solution V'(-,-) of (8.5) one defines the corresponding characteristic
curves (c.f. [3, (66)]) as the solutions of the ODE

_€< ) =V (s,&(s)). (8.7)‘characteristics_for

These curves are useful because by (8.5) they satisfy %5 (5) = @(s)e™¢),
hence given ¢(-) they can be constructed (c.f. [3, (65)]) without solving (8.5).

In Definition 8.4 below we are going to give a novel particle representation
of FF(n, A(n)) by slightly modifying Definition 4.1.

?(def_dictionary)? Definition 8.2. If n € N, we let

n

n n n\n n nn
v :{_ = (V) peq kazl and Evk € N for all k:},

k=1

<

N
M”Z{mTL:(m’-‘)?{:lE% : Zm?:n and m} € N, forallj}.

j=1
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We say that the component size density vector v™ € V" and the ordered list
of component sizes m" € M™ correspond to each other if

N
vy = g
=1

Note that this correspondence is one-to-one.

S|

I[m}] =k] forall k. (8.8) {7}

In plain words, v™ and m”™ correspond to each other if there is a graph G
on n vertices such that v™ and m™ both arise from G.

(def_dictionary2) Definition 8.3. If /i" is a finite point measure on R_ such that 7"(R_) = 1

and the masses of the atoms of npu™ are integers then we define v(™) to be
the element of V" corresponding to the element of M™ which consists of the
ordered list of masses of the atoms of nu™.

article_rep_forest) Definition 8.4. Given v"(0) = (v}(0));_, € V" and the corresponding m" =

(m?)j,v:l € M™, we define the initial heights of the particles Y;(¢),1 <i < n

by letting }7;(0) = —Ej, where E; ~ Exp(m}), 1 < j < N are independent
and vertex ¢ initially belongs to component j in the forest fire model.
We define

| .
,u? = Z E(Sﬁ(t) ( Note: v(ug) = Qn(()) ) (8.9) ?mu_n_forest_partic!
i=1

If Y;(t_) < 0 then we let

d ~ -
EYZ(t) = An) + pi(Y;(t),0), (8.10) [particle_dynamics_1

and if Y;(t_) = 0 then we say that vertex ¢ burns and we let —Y;(¢) have
Exp(1) distribution, independently from everything else.

In words, a clustered family of particles with mass 1/n start at negative
locations, move up and merge with other particle clusters just like in Defi-
nition 4.1, but if a time-t block of particles with total mass k/n reaches 0,
then this block burns and gets replaced by k particles of mass 1/n with i.i.d.
locations with negative Exp(1) distribution.

orest_particle_rep) Proposition 8.5. (i) For any n € N, and any initial state v"(0) € V",
the process v(py),t > 0 is a FF(n, A(n)) process with initial state v"(0)
(see Definitions 8.1, 8.4 and 8.3 for the definitions of FF(n, A(n)), ny
and v(ji"™), respectively).
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irticle_mu_exp_dist) . o L . - . .
(ii) For anyt > 0, the conditional distribution of nu} given m} is £(m}),

where mj is the M"™-valued random variable corresponding to the V"-
values random variable v(il).

Proof. Recalling Definition 3.11 we observe that npg ~ £(m™), where m™ €
M?" corresponds to v"(0) € V™.
Denote by 7 the first burning time of the particle system Y;(¢),1 <i < mn.

Denote by Y;(t) := Yi(nt) and p; := njil}, = >, dy,(z) so that
Vi) "= nA(m) + w(¥i(8),0), 0<t< T,

thus the evolution of the particle system Y;(t),1 < i < n satisfies Definition
4.1 (with A = nA(n)) up to time 7/n, including the time-7/n block that
burns.

Likewise, if v"(t),t > 0 is a FF(n, A(n)) process, then the M"-valued
process corresponding to the V"-valued process v"(nt),0 < t < 7/n satisfies
the definition of a MCLD(nA(n)) process, including the time of the first
deletion event and the component that gets deleted.

Therefore, by (4.6), Proposition 8.5 holds for v(}),0 < t < 7, because
if a block of k particles burn at time 7, then after the insertion of k particles
of mass 1/n with i.i.d. —Exp(1) distribution, we still have the property that
the conditional distribution of npu” given m?” is £(m?). Therefore we can
inductively repeat this argument using (4.6) again and again to show that
Proposition 8.5 holds for v(ji}),0 < t < 7;, where 7; is the ¢’th burning time.
This completes the proof of Proposition 8.5. [

orest_particle PDE) Romark 8.6. Let us assume that i converges weakly in probability to some

measure fi; as n — oo. Denote by

We will derive a PDE for V (¢, ), sce (8.11) below.
We have ji;[y—dy, y] = —a%V(t, y)dy, moreover by (8.10), each “particle”

near the location y moves with speed V (¢, 4) (since A(n) < 1), thus V (¢, )
increases by f1;[y —dy, y] on the time interval [t, ¢+ dt], where dy = ‘7(23, y)dt.
The mass V (£, ) also decreases by ¢()dt because of burning (see (8.6)) and
increases by (1 — e¥)p(t)dt because of the re-insertion of burnt mass with
distribution —Exp(1). Putting these effects together we obtain

aV(t, y) = —V(t, y)a—yV(t, y) —eYo(t). (8.11) ‘pde_for_particle_de

o1



By comparing (8.5) and (8.11), we observe that V (¢, z) solves the same PDE
as —V(t,—z). Indeed, by (8.2) and Proposition 8.5(ii) we have V(t,y) =
Sorvk(t)(1 — €M), which is equal to —V (¢, —y) by (8.4). Moreover, if 1 < n
then 1y (y,0) ~ V(t,y), thus by comparing (8.7) and (8.10) we see that the
trajectories —Y;(s),s > 0 of particles can be viewed as discrete approxima-
tions of characteristic curves.
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