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Abstract

A mathematical analysis is presented for a class of interior penalty (IP) discontinuous Galerkin approximations of
elliptic boundary value problems. In the framework of the present theory one can derive some overpenalized IP
bilinear forms avoiding the notion of fluxes and artificial penalty terms. The main idea is to start from bilinear forms
for the local average of discontinuous approximations which are rewritten using the theory of distributions. It is
pointed out that a class of overpenalized IP bilinear forms can be obtained using a perturbation of these. Also, error
estimations can be derived between the local averages of the discontinuous approximations and the analytic solution
in the H'-seminorm. Using the local averages, the analysis is performed in a conforming framework without any
assumption on extra smoothness for the solution of the original boundary value problem.
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1. Introduction

Discontinuous Galerkin (dG) methods have been introduced and used from the end of the seventies, first for linear
transport problems. Later similar methods were constructed for elliptic boundary value problems [1] and nowadays it
is available for the numerical solution of almost all kind of problems based on PDE’s.

These methods have proved their usefulness in several simulations of real-life phenomena |2], [3], [4]. The most
favorable property of the corresponding numerical methods is that the local mesh refinement can be easily performed
giving rise to efficient adaptive strategies.

An important milestone in the systematic analysis of dG methods for elliptic boundary value problems was the
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paper [5]. This pioneering work served as a basis of the consecutive works concerning a priori and a posteriori error
estimates [6], hp-adaptive methods [7], time dependent problems [8]. For an up-to-date summary of the theoretical
achievements for dG methods we refer to the recent monograph [9] and for implementation issues to the monographs
[10] and [11].

At the same time, the above analysis should be improved in some aspects. First, which can be considered as
a didactic issue, the choice of the corresponding bilinear forms would deserve more motivation. After recasting the
elliptic problem in a mixed form, numerical fluxes and penalty terms are defined which lead to different bilinear forms.
No a priori suggestion or motivation is mentioned to propose an appropriate choice of the fluxes. Additionally, penalty
terms contain user-defined constants, which should be tuned to ensure the ellipticity of the corresponding bilinear form.
At the same time, too large constant would grow the condition number of the stiffness matrix in the computations.
On the optimal choice for elliptic problems we refer to [12] and for Maxwell equations to [13]. A possible remedy of
these problems is to use overpenalization [14], [15], which results inheritly elliptic bilinear forms. Also, as pointed out
in [15] and [16], one can use appropriate preconditioners to deal with large condition numbers.

The second issue to be addressed is the assumption on extra-regularity of the analytic solution in the original
analysis. This problem was solved in the meantime: in [17] the author developed an analysis based on a Strang type
lemma [18], which could successfully deal with the non-conformity of the dG type approximation.

The most important issue is the norm for the convergence. The choice of the bilinear form implies a mesh-dependent
norm, which is a real mathematical artifact. The convergence is proved with respect to this norm or in a weaker, e.g.,
in the Lo-norm. At the same time, in the corresponding real-life problems the natural norm is usually the H'-norm
(or seminorm). Note that there are some achievements which point out the usefulness of the interior penalty (IP)
methods. For these methods, one can obtain convergence in the so-called BV norm which does not depend on the
actual mesh [19], [20] and can be related to broken Sobolev norms.

Based on the above issues, the aim of the present work is to contribute to the error analysis of some existing dG
methods for elliptic boundary value problems by proposing an alternative of the commonly used theoretical basis in
[5]. In particular, we derive overpenalized interior penalty bilinear forms avoiding the notion of numerical fluxes or
recasting them into a mixed form. The new idea is to use the local average of the discontinuous approximation from
the beginning. The only heuristic detail in our analysis is the choice of the local average. The main benefit of the
analysis is that it can be done in an H'-conforming framework such that one can prove the quasi optimal convergence
of the local average with respect to the natural H'-seminorm for Dirichlet problems. This work is a generalization of
the paper [21] concerning the one-dimensional case. For numerical experiments demonstrating the performance and

usefulness of overpenalized dG methods we refer to [14], |[15] and [16].



The idea to use postprocessing (or smoothing or filtering) for dG approximations has already appeared in the
literature [22]. In the last years, many related results have been achieved: involved algorithms were developed for
linear hyperbolic problems in [23] and their accuracy-increasing property was verified also for advection-diffusion
problems with respect to negative Sobolev norms [24]. The accurate computation of the corresponding convolutions
is challenging, see the recent developments in [25] and [26].

The setup of the article is as follows. We first introduce the tools for our analysis. Then the main results are
presented along with the main consequences: first, the derivation of the overpenalized IP methods as an alternative of
the conventional one in [5] and second, the practice of the proposed method is discussed examining its computational

costs. Finally, the detailed proofs are given without the most technical details, which are placed in the Appendix.

2. Mathematical preliminaries

We investigate the finite element solution of the elliptic boundary value problem
—Au(x) =g(x) x€QCR?
u(x) =0 x €09,
where  is a polyhedral Lipschitz-domain and g € Lo() is given.
Discontinuous finte element spaces. The finite element approximation is computed on a simplicial mesh 7. The

symbol F denotes the set of interelement faces. Using the notation p(K) for the radius of the maximal inscribed ball

into K, we introduce the mesh parameter h < 1 with
h=min{p(K)/2: K € Tp}.

We also use the notations hx, hy and hq; for the diameter of the corresponding subdomain or face. The error analysis
can be applied in consecutive refinement steps (also in an hp-adaptive procedure) if the corresponding family {7y}, 4,

of meshes is non-degenerated, i.e. there exists a parameter N, such that for all K € {7}, 4, we have
diam K < N,p(K). (2)

Also, hanging nodes are allowed provided that their number is bounded in the refinement steps. At the same time,
the constants in the estimates may depend on the maximal polynomial degree and the number of hanging nodes on
the faces. To reduce the complexity of the forthcoming analysis, we do not track this dependence. For the numerical

solution we use the finite element space

Prx = {u € Ly(Q) : u|x € Py, () for all Q; € Ty},



where k = (ki, ka,...) and Py, (§2;) denotes the linear space of polynomials of total degree k; on the subdomain ;.

This notation will also be used for interelement faces and for balls instead of €2;.

Jumps and averages. We introduce the notation v; for the outward normal of Q; with any symbol j. We also make
use of the conventional notation {-}} : Py x — Lao(F) and [-] : P x — Lao(F) for the average and jump operators which

are given on each interelement face fo = 0, NQ_ with

foby, () = S00c) +olx ) and ol (6) = vavlxs) +wov(xo)

where v(x4) = limg, 5x, —x v(Xp). On each boundary face f C 02 we simply define

fo); (0 =v(x) and ol (x) = p(x)v(x).

Norms, scalar products and bilinear forms. The Lo(2*)-norm on a generic domain Q* will be denoted with || - |

Q-
and the corresponding scalar product with (-, -)q-. In case of Q* = Q or if the support of the terms is given, we omit
the subscript. Similar notation is applied for the scalar product and the corresponding Lo norm on F and on a single
interelement face f.

With these, the most popular dG approximation of u in is the so-called symmetric interior penalty dG method

which is given with the bilinear form ap : Py X Pn i — R as follows:

arp(u,v) = (Vau, Vav) = Y ({Vaul, [o]) s + EVaol, [ul)s + > on([ul, [v])s, 3)

fer fer
where V), denotes the piecewise gradient on the subdomains in 73 and o5, € R denotes a penalty parameter, which is

proportional with (diam f)~! in the conventional setting and with (diam f)~"

in case of overpenalized methods, see
[14] and [15]. The notation V; [u] will be used for the gradient of the jump functions defined on the interelement face
f: i.e. for each 71 unit (tangential) vector 71 contained in f and for any x € f

71V [u] (x) = ?B}) [u] (x+ 51-51) — [u] (%)

The notation A4(-) will be used to the d-dimensional Lebesque measure.

Averaging, conforming finite element space. For the local average we use the piecewise constant function 7y, : R™ — R

depending also on the parameter s > 1 with

Bhls,d x| < h®

0 |x|> k%,

N (x) =



where B(x,r) denotes the closed ball with radius r centered at x and Bps ¢ = A\q(B(0,h®)). The analysis makes use
only two properties of n: this is symmetric with respect to the origin and f]Rd Ny, = 1 such that n, * u is the local
average of the function u : R? — R. Also, a straightforward computation gives that supp n;, * 7, = B(0,2h*) and
f B(0,2h) TTh * Th = 1. These facts will be used without further reference.

The analysis of the conforming approach will be carried out in the space
Phx.s = {nn * uola, : uo is the zero extension of u € Py},

where Q) = {x € R? : d(x,Q) < h*}. Obviously, P, s C Hg(Qs). We use the notation €2; 5 in a similar sense and
Q; = int {Q) € 75 : Q; N Qy # D} for the patch of Q;, where int (S) denotes the interior of a set S.

Reference subdomain pairs. To extend the standard scaling arguments we first define a reference set K of neighboring

simplex pairs (K, K_) having the interelement face f = K, N K_ such that the following conditions hold:
e fC0xR%! and one vertex of fis 0 € R?
e the maximum edge-length of f is one
e K and K_ satisfy the condition on non-degeneracy, see (2).

Then for any neighboring subdomains Q4,Q_ € 7, there is a pair (K;,K_) € K and an affine linear map Agq :
KiUK_ — QpUQ_ with Ag(K ) = Q4 and Aqg(K_) = Q_, moreover

AQ(X) = AQ@(hQX), (4)

where hg denotes the maximum edge length of fo and Ag g is an isometry; see also Fig.
Accordingly, for any v € Pp x (24 UQ_) we have vy :=vo Ag € Pp, k(K4 U K_), moreover, using (4) the following
equalities are valid:

[vol (%) = [v] (Aa(x)) and 7, * vo(x) =17, 1 *v(Aex), ()

hoh's
whenever the operation 7,,* makes sense.

We also use the notation hq - Ky = {hgx:x € K1} and similarly hg - f and introduce the interior domain
Qo = {x € Q; : B(x,h*) C Q;} and the interior face fy C f similarly. The definition of h ensures that these are

non-empty.
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Figure 1: The transformation of the reference subdomain pair, the interior domain €¢ and the interior face fqo in the 2-dimensional case.

BV spaces and distributions. The space BV(Q) of real valued functions on € with bounded variations is defined with

BV(Q)=<u:Q—R: sup /udiv¢):=|u|BV<oo
PE[C ()] /O
llplloo=1

and is equipped with the seminorm |- |gy, where || - ||, denotes the maximum norm on C}(£2). This seminorm can

| |Bv = / d|9ul,
Q

where |0u| is the Radon measure generated by the distributional derivative of u. The dual pairing between a distribution

also be given as

S and a test function ¢ is denoted using angle brackets: (S, ).
In the estimates, the notation g; < go means the existence of a constant C' - which does not depend on the mesh
parameter but possibly on the local polynomial degree - such that g1 < C - go. We also use the notation g; ~ go

provided that both g1 < g and go < g1 are satisfied.

3. Results and discussion

The basic idea of the present analysis is to look for a smoothed dG approximation immediately in the bilinear

form. In this case, in the background we can compute with discontinuous basis functions in P, x while still having the



freedom to choose them independently on the neighboring subdomains. On the other hand, as we compute conforming
approximations, we can use the entire armory of the classical finite element analysis.

The smoothed (or averaged) dG approximation consists of finding 7y, * up, € P x s such that for all ny, * vy, € Pp, ks
we have

an(un, ) = af (n * up,mn o+ ) = (V0 * un), V(s % on)) = (9o, 10 * vn), (6)

where the bilinear forms a,, : P, i x P x — R and a; :Phx,s X Ppk,s — R are defined by (6) and go denotes the zero
extension of ¢ to ,. Whenever the spaces Py s ¢ H}(2) we call the method H!-conforming since each space is in
Hg (Q).

To prove the first main result we introduce the modified IP bilinear form arp s : Py x X P x — R with

arps(u,0) = (Viu, Vav) = Y ({Vaul, 0] + EVao}, [ul) s + > oan(lul, 0]y, (7)

fer feF

where

([u], [v]) ;%h_s([[u]]a[[v]])f ford =2 .
Os . n\ U], [V])f =
%h_s([[u]] Jvl); ford=3

and the corresponding finite element approximation up s for which

arp,s(urp s, v) = (g,v) Yv € Ppx. 9)

Theorem 1. Assume that 3s > d+ 2. Then the IP bilinear form in (7) is a perturbation of a, in the sense that
|y (u,0) = aps(u,v)| S B+ BP9 [V (g + ) [V (5 0)-

Since the bilinear form a, is a slight modification of arp s, we expect that the local average of the approximations of

up, and up s are also close to each other. In precise terms, we have the following.
Theorem 2. Assume that 3s > d+ 2. Then for the finite element approzimations up and urp,s we have
IV (e # wgp,s — o un) || S RSV (g un )|+ max h, nm * g = goll-
The main result of this work is the error estimation for the averaged IP approximation in the H!(Q)-seminorm.

Theorem 3. The averaged interior penalty approrimation is quasi optimal with respect to the real energy seminorm

in the following sense:

. _1
IV (u—=mpxurp )| S inf Jlu—mp xvnlls + O(h*~2) + max hg [l * g — gol-
vy €Ph x J



The new derivation of IP bilinear forms. Based on the results of the paper, we propose the following introduction of

IP methods for the numerical solution of (1).
e Introduce the H!'-conforming finite element discretization (6).

e Since the arp ; bilinear form is a perturbation of a, and given more explicitly, one should compute uip s in the

practice.

Note that this approach contains one heuristic detail, namely the choice of the smoothing operator in (6). At the same
time, we can completely avoid the problem of choosing some numerical flux or penalty parameter and the corresponding

bilinear form is obviously elliptic.

The new computational proccedure and its costs. Using Theorem 3, we propose the following approximation of (1).

(i) Compute the solution uip s of the problem in (9).

(ii) Compute the local average 1y, * urp 5.

Note that in (9) an overpenalized IP method is applied. In the classical approach [15], the penalty term is defined by

S s—1 s—1
UZW/JCHJC [u] I [

fer

where s is a positive integer and H;_l denotes the Lo-orthogonal projection to Ps_1(f). In our approach,
e it is not necessary to compute orthogonal projections
e we can use any parameter s with 3s > d + 2, which results in less ill-conditioned linear systems
e the constant 7 is given in (8).

The only extra cost compared with a conventional method is the computation of the local average. The most straight-
forward way to compute it is to apply Gauss quadrature on a ball. Another possibility is to take a convolution
operator with the characteristic function of a ball. To approximate it one can make of use of the convn.m subroutine
of MATLAB. Note that the efficient computation of more involved smoothing procedures have been already developed,

see [25] and [26].



4. Analysis and proofs

We make use of the following inequalities, which can be proved using simple scaling arguments and the assumption

that the family {7y}, o, of meshes is non-degenerated.

Proposition 1. For all faces and domains in the family {Tn},cs, of meshes we have the following inequalities:

o ful ~ b lull sy Vo€ BL(B(OY)), (10)

mpxlul S 101 V] < B, (1)

max [V2ul € i ullie < hTE Pl Ve (K, (12

w3 [0 £ 50 11 000 1) Vi < R (13
IVullsonn S h°7 [ Vullpom SR ullpon  VueBu(BO.R). O (14)

We also need an estimate between the discontinuous function V,u and its local average n * Vyu with a convergence

rate depending on h. For this a Taylor expansion is developed about all x € ;¢ giving for an arbitrary y € €2; that

1
uy) = u(x) + Vu(x) - (y —x) + §V2U(Ey)(y -x)- (y —x) (15)
for some £, in the section (x,y). Integrating both sides over B(x, h®) yields
1
B (o u(x)) = Brea-ui) + [ S9hulE)y %) (v -
B(x,h?®)

and therefore
1

Nh * u(x) — u(x) = m

/ V2u(g,)y[? dy. (16)
B(0,h*)

Proposition 2. For all u € Py,  and subdomain §); we have

s—1
IVhu —nn* Vaullo, Sh77[[Vaulg, -



Proof: We first use the triangle inequality

Viu —nn* Viullo, < [Vau —nn x Viulla,, + [[Veu — 10 x Viaulloa,, an

< Vhu —mn * Viullo, + IVieulloae + 1 * Vaullo o,
where the contributions are estimated separately. We obviously have the estimate Aq(€2; \ Qj0) < hshé;1 such that a
simple scaling argument gives
IVnulle a0 < 07 [ Vaula,. (18)
This also implies, using in the second line with s = 1 that
1 * Vaullg 0,0 < A€\ Qo) max Viul?
' (19)

d— d— —d _
< Ay e max [Vl < g Tl = 0Vl

Finally, combining the inequalities in and (12) we arrive at the estimate

1
Viyu — v < V3 2d
|Vhu —np, * hu|Q;0| = 2. M(B(x, b)) ;%%gj' u(y)| /B(O,hS) ly|® dy

< h™* max |V3U(Y)|hs(d+2) S hQSh_%_QHVUHQJ"
YEQ;

Therefore, using we obtain
[Vhu —mn * Viulla,, <h*72Vaulg,. (20)

J

The estimates (18), (19) and (20) with (17) imply then the inequality in the proposition. O

Remark: For functions v € C?(R?) one can easily estimate the difference in Proposition [2] Moreover, it turns out
that the convergence rate of the difference [, [, * v|* — |v]* characterizes the Sobolev space H'(R"), see [27].

The chief problem in the estimations with convolution terms is that the scaling arguments can not be applied in a
straightforward way. Whenever we use polynomial spaces the function space {n, * v : v € Pj, x,0 < h < ho} is infinite

dimensional, which makes the following proofs non-trivial.

Proposition 3. There exists hg > 0 such that for all h with hi=% < ho and v € Pp, 1(Q4+ UQ_) we have

/fﬂwvws /Q o [0 (21)

/H[vﬂsh%h;z\// IV (i # 0)]2. (22)
Q §2+UQ_

The corresponding proof is postponed to the Appendix.

3
and for s > 5

10



4.1. The bilinear form

To give the bilinear form (6) in a more explicit form, we first need some identities for distributional derivatives.

We first decompose the gradient of a function u € Pp, k() as follows.

Lemma 1. For all u € Py, () we have

Vu=Viyu+[u]p = Viu+ Z [ul (23)
fer

in the sense of distributions, i.e. [u]p € [DU(Q)]* is a distribution with

[up #) = -3 / = [ 6= (1l 915

fer

where [[u]]f = [u]p |f and we also have supp [u]p = F.

Proof: Obviously, for all ¢ € [D(Q)]? we have

(Vu, ¢) = —(u,div ¢) = Z / u div g = Z / Vu-¢— Z/ ulo,v; -

Q; €T Q;€Ty Q;€Th

Z/Vucb Z/[{u Iy,

Q; €Ty feF

which proves the statement. [J

Remarks: The decomposition in Lemma [1]is indeed a Lebesgue decomposition [28], [29] of the Radon measure
corresponding to the distributional derivative Vu. The role of the jump terms in this context is analyzed in [30],
Section 10.
The symbol [-], can be understood both as a distribution supported on the interelement faces and the singular
measure in the corresponding Lebesgue decomposition. The connection between [u],, and the classical function [u] is
highlighted in Lemma [I.
The negative sign is a weakness of the conventional notation. This is already transparent in the one-dimensional case:
whenever the Heaviside step function H : R — R is increasing, by definition we have [H] (0) = —1.

For the consecutive derivations we need also an identity regarding the convolution of distributions.

Lemma 2. For all u € Py, i, the convolution np, x [u]p, is regular, which will be identified with the corresponding locally

integrable function. With this, for all bounded function w : Q — R% we have
(nn o [u]p , w) = ([u] , 1n * W) 7.

11



Similar statement holds for [u] ; with the following identity:

(nn# [ul W) = ([ul s mn x W)

Proof: Since both 7y, and [u],, are compactly supported, we get by definition (see [31], Definition 2.1) and by Lemma
1 that for each ¢ € [C5°(Q2)]¢ the following equality is valid:

(i x [ulp, @) = ([ulp,y = mm(x— d(x+y))) = ([ulp,y — /Rd nr(x)p(x +y) dx)
— [ 1) [ meostxryyaxdy == [ @) [ mia- ot dady 21)
—— [ 1) [ mly -~ Do) dzdy = [ [l () m $ly) dy = ~([ul 0 + &)

F R F

On the other hand, according to [31], page 337, Exercise 10, nj, * [u] is locally integrable such that the statement of
the lemma is valid for all bounded functions w as it was stated. The statement can also be applied for ny, * [u] 7 and
the derivation in (24) can be modified in an obvious way changing [u]y, to [u]; and the symbol F to f. [

As an obvious consequence of Lemmall and Lemma(2 we get the following.

Corollary 1. The left hand side a,(u,v) of (6) can be rewritten as

(n * Vi, p * Vo) + (n o+ Viu,gp * [vlp) + (n o Vo, mp x [ul p) + (n* [u] p 5 00+ [v]p)

= (nn * Vu,np * Vo) + (n « Vi, np * [0]) + (9n * Vv, np * [u]) + (0n * [u]p 06 * [v]p)

= (nn * Vu,np * Viv) — (p «np * Viu, [v]) 2 — (% x Vo, [u]) £ (25)
+ Znh*[[U]]pZnh*[[vﬂf
feF feFr

Remarks: The second line is given directly using the decomposition in (23), in the third line we have identified 1 * [u]
and 7 * [v] with the corresponding locally integrable functions, which is related to the lifted forms of the dG methods
as each scalar product corresponds to a volume integral. On the other hand, the second and third terms in the fourth
line are integrals which can be computed on faces according to .

The locally integrable function 7y, * [u] , will be given explicitly in Lemmal5.

5. Comparison with the IP bilinear form

We compare our bilinear form with the IP bilinear form componentwise.

12



Comparison of the first terms.

Lemma 3. For all u,v € Py () we have
[(Vhu, Vo) = (i * Vau,gp + Vo) < 557 Hiap « Vil « Vil

Proof: We obviously have

[(Vhu, Viv) — (% Viu, g * Viao)|
< (Vau = nn * Viau, Viv) + (g Viu, Vv — ny o+ Vi) (26)
< IVhu = nn o Viul[[| Vel + [0 = Viull[[ Vo — na o« Vaoll.
Also, application of the estimate in Proposition[2 and a simple scaling argument implies for each subdomain €; that
IVrulall < IVau —mn * Viulla,e + 1nn * Viulla,,
< BT |[Vaulle, + I * Viulla, ST [Vaullag, + [0 * Vaulla,,

and therefore,

”vhuHQjo S/ ||77h * VhU”QjO,

which can be used to obtain the following inequality:

”thHQ] S.z ||thHQj0 5 ||77h * vhu”QjO < th * VU‘”Q] (27)
Therefore, using again Proposition[2 we also have
s—1
IVau = nn x Vaulle, S h7 [[nn * Vullg,. (28)

Taking the square of (27) and (28) for each index j and summing them we have
s—1
IVhull S llgn = Vull - and - [[Vau =g« Vil S h72 [nn + V||
which can be used in (26) to obtain

|(Vhu, Viv) — (np * Viu,np + Vi)
s—1 s—1
Sh e+ Vaull[lgn = Vol + B2 [lngn * Vol|l[ns * V||

as stated in the lemma. O

13



Comparison of the second and third terms. To compare the second and third terms in and (3) we use the notation
in Fig. [Tland the corresponding explanation.

To analyze the average of the approximations we use the following statement on integral means.

Proposition 4. For each u € Pp, x(Q_-U Q) and x € fo with B(x,2h®) C Q_ UQ there exist Xx_ € B_(x,2h®) and
X4+ € By(x,2h%) such that
u(i_):2/ u(x —2z) - np xnp(z) dz
B_(0,2h#)
and similarly,
ue) =2 [ ubx ) m(a) da,
B4(0,2h%)

where B_(0,2h*) and B1(0,2h®) denote the half-ball with non-positive and non-negative first coordinates, respectively.

The proof is postponed to the Appendix.
We also note here that the set {x € fq : B(x,2h®) C Q_ U} is non-empty by the definition of ~ and the relation

h® < h. This fact will be used in the following two statements.

Proposition 5. For all u € P, ,(Q— U Q) we have the following inequality:

max s Viu(x) = Va1 S hE Vil s, e ) (29)
B(x,2h5)CS522+UQ,

Proof: Using the result of Proposition[4 we rewrite the difference on the left hand side of (29) as follows:

i * n x Viu(X) — {Viu (x)
1
=3 <2 /B(O,th) Viu(x —z) - np *np(z) dz + 2 /B+(072h5) Viu(x —z) - *nn(z) dz a0
— Vyu(x_) — th(x+))
= % (Vhu(x_) — Vau(x_) + Viu(xy) — Viau(xy)) .

We use then the estimate

IVhu(-) = Vau(x_)| <2p°- sup || Viu(z)|
z€(x—,(0-y))
in (30) to see that
max 7m0+ Vau(x) = {Viu} ()]

x€ fa _
B(x,2h°)CQ4UQ_

1
<52k a Vi + a \% —2h° a \%: :
<gean( meIVR@I4 e IGRu@)]) < 200w [V

14



The last term here can be estimated using scaling arguments as

2h* \%& < h¥y\/h—shE 4| V2 ; .
zefn_rglgggw Viu(z)| < a IViull s 130,20

14s—d  s—1
) SEUECRT | Viullo,ue. S RSTETN | Vaule,ua. s

which proves the statement of the proposition. [

We can now relate the third and second terms in the proposed bilinear form and the IP bilinear form.

Lemma 4. For arbitrary u,v € Py, we have the following inequality:

|5 nn * Vi, [o]) 7 = (EVhul, [o]) 2l S B HIV O+ @) [V (o 0)]-

Proof: Using the result of Proposition 5/and Proposition[3 we obtain the following estimation on the interelement face

fa between 2, and Q_:

| * 0+ Vi, [v]) ro — (EVaul, [V]D) fol = [0 % 00+ Viu — {Vaul, [v]) g6 |

< max (o # = Ve~ {9 601 [ 100
X Q

X€E fo

S max o [oem s Vau— (b ) [ 1)
B(x,2h°)CQLUQ fa

s—4_1 h % s—2_1 h %
<k 72— ) IVeulla,ue [ [Tl <P7270 1 =) [[Vaullo oo IV ()|
ha f hao QU0

d
_d_ h\2 d
< pet (%) 195+ )y A1V (0l

S BTVl x w)llas oo [V (mm * v)lla o -

Summing up these inequalities for each interelement face fq and using the discrete Cauchy—Schwarz inequality result

in the estimate

| nosmn = Vi, [o]) g = > (EVaud, oD gl < D [0n s % Viu, [0]) s — ({Vnu} s [o]) 1o

fa€F fa€F fa€F
< > R HIVAln * w)lla,ue- I Va(n * 0) oy ua-
fo€F
ST S IV wlE, o | D IV )R, o S BTV # w) [V (s < v)|
fa€F fa€F

as stated in the lemma. O
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Figure 2: Interelement face f with the support of n;, * [[u}]/, (shaded) and the sets fx,r, f ® r and fo+rvy.

Comparison of the fourth terms. To relate the last term in (25) with the penalty term in the IP bilinear form, we
rewrite the locally integrable function ny * [v]p = np * >0 ;c 7 [v]; (see Lemma [1]and Lemma [2) in a more explicit

form.

Lemma 5. For each v € Py, and f € F the locally integrable function corresponding to np, * ﬂv]]f can be given as
ok [lp = > o+ o] (%) Z/nhx y) vl (v) dy- (31)
fer fer
This result can also serve as a good argument for why we applied the same notation for the convolution corresponding
to the jump of v and the jump function. Since the proof is a bit technical it is postponed to the Appendix.
To analyze the right hand side of (3I), we introduce the following sets which are depicted in Figure 2|

feor={xe(fY+rviU(f)+rvs:dx, f) <h’}

and

fo®r = (fo+rv1)U(fo+rr2),

where (f) denotes the affine subspace generated by f=Q; NO_.
Observe that 7, *[u] ; (x) can be nonzero if x € f®r for some r < h* and then we use the notation fx, = B(x, h*)N
f, which is a ball in (f) centered at the projection of x on f with the radius v/h2¥ — 72 such that A fxr) = B pm—m a1
With these, we can rewrite (31) as

w0 =5 — [ Il

x,Tr

In this way, using Lemma |5/ the integral in the last term of (25) on a face f can be rewritten as

(= [l + 1)) = (s / ) /f N / [l (s /f [0] (s) ds dx dr. (32)

x,T

16



We intend to relate this term with the following:

he
m /_hs /JC[B\/W,L{JQ [u] [v] (x) dx dr. (33)

To work with smooth functions, both in (32) and (33) we have to restrict the integrals on fo®r and to fo, respectively.

Since A(f) ~ h4=1t and A(f \ fo) ~ h%~2h*, a scaling argument implies the following estimates:

Li(r):=
[ ] wees | weee- [ [ e e
/f®r/m [u] (s) dS/ [v] (s) deX_/(,@r /xr [u] (s) ds/ [o] (s) ds dx

hd—2hs .
Sw/ / [v] (s) ds| dx =h 1/
fer fer

/ [u] (s) ds
) = [ 1B g o B 0] ) e~ [ 1B s i 1] )

(34)

x,r

/ [u] (s) ds

x,T

dx

/ [v] (s) ds

x,T

x,r

and

) (35)
hd th 2 s—1/12s 2\d—1
S T [ 1Buen P B 109 S 0 =2 [ ] l6)

Remark: The estimation of I; is still valid if we use foo C f with A(f \ foo) ~ h9=2h*.

For the forthcoming computations, we also give the magnitude of the following integrals:

/h*" (hQS _ T2)d_1 dr = O(h2sd—s) (36)

/ s — |2 ds = O(v/h% — 1), (37)
B, /ET )

which can be verified with a straightforward computation.

Lemma 6. For all u,v € Pp, p, and Q4,Q_ € T}, we have the following inequality

n e+ o1~ s [ B P 0 ) e

< BT A+ BTV 0+ w) o, v IV (0 v) o, ua -

17



Proof: Using (32) and a triangle inequality with and we have

bl 2 01) = o [ B [ 01 09 axar
.

1 h 1
§4[Bhs ]2/}1* Il(r)dr—i—;[Bhg ]2/}0 Is(r) dr

1
PR / / / [u] (s) ds/ [v] (s) ds dx
[Bhs.d fo J Bx,VET =) B(x,VEZ —7%)
- [ 1B P 1B 60 0] ar
(39)
hé— 1
/ / / [u] (s) ds / [v] (s) ds| dx dr
Bh? hs Jfer fx d x,7
i / 1B a1 [ [01 (<) dx dr
Breal? )1
+ =3 / / / u] (s )ds/ [v] (s) ds
Bhs ne |J fo JB(x, VAT —T2) B(x, VAT —r2)
(B ey g ] o] (0 dx|
The error terms here are estimated separately.
We first use (11) and (36) to obtain
/ / / (s)ds / [v] (s) ds| dx dr
Bhs he f®r r or
S [ A 9B e mx ] max o] dr
he
w1l (10)
he
<hs—25d—d/ (h25_ d ldT‘/‘ |/|[[’U]]|
sianaay ATV ATCTEEy IO ATCH
We proceed similarly for the second term in (39):
hs—l 9
Bl ) [Bypm—z.a1)” [[u] (x) [v] (x)[ dx dr
A I g (41)

< 2o p2ed=s /f R[] S hths e /f |1l | /f [l < b /f [l | /f [an

18



We finally estimate the third term in (39). Using the expansion in (15) on fy with the surface gradient V¢ [u] :=

and integrating both sides on the ball B(x,vh2® — r2) implies

1

L oy O A= B B0 45 [ V€ ) () ds.

Taking the product of (42) for [u] and [v] and using (37) and (13) we obtain

[v] (s) ds dx — [B, =z g4 [u] [] (x) dx

[/ —
o ¥ B(x,V/h25—12) B(x,Vh2s—r2)

1
< | |Bypz—m = v? —x/*d
< [ Prmmma ooy [ 96— x s
1
Bz = v? —x|*d
# B 01005 [ 9l 6l Xl ds
1
+ */ V2 [u] (&,)|s — x|? ds/ V2 [v] (&)]s — x|? ds| dx
4 B(x,Vh?s—r2) B(x,VRZT —72)
< max |V? [v] |B - _/ u x/ s — x|? ds dx
<l BB g [1B1160 [ jsx
+max [V* [u] | B g d_1/|[[v]]|(x)/ s —x[* ds dx
f ’ f B(x,VRh% —72)

+ max [V2 [o] | max |V [o] / (h25 — p2)d+1 4y
f f fo
o s dt1 —2d— s
< it / [GIN — / [[u] [(12* — 2) %" 4 22 /f 1o1 /f [l (R0 — 7)1

< hA (B2 2 /\ |/|[[un|+h-2dZh%—r?)d“/wvﬂ/fM
:(hfdfl(h257 ) “Fh 2d—2 hQS* d+1 /|[[U]]|/|

In this way, we can estimate the last term in (39) as

Bhs / /0 /B(x VRE 72) u s )ds/B(x VRZE—12) [v] (s) ds - [B\/W,dﬂf [u] [v] (x) dx

1 — s s
<[BhS /hg(hdl(hz o 2) h2d2h2 . d+1 /|[[U]]|/|HUM(1T

he
< h—23d/|[[,u]]|/| ‘/ h™ d—1 hQS—TQ)d—I—h_Qd_Q(hQs—T‘Q)d+1)d7°

< h—25d/|[[,u]]|/| h d— 1h25d+s+h 2d— 2h25d+35)

— (pd—lts | —2d—2+3s v u
( " ) /f o] /f ]

dr

19
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and therefore, using (39), (40), and the estimate in Proposition 3] we finally obtain

bl 2 ) = o [ B [ 01 09

S R e NI AT

f f
S (R R p 22N AR I (g, x ) [l vy IV O+ 0) 0 e,
<B4 B2V 5wl oo, IV 0)lo_ oo,

as we have stated. [

Lemma 7. For each different faces f; and fi we have the estimate
(n* [l g, sn * [l g )| S BETHIV o+ )l o, IV (k% 0) oy, vos - (43)

Proof: Note that the scalar product on the left hand side has to be computed on S; ;, := suppny, * [u] 7, NSUpPP7 * [w] 5
We first focus to the two-dimensional case. We use the transformation S;  : Sjr — [—h°, h°] x [=h*, h®], which maps
a point in conv {fj, fr} with distances s; and s, measured from f; and fi, respectively to the point (s, s2) and
acts similarly for the three remaining points with these distances. This transformation is depicted in Figure[3. A
straightforward computation shows that the determinant corresponding to this transformation is bounded as long as
the condition of non-degeneracy is satisfied. Using the principle of the estimation in we obtain the following

estimate:

s) ds /f [v] (s) ds dx

k,x,r

Bhs

Sk fixr

u] (s )ds/f [v] (s) ds| dx

| Tl Tl
k,x,r

sl ) h

Bhs / max|[[u]]|3\/—ds1 lmax|[[ ]]\B\/_ds2
1 h* oo pist 2
S Bl [Bns,a]? f?X‘ [u] |H}2X‘ [] </0 (R = 57) d81>

S o™ e e s ) f )

5 hQ_thSh?fl”V(??h * u)HQjJrUQj— ||v(77h * v)||Qk+UQk—

J,X,T

< h1+5—d||v(77h *u)|lo;, ue,_ IV (0n * v)lla,, va_ -
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Figure 3: The support Sj = supp np * [[u]]fj N supp np * [[u]]fj (left, shaded) and its transformation S; j into [—h®, h®] x [-h®,h®] in a

2-dimensional setup.

In the three-dimensional case, we also have to integrate along the common edge e; ; = fj N fi, which similarly to the

[ o] ples

o
 [Bhe,a)? e
ul (s) ds v] (s) ds
lﬁmuw> Amjﬂu

Be I
swmarl )./
[Bhs)d]Q €j.k —hs J—hs j

S B2 RhahETH IV (g o+ w) o, va, IV (0 * v) oy, e,

< h2+5*d||v(77h * u)||Qj+UQj_ ||V(77h * U)”QHUQ;@J

above estimate gives

| Tl o+ Tl )

dx

Summarized, in both cases d = 2 and d = 3 we finaly arrive at
(n* [ud g s on* [0l 5,) | S BEHIV O w)lley o, IV (k% 0) oy, von
as stated in the lemma. |

Corollary 2. For all u,v € Py, j, we have

Z mnx [u] ¢, Z nn* [u] ;) — Z ﬁ [hs A[Bmad—l]z [u] [v] (x) dx dr

ferF feF ferF

< B (L B2 [9  ) [V G )]
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Proof: Using the triangle inequality with and taking the sum of the inequalities in and applying the discrete
Cauchy-Schwarz inequality | >,  ; a;b;| < \/ZjeJ a? \/ZjGJ b? we obtain

1 ’ .
Sl Sl | =3 s [ [ 1By 1] 0 dx

feF feF feF

< 2|3 [uly, om * [ul,)

J#k
1 " .
bl ) = 3 g [ (B P 0 )
<Y IV ) oo [V o) o
ferx
1 h )
+ 3 o bl ool = g [ B P ) e

<P A RIS IV s w) o, va_ IV (0n % 0) o, v
feF

S BETHA + B3 T2) ||V (g« w) |||V (g % 0) |

as stated in the corollary. [J
Remark: The difference in the corollary is a higher-order term compared to ||V (1, * u)||||V (1 * v)|| provided that
4s —d—3 > 0.

Finally, we compute the approximation of the penalty term in (33), which appears in Lemma [6]

e For d = 2 we have
1 h )
— B s ul [v] (x) dx dr
Foap . [ B b b 69

1 /hs 4(,12542)(1,0/[[”]] [v] (x) dx = ;thS/fﬂu}] [v]-

= 1452
h‘sﬂ' _hs f

e For d = 3 we have
1 h* )
T Ly B 1 10 axar

Vo [ e J 11 x = 307 [ )

T 16h%572 .
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Proof of Theorem 1: Using Lemma[3, Lemma [4] and Corollary [2] we obtain

lay (u,v) — amp s (u, v)| < [(n * Vi, np ¥ Viv) — (Viu, Vi)

1D s+ Vw, [o]) 5+ (n * = Vi, [ul) p — ({Vaul, )y — (EVav}, [ul )
fer
1 n )
+ J;(nh s [u] s mn * [v])f — ;Cm /_hs /J[[Bw,dl] [u] [v] (x) dx dr

S (W7 BT RPNV (g w) [V (0 # 0)|

as stated in the theorem. O

Proof of Theorem 2: Since uy, solves (6) and up s € Pj x we have

(V(nn *un), V(np * (up — urp,s)) = (9o, Ma * (un, — urp,s))

such that using the equality
(1n * w1, w2) = (wi,qp * w2)

for compactly supported functions wy,wy € Li(R?) and the definition of urp,s in (9) we obtain
(Vi (un — wrp,s)), V(nn * (un — wip,s)))
= (g0, nn * (up — UIP,S)) = (V(nn * uIP,s)7 V(nn * (up — uIP,s)))

= (go,1n * (un — up,s)) — arp,s(urp,s, un — urp,s) — (V(0h * urps), V(0h * (up — urp s))) (44)

+ arp s (up,s, Up — UP,s)

= (77h * g, Up — UIP,S) - (97Uh - UIP,S) - (V(ﬂh * (UIP,S - uh))7 V(nh * (Uh - uIP,S)))
+ arps(urp,s — un, up, — urp,s) — (V(1n * ur), V(nr * (up, — utp))) + arp,s (un, up — urp,s).

We note that the application of (27) to uj, — urp s (instead of V,u) and the Friedrichs’s inequality imply
ln = wapll S ln * (un — ure) || S max R, IV (o # (un — urp)) |
and therefore, using Theorem [1]for the last two pair of terms in , we obtain that

[V (nh  (un — urp s)) |12
S+ g = gllllun — wip sl + 25 IV (9 * (urp,s — un) I + 1V (% un) IV (g * (un, — urp,s))))

Smaxhy [lgn * g — gV * (un — wrp o)) + 5~ 1+ B> 2) [V (g * (urp,s — un))|?
+ RSN B[V (s wn) [V (i + (un = ure )|
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such that we finally get
(1 =R DIV + (up — urp )| S max hiy, i g = gl + 2511+ A3 472) [V (g + )|,

which implies the estimate in the theorem. [

To state quasi optimal convergence we observe that for each h we have ny, * up, € Pp s C HY(Q). This means
that the method in (6) is not conforming since the approximation in general is not in H}(f2). Also, the bilinear form
af{ is non-consistent in the sense that the zero extension ug of u is not necessarily the solution of (6) for any h. In
this way, we need to apply the Strang lemma [18], Section 2.3.2. For this we first note that for some constants Cy and

Cy we have for all 0 # wy,wy € H} () that
|af (w1, ws)| < Chllwi | g ) 1wl 12 )

and

Cy < aﬁ(wl,wz)
lwsl g,

samllwzllgi @)

Lemma 8. The numerical solution ny, x up of (6) approximates u in quasi optimal way in the sense that

IV(u=nn*un)lle, S nf IV = w5 o) | + 172 [ V.
Vh

Pn.k

Proof: Since in this proof it is essential whether a scalar product is defined on  or on 2, we indicate it in the

subscript. A direct application of Lemma 2.25 in [18] gives that

IV (w = nn x un)lla,

C . Vug, V(np * v — (g0, mn * v (45)
Cy 7 v, €Py i Nh*vn €EPL k. s th * UhHl,Qh
where the lower indices denote zero extensions. Using these, the second term in (45) can be rewritten as
(Vuo, V(1k * vn))e, — (9o, M * vn)a, = (Vu, V(nk * vn))a — (9,70 * vn)a
= (=Au,mp *x vp)a + (V- Vu,nn * vp)oa — (9, 1h * vr)a = (V- Vu, np * vp)oq.
Therefore, we can estimate (45) to obtain
. v - Vu,nn * vp)aa
V@ m e wle S mf (V- me) 4 sup VLI (16)
v €Ph K Nh*VR €EPL ks ||77h * Uh”LQh

24



For the rest, it is sufficient to estimate the second term here. We apply a classical trace inequality in  and in £, \ Q

which implies
- Vs % oo v - Full_y ol * onlly o0
sup = sup
Nh*vR €EPL ks ”nh * vh”lﬂh Nh*vp €EPL ks th * vh”l,ﬂh,

h X Up|l L *
In 11,00 75 * vall1,0,\0 (47)

1,Qn

Slullie  sup

Nh*vn €Ph K, s ||77h * Up

Sllulle  sup
~ Nh*xvp €EP ks ”nh *UhHI,Qh,

||V(77h * Uh)Hsz Q
Slullie  sup s
Nh*vp €PL Kk s ||V(77h * Uh)”Qh

Observe that the numerator can be rewritten, using Lemma 1] as

IV vi)lla,ne = 1m0 * Vaon + 00+ [on] la,ne < 1nn * Vavwlla,na + 196 * [ve] o\

To analyze the term |[ns * [va] [[o,\o We use the notations corresponding to Lemma [5/ and Fig. [2. Furthermore, we
define
foo = {X ef: d(x,@Q) > hs}

such that
supp np, * [vn] f la,\e C supp nn * [on]; \ {fo @ r:r € (0,1},

see also Fig. [4. According to (34) and the remark after the first term zz— ffh I;(r) dr in the second line of
hs.,d
(39) provides an upper bound for |1 * [vs]; [|a,\o- Therefore, the estimate in (40) implies
2
I londy Ve < 74| [ ]S 8000 9 olsc
Taking their sum for all interelement faces gives then
s—1
110 # [vnl lene S A2 [V (0n % on) - (48)
Note that the condition on non-degeneracy implies that for all subdomains Qj, C Qj we have
M) ~ ) (49)

and
A(Qn) ~ h*hG (50)
Using then (10), (49), (50) and we obtain that

0 % Vaonld, , < AQn) max Vavnl? < A(Qj,h)hﬁdﬂvhvhﬂéj S h§_1||vhvh||f§j S B i + Vorlg

J
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Figure 4: The support of n, * [vs] ;(shaded) and the set {foo ® r : 7 € [0, R®]} (with crosshatch) in a 2-dimensional setup.

which can be summed for all subdomain-patches to arrive at

7 % VivnllBna S D lon* Vavalld,, S0 ) llna Vonllg, < 7w = Vou . (51)
QjE'T}L QjEITh

We can use (48) and to complete the estimation in (47) as

e~ 3 |y, * Vo2
IV (0 * vp)|la,

v -Vu,n, * U)o
sup W VTREON0 o

< Jlull.oh® 2
Nh*vR €PK ks ”nh * vh”l,Qh Nh*vR €PK ks ~ H H ' ’

which together with (46) gives the estimate in the lemma. O

Proof of Theorem 3: A triangle inequality and the estimates in Theorem [2]and Lemma 8 imply that

[V (u—nn*up )| SNV (w—nnxup)ll + [V (n * urp s — nn o+ un) ||

. _1
S influ—np xoplli + OB 2)+mth?zjllnh*g—gol\,

v €Ph k

as stated in the theorem. [
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Appendix
Following the notations in [32] we introduce the smooth function ® : R? — R with

Ce™P T if x| <1
d(x) = and / d=1
0 if x| >1 B(0,1)

and define @5 : R? — R by &5 := (%)d ®(%). Additionally, for x € R we use the notation @« for the function given
simply by the
s x(x+y) = P5(y).

We use the following proposition; for the proof we refer to [32], pages 713-716.

Proposition 6. For an arbitrary bounded Lipschitz domain U and parameter p € [1,00) the following statements are

valid.

(i) For f € C(U) we have %iir(lj D5 x [ — [ uniformly.

(ii) For any f € Ly 10c(U) we have glir(l) Qs+ f— fin Lpoc(U).
We also need the following statements.

Lemma 9. If for all x € K1 U Ky we have the limit

lim (1, [u] . 5.) = F(x) (52)

then np * [u] ; can be identified with f. Also, for the function n, #fp Bsx : F — R given by

Fay= [ mly—2)Pixa) dz

we have the convergence

limn g Dy = (=X +) i Ly(f) (53)

Proof: We first note that

(¢ [l ) = [

[ el o 3)Pax+y) dy = [ [l G+ 3)Ps(y) dy

= [ [ e+ )Py dy = D5 ¢ [l ()
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In this way, according to property (ii) we can rewrite the condition in (52) as
lim @5+ 7p, + u] ; — fin Ly joc(RY). (54)

Using the property (i) above, the fact that 7 * [u] ; is locally integrable and the limit in (54), we have that for each
function g € C§° () the following equality is valid:

(i # Qul g 9) = oo+ [ul g, 9) = L (np + [ul ;@5 % g) = lim (@5 5 mn + [u] ¢, 9) = (f, 9),

which proves the first statement of the lemma.

To prove the second statement we rewrite 1y, * 5 5« as

Nh ¥ Psx(y) = /

My —z)Ps5(—x +2z)dz = / n(y —x — z)®s(z) dz.
R4 Rd

Accordingly, we have the pointwise convergence

nn s Psx(y) — nn(y — x).

On the other hand,
/ My —x —2)P;s(z) < max |ny|
Rd R4
so that the function maxga || - 1 € Ly (F) delivers an upper bound for each function 7y, *p @5 . The statement is

therefore an obvious consequence of the Lebesgue dominant convergence theorem. [

Proof of Lemmal5: We compute np, * [u] 7 based on the first statement in Lemma [9] For this, we use Lemma [1

and (53), which implies for each f € F the following:
li Psx) =1 , Ps ) =1 b5 .(y)d
6{%(%* [ul ;. ®sx) 61_{%<[[U]]f nn * s x) 5%/}([[“]],0(}’)% *1 P50 (y) dy

= [ ) iy ety ay = [ 101, oty =) dy,

the sum of which gives the statement in the lemma. [
Proof of Proposition3 We first prove (21). According to Lemmal[l and the consecutive remark, we have obviously
that

[Tol | < [vlsv, (55)
fo

where the BV seminorm is taken on K U K_. For the next step we use a scaling argument and introduce the function

space

Px :=Prxlr,ux_ /(1)
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which is the restriction of P, i to K U K_ factorized with the constant functions. The BV seminorm on this function
space becomes a norm, and accordingly, we use the notation || - ||gv. We next prove that for all e > 0 there is hg > 0

such that for all h < hg and v € Px we have

[+ v —vllBv < €fv][BV. (56)
For this we consider a normed basis {vy,vs,...,vp} of v € Py with respect to the BV norm and define the Euclidean
norm || - ||z generated by this basis such that
2
D D
Z ajvj| = Z a?. (57)
j=1 p o =1

This norm should be equivalent with the BV norm, i.e. there is a constant ¢y with
[vllp < collvllBy Vv € P, (58)

Note that this constant should be not the same for all pair of neighboring subdomains, but it is a continuous function
of the position of the vertices. In particular, if we fix the edge fy of length one, then f; is fixed for d = 2 and for
d = 3 the remaining vertex should be in a compact set if the condition of non-degeneracy holds true. Therefore, the
constant ¢y has a finite maximum. Similarly, if we fix now an arbitrary interelement face chosen above the remaining
node of Ky_ and Koy can lie in a compact set. In this way, for each pair of neighboring subdomains with at least one
interelement edge of length one there is a uniform constant ¢y in (58). Also, since we have a finite basis, and 7, is a

Dirac series, there is hg such that for all A < hg we have

€ €
P — < ——||v; = — ] 1,2,...,D}.
||77h*vj UJ”BV— CoD”v]”BV C()\/B vj 6{ )~y 9 } (59)

We obtain also here that (59) is valid for all pair of neighboring subdomains with at least one interelement edge of
length one with a uniform parameter hg. Then using (59), (57) and (58) we have that for any 0 < h < hg and

v = Z]D:l ajv; € Pk the following inequality is valid:

D D
I v = vllBy = I > maxv5 = vllBy < Y lInn * ajo; — av; sy
j=1 j=1

€

= —|vlle < €|v[Bv,
€o

|a;[?
which proves the inequality in (56). Consequently, we also have
(L=e)llvllv < [v=mn*vlBv + [Inn *vlBv — €l[vllBY < [IN8 * 0]|BV.
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In the last step we relate (55) and and use that 7, * v is differentiable to obtain

1 1
/ [o] < lollsy < ——llmn * vllav = / IV (n % 0). (60)
0 ]. — € ]. — € K UK_

To prove the statement of the lemma for two arbitrary neighboring subdomains Q4 and Q_ we use (60) and the

equalities in (5) which give

Jw=nt [l smEt [ V)
fa 0 KLUK_

= hédhg)_l/ h%ﬂV(Tl 1 *’U)| = / |v(77 1k U)|.
QL uQ_ hohg QLU0 hohg

1
The inequality remains true if the lower index hohg is changed to a smaller one since this is equivalent with the choice

(61)

1
of a smaller index hg. Obviously the condition hl=s < ho implies hohg > h and using with the previous remark

/ CE / 19 (i # 0)|

gives that

as stated in the inequality (21).

To prove (22), we again use the geometric setup shown in Figure[1. With this we obtain

76 * Vullhg ke Ong 5 </ _ 1) > [mn * Vullpe. g tns (/ , 1>
hq-foxh?® ha-foth®

— I n * W)l e (/ | 1) > [ e
ha-fokhs ha-fokhs

hs
Z /
ha-fo

V(nn +u)(z,y) da
> / [u(h®,y) = u(=h%y)| = [(nn * u)(h®,y) — u(h®, y)| = [u(=h*,y) — (nn * u)(=h%,y)| dy.
ha- fo

W=
N

Nl=

(62)

—hs

dy=/ [ % w)(R*y) — (% w)(—h*, )| dy
ha-fo

To continue with the estimate we note that u is differentiable twice in B((—h*®,y), h*) and according to (42) we have

1 1
su)(h®,y) —u(h®,y)dy| < —— - = max |VZu s|? ds
|t * w)(h®,y) —u(h®,y) dy| < Bra 5 mhax [V B(O,hs)\ |

< max |VZulh ™02 = max |VZulh?.
ho-K hao K

Therefore, using we have
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which can be rewritten with the aid of (12) and the condition s > 2 as

|l s onds
h-fo

-1
|

d 1
2 5h2" 2
h.KIﬁ%K, IVul + h2hd 2 |nn * Vullhg K Uhg K

_d o d_1
SEPhE  heg T | Vullng Ky ubg k- +B2hE 2 |nn % Vullng. Ky Ung -k
4 4 _1 s d_1
S hE(h2hg® + W) |nn * Vullhr onr- S h2h ™ 2 [|nn * Vullhg, unx

A summation with respect to the faces gives then the desired inequality. [
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