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The Erdos-Hajnal conjecture for rainbow triangles

Jacob Fox* Andrey Grinshpun' Jénos Pach?

Abstract

We prove that every 3-coloring of the edges of the complete graph on n vertices without a
rainbow triangle contains a set of order {2 (nl/ 3 log? n) which uses at most two colors, and this
bound is tight up to a constant factor. This verifies a conjecture of Hajnal which is a case of
the multicolor generalization of the well-known Erdés-Hajnal conjecture. We further establish a
generalization of this result. For fixed positive integers s and r with s < r, we determine a constant
¢r,s such that the following holds. Every r-coloring of the edges of the complete graph on n vertices
without a rainbow triangle contains a set of order 2 (nr(’”’l)/s(sfl) (log n)CT’S) which uses at most s
colors, and this bound is tight apart from the implied constant factor. The proof of the lower bound
utilizes Gallai’s classification of rainbow-triangle free edge-colorings of the complete graph, a new
weighted extension of Ramsey’s theorem, and a discrepancy inequality in edge-weighted graphs. The
proof of the upper bound uses Erdés’ lower bound on Ramsey numbers by considering lexicographic
products of 2-edge-colorings of complete graphs without large monochromatic cliques.

1 Introduction

A classical result of Erdds and Szekeres [§], which is a quantitative version of Ramsey’s theorem [17],
implies that every graph on n vertices contains a clique or an independent set of order at least % log n.
In the other direction, Erdds [6] showed that a random graph on n vertices almost surely contains no
clique or independent set of order 2log n.

An induced subgraph of a graph is a subset of its vertices together with all edges with both endpoints
in this subset. There are several results and conjectures indicating that graphs which do not contain
a fixed induced subgraph are highly structured. In particular, the most famous conjecture of this sort
by Erdés and Hajnal [7] says that for each fixed graph H there is € = ¢(H) > 0 such that every graph
G on n vertices which does not contain a fixed induced subgraph H has a clique or independent set of
order n¢. This is in stark contrast to general graphs, where the order of the largest guaranteed clique
or independent set is only logarithmic in the number of vertices.

There are now several partial results on the Erdés-Hajnal conjecture. Erdds and Hajnal [7] proved
that for each fixed graph H there is € = ¢(H) > 0 such that every graph G on n vertices which does
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not contain an induced copy of H has a clique or independent set of order eV1o8n Fox and Sudakov
[9], strengthening an earlier result of Erdés and Hajnal, proved that for each fixed graph H there is
e = ¢(H) > 0 such that every graph G on n vertices which does not contain an induced copy of H has
a balanced complete bipartite graph or an independent set of order n¢. All graphs on at most four
vertices are known to satisfy the Erdés-Hajnal conjecture, and Chudnovsky and Safra [4] proved it for
the 5-vertex graph known as the bull. Alon, Pach, and Solymosi [I] proved that if H; and Hy satisfy
the Erdds-Hajnal conjecture, then for every v of Hy, the graph formed from H by substituting v by a
copy of Hj satisfies the Erdds-Hajnal conjecture. The recent survey [3] discusses many further related
results on the Erdds-Hajnal conjecture.

A natural restatement of the Erdés-Hajnal conjecture is that for every fixed red-blue edge-coloring
x of a complete graph, there is an € = €(y) > 0 such that every red-blue edge-coloring of the complete
graph on n vertices without a copy of x contains a monochromatic clique of order n¢. Indeed, for the
graphs H and G, we can color the edges red and the nonadjacent pairs blue.

Erdoés and Hajnal also proposed studying a multicolor generalization of their conjecture. It states
that for every fixed k-coloring of the edges of x of a complete graph, there is an € = €(x) > 0 such that
every k-coloring of the edges of the complete graph on n vertices without a copy of x contains a clique
of order n® which only uses k — 1 colors. They proved a weaker estimate, replacing n¢ by esVIogn Note
that the case of two colors is what is typically referred to as the Erdos-Hajnal conjecture.

Hajnal [14] conjectured the following special case of the multicolor generalization of the Erdds-Hajnal
conjecture holds. There is € > 0 such that every 3-coloring of the edges of the complete graph on n
vertices without a rainbow triangle (that is, a triangle with all its edges different colors), contains a set
of order n® which uses at most two colors. We prove Hajnal’s conjecture, and further determine a tight
bound on the order of the largest guaranteed 2-colored set in any such coloring. A Gallai coloring is a
coloring of the edges of a complete graph without rainbow triangles, and a Gallai r-coloring is a Gallai
coloring that uses r colors.

Theorem 1.1 Fvery Gallai 3-coloring on n vertices contains a set of order Q(n1/3 log? n) which uses
at most two colors, and this bound is tight up to a constant factor.

To give an upper bound, we use lexicographic products. We will let [m] = {1,...,m} denote the set
consisting of the first m positive integers.

Definition 1.2 Given edge-colorings Fi of K., and Fy of K,, using colors from R, the lexicographic
product coloring F} ® Fy of E(Kp,m,) is defined on any edge e = {(u1,v1), (uz,v2)} (where we take
the vertex set of Kyym, to be [m1] x [mg]) to be Fy(u1,us) if uy # ua, and otherwise vy # vy and it is
defined to be Fy(vy,v3).

That is, there are mq disjoint copies of I, and they are connected by edge colors defined by Fj.
The upper bound in Theorem [[.1] is obtained by taking the lexicographic product of three 2-edge-

colorings of the complete graph on n'/3

vertices, where each pair of colors is used in one of the colorings,
and the largest monochromatic clique in each of the colorings is of order O(logn). A simple lemma
in the next section shows that, in a lexicographic product coloring F' = F} ® Fy, the largest set of

vertices using only colors red and blue (for example) in F' has size equal to the product of the size of



the largest set of vertices using only colors red and blue in F; with the size of the largest set of vertices
using only colors red and blue in F5. For any set S of two of the three colors, the largest such set has
order O(n'/3)0(logn)O(logn) = O(n'/?log?n).

In the other direction, we will utilize the following important structural result of Gallai [11] on
edge-colorings of complete graphs without rainbow triangles.

Lemma 1.3 An edge-coloring F of a complete graph on a vertex set V with |V| > 2 is a Gallai coloring
if and only if V. may be partitioned into nonempty sets Vi,..., Vi with t > 1 so that each V; has no
rainbow triangles under F, at most two colors are used on the edges not internal to any V;, and the
edges between any fized pair (Vi,V;) use only one color. Furthermore, any such substitution of Gallai
colorings for vertices of a 2-edge-coloring of a complete graph K; yields a Gallai coloring.

Gallai colorings naturally arise in several areas including in information theory [I5], in the study
of partially ordered sets, as in Gallai’s original paper [I1], and in the study of perfect graphs [2].
There are now a variety of papers which consider Ramsey-type problems in Gallai colorings (see, e.g.,
[5L 0L [12], 13]). However, these works mainly focus on finding various monochromatic subgraphs in
such colorings.

Because it may be of independent interest to the reader, we first present a particularly simple
approach that will prove Hajnal’s conjecture, but will not give tight bounds.

A graph is a cograph if it has at most one vertex, or if it or its complement is not connected, and all
of its induced subgraphs have this property. In other words, the family of cographs consists of all those
graphs that can be obtained from an isolated vertex by successively taking the disjoint union of two
previously constructed cographs, G and Go, or by the join of them that we get by adding all edges
between G and Go. It was shown by Seinsche [I8] that cographs are precisely those graphs which do
not contain the path with three edges as an induced subgraph. It is easy to check by induction that
every cograph is a perfect graph, that is, the chromatic number of every induced subgraph is equal to
its clique number.

Proposition 1.4 In any Gallai 3-coloring of a complete graph, there is an edge-partition of the com-
plete graph into three 2-colored subgraphs, each of which is a cograph.

Proof: This follows from Gallai’s structure theorem by induction on the number of vertices. The
result is trivial for edge-colorings of complete graphs with fewer than two vertices, which serves as
the base case. Using Lemma [[.3] we get a nontrivial vertex partition of the Gallai 3-coloring of the
complete graph into parts Vi,...,V; such that only two colors appear between the parts. By the
induction hypothesis, we can partition the edge-set of the complete graph on V; into three cographs,
each which is two-colored. For the two colors that go between the parts, we take the graph which is
the join of the cographs in each V;, that is, add all edges between the parts, and for each of the other
two pairs of colors, we just take the disjoint union of the cographs of those two colors from each part.
Since the join or disjoint union of cographs are cographs, this completes the proof by induction. O

The following corollary verifies Hajnal’s conjecture and, apart from the two logarithmic factors, gives
the lower bound in Theorem [T}

Corollary 1.5 Every Gallai 3-coloring of E(K,,) contains a 2-colored clique with at least n/3 vertices.



Proof: Indeed, applying Proposition [[.4] either the first cograph (which is 2-colored) contains a clique
of order n'/? (in which case we are done), or it contains an independent set of order n*/3. In the latter
case, this independent set of order n?/? in the first cograph contains in the second cograph a clique of

1/3

order n'/® or an independent set (which is a clique in the third cograph) of order n'/3. We thus get a

1/3

clique of order n'/° in one of the three cographs, which is a 2-colored set. O

Improving the lower bound further to Theorem [L1] appears to be considerably harder, and uses a
different proof technique, relying on a weighted version of Ramsey’s theorem and a carefully chosen
induction argument. The weighted version of Ramsey’s theorem shows that if each vertex of a complete
graph on t vertices is given a positive red weight and a positive blue weight whose product is one, then
in any red-blue edge-coloring of Ky, there is a red clique S and a blue clique U such that the product of
the red weight of S' (the sum of the red weights of the vertices in S) and the blue weight of U (the sum
of the blue weights of the vertices in U) is €2 (log2 t). Note that this extends the quantitative version
of Ramsey’s theorem as the case in which all the red and blue weights are one implies that there is a
monochromatic clique of order Q(logt).

We further consider a natural generalization of this problem to more colors, and give a tight bound
in the next theorem. In order to state the result more succinctly, we introduce some notation: for
positive integers r and s with s < r, let

1 ifl=s<rorifs=r—1and r is even;

s(r—s) ifl<s<r—1;
Crs =

1+% if s=7—1and r is odd;

0 if s=r.

Theorem 1.6 Let r and s be fized positive integers with s < r. FEwvery r-coloring of the edges of the
complete graph on n vertices without a rainbow triangle contains a set of order Q(n(;)/(;) log®s n)
which uses at most s colors, and this bound is tight apart from the constant factor.

We next give a brief discussion of the proof of Theorem [[L6l The case s = r is trivial as the complete
graph uses at most r colors. The case s = 1 is easy. Indeed, in this case, by the Erdés-Szekeres
bound on Ramsey numbers for 7 colors, there is a monochromatic set of order Q(logn), where the
implied positive constant factor depends on r. In the other direction, we give a construction which we
conjecture is tight.

The Ramsey number r(¢) is the minimum n such that every 2-coloring of the edges of the complete
graph on n vertices contains a monochromatic clique of order ¢. The bounds mentioned in the beginning
of the introduction give 24/ < r(t) < 2% for t > 2. For r even, consider a lexicographic product of /2
colorings, each a 2-edge coloring of the complete graph on r(t) — 1 vertices with no monochromatic
K. This gives a Gallai r-coloring of the edges of the complete graph on (r(t) — 1)7/ % vertices with
no monochromatic clique of order ¢. A similar construction for r odd gives a Gallai r-coloring of the
edges of the complete graph on (¢t — 1) (r(t) — 1)(T_1)/ 2 vertices with no monochromatic clique of order
t. The following conjecture which states that these bounds are best possible seems quite plausible. It
was verified by Chung and Graham [5] in the case t = 3.

Conjecture 1.7 Let N(r,t) = (r(t) — 1)"/2 forr even and N(r,t) = (t—1) (r(t) — 1)""Y'2 for v odd.



Forn > N(r,t), every r-coloring of the edges of the complete graph on n vertices has a rainbow triangle
or a monochromatic K.

Having verified the easy cases s = 1 and s = r of Theorem [[.6] for the rest of the paper, we assume
1 < s < r. A natural upper bound on the size of the largest set using at most s colors comes from the
following construction. We will let [r] be the set of colors. Consider the complete graph on [r], where
each edge P gets a positive integer weight np such that the product of all np is n. For each edge P
of this complete graph, we consider a 2-coloring cp of the edges of the complete graph on np vertices
using the colors in P and whose largest monochromatic clique has order O(lognp), which exists by
Erdés lower bound [6] on Ramsey numbers. We then consider the Gallai r-coloring ¢ of the complete

r

graph on n vertices which is the lexicographic product of the (2) colorings of the form cp. For each
set S of colors, the largest set of vertices in this edge-coloring of K, using only colors in S has order

an H O(lognp).

PesS |[PNS|=1

The order of the largest set using at most s colors in coloring ¢ is thus the maximum of the above
expression over all subsets S of colors of size s. Therefore, we want to choose the various np to minimize
this maximum. For s < r — 1, we give a second moment argument which shows that the best choice is
essentially that the np are all equal, i.e., np = nt/ (2) for all P. In this case, the above expression, for
each choice of S, matches the claimed upper bound in Theorem The case s = r — 1 turns out to

2/7 for P an edge of a perfect

be more delicate. For r even, the optimal choice turns out to be np =n
matching of the complete graph with vertex set [r], and otherwise np = 1. For r odd, we have three
different edge weights. The graph on [r] whose edges consist of those pairs with weight not equal to 1
consist of a disjoint union of a triangle and a matching with (r —3)/2 edges. The edges of the triangle
each have weight nl/r(log n)(’"_?’)/% and the edges of the matching each have weight nQ/T(log n)_?’/T’.
It is straightforward to check that these choices of weights give the claimed upper bound in Theorem
1.0l

Similar to the case r = 3 and s = 2 mentioned above, using Gallai’s structure theorem, we observe
that, in any r-coloring of the edges of the complete graph on n vertices without a rainbow triangle,
the complete graph can be edge-partitioned into (g) subgraphs, each of which is a 2-colored perfect
graph. A simple argument then shows that there is a vertex subset of at least n()/() vertices which
uses at most s colors, which verifies the lower bound in Theorem apart from the logarithmic
factors. Improving the lower bound further to Theorem is more involved, using a weighted version
of Ramsey’s theorem and a carefully chosen induction argument to prove this.

The rest of the paper is organized as follows. In the next section, we prove some basic properties
of lexicographic product colorings. In Section B, we give simple proofs of lower and upper bounds in
the direction of Theorem [I.1] which match apart from two logarithmic factors. In order to close the
gap and obtain Theorem [I[.1], in Section @] we prove a weighted extension of Ramsey’s theorem. We
complete the proof of Theorem [I[.1] in Section [ by establishing a tight lower bound on the size of
the largest 2-colored set of vertices in any Gallai 3-coloring of the complete graph on n vertices. The
remaining sections are devoted to the proof of Theorem In Section [6l we prove the upper bound
for Theorem In Section [0, we give a simple proof of a lower bound which matches Theorem
apart from the logarithmic factors. In Section Bl using the second moment method, we establish an



auxiliary lemma which gives a tight bound on the minimum possible number of nonzero weights in
a graph with non-negative edge weights such that no set of s vertices contains sufficiently more than
the average weight of a subset of s vertices. We give the lower bound for Theorem in Section [RB.2]
which completes the proof of this theorem. The proofs of some of the auxiliary lemmas which involve
lengthy calculations are given in the appendix. All logarithms in this paper are base 2, unless otherwise
indicated. All colorings are edge-colorings of complete graphs, unless otherwise indicated. For the sake
of clarity of presentation, we systematically omit floor and ceiling signs whenever they are not crucial.
We also do not make any serious attempt to optimize absolute constants in our statements and proofs.

2 Lexicographic product colorings

In this section, we will prove some simple results about lexicographic product colorings (Definition
[[2)). These will be useful in constructing examples of r-colorings that do not contain large vertex sets
that use at most s colors.

For such a lexicographic product coloring F; ® Fy with F}| on mj vertices and F5 on me vertices,
we will view the vertex set interchangeably as [m; X msg] and [m;] x [ms]. For the sake of brevity, we

often refer to a lexicographic product coloring as simply a product coloring.

Definition 2.1 For F' an edge-coloring of K, and S C R a set of colors, we write that a set Z of
vertices is S-subchromatic in F' if every edge internal to Z takes colors (under F) only from S.

When F and S are clear from context, we shall simply say that Z is subchromatic. We will write
gs p to be the size of the largest subchromatic set of vertices.
If F' is an edge-coloring constructed via a product of two other colorings Fi, F5, then the next lemma

allows us to determine g, in terms of g, and g . .

Lemma 2.2 For any r-colorings Fi, Fy of E(K,, ), E(K,,), respectively, and any set S C R of colors,
“Ysm, where F' = 1 ® F5.

9s,r = 9s,r,

Proof: Let Z a set of subchromatic vertices in F' (so Z C V (K, xn,)) be given. We will first show
’Z‘ < 9s.r " Ysry-

Take U C [n1] to be the set of u € [n1] such that there is some v € [ng] with (u,v) € Z; that is, U
is the subset of [n1] that is used in Z. For any u € [n1], take Vi, C [ns] to be the set of v € [ng] such
that (u,v) € Z, that is, V,, is the subset of [ns] that is paired with u in Z. By construction, we have
Z = Uyepiu} x V.

Therefore, the set U must be subchromatic in Fj, as given distinct uy,us € U there are vy, vy so
that (u1,v1), (ug,v2) € Z, and hence:

Fy(uy,u2) = F((ug,v1), (ug,v2)) € S.

Thus, |U| < [
Furthermore, given v € U we must have that V,, is subchromatic in F3, as given distinct v1,v9 € Vj,

we have that
Fy(v1,v2) = F((u,v1), (u,v2)) € S.



Therefore, |Vi,| < gg . -

Hence,

2] = || {u} x W,

uelU

= Z Vaul < ZQS,F2 = |U|gS,F2 < Ysr, Ismye
uelU uelU

Since Z was arbitrary, we get gg . < g4 m " 9s,my-

We now prove that g, . > g4 F, 95,7y thus giving the desired result: take U C [n4] a subchromatic
set under Fy and V' C [ng] a subchromatic set under F,. We claim that U x V' is subchromatic under
F'. Consider any distinct pairs (uy,v1), (ug,v2) € U x V. If uy # us then

F((u1,01), (uz,v2)) = Fi(ur,ug) € S,
and if u1 = us then
F((ul,vl), (UQ,UQ)) = FQ(Ul,UQ) € s.
If we choose U to have size g, ., and V' to have size g, , we get gg .~ ggp, = |U X V| < gg . O

The next lemma states that the property of being a Gallai coloring is preserved under taking product
colorings.

Lemma 2.3 If Iy, Fy are Gallai r-colorings of E(Ky, ), E(Ky,), respectively, then if F = F1 ® Fy then
F is a Gallai coloring.

Proof: Let any three vertices u = (u1,u2),v = (v1,v2),w = (wy,w2) € [n1] x [n2] be given. We
will show that they do not form a rainbow triangle under F. If uy = vy = w; then F(u,v) =
Fy(ug,v2), F(u,w) = Fy(ug,wsy), F(v,w) = Fy(ve,ws) and so u,v,w do not form a rainbow triangle
by the assumption that Fy is a Gallai coloring. If wj,v;,w; are pairwise distinct then F(u,v) =
Fi(uy,vy), F(u,w) = Fy(u1,wy), F(v,w) = Fy(vi,wy) and so u,v,w do not form a rainbow triangle
by the assumption that F} is a Gallai coloring. Otherwise, exactly one pair of uy,v1,w; are equal.
Assume without loss of generality that u; = v1, u1 # w1, and v; # wy. We have:

F(u,w) = Fy(u1,w) = Fi(v1,wy) = F(v,w),

so again u,v,w do not form a rainbow triangle. O

The following corollary states that we may take a product of any number of 2-colorings and the
result will be a Gallai coloring; since all 2-colorings are Gallai colorings, it follows by induction from

the previous lemma.

Corollary 2.4 If Fy,..., F} are 2-edge-colorings, then F| ® --- ® F}, is a Gallai coloring.

3 Simple bounds for three colors

In this section we will demonstrate simple upper and lower bounds in the case r = 3 and s = 2. We first
apply the techniques of the previous section to demonstrate a Gallai 3-coloring with no large 2-colored
vertex set.



Theorem 3.1 There is a Gallai 3-coloring on m vertices so that for every two colors S € (g), every
vertex set Z using colors from S satisfies | Z| < (4/9 + o(1))m!/3 log® m.

Proof: Take t = [ml/?’]; then 3 is at least m. For every pair of colors P € (};), take Fp to be a
2-coloring of E(K};) using colors from P so that the largest monochromatic clique has size at most
2logt. Such a coloring exists by the lower bound on Ramsey numbers proved by Erdds and Szekeres
in [8]. We define F' a coloring on t* vertices by taking F = Fir, roy ® F(Rry Ry @ F(Rg, Ry} Where
Ry, Ry, R are such that R = {Ry, R, R3}. This is a Gallai coloring by Corollary 241 Fixing any set
S of two colors, two of the above three colorings have S-subchromatic sets of size at most 2logt, and
the remaining one has size t, so the size of the largest S-subchromatic set in F is at most ¢(2logt).
Since S is arbitrary, the size of the largest S-subchromatic set for any S € (12%) is at most t(2logt)2.

Restricting F' to any m vertices will be a 3-Gallai coloring with no subchromatic set of size larger
than ¢(2logt). Note that since t = [m'/3], we have t = (14 o(1))m'/3, so

t(2logt)? = (1 + o(1))m'/3(21og(m'/?))? = (4/9 + o(1))m*/ log? m
Od

We now proceed to prove that any Gallai 3-coloring on m vertices contains a subchromatic set on
two colors of size at least m!/3. Indeed, the next theorem is a strengthening of this statement, as it
states that the geometric average over S € (}2%) of g4  must be at least mb/3,

Since we have three colors, will refer to them as red, blue, and yellow.

Theorem 3.2 For any Gallai 3-coloring F' on m wvertices, HSE(R) Jg p = M.
%) s,

Proof: We proceed by induction on m to prove the theorem.

Define g to be the size of the largest subchromatic set using only the colors blue and yellow, o to
be the size of the largest subchromatic set using only the colors red and yellow, and p to be the size
of the largest subchromatic set using only the colors red and blue. (A note on nomenclature: g stands
for “green,” as blue and yellow form green when mixed. Similarly, o stands for “orange” and p for
“purple.”) We wish to show that gop > n.

If m=1, then g=0=p=1 and gop = m.

Otherwise, m > 1 and by the structure theorem for Gallai colorings there is a non-trivial partition
of the vertex set into parts Vi,...,V; and a pair of colors Q) € (12%) satisfying that for any distinct
i,j € [t] there is a ¢ € @ so that every edge between V; and V; has color ¢q. Take m; to be the size of
V; Take g; to be the size of the largest set using only the colors blue and yellow from V;, o; to be the
size of the largest set using only the colors red and yellow from V;, and p; to be the size of the largest
set using only the colors red and blue from V;. Without loss of generality we assume that @) contains
colors blue and yellow.

We have g = ), g;. Indeed, we may combine all the largest sets using colors blue and yellow from
each Vj to obtain a set of size ), g; that only uses blue and yellow.

Furthermore, 0 > max; 0; and p > max; p;. This gives:
gop = Zgiop > Zgioipi > Zmz =m,

8



where the last inequality follows by the induction hypothesis applied to F restricted to V;. O

Note that we use 0o > max; 0;, p > max; p;. It is on these inequalities that we will in the next sections
gain multiple factors of log m; if, for example, we find some set U C [¢] satisfying that for each distinct
i,j € U the edges between V;,V; are all yellow, then 0 > ., 0;. If it were the case that the o;,p;
were all pairwise equal, then we would get by the Erddés-Szekeres bound for Ramsey numbers that
op = Q(log2tmaxi 0;pi); this motivates the approach in the next two sections, where we handle the
general case in which it may not be true that the o;, p; are all pairwise equal.

4 A weighted Ramsey’s theorem

In this section we will prove a version of Ramsey’s theorem that will apply to graphs in which the
weight of a vertex may depend on the color of the clique that contains the vertex. The next lemma is
a convenient statement of a quantitative bound on the classical Ramsey’s Theorem.

Lemma 4.1 In every 2-coloring of the edges of Ky, for some k and £ there is a red clique of order k
and a blue clique of order ¢ with kf > %log2 t.

Proof: Take k to be the order of the largest red clique and £ to be the order of the largest blue clique.
We must have

F< R(k+1,041) < ("726

It is routine to check that this implies k¢ > ilog2 t. O

For the rest of this paper, let M := 26, The following lemma, which we call the weighted Ramsey’s
theorem, states that if vertex ¢ contributes weight «; to any red clique in which it is contained and
weight (; to any blue clique in which it is contained, then we may give a lower bound for the product
of the sizes of the largest (weighted) red and blue cliques.

Lemma 4.2 Given a 2-coloring of the edges of a complete graph on t vertices with t > M and vertex
weights (o, Bi), take v; = «;B; and v = min; ;. There is a red clique S and a blue clique U with

<Z ozs> <Z 5u> > 3l2log2t.

ses uelU

Proof: The proof will dyadically partition the vertices based on their pair of weights (a;, 3;), and
then apply the classical Erdos-Szekeres bound on Ramsey numbers in the form of the previous lemma.
That is, we will find a large set of vertices A so that any two vertices in A have similar values for oy
and (3;. Applying Lemma [£1] to this set will give the desired result.

Take o = max; «; and 8 = max; ;.

If af > 31210g2t we may take S = {i} with a; = a and U = {j} with 3; = . Otherwise,
af/y < % log?t. Observe that for each i we have a; < o, 5; < 8, and o, 3; > 7.

This gives v/ < a; < awand v/ < B; < 5. Note we may partition [y/3, a] into m; < log(af/v)+1
intervals Iy, ..., I,,, such that, within any interval I;, we have sup(I;)/inf(l;) < 2. Similarly, we may



partition [y/a, ] into mo < log(aB/v) + 1 intervals I7,..., I}, with sup(lj)/inf(Ij) < 2. By the
pigeonhole principle there must be some pair (j,j') such that, taking A := {i : a; € I;,3; € IJ’»,}, we
have |A| > t/(mims).

Applying the previous lemma to A, we get that there is a red clique S of size k and a blue clique U
of size ¢ with k¢ > log?(t/(mims)).

Note since t > M we get mimo < (log(% log?t) +1)? = 10g2(1—16 log?t) < t'/*. Therefore, we get
1 1 1
1 log?(t/(myms)) > Zlog2(t3/4) > glog2 t.

Take vy = minjeq o; and S4 = mingeq B;. For any i € A, o; € I; and hence ay > «;/2. Similarly,
for any ¢ € A we have 54 > (3;/2. Therefore, fixing any i € A, we get a4 > %% > /4. Therefore,

(Z as) <Z Bu) > (Z aA) <Z ﬁA) = kaalBa > kly/4 > 312 log? .

s€S uclU s€S uclU
O

Since in the statement of the weighted Ramsey’s theorem we take v = min; «;3;, it provides good
bounds when «;f3; does not vary much between the vertices. Therefore, when we wish to use it in
the upcoming sections, we will first dyadically partition the vertices based on «;; and then apply the
lemma to each partition.

Note that we chose v = min; a;3;. We may hope to be able to use other functions of «;, 5; in this
expression. However, it is not as robust as one may hope. In particular, we want to observe that the
function «a; + f; will not yield an analogous theorem, as if we have many vertices of weight (0,1) and
color all of the edges red, then the largest red clique has size 0 and the largest blue clique has size 1,
but for each i we have «; + 8; = 1. Fortunately, using «;/3; will suffice for our purposes.

5 Tight lower bound for three colors

In this section we will show that any Gallai 3-coloring on m vertices has a 2-colored set of size
Q(ml/ 31og? m). This matches the upper bound up to a constant factor.

We will refer to the three edge colors as red, blue, and yellow.

For the rest of this section, fix an integer m € N. We remark that in this section there is an inductive
argument for which it is important to note that m remains fixed throughout.

Let

clog?(Cn) if 0 <n<m*?
f(n) =< log?(m*)1og?(Cnm=4°) if m*? <n <m®"
Alogh(m?)1og?(Cnm=8/) if m¥9 <n <m,
where D = 22048 ¢ = 2D% and ¢ = log=2(C?) = D~'6/4. We will have a further discussion about f
and its properties shortly. For now, simply note that f(m) = Q(log®m).

We will prove the following theorem.

Theorem 5.1 For any n € [m], a Gallai coloring ' on n vertices has either maxg gg . > m7/18/8 or

HS gS,F 2 nf(n)
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Before we prove Theorem 5.1l we show how it implies the existence of a large subchromatic set.

Theorem 5.2 Every Gallai 3-coloring of E(K,,) has a two colored set of size Q(m'/3log?m).

Proof: By Theorem B} we have that either maxg gy . > m7/18/8 > Q(m'/31og? m), or

HgsyF > mf(m) = Emlog(m*?)log?(Cm'?) > 3m2~%(log? m)27? (log? m) = 27 Amlogt m.

As we have a lower bound on the product of three numbers, one of these numbers must be at least the
cubed root. Hence, maxg g . > 2-5em1/3 log? m > Q(m1/3 log? m), as desired. O

We will now proceed with a further discussion about f. We call (0, m*/], (m*?, m®9], (m®° m]
the “intervals of f.” Note that on each interval, f(n) = vlog?(én) for some constants v, d (where m is
viewed as a constant). Intuitively, C' is large so that we avoid the range of values in which log is poorly
behaved, and c is small both so that we may assume n is large and to make the transitions between
intervals easier. f was chosen so that it satisfies certain properties, the more interesting of which we
explicitly enumerate below. All of these properties are formalizations of the statement “f does not

grow too quickly.”

Lemma 5.3 If m > C, then the following statements hold about f for any integer n with 1 <n < m.
1. For any o € [%,1] , flan) > af(n).

2. For any aq,qo, a3 € [%, 1] such that ), o; = 1 we have, taking n; = a;n,

Zan ;) S@nf( n).

3. Fori>0 and m™' > 21 > 1 we have f(2%)log?(D27) > 512f(2i+%j).
4. For1 <7 <n < D3, we have f(1) > f(n)/2.

5. For any o € [2, L], f(an) > 16a.f(n).

These properties are collectively referred to as “the facts about f” and are proved in Appendix [Al

We now proceed with a proof of Theorem [5.11
Proof of Theorem [5.1k We proceed by induction on n. Define g to be the size of the largest set in
F using only the colors blue and yellow, o to be the size of the largest set in F' using only the colors
red and yellow, and p to be the size of the largest set in F' using only the colors red and blue. We wish
to show that either gop > nf(n) or max(g,o0,p) > m"/18/8.

Our base cases are those n for which f(n) < 1, as for these cases by Theorem B2l gop > n > nf(n).
Since ¢ = log™%(C?), any n < C'is a base case.

If we are not in a base case, we have n > C'.

Since F is a Gallai coloring, there is a non-trivial partition V(K,) =V, U...UV, with [V3| > ... >
|Vi] > 1 such that there is some 2-coloring x of [¢] such that for every distinct i, € [t] and u € V;,
v € Vj}, the color under F' of {u, v} is x(i, ).

11



Suppose without loss of generality that x only uses the colors blue and yellow. The proof will split
into three cases.
Cases 1 and 2, Preliminary Discussion: These will be the cases in which V; has a substantial
portion of the vertices. Let U; = Vi, Uy denote the union of V; over j # 1 such that x(1, j) is yellow,
and Us denote the union of Vj over j # 1 such that x(1,j) is blue. We have that U;,Us,Us is a
non-trivial partition of V. Let n; = |U;|. Let o; = |U;| /mn = n;/n for i =1,2,3, so a; + as + a3z = 1.

For i = 1,2, 3, let F; be the coloring F' restricted to U;. Let g; be the size of the largest subchromatic
set in F; using only the colors blue and yellow, o; be the size of the largest subchromatic set in F;
using only the colors red and yellow, and p; be the size of the largest subchromatic set in F; using
only the colors red and blue. Suppose without loss of generality no > ns, so ag > (1 — «;1)/2 and
max(aq,a) > 1/3. By the induction hypothesis, for i = 1,2,3, we have that either one of g;,0;, p;
is at least m7/18 /8, in which case we may use g > max; g;, 0 > max; 0;, p > max; p; to complete the
induction, or

gi0ip; > i f(n;).

Assume we are in this latter case. Since the U; are connected only by yellow and blue edges, we
may take the largest subchromatic set using only yellow and blue from each U;, giving g > g1 4+ g2 + g3
(in fact, equality holds). Since U; and Uj; are connected with yellow edges, we may take the largest
subchromatic set using only red and yellow from both U; and Us, or we may simply take the largest
such subchromatic set from Us, so we get 0o > max(o1 + 02,03). Similarly, p > max(p; + ps, p2).

Note

gop > giop + ga20p + gzop > gi(o1 + 02)(p1 + p3) + g2(01 + 02)p2 + gz03(p1 + p3) >

3
g1(01 4 02)p1 + g2(01 + 02)p2 + g303p3 = g102p1 + g201p2 + Z 9i0iPi.-
1=1

We thus have

3
9op = > gi0ipi > g102p1 + 920192 > 21/ (9102p2) (9201p1) = 24/ (9101p1)(g202p2) >
=1

2/ (n1f(n1))(naf(n2)) > 2y/aragany/ f(n1) f(na),

where the second inequality is an instance of the arithmetic-geometric mean inequality.

Case 1: a1, a9 > (log C)~ /4. In this case, we have

3
gop — Y _ gioipi > 2y/aragny/f(n1)f(na) > 2a109nf(n) > 2nf(n)//log C >
=1

8
log C

nf(n) >nf(n) — Znif(ni),

where the second inequality is by the first fact about f, the third inequality is by substituting lower

bounds on a7 and as, and the last inequality is by the second fact about f. Hence,

3
gop = ZQiini +nf(n) - Z nif(ni) = nf(n),

i=1

12



where the last inequality is by the induction on hypothesis applied to U; for ¢ = 1,2,3. This completes
this case.

Case 2: o > (log C)_l/ 4> . Before we proceed with this case, we prove a simple claim.

Claim 5.4 nf(n)+ny1f(n1) —2n1f(n) >0

Proof: Note nf(n) —nif(n) = (1 — aj)nf(n). Therefore,

nif(n1) —nif(n) > aany f(n) —ny f(n) = ainf(n) — anf(n) = —ar (1 — ar)nf(n),

where the first inequality follows from the first fact about f. From this we get

nf(n) +nif(m) = 2n1f(n) > (1 = an)nf(n) — ar(l - ar)nf(n) = (1 — a1)*nf(n) > 0

In this case we have a3 > 1 — (a2 + a3) > 1 — 2a9 > 1 — 2(log C’)_l/4 > 1/2 and hence

3
gop — Zgioipi > 2y/aragny/ f(n1) f(n2) = 8arasnf(n) = dagnf(n) >
i=1

2(a2 +ag)nf(n) =2(n —n1)f(n) > 2(n —n1)f(n) — (nf(n) +nif(n1) — 2n1f(n)) =
nf(n) —nif(n1) > nf(n anf ni),

where the second inequality is by both the first fact about f applied to f(n;) and the fifth fact about
f applied to f(ng), the third inequality is by ay > 1/2, and the second-to-last one is by the claim.

Hence,
3

gop > Y _ gioipi +nf(n me (ni) > nf(n),

i=1 i=1
where the last inequality is by the induction on hypothesis applied to U; for i = 1,2,3. This completes
this case.
Case 3: a1 < (logC)~Y%. This is the sparse case, when each part is at most a (logC)~1/* = D=2
fraction of the total.

Take n; = |V;|. Take F; to be the coloring F restricted to V;. Take g; to be the size of the largest
subchromatic set in F; using only the colors blue and yellow, o; to be the size of the largest subchromatic
set in F; using only the colors red and yellow, and p; to be the size of the largest subchromatic set in
F; using only the colors red and blue.

We reorder the V; so that if i < j then o;p; < 0;p;.

Take 7 = [log(2D~?n)], so max;n; < (logC)~*n < D™2n < 27 < 2D 2n. Define, for i < T,
I; == [2¢,2"71]. Take ®(i) = {j : n; € I;}. The ®(i) are dyadically partitioning the indices; we will
eventually use these partitions to construct sets to which we will apply the weighted Ramsey’s theorem.

Note that g = Zj gj, so we have gop = Zj g;jop.

We now present the idea behind the argument for the rest of this case. Fix ¢ so that ®(i) has at
least 2D25 (™~ elements and i > log(nm~7/18) (we will show that most vertices v are contained in V;
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as j varies over the ®(i) that have this property). We will define a weighted graph whose vertices are
the indices and whose coloring is x. Given an index j its weight will be (0;,p;). If we find a yellow
clique in x then the sum of the o; in the clique gives a lower bound on o, and similarly if we find a blue
clique in x then the sum of the p; in the clique gives a lower bound on p. We will apply the weighted
Ramsey’s theorem to half of the indices in ®(i) (to the indices that are larger than the median of ®(i),
to be precise); from this, we will be able to conclude that if j is an index smaller than the median, then
op/(0jp;) > D'f(n)/f(n;) for some large constant D’ and so gjop > D'g;o;p;f(n)/f(n;) > D'n;f(n).
We now proceed with the argument.

When we count, we wish to omit parts ®(i) that don’t satisfy desired properties; take
B'i= {i < 7:]@(0)] < 2025079},

B" = {i <log(nm™"/18)}.

Take B = B’ U B”. We will show that a large fraction of the vertices are not contained in Vj for
j € ®(i) where i ranges over B.

DD > 2ty 2D28(7)) = 4D257 Zzég

i€EB je®(1) 1<t i<T

1 Lo(T+1)/8 SD;QT < 128D27 < %n <n/4,

AD25T
21/8 _ 1 ="7o1/8 _q

where the fourth inequality follows from 21/® > (1 4 1/16).
Note if >, g; > m7/18 /8 then we may complete the induction; assume this is not the case. In
particular, we get t < m7/18/8 (since g; > 1). Therefore,

Z Z nj < Z Z 2nm ™18 < 2%nm /18 < p /4.

1€B" je®(7) 1€B" jed(7)

Hence,

IR ES PR Z nj <n/d+n/d<nf2
i€B jED (i) i€B’ jEB(i) i€B" jE®(i

As a corollary we get > 05> ican) i = 1/2-

For any fixed i < 7 such that i ¢ B, take (; to be the median of ®(7) (if ®(i) has an even number of
elements, take §; to be the larger of the two medians). Consider {(o;,p;) : j € ®(i),j > 5;}. By i & B,
this has at least D25~ > M elements (recall from the weighted Ramsey’s theorem that M = 216),
so we get by applying the weighted Ramsey’s theorem to this set that op > og,pg, log? <D2%(T_i)) /32.
Finally, observe that either one of the o0;,p;, g; is at least m7/18 /8 in which case we may conclude the
induction, or by the induction hypothesis we may assume 0;p;g; > n;f(n;). Therefore,

> giop= Y grogpslog? (D) 32> N gioppslog? (D280 f32 >
jED(i) jEB(i) JEP(1):j<Bi

Z 9;0p; log? (DQS T—i ) /32 > Z njf(nj)log2 <D28 T ) /32 >

JEP(1):5<B; JEP(1):i<Bi
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Z n;f (21°g”1‘) log? <D2§(T_log"j)) /32 > Z 16n;f(27) > Z 8n;f(n),
JER(4):5<Bi JED(1):§<ps JED(i):§<ps
where the third inequality is by o;p; < ojp;s for j < j', the fourth inequality is by the induction
hypothesis applied to Vj, the sixth inequality is by the third fact about f, and the seventh inequality
is by the fourth fact about f and noting 27 > D3n.
We now consider for any set J C ®(7):

> ny =20

jeJ
> oy <272
J€® (@)
This gives:
ZjeJ”j > | /|
Yjeawymi  2|®()]
Noting that [{j € ®(i) : j < 5;}| > |®(4)] /2:

Z 8n;f(n >—28n]f )=2f(n an

JER(i):§<Bs JE®(7) JE®(1)
Therefore,
90p>29a0p>2 dogor= > D> gop>= Y 2f(n) Y ny=
i<T jEP (i) i<7:i¢B jed (i) 1<T:¢B ]ecb(z
2f(n) 35 D2 ny>2f(n)g =nfln)
i<T:i¢B jeD(i)
We have thus concluded the induction. O

We informally refer to B” in the above proof as large if a large fraction of the vertices are contained
in a Vj for j € ®(i) where i ranges over B”. The case in which B” was large easily implied the desired
result. In extending this result in Section [§to more colors, the primary difficulty is the following: when
s is not 2, it is not obvious that there is a large s-colored set as a result of B” being large.

6 Upper bound for many colors

In this section we will give asymptotically tight upper bounds for how large of a subchromatic set
must exist in an edge coloring on m vertices. We will first show how to construct such colorings from
weighted graphs with vertex set R, and then we will choose such graphs to finish the construction.
The next theorem states that if we have a weighted graph on r vertices with edge weights wp, then
we can find a coloring F' so that g ,. is, up to logarithmic factors, [[pcswp.

Lemma 6.1 Given a weighted graph (R,P) on r vertices with integer edge weights {wp}pep, taking
m = [[pep wp, there is a Gallai r-coloring on m vertices so that for any S C R, the size of the largest
subchromatic set with colors in S is at most [[pep.pcswp - [1pep.pngi=1 2108 wp.
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Proof: We may define a Gallai r-coloring on m vertices as follows: take Pp,..., P, an arbitrary
enumeration of P. For each edge P, take Fp to be a 2-coloring of E(K,, ) using colors from P
so that the largest monochromatic clique has order at most 2logwp (such a coloring exists by the
Erdds-Szekeres bound for Ramsey numbers [8]). We define a coloring F' on m vertices by

F:FPI®FPZ®"'®FPk-

F is a Gallai coloring by Corollary 2.4l Given any S C R, note that g Fp = WP if PC S, as Fp uses
only colors from P. If |[PN S| = 1, then the largest subchromatic set in Fp using colors from P NS
is at most 2logwp by choice of Fp, so Ispp < 2logwp. If |[PN S| = 0, then Ys,p, = 1 as any two
distinct vertices are connected by an edge the color of which is not in S. Therefore,

9s.r = HgS,FPZ_ < H wp - H 2logwp.
)

PeP:PCS PeP:|PNS|=1

a

The condition in the above lemma that the edge weights be integers is slightly cumbersome; we will

now eliminate it.

Lemma 6.2 For any fized integer r > 3, given a weighted graph (R,P) on r vertices with weights
{wp}pep, taking m = [[pcpwp, if m is an integer and each wp satisfies wp > w(1), then there is
a Gallai r-coloring on m vertices so that for any S C R, the size of the largest subchromatic set is at

Proof: Take w), = [wp]. Since wp > w(1), we get wp < (1 + o(1))wp. We may apply the previous
lemma to the w), to get an r-Gallai coloring on [], w) > m vertices so that for any S C R the size of
the largest subchromatic set is at most

H wh - H 2logwp < (14 0(1)) H wp - H 2log wp.

PeP:PCS PeP:|PNS|=1 PeP:PCS PeP:|PNS|=1

Restrict this coloring to any m vertices; it is still a Gallai r-coloring and for any S C R the size of the
largest subchromatic set is at most (14 0(1)) [[ pep.pcswp - [1pepprgi=1 21log wp. O

Now, if we wish to obtain colorings without large subchromatic sets, we need only construct appro-
priate weighted graphs. Intuitively, we would like to minimize the number of edges in such a graph
(while still being able to maintain that all the S C R have approximately the same value of [ [ p-g wp),
as every edge creates extra log factors. This observation motivates the following bounds. -

Theorem 6.3 There is a Gallai r-coloring on m vertices so that for any S € (f) the size of the largest

subchromatic set is at most (1 + 0(1))m(§)/(;) log®* m, where
s(r—s) ifs<r—1,

Crs = 1 if s=r—1 and r is even,
(r+3)/r ifs=r—1andris odd.
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Proof: If s < r — 1, we may apply the previous lemma to a clique on r vertices with edge weights
mb/ (). Any S C R of size s has (g) internal edges and s(r — s) edges intersecting it in one vertex. By
the previous lemma, we may find a Gallai r-coloring where the size of the largest subchromatic set is
asymptotically at most:

m()/6) (210g (ml/@)))s(“s) < m®/G) (log )=,

If s=r —1 and r is even, we may consider a perfect matching on r vertices where each edge has
weight m?2/"; any subset of size r — 1 contains r /2 —1 edges and there is one edge with which it shares
exactly one vertex. By the previous lemma, we may find a Gallai r-coloring where the size of the
largest subchromatic set is asymptotically at most:

S

m/2-D/0/2) 9 log (12 < /201012 10g 1, = (375 1og m.

If s =r—1 and r is odd, we may consider a graph formed by taking the disjoint union of a triangle

on 3 vertices and a matching with (r — 3)/2 edges. The edges of the triangle will each have weight

(r=3)/27 and the edges of the matching will each have weight wo := m?/" (logm) =3/,

Note that the product of the weights is wi{’wg_?))/z =m. Let S C R of size s =1 — 1 be given.

wy = m/" (logm)

If the vertex not contained in S is part of the triangle then S contains (r — 3)/2 edges of weight wy
and 1 edge of weight w;. Furthermore, there are two edges each of weight wy that S intersects in one
vertex. In the graph obtained from the previous lemma the size of the largest subchromatic set taking
colors from S is asymptotically at most:

wlwgn_?’)/2 (2logwy)? = m=2/r (log m)_(r_g)/r(2 log(ml/r (log m)(r_?’)/%))2
< m(r—2)/r (log m)—(r—?:)/r (log m)2
= mG)/G) ogm)T+3/,

If the vertex not contained in S is part of the matching then S contains (r —5)/2 edges of weight wy
and 3 edges of weight wy. Furthermore, there is one edge of weight ws that intersects S in one vertex.
In the graph obtained from the previous lemma the size of the largest subchromatic set taking colors
from S is asymptotically at most:

w‘?wgn_‘:’)/2 (2logwy) = m=2/r (log m)3/r(2 log(mz/r (log m)_?’/r))

< m=2/"(logm)® (logm)

E]

— m(z)/(g)(logm)(’”f?’)/’“_

7 Weak lower bound for many colors

We now provide a simple lower bound for the largest size of a subchromatic set in any r-coloring
of E(K,,) that shows our upper bounds are tight up to polylogarithmic factors; we show that any
Gallai r-coloring on m vertices contains a subchromatic set of size at least m(2)/(), The following is
a common generalization of Holder’s inequality that we will find useful.
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Lemma 7.1 If S is a finite set of indices and for each S € S we have gs is a function mapping [t] to

the non-negative reals, then

IO <Z 11 gs(i)l/8'> :

Ses i 1 SES

Using the above lemma, we will prove a lower bound on the product of the g, , for F' a Gallai

r-coloring. This will easily imply the desired lower bound.

Theorem 7.2 For any Gallai r-coloring F' on m vertices,

se(?)

Proof: Take g5 = g, . We proceed by induction on n. If n = 1, then each g is 1 as is their product,
while n(zig) is also 1. If n > 1, we may find some pair of colors Q and some non-trivial partition of
the vertices Vi,...,V; such that for each pair of distinct 7,7 in [t], there is a ¢ € @ so that all of the
edges between V; and V; have color g.

Define, for i € [t], Fj to be the restriction of F' to V;. Take g, := g4 e By induction, for each 7 we
have [[g 95, > ni(g*g), where n; = |Vj|.

Note that if @ C S then g4 > 7, g4, since we may combine the largest subchromatic sets from

each Fj. For every S we have g, > max; g, so

HgS 2 H ng,i H QSZ Z H g}g/z(zig) H gs =
S

5:QCS i 5:Q¢S i 5:QCS 5:QZS
(:=2)
IR . (Z Hgiﬁ-(;g)) () N (Z n) = _ ),
i 5:QCS 5:Q¢S i S i
where the first inequality is by g4 > >, g4, if @ C S, the second inequality is by the preceding lemma
and noting |S| = (g:g), the third inequality is by g4 > g, ., and the fourth inequality is by the induction
hypothesis. O

Note that in proving this bound, if [SN Q| = 1 we simply use g, > g .. Asin the r = 3,5 = 2
case, if we can find a set of indices V;, ..., V;, so that between any two of them the edges use the color
contained in SN Q, we may obtain a stronger lower bound on g;.

We now conclude the argument.
Theorem 7.3 In any Gallai r-coloring F' on m vertices, there is some S € (f) so that gy . > m()/(2)

r—2
Proof: By the previous theorem, HSE(R) 9sp = m(H). As this is a product over (g) numbers, there
must be some S with ’

r—2 T s T
5 (IO /),

9s,r
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8 Lower bound for many colors

In this section we show that our upper bounds on sizes of subchromatic sets in Gallai colorings are
tight up to constant factors (where we view r and s as constant).

8.1 Discrepancy lemma in edge-weighted graphs

The lemma in this subsection has the following form: either a given weighted graph has many edges
of non-zero weight or it has some set S of size s whose weight is significantly larger than average. In
the next subsection we will show how to reduce the problem of lower bounding the size of the largest
subchromatic set in a Gallai r-coloring to a problem regarding the number of non-zero edges in a graph
that doesn’t contain vertex subsets S whose weight is significantly larger than average, so this lemma
will be useful.

Lemma 8.1 Given weights wp for P € (};) withwp > 0, take w =Y pwp. Take ag = (;) ifs<r—1,
ap =1/2 if s=r—1 and r is even, and ap = (r +3)/2 if s=r — 1 and r is odd. FEither there are at
least ag pairs P with wp > 0 or there is some S C R of size s satisfying

PEC:Swpz 1+<4r<;>2)_1 %w.

The proof of the above lemma uses elementary techniques along with the second moment method
and is deferred to Appendix [Bl

8.2 Proof of lower bound for many colors

Let .
d _ (S—l) _ r—s
(b5 s 1

c= (5/4)2534

d is an appropriately chosen scaling factor; why it is appropriate will become evident later. C' should
be thought of as a large constant, and 9, dy,d1, and ¢ should be thought of as small constants. We
provide some bounds on the above; although we will not explicitly reference these, they are useful for
verifying various inequalities:
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rl<d< T,
Cc< 47‘8,
5> 978

do > 7‘_11/4,

5 > 2—117»37

c> 2—127»4'

When we constructed the upper bound via product colorings, there was a weighted graph (namely
the one used to construct the coloring) so that for any S C R we could approximate the size of the
largest clique using colors from S by the product of the weights of edges contained in S. We wish to
say that the structure of any Gallai coloring F' can be approximated this way. Though this is not true
in general, the next theorem states that if it is not true then []g gs  must be large. Take for the rest
of this paper

2228r2
mo = 2 . (1)

Theorem 8.2 If m > mg then for any Gallai coloring F' on n < m vertices, there are f > 1, € > 0,
P C (), and, for P € P, weights wp € [1,00) satisfying:

1. For every S € (f), 9sp = Hpe(g)m'p wp.
2. [pepwp = m™n.
(:=2)
3. HSe(f) 9sr = (nf)l=2.
4o = (logm)°.

5. Taking a to be the size of P, f > (clog2 m)ad.

From the above theorem we will quickly be able to conclude Theorem [Tl Note that if f is large
enough then by condition (3) we conclude that [] Se(R) Is.r is large and so some g, ,. is large. Otherwise,
by condition (4) we have an upper bound on the size of €, so by conditions (1) and (2) the structure
of the coloring is well-approximated by the wp. This latter case will allow us to apply our work on
weighted graphs from the previous subsection to get a lower bound on a, and then we will apply
condition (5) to as before conclude that some g, . is large.

Proof: We will write g4 for g, .. We will take wp =1 for any P in (12%) but not in P; this way, for

any T C (}22), we have [[pernp wp = [ perwp.
We proceed by induction on n.
Base Case: If n = 1, then we may take f =1, =0, and P = (). Letting a = |P| =0,

1. For every S € (}j), gs =1= HPE(S) wp.
2

2. HPE(I;) wp=1=m" n.

20



3. Moe(ry 95 = 1 = ()2,

4. f =1 = (logm)°e.
5. f=1= (clog2 m)ad

Preliminary Discussion: If n > 1, there is some pair of colors Q = {Q1, @2} and there is a non-trivial
partition V(K,,) = V3 U... UV, with [V| > ... > |V{] such that there is some 2-coloring ¥ : (;) - Q
such that for every distinct 4,5 € [t] and u € V;, v € V}, the color under F' of {u,v} is x(¢,7) (which is
in Q).

log(am®)

Given € > 0, define f.(¢) := (log m)C logm— where a@ = ¢/n. Note that we may rewrite f.({) =

log o
(log m)cﬂ'clog%; we will move between the two expressions freely. Note also that f.(¢) is an increasing
function of /. We will need some lemmas about f., all of which are formalizations of the statement “f.

does not grow too quickly”.

Lemma 8.3 The following statements hold about f. for every choice of € >0, m > myg, and 1 <n <

m.

1. For any o € [%, 1],

In particular, fd(an) > af.(n).

2. For any a1, a9, a3 € [%, 1] with a1 + s + ag = 1, taking n; = a;n,

nfe(n) < 3 nife(m) + 3(log™ mnf(n).

3. Fori>0 and m® > 2/ > 1 we have f.(2) log2/(:§)((log1/4 m)27) > 256(5) fe(2'77).

4. For any o >log™'m, fe(an) > f.(n)/2.

We will refer to the above collectively as the facts about f; we prove them in Appendix
The proof will split into four cases.

Cases 1 and 2, Preliminary Discussion: For these cases, a simple numerical claim will be useful.

Claim 8.4 For positive reals a,b with a < 1,

(1+a)®>1+ab/2.

Proof: Since 0 < a <1 we have 1 4+ a > %2, Then

(1+a)l >e®? >1+ab/2.

Cases 1 and 2 will be those cases in which V; is large.
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Take Uy = V1. Take U; to be the union of the V; such that the edges between V7 and Vj are of color
(1. Take Us to be the union of the V; such that the edges between V; and V; are of color ()2. We may
assume without loss of generality that |Us| > |Us|. Then {Uy, Us, Us} is a partition of V.

Define, for i = 1,2,3, F; to be the restriction of F' to U;. Take gy, := 9s.r,- Define n; = |U;| and
a; = n;/n. By the induction hypothesis, for each F; there are appropriate choices of f;, €;, P;, and wp;.
Take a; = |P;|.

The general approach for these cases as well as for Case 3 will be to choose some index i and simply
use the same graph to approximate our coloring. That is, we will take P = P; and wp = wp;, and
then we will show that € and f may be chosen appropriately.

We now proceed: if for some index i we take P = P; and wp = wp, since g5 > gy, we will have
property (1): for every S € (1:), 9s > 9s: > [lpcswpi = [[pcgwp. Furthermore,

I we= T] wei=m “n=m “am = m cloal/e/logmy,
R R
Pe(3) Pe(3)

log(1/au)
logm

If we take e = ¢; +
Define

, then the above shows property (2) will hold.

o4 los(1/ay)
x; == max <(log m)c< g ), (clog? m)“id> .
If 7 is the index minimizing x;, then we will take:

N log(1/a;)

)
log m
7) - Pia
wp = Wpy,

and f = x;; we will show that this satisfies properties (4) and (5), so choosing i to minimize z;
minimizes our f. Take a = |P|. We have already observed that properties (1) and (2) will hold.

Take € = max <€, %). Note that f = x; = (logm)®? = f.(n). In this case properties
(4) and (5) hold by choice of f:
f = (logm)® > (logm)“.

, log((clo; 2m)a’d) a
f> (logm)® > (log m)cw = glos((clog®m)™) _ (clog?m)*.

We have only to show that, with this choice of f, property (3) holds. We claim that each f; satisfies
f P > f € (nz)

If for some i we have ¢; < € + 8%

logm
we would have z; < f, contradicting our choice of €. Therefore, for such an index ¢,

, then we must have (clog?m)®? > f = (logm)“¢, for otherwise

fi > (610g2 m)aid > (lOg m)CEI = fe’(n) > fe’(ni)‘

: . 1 log oy
Otherwise, ¢; > ¢’ + Togm SO

;, loga;

fi > (logm)©e > (logm) (T REw) = f(n,).
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We have that for each S satisfying ) C S that g4 > g4, + 95, + g ;- For each S satistying Q1 € 5,
we have

9s = maX(gS,l + gs,z’gs,a) 2 951+ 9so-
Similarly, if Q2 € S then g4 > g4, + g5 ;- Finally, for all S we have g4 > max; g ;.
We have by the generalization of Holder’s inequality (Lemma [T]):

1/("*2) (::S)

5—2

1;[952 I >0 IT o= | D2 I 9s TT 9s

5:QCS i 5:Q¢S i \S:QCS  S:Q¢ZS

Therefore, we need only check that
1/(253)

S IT 90 I s >nf.

i \S:QCS  S:QZS

Fix T e (f) so that TNQ = {Q1}. We get g, > gy, + Grp-

1/2

Case 1: aj,a9 > log”/“m. The argument from the weak lower bound case applied here only gives:

1/(273)

Yol I ose 1T 9s > 3" nifum)

i \S:QCS  S:Q¢S

The main idea behind solving this case is to observe that it is sufficient to gain a constant factor on
either the largest or second largest term of the above sum.

Consider: ,
1/(323)
Yo IT 950 IT 9 >
i S:QCS S:QZS
1(:52) 1(:52) 1/(772)
(9r2 + 922) T 952 + { (900 + 902) [T 952 + (H gs,3> :
SAT SAT 3

We'll handle the case g,., < g;,; the case where g,., > g, , has a symmetric argument. Then, since
911+ 9r. = 29,,, the previous is at least:
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where the first follows from the induction hypothesis, the second follows from Claim B4l the third
follows from the lower bound on «, the fourth follows from the fourth fact about f., the fifth follows
from m > myg, and the sixth follows from the second fact about f. .

Case 2: log_l/2 m > ag. In this case we have oy =1 — (g +ag) > 1 —2a9 > 1 — 2log_1/2 m > 3/4.

Again, the argument from the weak lower bound only gives:
V(=3

Do I os 11 9s > > nsfem).

i \S:QCS  S:Q¢S

The main idea behind this case is to observe that it is sufficient to gain either a factor of (1 + 8ag) on

—1/(2 r—2
the first term (which is much larger than the others) or a factor of 4a, /((2)) on the second term.
We will do the former if g,., /g, , is large enough, and otherwise we may accomplish the latter.

Itg,, > 16( )Oégng, we have

1/(223) 1/(223)
Z H gs»i H 9s > H gs,1 H g >
i \S:QCS  5:0¢S 5:QCS  S:QZS
r 1/(T:2) r—2
U T VG o2 Dy
(ng +9T2)/5 2 H951 : <1+16<8—2 Qe Hgs,1 Y >
S4T s

16(" 2
(1 + %) nlfl = n1f1 + 8a2n1f17
2(5—2)

where the last inequality is by Claim
We know f; > fo(n;), so the above is at least:

ny fo(n1) + 8agny fo(n1) > adnfu(n) + 8asainfu(n) >
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(1- 2@2)2nf51(n) +daonfo(n) > nfe(n) =nf,

where the first inequality follows from the first fact about f. and the second inequality from substituting

lower bounds on ;.

Otherwise, we have g,., < 16(2:3) Q207 5 SO

Y() - ()
/(-
Z H 9s,i H 9s ZHgS,l ¥+ (gT,1+gT,2) Hgs,2
i \S:QCS  S:Q¢S s S£T
Then the latter term is at least:
1/(323)

v

9ra | 952

SAT

1/(:23)
(16 " Hg”) =

/(222 o o
<@> nafa > 4@2_1/(2(372))112]“2 > da, 1/(2(372))712]05/(”2) >

1o CCD), <a;/<2<:3>> f€,<n>> — 4nafu(n),

where the third inequality follows from the upper bound on as and from m > mg and the fifth
inequality from the first fact about fo.

Therefore,
/(22 .
1/("~
S IT 9s0 T 9s > [[ 950" +4nafo(n) > nifo(m) +4ng fo(n) >
S

i \S:QCS  S5:Q¢S

a2nfo(n) + dagnfo(n) > (1 = 200)*nfo(n) + dagnfo(n) > nfe(n) = nf,
where the third inequality follows from the first fact about f..
Cases 3 and 4, Preliminary Discussion: These will be the cases in which none of the V; are large.
For these cases, we will take n; = |V;| and «; = n;/n. We will take F; to be F restricted to V; and
take g5, = gg Fy By induction, for each F; there are appropriate choices of f;, ¢;, P;, and wp;. Take
a; = |Pil.

Since in these cases we have many indices, we will be able to apply the weighted Ramsey’s theorem
to appropriately selected subsets of them. The rest of the preliminary discussion for Cases 3 and 4 is
based on doing so.

For each non-negative integer i let I; := [2¢,2°F1]. Take ®(i) = {j : n; € I;}. The ®(i) form a dyadic
partition of the indices which will eventually determine how the indices are clustered when we apply
the weighted Ramsey’s theorem. Take B” := {i < log(nm™°)}.

Take 7 = [log(2(log™ /2 m)n)|, so max; n} < (log™"/?m)n < 27 < 2(log™'/? m)n and ®(i) is empty
for i > .

For any pair T,T" satisfying Q N'T = {@Q1} and Q NT" = {Q2}, take g; = Hsg{T,T'} 95,08 =
9r,sPi = 9y, and g = Hsg{T,T'} 95,0 = gr,p = g, Take G to be the set of indices j with
op > 0;pjlog?((log'/* m)2(7=9/2) /32 where i is such that j € ®(i).
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Gr 1 is the collection of indices j for which g,.g,, is substantially larger than g, g, e where the
meaning of “substantially larger” depends on the size of n;. The following lemma states that almost
all vertices are contained in some Vj as j varies over the indices of G 7.

Claim 8.5 ZJGGTT/ ’I’Lj Z (1 — 51)71

Proof: Take {V/},<; to be a reordering of {V;};<; so that if i < j then Irn19 That

is, the V/ are in increasing order based on the value of w19z vr- Let gj, ],pJ,CD( i), n; G’TT, be

v S Y, vi9rrvi-

Y ]7
defined as before (so, for example, o, = gT,Vi,).

When we count, we wish to omit certain intervals that do not satisfy desired properties. Let
Bi={i <7:|®@)| <407 (log"* m)2—9/2},

We will show that a large fraction of the vertices are not contained in J;c uj@(i),v]f ; that is, most
vertices are not contained in Vj’ where j is an index in ¢(i)’ for some i € B.

> Z nf <> 2746 (log'* m)2 /%) = 857 (log!/* m)27/? Y " 272 <

1€B jed(i i<T i<r
85, (log VAm)27/24 . 27/2 = 3267 (log! /4 m)27 < 6467 (log™/* m)n < 61n/2.
Thus,

) nj<an/2 (2)

i€B jed(i)

For any fixed i < 7 such that i ¢ B, enumerate ®(i)" as ¢;1,¢i2, -, di oy With oéﬁi’jlpfm’jl <
0y, " Py, " if j1 < jo. That is, this enumeration is so that the Vdéi,j are listed in increasing order with
respect to their ofp; values. Take B; to be ¢; (1_s, /a)(iy|- Consider {(0},p}) : j € ®(i)',j > Bi}. By
i € B, this has at least (logl/ 4 m)2(7_i)/ 2 > M elements. We get by applying the weighted Ramsey’s
theorem to this set (with the coloring given by x) that:

log? ((logl/4 m)2(7-—i)/2>
32 )

op = 0P,

. 2((10g1/4 m)2(771)/2)
For any j € ®(i)’ we have that if j < ; then ojp] < 06 pﬁ , so the above is at least ojp] 5 ,

so j € G .
If i € B we get:

Therefore,
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Thus,

SRS M I W E
iZ€B je®(i)'NG

JjeG! T - i¢B jed (i)

7,7

where the third inequality follows from (2]).
As > Gy n; =53 € 0 this completes the proof of the claim.
O

Case 3: a; < log~'/?m and Y icnr Zjefb(i) nj <n/2. Fix any pair T,T" € (f) with TNQ = Q1 and
T'NQ = Q3. The idea behind this case will be to choose some subset G, of the indices so that as j
varies over G, the value of a; doesn’t change, to intersect this set with G 7/, and to use this to show
that [[g g, is large. In this case, as in Cases 1 and 2, we will simply choose some j appropriately and
take P = P; and wp = wpj.

Note that s; € [(g)], so by the pigeonhole principle there must be some value s so that

> X ”j2<;> DD <>1n/2,

igB" jed(i):s,=s ig€B" jed (i)

where the last inequality follows by the assumptions for Case 3. Take (G, to be the set of indices 7 with
a;j = a and, taking i to be the index with j € ®(i), i is not in B"; by the above, 3~ n; > (g)_ln/Q.

log(1/a;) log(1/avi)

logm Togm where 7 is

Then take € = min;eq, € + . Note that this is the same as taking ¢ = ¢; +

an index in G, minimizing

. log(1/a;)

T; = max <(log m)c<€“r Tog m )7 (clog? m)aid> 7

as all the a; are equal to a.
Take, with ¢ as above, P = P; and wp = wp;. Then, as in Cases 1 and 2, properties (1) and (2)
hold. Furthermore, as in Cases 1 and 2, taking

, < log ((clog2 m)“d) >
€ =max | e, ;

C'loglogm

we have for i € G, that f; > fo(n;), and taking f = fo(n), properties (4) and (5) hold. We need only
check that property (3) holds.
Then take G = G, N G 7.

We have
r —1 r —1
YIS SIS njz<<2> /2—51>n2<<2> /4>n. Q
JEG J#Ga JEGr
Ta‘ke 9i = HSQ{TT’} gsu gTupZ - gT’i and g = HSQ{TT’} gsa 0= gTup gT’
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We have:

S (gon G2 = 3 ST (giop) /()

J i jeGN®(i)
log2((log!/4 m)2(7=9/2) 1/(223)

= Z Z <9j0jpj 3 )
i JEGND(i)

> 30 S nyfilog? (o) (log A m)2l /23071 (52
. JEGNP(7)

> 3 S nyfulng)log (2 (loght m)2lr—/2)3071/(22)
i jEGND(i)

> 3 3w fu(2)10g (=) (log /4 m)20 /%) 391
1 jEGNP(4)

SN SR (§EEY
1 jEGNP(4)

=2 2 <>”er (nlog™"/2m)
1 JEGNP(4)

> Y Xyt 2 nfutw) = s
i jEGN®(i)

where the second inequality follows from G C G 7, the sixth inequality is by the third fact about f,
the eighth inequality is by the fourth fact about f./, and the ninth inequality inequality follows from
@).

Note that here we used only one pair T',7"; we can afford to do this because we gain a large amount
due to B” being small. In the next case, we will use all of the relevant pairs.

Case 4: a1 < log_l/2

moand Y icpr D iep@) My = /2. In this case there are many vertices contained
in very small parts; this is the case where we will not simply take P to be some P;.

The idea behind this case is to choose a set G, of many indices j with similar values of P;,wp;, and
€j. We will be able to take wg = ) jeG, WQ,j, which is a significant improvement over simply taking
for some j each wp = wp;. We will intersect GG, with some collection of G 7/ where each T with
TN ={Q1} and each 7" with 7" N Q = {Q2} will occur exactly once (so we pair up the sets T, T"
with TN Q = {Q1} and 7" N Q = {Q2}; if an index is in Gy 7 then we have gained a large factor on
that index). This allows us to lower bound []g g,.

We may partition [0, 1] into at most d; 14 1 intervals J; of length at most dy. Furthermore, we may
partition [1,m] into at most 6y * 4 1 intervals H; with sup(H;)/ inf(H;) < m?

We partition the indices in (J;c g ®(i) by saying two indices j, j* are in the same part if and only if
€j, € are in the same interval J;, P; = P, and for each P € P; = P, wp; and wp s are in the same
interval H;.

Then the total number of possible partitions is at most 2(;) (0y 1y 1)(9“. Therefore, there is some
part G, C U;cpr ©(i) where

Yoy >27 Gt ) G Y Y > (50_1+1)_(;)_1n:2<2:i>51n.

J€G, i€B” jed(4)
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Then take €g = max;cg, €;. Take wg = ZZEGE wq,; and for P # @ take wp = min;eq, wp;. Take
P =P;U{Q} for any i € G,. Take a = |P| and note a < a;+1 for any i € G,. We check that property
(1) holds. For each S with @ C S,

>ng >ZHMP2—Zvai H irg(i;nwp,i:wQ H wp:pr.

i PCS i€Ga PCS,P£Q ~ “ PCS,P£Q PCS
If @ € S then, fixing any i € G,

Now, we choose € = (;) 0o + €0 and check that property (2) holds:

pr—ZwQ,pr> ZwQZH 6pr7i):

i€Gq P#£Q i€Ga P#£Q
BED 99 ) CHEPR I SPE
1€Gq P 1€l

- ((5)-1)30—co < - f) s1n > m—()o=co,.
S —

where the first inequality is valid since for j, ' € G5 we have wp;/wpj < m®, the second inequality
follows by choice of g = maxjeg, €;, and the last inequality uses m® > 2(2:%) 01 which follows from
m > mg (my is defined in Equation [I]) and the choices of §p and ;.

Fix a bijection 7 between {S € (f) :S5NQ ={Q1}} and {S € (Ij) :SNQ = {Q2}} (one such
bijection takes any S in the first set and removes ()7 and adds QQ2.) Take G to be the intersection
of G, and all sets of the form Gg () where S € (f) satisfies SN Q = {Q1}. There are (g:%) pairs

S, m(S), so by Claim 2l we have

ICED BTN > ”J‘Z<2<::i>51—<2:i>51>n2C:f)émzém.

jeG Jj€G, S:SﬂQ:{Ql}jQGSJ(S)

95,95, 108 2((log"/* m)2(7=0/2) > 95,9055 log?(2(7=9/2) where i is such that j € ®(i). However, if

j € G then i € B”, so
N\ 1/2 —172.\ /2
o(T—i)/2 _ <2 > > <nlog : m) —y
v nm-

Therefore, log(2(7=1/2) > §(log m) /4.
This gives:

Note that if j € G then for any S with SN Q = {Q1}, since G C Ggr(s), we have 9595y =

1/(7-2) 1/(173)

Z H s, H 9s ZZ H 9s.; H Js >

i \s:QCs  s:Qgs jeG \S:QCS  5:Q¢S
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1/(173) 1/(173)

Z H 9s. H 9s :Z H 9s.j H 9s9Yx(s) =z

JEG \ S:|QNS|#£1 S:|QNS|=1 JEG \ S:|QNS|#1 5:QNS={Q1}
5 (=) (2
S M e T ang?mws,m —z( log )16 H) S
JEG \S:|QNS|#£1 S5:QNS={Q1} jeq
anf] 10gm/4) Zn]fj (log m) /4)%
JjeG jeG

Take f' = (logm)®c, f” = (clog?m)® and f = max(f’, f"). Note that f > f’ guarantees that
property (4) holds and f > f” guarantees that property (5) holds, so we need only check that property
(3) holds. There will be two cases, that in which f = f” and that in which f = f”.

If f=f for each j € G, we have ¢; > €y — dp, so f; > (log m)C(€©0=%) Then we get:

> nsf; (3(logm)/4)* > 3 nj(logm)“0=) (5(log m)/4)* >

JjeG jeG
an(logm)c(m*(;)%)( (log"/? )/4) >
jeG

s1n(logm)© (co+(5 < (log'/? >d2
n(logm) Cleot(3)d0) = n(logm)®c = nf = nf.

Otherwise, f = f”. For each j € G, we have f; > (clog?m)(@~V as a < a; + 1. This gives:

Zn]f] (logm)/4)% > an clog?m)@=D4 (§(log m)/4)* =

jeG jeaq
(6/4)%4c=4(clog? m) dZn] > (6/4)* ¢ 4(clog? m)™on >
jeG

n(clog?m)®® = nf".
O

Take ag to be (5) if s <r—1,7r/2if s=r—1and r is even, and (r+3)/2 if s =r — 1 and r is odd.
Take fy = (clog2 m)®?. The following theorem states that either some g is large or their product is

large.

r—2
Theorem 8.6 If m > my either [[ggs > (mfo)(s‘*?) or there is some S C R of size s with g, >

(mfo)3)/ ().

Proof: Choose f,e,P,wp as given by the previous theorem, then we need only show f > fo. If
-1

€> (167"(5)2) then we have Ce > 2(})d > 2aod so f > (logm)“ > (logm)?®? > fq.

-1
Otherwise, € < <16r (;)2) . Define a weighted graph on vertex set R where an edge e € ( ) has
weight log w.. Note this graph has non-negative edge weights and if an edge is not in P, then it has
weight 0.
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By Lemma B1] either this graph has at least ag edges or there is some set S on s vertices with
2\ ! s
r (2)
Zlogwpz 1+ | 4r TZIogwp.
2 (5)
PCS 2/ p

If the graph has at least ag edges, then |P| > ag so f > (clog®m)®0? as desired.

Otherwise, there is some S so that

2
Y loguwp > 1+ <4r<;> )
PCS

-1

%Ep:logwp.

Then we have

I we =] ws >m (2) >
PCS P
G [ 1 B G G I - By
where the second to last inequality follows from (1 + b)(1 —b/4) > 1+ b/2 for any b € [0, 1]. O

The previous theorem easily implies a general lower bound for the largest value of g, .

Theorem 8.7 If m > my, there is some S C R of size s with g4 > (mfo)(2)/(2).

r—2
Proof: By the previous theorem, either such an S exists or [[gcp g5 > (m fo)(S*Z). In this latter case,

r—2 T s T
since this is the product of () numbers, there must be some S with g, > (mfo)(S*Z)/(s) = (mfo)(2)/(2).
]

Before we proceed, note that:
r—2 r—2 r—s
d= / = —.
s—1 §s—2 s—1
We now simply rewrite the statement of the previous theorem in more familiar notation.

Theorem 8.8 Fvery Gallai coloring of a complete graph on m vertices has a vertexr subset using at
most s colors of order €} <m(§)/(§) log®m* m) , where

s(r—s) ifs<r-—1,
Crs = 1 if s=r—1 and r is even,
(r+3)/r ifs=r—1 andris odd.

Proof: If s <r—1 and m > mg, by Theorem [R7] the coloring has a subchromatic set of order at least

m)/(3) (clog®m) (;)d. As 2(5)d = s(s — 1)2=2 = s(r — s), this gives the desired bound in this case.
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If s=r—1, ris even, and m > mg, by Theorem B7, the coloring has a subchromatic set of order
at least m(3)/(2) (clog2 m) (r/2)d As

2(T/2)<s> <r>—1d:Ts(s—1)r—s _r=ne-2 1

2)\2 rr—1)s—1 r(r—1) r—2

this gives the desired bound in this case.

If s=r—1, ris odd, and m > mg, by Theorem B, the coloring has a subchromatic set of order at
least m()/() (clog?m) /P4 s

—1

this gives the desired bound in this case. O

A Proof of Lemma

For convenience, we restate both the definition of f and the statement of the lemma here:

clog?(Cn) if 0 <n <m*?
f(n) :==< log?(m*)1og?(Cnm=49) if m¥? <n <md¥? |
A log*(m*9) log?(Cnm=8/%) if m8/9 < n < m,

where D = 22048 ¢ = 2D and ¢ = log~2(C?) = D16/4.
Lemma A.1 If m > C, then the following statements hold about f for any integer n with 1 <n < m.
1. For any a € [2,1], f(an) > af(n).

2. For any a1, a9, a3 € [%, 1] such that )", a; = 1 we have, taking n; = a;n,

8
nf(n) - Z nif () < g ognd (n).

3. Fori>0 and m™/'8 > 2 > 1 we have f(2)log?(D27) > 512f(2i+%j).
4. For 1 <1 <n < D37, we have f(7) > f(n)/2.

5. For any a € [%, 3—12] , flan) > 16a.f(n).
Proof: Observe that f(n) has two points of discontinuity: pg = m*? and p; = m%/9. Recall that the
three intervals of f are (0, po], (po, p1], (p1, m]; name these Iy, I1, I2, respectively.

If ¢ is either pg or p1, then we have fi (t) :=lim,_+ f(n) <lim,_,;— f(n) =: f_(1).

Observe further that if n is in some interval I of f then for any ¢t € I we have f(t) = ~log?(6t) for
constants v, with dt > C.
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Proof of Fact 1: We first argue that it is sufficient to show Fact 1 in the case that both n and an
are in the same interval of f. Intuitively, the points of discontinuity only help us. If n is in [, an is
in Iy, and we have shown Fact 1 holds when n and an are in the same interval, then

The case where n is in Is and an is in I; and the case where n is in I and an is in I hold by essentially
the same argument.

We next show Fact 1 in the case that both n and an are in the same interval I of f. We have,
choosing v and § to be such that f(t) = vlog?(6t) on I, that

f(an) = ylog*(adn),

af(n) = yalog?(dn) = y(valog(én))*.

Thus, it is sufficient to show that log(adn) — /alog(én) > 0. Note equality holds if a =1 We

consider the first derivative with respect to «; we will show that it is negative for a > The first

In 2(5 )
derivative is:

1 1 2 —/aln(én)
— log(dn .
aln(2) 2y« 0g(0n) = ~ aln(4)
Note the above is negative if 2 — \/aIn(dn) < 0, which is equivalent to o >

In 2(6n)
Therefore, for a € [%, 1}, assuming an € I, we have f(an) > af(n). If a <; ( > with an € I
then,

4 4
af(n) < W710g2(5n) = %7 <log® Cy < vlog*(ban) = f(an),

where the first inequality follows by the assumed upper bound on « and the last one by an in I (and
so dan > C).
Proof of Fact 2: Let 7,0 be such that for ¢ in the interval I; containing n we have f(t) = vlog?(dt).
We define a new function fo whose domain is [nlog=" C,n]. For any ¢ in the domain of f that is in I IR
we define fo(t) = f(t), and for any t in the domain of fo that is not in I;, we define fo(t) = vlog? C.
If there is some point ¢ in [nlog™' C,n] that is not in I, then t must be in I;_1, as t > nlog~'C >
Dj—1 log™'C > pj—2. Then note we have chosen, for ¢ not in I, fo(t) = fi(pj—1). Therefore, f5 is
continuous. Also, tf5(t) is convex (this is easy to see by looking at the first derivative). The main idea
behind the proof will be to replace f by fo and then apply convexity to get the bounds.

We claim f(t) > fa(t) for all ¢ in the domain of fo. If ¢ is in I;, then fo(t) = f(t). Otherwise, t is in
Ij_1. For any t € [nlog™! C,n], note that 6t > dnlog™' C > C'log™! C. Therefore,

ft) = W log?(6tm*/?) > W log? ( 490 10g™! C) L > ~log? C = fot),

where the first equality follows by ¢ € I;_; and the first inequality by 6t > log~!C.

Take S = {i : o > log~! C}. For i € S we have a;n is in the domain of fo. Take k such that
dies @i =k Since } ;=1 k=1-3  60; >1— 3log~! C. Hence,

anf nz anf nz anf2 nz Zﬁnfé <|S| ) =

S S €S
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-1
kN fo <|S| > > knfo <%n> > knfo(n/4) > lwnlog2(5n/4),

where the third inequality follows Jensen’s inequality applied to the convex function ¢fs(¢) and the
fourth inequality holds since f5 is an increasing function.

This gives

knf(n Zn,f n;) < kynlog?(on) — kynlog?(6n/4) = ryn(log?(dn) — log?(6n/4)).
€S

We now consider
log?(6n) — log?(6n/4) = (log(on) + log(dn/4))(log(6n) — log(6n/4)) < 2log(dn)log4 = 4log(dn).

Noting that log(dn) > log C, we get

ryn(4log(on)) < @’yn log?(dn) = @fynf(n).

Thus,

anf nz S 1_’%)nf( +"inf anf nz >

€S

Fn)+
210gC" Y T g © =logC
Proof of Fact 3: Take ~,§ such that for ¢ in the interval of f containing 2° we have f(t) = ~log?(dt).
Take 5 = % j. If 20 and 277" are in the same intervals of f, then we get
7(2')log? (D) = 108> (52 10g*(D2) = log(2/1°57) og? (275 ) =
710g2(2(j+logD)(i+log6)) > 512y 10g2(52i+j’) — 512!}0(22'4-%]')’

where the last inequality follows from i 4+ logd > log C' > log D and j + log D > log D. Therefore,
log D log D
(j +log D)(i +log ) > %(j +i+logd) > %(2]‘ +i+logd) > 512(j + i + log o).

If 2¢ and 207" are in different intervals of f, then they are in adjacent intervals since 27 < m?%/9.

Therefore,
FEFH) = f(27H) = ey log2(m?) log? (5mY/9247) < eylog?(52) log?(27) <
2 50y 2(0j 1 i 2(0j 1 i 2 j
2 (710g2(62")) log? () < £15 F(2)108*(21) < 15 f(2) log? (D),

where the first inequality follows by the fact that if ag > a1 > by > by > 2 and if agby = a1b; then
(log ap)(logby) < (logay)(logby). To see this last fact about logarithms, one may take the logarithm
of both sides and apply the concavity of the logarithm function.
Proof of Fact 4: Choose ,4 such that for ¢ in the same interval I; as 7 we have f(t) = ylog?(t).
If n and 7 are in different intervals of f, then n must be in ;11 as n/7 < D? < m*?. Furthermore,

4/9

for n and 7 to be in different intervals, we must have D357 > Cm*? and so 67 > m*/9. This gives:

F(1) = v1og?(67) = vlog?(m*?) > clog?(m**)ylog?(CD?) >
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clog?(m*?)ylog?(5m~*°n) = f(n),

where the second inequality follows by CD? < C? and ¢ = log™2(C?).

Otherwise, 7 and n are in the same interval. Then
f(n) = vlog?(dn) < ylog®(6D7) < vlog?((67)*/?) < 2ylog?(d7) = 2f(7),

where the second inequality follows by 67 > C and CY/3 > D,
Proof of Fact 5: Let a < 3—12 be given. Consider:

f(32an) < f(an),

| =

160f(n) = 3 (320f(n)) <

where the first inequality is by the first fact about f and the second inequality is by the fourth fact
about f.
Od

B Proof of Lemma [8.1] on discrepancy in weighted graphs

We argue that if a weighted graph on r vertices deviates in structure from the complete graph with
edges of equal weight and if s < r — 1, then there is some set of vertices S of size s so that the sum of
the weights of the edges contained in S is substantially larger than average.

Lemma B.1 Given weights wp for P € (g) with wp > 0, take w = Y pwp. Then if s <r —1, if

some wp differs from (g)_lw by at least F', then there is some S C R of size s satisfying ZPgS wp >

(), 4 BF

(;)U)‘i‘@g.

Proof: We will directly handle the case s = r — 2, from which the other cases will follow. We
are interested in finding an S C R of size r — 2 with a large value for the total weight of edges in
S. For each S we give this value a name: Zg = ) 5 gwp. Note that Zg is closely related the
following: for @ € (g), define Y to be the weight of_edges incident to at least one vertex of Q:
Yo = zPe(g):PmQ;&@ wp. Then, if we take S to be R\ @, we have Yg + Zg is the total weight of all the
edges. Thus, to show that there is a large Zg, it is sufficient to show that there is a small Yg. Towards
this end, choose @ € (g) uniformly at random; we will now compute the variance of Y.
Take, for P € (};), Xp to be wp if PNQ # 0 and 0 otherwise. Then, taking w =), wp, we get

2r—3

E[Xp] = Pr[PNQ # Ojuwp =

By linearity of expectation, we have

and



R EDY > E[XpXp/]+ > E[XpXp/],

pe(%) VER (p,Pe(B)wePveP! P£P! (P.PE(F)’:POP'=0

where the last equality follows by partitioning the pairs P, P’ into those which are equal, those which
are distinct but intersect in some vertex v, and those which are disjoint.

We now look at these terms individually.
2r—-3 ,
—(T) Wp.
2
For P = {v,u}, P = {v,u'} distinct and intersecting, the event PN Q # () and P'NQ # () can occur if
either v € Q or @ = {u,u'}; the first of these has probability ’1(%)1 and the second has probability ﬁ,
2 2

E [X3] =Pr[PNQ # Nuwp =

and they are disjoint events. So, if P and P’ intersect in a vertex we get:

E[XPXP/] = wpwpr.

r
(5)
If P, P’ are disjoint, then for XpXp/ to be non-zero we must have that @ has an element from P and

an element from P’, which occurs with probability %, so in this case:
2

E[XPXPI] = wpwpr.

4
()

Therefore, taking for v € R the (weighted) degree d(v) to be EPE(R)_Uep wp, E [Yé] is equal:
).

2r—3 r 4
Z) (7”) w% + Z Z @ZUPZUP/ + Z - WpWpr

pe(f) 2 VER (p.pye(B)*:we PoeP!,PAP! (P.PE(5):POP'=0 ©)
2
= %Zw%—kéz d(v)? — Z wh +% pr —Zd(v)2+ Zw%
2 Pe(¥) 2} veR Pe(R)-veP 2 Pe(R) veER Pe(%)
- 73 T Yy z - AP Y
UER ) ) UER (2) PG(I;)

= (i)w +—pr+r_ > d(v)?

veER

Note that >, . d(v)? is minimized subject to the constraint >, ., d(v) = 2w when the d(v) are
pairwise equal by the Cauchy-Schwarz inequality, so > . p d(v)? > Y weR (27w)2, so the above is at
least
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The variance of Y satisfies:

+

2
—1 1 P 1 1
Var (Yp) = E [Y3] —E[Yg]* > Sr—16 2, L > w%—( L 3w> = Y wh— ——uw’

T
r(3)
Note we may rewrite the variance as:

Var (Yg) 27 Z
2 Pe(5)

w? = Var (wg) .

(2)2

If some wp is far from w/(}) = E[wg], then the variance will be large. Assume that for some P’
there is a non-zero real F so that wp = w/(}) + F. Note Var (Yg) > Var (wg) = E [(wg —w/(5)]
and that (wg —w/(}))? is a non-negative random variable. If Q = P’ (which occurs with probability
(g)_l) then this random variable has value F?2, so its expectation is at least (g)_lF 2. That is, the
variance of w is at least (g)_1F2.

Thus, there must be some @ so that

B ~1/2
—2T(T) 3l > (;) F>F/r
2

If Yg — % > F/r, since there are ( ) different Y and the average is (2?.‘;)1”, there must be some
2 2

Q' so that )
2r —3 -F r\\
et s ()

o2t ()

(2r—3)w—F/r
(2)
Define S = R\ Q. We get Zg + Yy = w so Zg = w — Y. By the above, there is some S with

Yo — w

The other case is that

Therefore, there is some @) with Y <

Zs>w-— (2r —3)w — F/r _ (T52)lti1+F/r'
(3)

()

() (RHuw+rr/r

Taking S as above, choosing a random S’ € (f), we get that E[Zg/] > &) B . Therefore,
2 2
there must be some S’ € (f) with
Zg Qw—i— 52)7{2 > Qw—i— (2)12
(3) 7"(2)( 2 ) (2) r(5)
O

The case where s < r — 1 in Lemma [RJ] is an immediate corollary.

Lemma B.2 Given weights wp for P € (R) with wp > 0, take w =" pwp. If s <r—1, then either
there are at least ( ) pairs P (i.e. all of them) with wp > 0 or there is some S C R of size s satisfying

>_pcs WP > (1 + (47’(2) >_1> %w

2
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Proof: Assume there is some P’ with wpr = 0. We may apply the previous lemma with F = w/(5),
since wps differs from w/ (g) by F. This gives that there is some set S C R of size s satisfying:

chjsw <6+T83>w2 1+<4r<£>2>_1 %w

The following lemma states that if in a weighted graph there is a vertex whose degree deviates from

|

the average, then there is a set S C R of size r — 1 so that the sum of the weights of the edges contained

in S is substantially larger than average.
Lemma B.3 Given weights wp for P € (g) with wp > 0, take w = ) pwp. For v € R, define
d(v) := > p.,epwp. If there is some v € R for which d(v) differs from 2w/r by at least I, then there

("2)
=6 w—+ F/r.

Proof: Choose a vertex v for which |d(v) —2w/r| > F. If d(v) < 2w/r — F, then we may take
S =V \ {v}. This gives:

pr:w—d(v)zw—@w/r—F): (T_l)w+F> (T_l)w—l—F/r

pch (&) (5)

Otherwise, we have d(v) > 2w/r + F. Since ), d(u) = 2w,

Zd <2w—Qw/r+F)=((r—1)/r)2w — F.
uFv

Since the average is 2w/r, there is some u with
—1
d(u) < <TT2w—F> [(r—1)=2w/r —F/(r—1) <2w/r — F/r.

We may take S =V \ {u}. We get:

pr =w—d(u) >w— 2uw/r — F/r) = (Tél)w—l—F/r.
PCS (3)

A strengthening of the case s =7 — 1 and r is even in Lemma is a corollary.

Lemma B.4 Given weights wp for P € (g) with wp > 0, take w = ) pwp. Fither there are at

least /2 pairs P for which wp > w/r? or there is some S C R of size 1 — 1 with EPQS wp >
—1 r—1
<1 + (4r(3)°) > ((3))w.
2

Proof: If there are fewer than r/2 pairs P for which wp > w/r?, then we must have that there is

some vertex v not adjacent to any such pair. For this v, d(v) < (r — 1)w/r? < w/r. The previous
lemma gives that there is some set S of size r — 1 with:

o <)>_) (())
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Finally, we prove a strengthening of the case s = r — 1 and r is odd in Lemma

Lemma B.5 Given weights wp for P € (g) with wp > 0, take w = Y pwp. If r is odd either

there are at least (r + 3)/2 pairs P for which wp > 0 or there is some S C R of size r — 1 with

2 pcsWp 2 (1 + (47’(2)2>_1> (Z?J)w.

2

—1 r—1
Proof: Assume there is no S C R of size r — 1 with ) pcqwp > (1 + <47‘(£)2) > ((3))10 In this
- 2
r—1
case there is no S C R of size r — 1 with ) prqwp > ((3))10 + w/(4r3), as this latter term is larger
- 2

than <1 i (47"6)2)_1) (aw.

2
We define an unweighted graph G = (V, E) by taking V' = R and a possible edge e € (};) is in E if
and only if w, > w/(4r3). By the previous lemma, G has at least /2 edges e satisfying w, > w/r?,

and, indeed, the proof of the previous lemma shows that every vertex must have degree at least 1.
Since r is odd, G must have at least (r+1)/2 edges e with w, > w/r?, and so it must have some vertex
v incident to two such edges.

Fix two neighbors vy, v of v so that wy,, ,,,} and wy,, ,,,} both have weight at least w/r?. We claim that
both v1 and vy have degree at least 2 in G. Assume at least one of them, without loss of generality v1, has
degree one. We must have d(v) < 2w/r+w/(2r?), for otherwise we have a contradiction by Lemma [B.3l
However, this gives that, since wy,, ,,} > w/r?, we must have Wiy} < A(V) =Wy pyy < 2w/r—w/(2r?).
Then all other P incident to v; have weight at most w/(4r3), so

Wiy} < Wiy} + (17— 2)w/(4r3) <2w/r — w/(2r2) + rw/(4r3) =2uw/r — w/(4r2).

Then by Lemma [B.3] we have reached a contradiction.

Therefore, we must have that there are at least 3 vertices of degree 2 in G and that every vertex
has degree at least 1. Then the sum of the degrees is at least 6 + (r — 3) = r + 3 and so the number of
edges of G must be at least (r + 3)/2, as desired. O

C Proof of Lemma

For convenience, we restate both the lemma and definition of f. here:
log(am®)

fe(£) = (log m)c< logm ), where a = £/n. Recall also mg from Equation [

Lemma C.1 The following statements hold about f. for every choice of € > 0, n > 1, and m > my.

1. For any o € [%, 1],

In particular, fd(an) > af.(n).
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2. For any a1, a9, a3 € [%, 1] with a1 + s + ag = 1, taking n; = a;n,

i

8. Fori>0 and m® > 2/ > 1 we have f.(2) log2/(:§)((logl/4 m)27) > 256(5) fe(2777).

4. For any oo >1log™ ' m, fe(an) > f.(n)/2.

Proof:
Proof of Fact 1: Note

log o log o log log m
fe(an) = (log m)c<€+1°§m) = (log m)cﬁ(log m)% = log fe(n).
-1
Since 0 < o < 1, it is sufficient to show that C(loglogm)/logm < (2 (2:3)) . This holds because C,
log logm and 2(2:3) are at most logl/3 m, since m > my.
Proof of Fact 2: Note that the function £f¢(¢) is a convex function of ¢. Indeed,

fg(g) — (logm)CE(log m)(logf)/logm — (1Ogm)Ce€(loglogm)/logm.

That is, fc(f) is a polynomial of degree greater than 0 in ¢, so £f.({) is a polynomial of degree greater
than 1 in ¢ and so is convex.
Take S = {i : a; > log~*/*m}. Take r such that Y icg @i = k. Note K > 1 — 2log ™/ m

Sonifin) = Sfin) 2 3 s (,S, )

ies €S
_ -1
KN fe <%n> > Kn fe <121#n> > knfe(n/4),

where the second inequality follows by Jensen’s inequality applied to the convex function £fc().

This gives

rnfe(n) =Y nife(ng) < nfe(n) —snfe(n/4) = wn(fe(n) = fe(n/4)).

ieS
We now consider

log(1/4)

fe(n) = fe(n/4) = (log m)c6 — (log m)c<€+ Tog m ) = (log m)cE (1 — (log m)_2c/1°gm> .
The second factor satisfies:

)—20/ logm _ 1 — 2—2C(loglogm)/logm <

— (logm <
1— (1 —2C(loglogm)/logm) = 2C(loglogm)/logm < log=3/* m,

where the first inequality follows by 2* > 1 + z for z < 0.
Thus,
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nfe(n anfﬁ (n;) < (1 —r)nfe(n)+ rnfd(n anf (n;) <

€S
2(log~ " m)nfe(n) + (log™** m)nfe(n) < 3(log™** mnfe(n).

Proof of Fact 3: We prove a slightly stronger statement. Take 7' = j + %(log logm) so that 27 =
(logm)/*27. We will show that

fE(Zi) log2/(2i§) (2]’) > fe(2i+2j/).

This is indeed stronger than the original statement as f.(¢) is an increasing function of £.

Consider

i
log(2"/n) log 1

. C| e+ i
fe(2) = (logm) (c+5 ):<logm>05<1ogm>clow<1ogm>‘clow

Similarly,

i+2j’ logn

£(277%") = (log m)““ (log m) e (log 1m) ~“esm.

Therefore, it is sufficient to show that

i+25’

(log m)Clogﬁ log2/(§:§)(2j’) > 956 (;) (log m)CW,

or equivalently that
25’

10g2/(::§)(2j’) > 256 <;> (log m)clogﬁ,

Taking logarithms of both sides, we see that it is sufficient to have

2(10gj’)/<2 B ;) > 2Cj'(loglog m)/(log m) + log <256 <;>> ,

or equivalently
y r—2 y T
2(log j")/ s o)~ 2C7' (loglogm)/(logm) — log | 256 5 > 0.

We consider the first derivative of this with respect to j': it is 2(ln(2)j’)_1/(g:g) —2C(loglogm)/(logm).
Note this derivative is monotone decreasing for j' € [1,00), so the minimum of 2(log j')/ (2:3) -
2C5'(loglog m)/(log m) — log (256(2)) must be achieved at either the largest or smallest possible value
of j'. We have assumed mlog!/*m > 27" > log'/* m, so 26logm > §(logm) + (loglogm)/4 > j' >
(loglogm)/4. We consider the two extrema.

If 7/ = (loglogm)/4:

21og((log log m) /4)/ <: - g) _ % log2(log m) /(log m) — log (256 (g) > >

2log((log log m) /4) /<Z - ;) —1-log <256 <;>> >0,

where the last inequality follows from m > my.
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If j/ = 25 log m:

2log(20logm)/ (; : ;) —46C (loglogm) — log (256 (;))

2log(25log m)/<z - ;) ~ (log logm)/<z - ;) ~log <256 <g>> >0,

where the last inequality follows from m > my.

Proof of Fact 4: Since f. is increasing, it is sufficient to show this for a = log~!m. Then

fe(log_l m) _ (log m)C(e—(loglogm)/(logm)) _

(logm)Cez—(loglogm)z/logm > (lOg m)Ce2—1 — fg(n)/2
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