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PT
o ∈ PT TY PEPT

PT ⊆ TY PEPT

α, β ∈ TY PEPT ⇒ 〈α, β〉 ∈ TY PEPT

o
〈α, β〉

α
β

α β

L = 〈LC, V ar,Con,Cat〉

LC LC = {λ, (, )}
V ar = ∪α∈TY PEP T

V ar(α) V ar(α)

V ar(α) α
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Con = ∪α∈TY PEP T
Con(α) Con(α)

Cat = ∪α∈TY PEP T
Cat(α) Cat(α)

V ar(α) ∪ Con(α) ⊆ Cat(α)
C ∈ Cat(〈α, β〉) B ∈ Cat(α) ⇒ ‘C(B) ∈ Cat(β)
A ∈ Cat(β) τ ∈ V ar(α) ⇒ ‘(λτA) ∈ Cat(〈α, β〉)

F
〈DomF (γ)〉γ∈TY PEPT

γ ∈ PT DomF (γ)
DomF (〈α, β〉) = DomF (β)DomF (α) 〈α, β〉 ∈ TY PEPT

PF
〈DomPF (γ)〉γ∈TY PEPT

γ ∈ PT DomPF (γ)
Θγ γ DomPF (γ)\{Θγ} �= ∅
DomPF (〈α, β〉) = DomPF (β)DomP F (α) 〈α, β〉 ∈ TY PEPT

Θ
〈α,β〉 = g g ∈ DomPF (〈α, β〉) g(u) = Θβ u ∈

DomPF (α)

M G 〈G, 
, v〉

G

, v Con V ar

a ∈ Con(α) 
(a) ∈ DomG(α)
τ ∈ V ar(α) v(τ) ∈ DomG(α)

M G G

Con L

Con

Cat L Cat(α) α

L (α ∈ TY PEPT )

� v

2010-4.indd   302010-4.indd   30 2011.01.21.   13:05:392011.01.21.   13:05:39



TAMÁS MIHÁLYDEÁK: ON MODELS OF GENERAL TYPE-THEORETICAL LANGUAGES 31

M = 〈F, 
, v〉 F

DomM(α) = DomF (α).

PM = 〈PF, 
, v〉 PF

DomPM (α) = DomPF (α) \ {Θα}.

M (= 〈G, 
, v〉) ξ ∈ V ar(γ) u ∈ DomG(γ)
Mu

ξ
(= 〈G, 
, v[ξ : u]〉) M v[ξ : u](ξ) = u

M (= 〈G, 
, v〉) A
α [[A]]M

a ∈ Con(γ) [[a]]M = 
(a)
ξ ∈ V ar(γ) [[ξ]]M = v(ξ)
A ∈ Cat(〈α, β〉) B ∈ Cat(α) [[A(B)]]M = [[A]]M ([[B]]M )
A β ξ ∈ V ar(α) [[λξA]]M = g g

DomG(α) DomG(β) g(u) = [[A]]Mu
τ

u ∈ DomG(α)

M A ∈ Cat(α) [[A]]M ∈ DomM (α)
M [[A]]M ∈ DomM (α) ∪ {Θα}

M A
M A ∈ CatM

mf
A ∈ Cat(α) α [[A]]M ∈ DomM (α)

M A ∈ Cat

A ∈ Cat M1 = 〈G, 
, v1〉 M2 = 〈G, 
, v2〉
L G 


v1(τ) = v2(τ) τ ∈ V (A) [[A]]M1
= [[A]]M2

A ∈ Cat [[A]]M v
[[A]]M = [[A]]Mu

τ
τ ∈ V ar(γ) u ∈ DomF (γ)

V (A)
A
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M L M
A,B,C (A,B,C ∈ Cat) τ (τ ∈ V ar)

(λτC)(A), (λτC)(B) ∈ CatM

mf

[[A]]M = [[B]]M ⇒ [[(λτC)(A)]]M = [[(λτC)(B)]]M

A ∈ Cat B,C ∈ Cat(γ) M L

[[B]]M = [[C]]M ⇒ [[A]]M = [[A[C ↓B]]]M .

M L M

B τ A M
[[B]]M = u [[AB

τ
]]M = [[A]]Mu

τ
.

A ∈ Cat τ ∈ V ar(β) B ∈ Cat(β)
B τ A [[(λτA)(B)]]M = [[AB

τ
]]M

M

A ∈ Cat B, C ∈ Cat(γ) A[C ↓ B] (∈ Cat)
λ B C
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L (= 〈LC, V ar,Con,Cat〉)
M (= 〈G, 
, v〉)

≈ Cat′ (⊆ Cat) ≈

L Cat′ ≈

L ∼=L L
A∼=L B γ A,B ∈ Cat(γ)

M ≈M L
CatM

mf
A≈M B ⇔ [[A]]M = [[B]]M

M
≈Mc L {A : A ∈ Cat,A } ∩ CatM

mf

A≈Mc B ⇔ [[A]]M = [[B]]M
≈ L M L ≈M

≈

L

L ∼=L

ML

M1 M2 L
≈M1

≈M2
≈M1c ≈M2c

≈ ≈
′ L ≈ ≈

′

A,B (∈ Cat) A≈B ⇔ A≈
′B

≈ ≈
′ L ≈

≈
′ A,B(∈ Cat)

A≈B ⇔ A≈
′B

M1,M2 L
≈M1

≈M2

M1,M2 L M1 M2

M1, M2 L M1 M2

M (= 〈G, 
, v〉) L τ ∈ V ar(γ) u ∈ DomG

M Mu

τ

M1, M2 L M1, M2
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M1, M2 L M1, M2

M1, M2

PF
PF t

PF PF t

PF 〈Domt

PF
(γ)〉γ∈TY PEP T

γ ∈ PT Domt

PF
(γ) = DomPF (γ) \ {Θγ}

γ = 〈α, β〉 Domt

PF
(γ) ⊆ DomPF (γ)

f ∈ Domt

PF
(〈α, β〉) f(u) ∈ Domt

PF
(β) u ∈ Domt

PF
(α)

f(u) = Θβ

Domt

F

F Domt

F
(γ) = DomF (γ) γ ∈ TY PEPT

M (= 〈G, 
, v〉) Domt

M
(γ) = Domt

G
(γ)

γ ∈ TY PEPT

A γ M [[A]]M ∈
Domt

M
(γ)

A
M L A A ∈ Con(γ) γ ∈ PT

A ∈ CatM

mf
[[A]]M ∈ Domt

M
(γ)

A ∈ Cat(〈α, β〉) B ∈ Cat(α) M A(B)
M

≈, ≈′ L ≈
′

≈

≈ ≈
′

≈

M1,M2 L M2 M1

M1 [[A]]M2
= [[A]]M1

A ∈ CatM1

mf

M1,M2 L M2 ≥ M1 ≈M2
⊇≈M1

M2 ≥ M1 M2 M1

M1 M2

M1 M2 L
M2 ≥ M1 M1 ≥ M2

M2 M1 M2 ≥ M1 M2

M1 M1
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M L
M ′ M M ′ M M ′

M M ′ M M ′

M ′ L

L M L A,B
A,B ∈ Cat

A,B M
M A∼M B C (∈ Cat)
τ (∈ V ar)

(λτC)(A) ∈ CatM

mf
⇔ (λτC)(B) ∈ CatM

mf
.

M L ∼M

Cat

A∼M B ⇒ A∼=L B ∼=L⊇∼M M
L

A,B
M A,B ∈ Cat \ CatM

mf

A∼M B ⇔ A∼=L B
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M L
C τ (λτC)(A) (λτC)(B)

A B M

M L

M L
∼M

∼=L ∼M
∼=L

L

M L ∼M
∼=L

∼M
∼=L

M L M

≈M

M1,M2 M1 ≈M1

M2 A≈M1
B ⇒ A∼M2

B A,B ∈ Cat
M L M

A≈M B ⇒ A∼M B A,B ∈ Cat
M (= 〈G, 
, v〉) L M ′ (=

〈G, 
, v′〉) v′

≈M M
M
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M
M M

M L A ≈M B (A,B ∈
Cat) A∼=L B γ ∈ TY PEPT A,B ∈ Cat(γ)

M L ∼=L⊇≈M ML ≥ M

M1,M2 L M1 M2

ML

M L M
∼=L⊇≈M ML ≥ M

M L M
∼=L⊇≈M ML ≥ M

A,B,C ∈ Cat M
L

[[B]]M = [[C]]M ⇒ [[A]]M = [[A[C ↓B]]]M .

A,B,C ∈
Cat

[[B]]M = [[C]]M ⇒ [[A]]M = [[A[C ↓B]]]M ,

M L

M
B,C ∈ Cat B ≈M C ([[B]]M = [[C]]M ) B �M C

D ∈ Cat, τ ∈ V ar (λτD)(B) ∈ CatM

mf

(λτD)(C) /∈ CatM

mf

B, C ∈ Cat(γ) γ ∈ TY PEPT [[(λτD)(B)]]M =
[[(λτD)(C)]]M α, β ∈ TY PEPT α �= β
B ∈ Cat(α), C ∈ Cat(β) A = (λξξ)(B) ξ ∈ V ar(α) A ∈ Cat

A[C ↓B] /∈ Cat [[A]]M �= [[A[C ↓B]]]M �
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M L A,B,C ∈
Cat

[[B]]M = [[C]]M ⇒ [[A]]M = [[A[C ↓B]]]M .

M L

M L

M L ∼=L⊇≈M

M L
DomM(γ) (γ ∈ PT )

DomM (γ) (γ ∈ PT )
DomM (γ) (γ ∈ TY PEPT )

M (= 〈G, 
, v〉)
DomM(γ) (γ ∈ TY PEPT )

M u
u ∈ DomM (α) ∩ DomM (β) α �= β τ1 ∈ V ar(α) τ2 ∈ V ar(β)

v′ v′(τ1) = u = v′(τ2) M ′ = 〈G, 
, v′〉
[[τ1]]M ′ = [[τ2]]M ′ τ1 �L τ2 M ′

M
M L

DomM(γ) (γ ∈ TY PEPT ) M
A≈M B A�M B A,B ∈ CatM

mf

A �L B α, β ∈ TY PEPT A ∈ Cat(α)
B ∈ Cat(β) α �= β [[A]]M ∈ DomM (α)
[[B]]M ∈ DomM(β) [[A]]M = [[B]]M DomM(α) ∩ DomM (β) �= ∅ �

G
DomG(γ) (γ ∈ PT )

M M L
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ML
∼=L

∼=L

M
M ′ M ′ ≥ M

ML M
ML ≥ M

M ′ M ′ ≥ M
ML ≥ M ′ ML ≥ M A ≈M B

A ∼=L B γ ∈ TY PEPT A,B ∈ Cat(γ)
(λτC)(A) ∈ Cat (λτC)(B) ∈ Cat C ∈ Cat τ ∈ V ar

[[(λτC)(A)]]M = [[(λτC)(B)]]M
(λτC)(A) ∈ CatM

mf
⇔ (λτC)(B) ∈ CatM

mf
A∼M B �
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