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Abstract

We prove the existence of infinitely many imaginary quadratic fields whose discriminant
has exactly three distinct prime factors and whose class group has an element of a fixed large
order. The main tool we use is solving an additive problem via the circle method.

1 Introduction

In this work we establish the existence of infinitely many imaginary quadratic fields
Q(v/—d) with discriminant d of only three distinct prime factors such that in the class group
Cl(—d) there is an element of order 2¢ for any integer ¢ > 2 and 5,3 t £. The result extends
naturally the one in [3], where the same problem is considered for d = pg — product of two
distinct primes. We show without a proof how with the same techniques an analogous result
can be stated for any fixed number of prime divisors of d and any ¢ > 2. Whereas in [3] the
infinite number of solutions of a certain additive problem is borrowed by a strong estimate in
[2], we will derive a weaker asymptotic formula following closely the method of §5 in [1]. The
idea of generating such imaginary quadratic fields comes from [1] and [7], as stated in [3].

The main motivation for considering the questions of the present work was Theorem 1.1
from [6] which solves class number one problem for a certain type of real quadratic fields.

Lemma 1.1 (Lapkova). If d = (an)? + 4a is square-free for odd positive integers a and n
such that n is divisible by 43 - 181 - 353, then #Cl(d) > 1.
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Here #G represents the order of the group G. The particular parameter dividing n
was chosen from a table of class numbers which showed that the 2-part of the class group
CI(—43 - 181 - 353) has a high order. More specifically, #CI(—43 - 181 - 353) = 27 - 3, and we
also needed that 43 - 181 - 353 = 3 (mod 4). We will show how the main result of this paper
implies existence of an infinite family of parameters ¢ = p1p2p3, where p; are distinct primes,
and ¢ = 3 (mod 4), such that for square-free d = (an)? + 4a with odd positive a and n, and
q dividing n, we have #Cl(d) > 1.

Let £ > 2 be any integer. Consider the additive problem

(1.1) 4m® = p1 + paps,

where m is an odd integer and the primes p1, ps, ps are different. Let A be a fixed positive
integer such that (15, A) = 1 and the variables in (1.1) satisfy

28 <pi <z pr=-5 (mod A);
(1.2) 28 < py <2V < p3, paps <z, po,p3=3 (mod A).

If we write
(1.3) amt =U +V

for any positive integers U, V' and assume that U > V, then for n = (U — V')/2 we have

4m2 —n? = 2m* —n)(2m* +n) = <U+V—U_V> (U+V U_V> =V.U.

2 2 2 + 2

This way having infinitely many solutions of (1.1) we will find infinitely many correspond-

ing discriminants d = pipaps = 4m?¢ — n?.

The following statement shows that under some conditions, which are satisfied from the
solutions of (1.1), discriminants of the type d = 4m?* — n? yield existence of an element of
large order in the class group Cl(—d).

Lemma 1.2 (See [3]). For integer £ > 2 let m and n be integers with (n,2) = 1 and
omf —n > 1. If d is a square-free integer for which

d = 4m?* —n?,
then Cl(—d) contains an element of order 2¢.

With the notation e(a) = €*™® we introduce the generating functions

(1.4) fila) = Z e(pra) = Z bpe(na),

P1 n<lx

(1.5) fa(@) =) elpapsa) = D cae(na),

p2,p3 n<z



(1.6) g(a) = Zﬁme_le(mza) = Z wme(mba),

m<M
where p; satisfy (1.2) and

(1.7) m< M= (g) Ve and (m,A)=1.

Remark that we will generally omit all the conditions on the parameters at which we make
the summation in (1.4), (1.5), (1.6), but they will always satisfy (1.2) or (1.7), unless it is
specified otherwise. We will use the circle method and in its setting it is sensible to consider

1
(1.8) R(x) := Z ¢mf1 :/0 fi(a) fa(a)g(—4a)da.

p1+p2p3=4mt

For this integral we state the following asymptotic formula which proof will be the main
focus of this paper starting from section §3 .

Theorem 1.3. Suppose that A,{ are positive integers for which 16¢2 | A and (15,A) = 1.
Then

2
x
R(e) = 12,0 T](6p - DAO 20 +0 (5.
log® x
plA
Note that the main term in the upper formula is larger than the error term. Indeed, the
prime number theorem for arithmetic progressions implies

_ () z
(1.9) m(x,q,b) = 2(2) +0 <logcm>

for any fixed integers C' > 0, b coprime to ¢q. Here m(z) ~ z/log x is the usual prime counting
function, and m(z,q,b) counts the primes p < x in the residue class b modulo q. Therefore,
taking C' = 2,

A= > 1:”($7Aa_5)—ﬂ(371/8’A’_5>:;((Z))+O<log$2x)7

x1/8<p1 <z
p1=—5 (mod A)

hence

(1.10) f1(0) =<

We also have

(1.11) o)=Y 1= "

This estimate follows from a more general result, Lemma 2.1, which is stated and proved in
the next section.

Estimates (1.10) and (1.11) show that the main term in Theorem 1.3 exceeds the error
term. Note that the primes pi, pa, p3, counted in R(z), are growing to infinity with x.

In a similar way as in [1], taking into account that the weights in g(a) are < M* ! <
171/ we can finally deduce



Corollary 1.4. Let £ > 2 and A be positive integers for which 1662 | A and (15,A) = 1. If
RY(X) denotes the number of positive integers d < X of the form

d = pipaps = 4m?* —n?,

where pi,p2, p3 are distinct primes which satisfy (1.2) with v = v X, then

x1/2+1/(20)

RY(X) >
(X) log? X

Now the result of Theorem 1.1 can be extended:

Corollary 1.5. There is an infinite family of parameters q = pipaps, where p1,pa,p3 are
distinct primes, and ¢ = 3 (mod 4), with the following property. If d = (an)? + 4a is square-
free for odd positive integers a and n, and q divides n, then #Cl(d) > 1.

Proof. The main identity to prove Theorem 1.1 is

a 1 9
(112 o Cll-a)#C=qa) =n (a+ (4) ) s TT6% - 1.
plg
which holds if we assume that #Cl(d) =1 and ¢ = 3 (mod 4). According to Claim 5.1 [6] if

#C1(d) = 1 for the square-free discriminant d = (an)? + 4a, then a and an? + 4 are primes.
d

Something more, for any prime r # a such that 2 < r < an/2 we have (> = —1. Then by
r

the genus theory it follows that a = 3 (mod 4). Also if we further assume an/2 > 353, we get

<Z> — 1, Soa—{—(Z) —a—1=2 (mod 4).

Now consider ¢ = p1paps from Corollary 1.4. Take ¢ such that £ = 29 for g > 9. From
conditions (1.2) and 16 | A we see that p; = 3 (mod 8), ¢ = 3 (mod 4), and 27| I, (p? —1).
Then the right-hand side of the above identity has 2-part exactly 2°. The left-hand side,
on the other hand, is divisible by the class number #Cl(—pipop3) and 2¢ divides this class
number. This is a contradiction. Therefore #CI(d) > 1. O

At this point it becomes clear why we solve the additive problem (1.1) with a factor 4
instead of the original equation

(1.13) om‘ = AU + BV

from [1]. We need discriminant d which is a product of exactly three primes, thus in our
application we take A = B = 1. Something more, we want to control the 2-part in the
right-hand side of (1.12). We do this by imposing p; = 3 (mod 8). Then p; + pap3 = 4
(mod 8) but 2m’ # 4 (mod 8). So we need to change the coefficient 2 to 4 in (1.13). We can
still keep the skeleton of the proof the same as in [1] and only work out slight modifications
in the corresponding estimates.



2 Generalizations: Divisibility of Class Numbers

Let us fix any integers £ > 2 and k > 3. Consider the additive problem

(2.1) 4mb =p1 +pa.. .k
where m is an odd integer and the primes pi, po, ..., pi are different. Let A be an integer such
that (co(4 — cE™1),A) = 1 and for the variables i in (2.1) assume that p; =4 — c£~! (mod A)

and po,...,pr = ¢o (mod A). Denote y = 212 and first assume that y < p1 < x. Clearly

there are positive real numbers 1 < ag < ... < ap_1 such that ZZgigkfl a; < 272 1 and
with them being fixed we further require

(2.2) y<pa <y <p3<y® <. <y <ppand pops...pp < .
The latter guarantees that po,...,pg are different while the lower bound for each of them
21277 g applied during the proof of Theorem 1.3.

Here we show a statement we already used in the previous section:

Lemma 2.1. Let n > 2 be an integer and q1,q2, ... ,q, be primes from the same arithmetic
progression that also satisfy

y<q <y <@ <y <. <yl <g, and 1q2...q, < x,
where y = zYP for some real 3 > 1 and Doicicn1i i < B —1. Then if fo(a) =
Z e(q1 ... qne), we have

q1;---59n -
0) = 1=
1(0) Z log z
q1;---59n
Proof. We note that
xl—%(al—&-...—&-anq) _ z < € < € _ xl—%(1+a1+...+an—2)
- ya1+~~-+an71 - q1---Qn—1 - y1+041+m+0¢n72 - ’
x
Then, since 8 and ay,...,a,_1 are fixed, we have log —— =< logx. In that case after
qi...4n-1
the Prime number theorem, similarly to (1.10), we get
Q1 -Qn— 1) x/(q1 q 1)
OIS S SRS SR e
q1;---59n—1 q1;---59n—1 logm
qn>T ﬁ

Obviously, with the notation ag = 1,

> RIEE
q1,---54n—1 a- 1= 1yal 1<q; <y v

and every interval (y®-1,y%] can be divided into =< logx intervals of type (A,2A]. If the
primes p run over an arithmetic progression modulo some fixed ¢, then

y i, 114 1
A<p<2A p  p(q) AlogA  log A



Therefore every factor > % = 1 and

1
) ———
q17"'7qn—1 ql e qn_l

This finishes the proof of the lemma. O

From all these we can conclude that without much effort, following literally the method in
this paper for discriminants of only three prime factors, one can show an analogue of Corollary
1.4 for the solutions of (2.1). Then from Lemma 1.2 it follows

Lemma 2.2. If for any fized integers k > 3 and £ > 2 there exist integers co, A with 16£% | A
and <co(4 — clg_l), A) =1, then there are infinitely many discriminants d = pipa ...pg such
that the group Cl(—d) consists of an element of order 2¢.

Observe that when 3 | £ and k — 1 is even, we always have 1 =4 = ¢f ' (mod 3) for any

(c0,3) = 1. Therefore (4 — ck~!,£) > 1 and we cannot use the same methods for (2.1). The
situation can be remedied by considering

(2.3) omt =p1 +po...pi.

We require m to be an odd integer and the primes p1,...,pr to be different elements of the
same arithmetic progression with difference A and p; =1 (mod A). Let the variables in (2.3)
satisfy 212 < p1 < x and conditions (2.2), with the difference that y = 212 and we
demand in extra 271 —1 < 14+ ao+...+ap_q < 2611, This way we assure d = p; ... pp > m’
and the different power in the definition of ¥ comes from the difference between our Lemma
3.4 and the corresponding estimate in [1].

Proceeding exactly like in the paper of Balog and Ono we can show

Lemma 2.3. For any fived integers k > 3 and £ > 2 there exists A with 40> | A such that
there are infinitely many solutions of the equation (2.3).

In order to apply the original lemmata from [1] we also need

Lemma 2.4 (Proposition 1,[7]). Let ¢ > 2 be an integer and let d > 63 be a square-free
integer for which

dt? = m? —n?,

where m and n are integers with (m,2n) = 1 and m* < d. Then Cl(—d) contains an element
of order 2¢.

We can conclude that

Theorem 2.5. Let £ > 2 and k > 3 be integers. Then there are infinitely many imaginary
quadratic fields whose ideal class group has an element of order 2¢ and whose discriminant
has exactly k distinct prime divisors.

On the one hand, in order to generalize Theorem 1.1 for real quadratic fields we have
to solve equation (1.1) and modify some lemmata from [1]. On the other hand, to obtain
Theorem 2.5 for imaginary quadratic fields we have to define the proper additive problem
(1.13), which, however, we can solve after direct application of the statements from §5 of [1].

6



3 Estimates of g(«) and G(q,a)

For the integers u,q we denote by u(q) the fact that u runs through a whole system of
residues modulo ¢. For integers ¢ > 1 and a we require the Gaussian sum

au®
dwa= 3 ()
u(q)
(u,q,8)=1

and the auxiliary function
Vi) = > e(nn).

n<z/2

In this section we state the lemmata required for the estimate on the ‘minor arcs’ and
more refined expressions of g(«) and G(q,a). These are variants of Lemma 5.2 to Lemma
5.8 from §5 of [1] and some statements needed for the Hardy-Littlewood’s circle method
application taken from [8].

We start with the Dirichlet’s approximation lemma

Lemma 3.1. Let o denote a real number. Then for each real number N > 1 there exists a
rational number a/q with (a,q) =1,1 < q < N and

Proof. This is Lemma 2.1 from [8]. O

Lemma 3.2 (Weyl). Let o denote a real number and a/q is a rational number with (a,q) = 1
and |a —a/q| < 1/¢%. Then for any positive ¢ we have

11 2
Z e(am’) <yt < + -+ qe)
= ¢ y vy
Proof. This is Lemma 2.4 from [8]. O

Lemma 3.3. If a and ¢ > 1 are integers and 7 is a real number, then

a ~ (g, 4)p(A) -
g <q + 77) = WG(‘L a)V(n)+ O (CJMK "1+ WMZ))

Here and afterwards in the paper we mean ¢(a,b) := ¢((a,b)).
Proof. This is Lemma 5.2 from [1] without any modifications. O

Lemma 3.4. Let MY/? < ¢ < N := M'"2 (a,q) =1 and |o — a/q| <1/gN. Then we have

g(da) < M2



Proof. We give here modified version of the proof of Lemma 5.3 [1]. Note that we could
only show the slightly weaker estimate g(4a) < M2 than 9(20) < M2 from
[1]. Also there is a slight difference in the approximation we make below that comes from
considering g(4«) in our case instead of g(2«). The inequality we want to prove is essentially
Weyl’s inequality from Lemma 3.2.

Recall that

Z (m*te(4am®) Zu d)edt 1 Z m*te(dad'm")

m<M dA m<M/d
(m,A)=1

and applying summation by parts we get

[M/d]—-1
(3.1) = p(d)ed= | [M/d) T Sy - Y <(y +1)t - y£—1> DI I
d|A y=1

where

Xy = Z e(4ad'm?).

m<y

9—(£+1)

Notice that when y < M!'~ trivially

_o—(£+1) _o—(£+2)
IS, < M2 o

Now assume that y > M 127 Ty estimate ¥, we will apply Weyl’s inequality with
some rational approximation of 4ad’. To find such we apply Lemma 3.1 — there exist (d,q) =
1 and 1 < ¢’ < 2N such that

a/

1 1
'4d£(l - <
q

JEN) " (@)

Now we consider the two possibilities

1. 4d'a/q = d'/q'. Here we can write 4d‘a = a'r and q = ¢/r for r = 4d‘a/a’ € Z. If there
is a prime p such that p | @ but p 1 o’ it follows that p | 7, so p | ¢. But this yields the
contradiction p | (a,q) = 1. In the same way we see that if p¥ | a we need to have p* | /.
Therefore a | o’ and a/a’ < 1. So r < 4d*, ¢ = ¢'r < ¢’4d* and ¢ > q/(4d"). By the
assumptions on q we get

M1/2

(3.2) < ¢ <2N.

4dt -
2. 4da/q # a'/q'. In this case we form the difference

!
- ’4d4a —adlo+aa’d — L
q

a’ a
q q ‘T
1 4d* g+ 8¢'d*

72N) T gN T 2Ngg

- < ’4d5a _

/
< ‘4d’5a - “,' +4d"
q




When we multiply both sides of the outermost members of the inequality by q¢’'2N we
get 2N < ¢ + 8d%¢’. Again by the lemma’s assumptions ¢ < N and we should have
8d‘q’ > N, otherwise ¢ + 8d‘q’ < 2N. We conclude that

N
3.3 < ¢ <2N.
(3.3) s S4<

Now we apply Weyl’s inequality for [4d‘ac — a’/¢'| < 1/(q')*> where we combine (3.2) and
(3.3) for the lower bound of ¢’ : min(M'/2/(4d%), N/(8d")) < ¢’ < 2N and we take ¢ = 2~ (“+2),
Then

21—t

e (11
, <yt <,++q£>

e Yy
We have
N 4d"* 8d" _4d 2\ Ad
(¢)™" < max MY/2° pe—=1 pf1/2 ) T ppL/2 hax 1’M€—1 T OML/2

£41)

when ¢ > 2 and z is large enough, and 1/y < 1/M1_27( . It follows that

_ 11 ¢\ g 11 g\
By <yt (, +o 4 qg> < M <, T q,g) .
q Yy oy q y oy

The expression in the brackets is

1 1 N 11 M 11 M
M1/2 + ; + ? < M1L/2 + g - M1/2(M1-1/260 e = ML/2 + y + M1/2

< M—1/2+M—1+1/2¢+1 +]\4—1/244/2”1 <<M_1/4,

<

because for [ > 2 the last summand makes the biggest contribution. But then
%, < MUFE T o120 e

Now we insert the last estimate into (3.1). Using that } ;4 <1,d <1, (y+ Dy <
(-2

Yy, we get
g(4a) < M2
O
Lemma 3.5. If (q1,92) = 1, then G(q1,a1)G (g2, a2) = G(q142, a192 + az2q1).
Proof. This is Lemma 5.4 from [1] and follows from Lemma 2.10, [8]. O
Lemma 3.6. If p is prime and a is integer coprime to p, then |G(p,a)| < (¢,p — 1);01/2
Proof. This is Lemma 5.5 of [1] and follows from Lemma 4.3, [8]. O

Lemma 3.7. Suppose thatp | A is prime and let s := ord,(4¢). Ifp{a and k > max(2,2s+1),
then G(p*,a) = G(p*,4a) = 0.



Proof. First we show that G(p*,4a) = 0. From the assumptions we have k —s — 1> s > 0,
so we can represent the residues (mod p*) in the form u + vp* =5~ where u runs through the
residues (mod p*=*~1!) and v — the residues (mod p**1).

Since p | A, the condition (u,p, A) =1 is equivalent to p { u, and

4aut da(u + vpk—s—1¢
awtaa =3 ()= 303 (M)
u(pk) p ksl) s+1)

ptu ptu

By the binomial polynomial theorem (u + vp*~5~1)¢ = Zf;w:ﬁ (Tﬁ) ul~™ (vpF~5~ ™. Consider
the possibilities
1. s=0,m > 2. Here m(k —s—1) =m(k—1) > 2(k—1) > 2 whenever k > 2, which is
true.
2.8s>1,m>3. Nowm(k—s—1) > 3(k—s—1) > k if 2k > 3s + 3. We know that
k > max(2,2s + 1), hence 2k > 4s + 2 > 3s + 3 if and only if s > 1. This is true in the

regarded case.

3. s> 1, m=2. We can have 2(k —s—1) > k following from k > 2s+2. The only possible
problem might arise for £ = 2s 4+ 1. However in this case

4a(§)uz_2(vps)2 auf2(20) (0 — 1)v?
p25+1 - P

and, as ord,(4¢) = s > 1, in any case p | 2(.

All these show that for m > 2 the summands from the binomial polynomial contribute
integers as arguments of the exponent e(x) so we can write

dau® Aaut1v

k

aotan= 5 () T e(Mh)
U(p’;s’l) v(pstl)

Now p{a, ptu, and ord,(4¢) = s. Therefore, if we write 4¢ = p*¢; with (¢1,p) = 1,
4 -1 {—1
> (M) = X (M) =00,
p p
v(pstt) v(pst1)

Hence G(p*, 4a) = 0.

The proof that G(p*,a) = 0 is identical for p # 2. If p = 2, notice that

dau® B au®
(34) Z e QT =4 Z e W y
u(2F) u(2F=2)

2tu 2tu

ie. G(2F,a) = G(2¥72,4a)/4. When k is not smaller than max(2,2s + 1), so is k& + 2. This
shows that G(p*,a) = 0. O

10



Lemma 3.8. If (q,a) =1, then

G(g,4a) < g

Proof. Using Lemma 3.5, 3.6, 3.7 we reduce the statement to Theorem 4.2 from [8]. In [8] one

considers the sum
ax’
S(a,q) = Z € 3

z(q)
and for it we have S(g,a) < ¢*~'/¢ when (q,a) = 1.

We can reformulate Lemma 3.5: for (¢1,¢2) =1 and ¢1q1 =1 (mod ¢2), g2G2 = 1 (mod ¢1)
we have

(3.5) G(q192,a) = G(q1,0G2)G(q2, aqr) .

Still (q1,ad2) = (g2,aq1) = 1 and the desired estimate of G(g,4a) does not depend on the
second argument, so it suffices to consider only G(p*,4a).

Let p # 2. Then (p,4a) = 1. If p4 A the condition (u,p*,A) = 1 is trivial, so G(p*,4a) =
S(p*,4a) and Theorem 4.2 [8] applies. When p | A we consider only, because of Lemma 3.7,
k < max(2,2s + 1). When this maximum is 2, then £ = 1. In that case, as ¢ > 2, we have

1
G(p,4a) < p? < p'~7

after Lemma 3.6. Now assume that s > 0, i.e. s > 1. Then

(3.6) G 4a)= Y e (4‘1;%) =Y e (46‘;/) - S e (4;‘;%) = S(p*, 4a) + O ).

a@ty @y P u(ph)
plu plu

By Theorem 4.2 [8] S(p*,4a) < p*1=1/9. Obviously we will have G(p*,4a) < pF1-1/0 if
k </
Assume that k& > ¢. As p is odd we have 3° < ¢ < k < 2s, which is not true for s > 1.

When p = 2 in analogous way as in (3.4) we can show that G(2%,4a) = 4G (282 a)
for £ > 2. We could freely omit to consider the smaller powers of 2 since they contribute
small constants to the upper bound we try to show. Also, if 21 A, then again G(2¢72,a) =
S(2=2 a). So further regard 2 | A. Like in (3.6), if K — 2 < £ the estimate follows. Assume
the contrary — then 2°72 < ¢ < k — 2 < 2s — 2 which holds only for s < 4. But this gives
k < 8 — again these contribute only constant to the whole estimate of G(q,4a). This proves
the Lemma. O

Lemma 3.9. Suppose that |3] < 1/2 and n is a positive integer. Then for
n
v(B) =) e(Bm)
m=1

we have v(3) < min(n,|3|™1).



Proof. This is Lemma 2.8 from [8] when k = 1. O
The following is Bombieri’s theorem on the large sieve.

Lemma 3.10. For any complex numbers c, we have

2

D Z( ) <@+ Q)Y el

q<Q (a,q)=1 |n<z nlx

Proof. This is Theorem 2 of §23 in [4]. O

4 The circle method

With the conditions from Theorem 1.3 in this section our main aim is to prove the following
Theorem 4.1. For any 1 < @Q < Mmin(1/6,6/272) 40 get
2
q7 a a x
Py 6~ (2)n (%) +0(Zn) -
o (g (A q q

Proof. We recall that we search for the number of solutions of (1.1) satisfying condition (1.2)

and
p1=-5 (mod A), p2,ps =3 (mod A),

so that p; + paps = 4 (mod 8) because 16/2 | A. We also use the parameters

x
M1/2 ’

By Lemma 3.1 for any real « such that 1/N < a < 1+ 1/N there exists approximation
o —a/q| <1/(gN) with 1 <a < ¢ <N and (a,q) = 1. We denote this ‘major arc’ by

a 1 a 1
i = (5= o 5+ o)

One easily sees that the major arcs are non-overlaping so we can define the set of the ‘minor

m= [ 1+ )\ U U ama/q

q<M1/2 (a,q)=

0< Jymin(1/6,¢/2042))

(4.1) M:(%)W, N=MEY2 <

arcs’

Later we will also need the orthogonality relation
1
1 when h =0,
(42) /0 elah)do = { 0 when h #0.
As f1, fo and g are periodic functions with period 1, we have

1+1/N
R(z) = / £1(0) fale)g Z Z / o (@ R()g( e

<M1/2 (a,q)=
/f1 ) fa(0)g(—da)da

12



When « is in m, it is approximated by a/q where M 1/2 « ¢ < N and we use Lemma 3.4
to get g(—4a) < M2 Then

/ £1(0) fa(@)g(~da)dar < M2 / f1(0) fo(a)| da

By Cauchy-Schwartz inequality, Parseval’s identity and the fact that in (1.4) and (1.5)
bn,cn <2<« 1, we have

1 1 1 1/2
[l@p@lda < [In@peld < ([ ih@Pda [ inePd)
1/2
— B, w?] < @ot=a

n<x n<x

Thus
r—o—(6+2) ‘ _o—(t42) x?

(4.3) /mfl(a)fg(oa)g(—éla)da <M x=Mz.M < GGk

On the ‘major arc’ M(a/q) we use the bound in Lemma 3.3. Note that when ¢ < M'/?
and a/q +n € M(a/q) we have |n| < 1/(¢N). Then the error term from Lemma 3.3 is
OMN (L + [nfz)) = O (M (1+ M*/(gM=1/2)) = O (qM* + MIAL2)
oM (=1/2) " Then, by Cauchy-Schwarz inequality and Parseval’s identity, for the error term
we get

> z/

q<M1/?

s nn >' M1+ )y

2

M1/2°

< M 1/2/ |F1(@) fo(@)] da < M1 23 «

The latter error term is smaller than the one in (4.3). Therefore, after Lemma 3.3

Ra) = Y Z (o, 2 )AA)G<q,—4a> /W f (Z+n>f2 <Z+U>V(—4n)dn

g<M/2 (a,q)= qu 7, A —1/gqN

5172
+0O (W)

We will use Lemma 3.9 — for | 3| < 1/2 we have V(3) < min(z, |3]71). As |[4n] < 4/¢qN < 1/2,
because N = z171/2¢ is greater than 8 for large enough z, we get

V(—4n) < min(z, [n|7").

To estimate the contribution of the terms with Q < ¢ < M2 we use the latter inequality

13



and Lemma 3.8.
1/gN
q, a a
Y ¥ Gla—ta) [ " 5 (Sa) (4 n) Vs
Q<1 (e A “1gn T \4 q
1/gN
q, a a
< Z Z q' 1/5/ i (+77> P (+77> V(—477)’d77
Q<q<M1/2 (a,q)= qu q) —1/gN q q

SRS z/

Q<q<M1/2 (a,q)=

1/2
< QI / min(z, g 1) Y Z
~1/2

Q<q<M1/2 (a,q)=

1/2

1/2

[ Grn)a (el

1o 1/2
< @[ wine ) XX (8 77)'
—1/2 Q<q<MY/2 (a,9)=1
1/2
1/2 2
[ minG )Y > fz( )| a
—1/2 Q<q<M1/2 (a,q)=
As
< ) ane nn)e ( ) and ( ) che nn)e < )
n<x n<x

when we apply the large sieve for the sum in the upper integrals and use the trivial estimate
> <s lbne(nn)|? < xz/logz after (1.10), and Y, - [ene(nn)|? < z/logx after (1.11), we see
that the last considered error term is

n<x
1/¢ 12 1 1/0 X a? 12 1

L Q™ / min x+ M dn < Q™ / min(z, |n|™")d

e (@, [n[~)( )1g U o5z )15 (@, [0~ )dn

The latter integral is < logz. Indeed, for |n|~! > z, i.e. 1/z > ||, we have min(z, |n|~!) = =.

So
1/2 1/x Yz g4 1/2 4 1 1
/ min(z, [n| ")y = / fcdn+/ a +/ & :x(+)
-1/2 —1/x -1/2 —7N 1z N r z

1/2 d’l’]
+ 2/ — =2—-2log2+ 2logz < logx.
1z N

Hence the contribution to R(x) of the terms with Q < ¢ < M'/? is O(22Q~1/%).
We are left with ¢ < @. When we extend the range of integration in the corresponding

integral from (—1/¢N,1/gN) to (—1/2,1/2) we get an error term which we estimate by Par-
seval’s identity, Lemma 3.8, and using that V(—4n) < |n|™! < ¢N for 1/(¢gN) < |n| < 1/2.

14



The error term in question is

(¢, 0)p(A) 1/2
22 Z Q<P 7, A /

(520) 5l

9<Q (a
a
<NZ Z g <+77>f2< +77>‘d77<<]\7xz Z g e
7<Q (a,q)=1 q 120 ()1
<N ¢"Vig=Ne Z ¢S N2V Y 1 < Na@P

9<Q q<Q q<Q

Now recall the parameters conditions (4.1). It follows that
NxQS—l/Z < xQM—l/QMl/QQ—l/E — xQQ—l/f )

Until now we got the error terms O (:UQ/MT(HZ)) and O(z2Q~1/%). After (4.1) Q <

M2 g QY > M~2""? and the larger error term is O(z2Q /). Collecting all up
to now we arrive at

=2 Z qqs; (¢: A A)G(q’ ~4a) /o1 h <Z " n) 2 <Z " 77) Vizmdn+0 <Q12/"> '

7<Q (a

The integral, after the orthogonality property, counts 6(})1%)6(}92}?3%) exactly when p; +
paps = 4n < 2z, thus its value is exactly fi(a/q)f2(a/q) and this proves the claim. O

Further we need to compute f; (a/q) and fs(a/q). For ¢ < Q we write ¢ = dq’, where d
is composed only from primes dividing A and (¢/,A) = 1. If p* | d but p* { A, then from
1602 | A and s = ord,(4¢) we have k > 2s + 1. Clearly there is no p | d such that p f A, so
k > 2. Thus k > max(2,2s + 1) and after Lemma 3.7 we get G(p¥,4a) = 0. Combining this
with Lemma 3.5, and (3.5), we get G(q,4a) = 0 unless d | A.

Recall that p; = —5 (mod A) and papz =9 (mod A). Let us write 7 = —5 (mod A) and
ro =9 (mod A). If d | A we have

()=, 2 )

Ze(bz> 3 1:Ze<ba) Yo

x1/8<pi <z (b,q)=1 z/8<pi<w (b,q)=1 q 21/8<pi<a
p1=b(q) b=r1(d) p1=b(q’)
and
B(5) =T (g) = T () Ten= X (1) T
n<z (ba)= n<z (ba)= n<z
n=b(q) :m(d) n=b(q")

because ¢, = 0 unless n = pop3 = 32 = ro (mod A). Also in the two functions always

J4
(b7Q) = 17 as xl/B < P1,D2,P3 and q < Q < M22t+2 < x1/2£+2 < xl/g for ¢ > 2. Thus
(p1,q) = 1 and n = paps is composed by primes larger than ¢ and (n,q) = 1.

15



Similarly to (1.9) we see that

1 x 1 T
>, 1= >, 1+0< >= f1(0)+(9< )
/ C / C
x1/8<p1§x P :(31/8<p1§x lOg x Sp(q ) log x
p1=b(q’)

The analogous sum, again by (1.9), is

Yosy X mp Tt () w00 ()

1
ngm/ p2 m1/4<p3§x/p2 P2 p3 08 ¥
n=b(d’) p3=b/p2(q’)

Here we again used that Ex1/8<p2<x1/4 p% < 1 as was shown in the proof of Lemma 2.1. The
latter estimates with f;(0) are uniform in b and the main term is independent on b. Thus for
1 =1,2 we can write

9 1(5) =m0 2 (7))
b=ri(d)

Each b in the sum above can be written as b = r;¢'q’ + b'd, where (/,¢') =1 and ¢'¢/ = 1
(mod d). Also recall that for the Ramanujan sum for any positive integer ¢ we have(Theorem

272,[5
! Z e <ab> — w(q)w
b=t 1 v(a/(a,q)

Then, since (a,q) = (a,q’) = 1, we have

N

(',q')=1

() o)

Recall also Theorem 327, [5] stating that for every positive § o(n)/n'=% — oo. Thus
n/e(n) < n’ for large enough n.

Let us take Q < log®/? z. Then for ¢ < Q we have q/¢(q) < logx and when we multiply
fi(a/q) with f (a/q) from (4.4) the error terms are

, / 2
(’)(fl((i) qgj )—(’)( a: log x xc >—(’)< a:c )
©(q') log® x log z log® log®
dz \?2 zlog¢/? x ? x2
o) o[ wo(ct)
log™ x log® x log™ x

Also note that r1 + 7o = =5 +9 =4 (mod A), thus

() (5) = e (5 nomoreo (55).
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Then Theorem 4.1 transforms into

R(z) = fi(0 Z Z (. (A)/ A) Z G(dq', —4a)e <4c;q’>

A q'<@/d " (a,dg)=1
(¢',8)=

2 x2Q2—1/z
+ O +O0 | ——.
<Q1/£> < log® z
The last error term comes from

Z Z q < Zq-qil/é < Q'Qlfl/ﬁ'

9<Q (a,q)= qSQ (a,q)=1 q<Q

1-1/¢

Of course (¢/,A) = 1. At this stage we also take Q = log® z with C' = 6¢. Then

$2Q2—1/£ 72 (logSE :E)Q—l/ﬁ 2
log® = B logw T B log®
and
(4.5) -
gp (A) "2 , daq’ z?
R(z) = f1(0) f2(0)—— Z Z Z G(dq', —4a)e < +0 3
A R o qs&( ) SO(d) (oo =1 d log” x
(¢,8)=1

In order to examine further the asymptotic formula for R(x) we need to investigate the
innermost sum in (4.5). Let us introduce a notation for it:

daq’ _ _ 2
lq) = { Oz(a,q)l Gla,~da)e (*47) for q=dd', (¢, A) = 1,u(¢)* = 1,and d| A,

otherwise .

5 The sum (q)

We can easily check that »(q) is multiplicative function using Chinese remainder theorem.
In particular, x(q'd) = x(¢')k(d). Observe that because of the factor u(q')? in (4.5) we will
have a contribution of 0 always when ¢’ { A and ¢’ is not square-free. Thus for every p{ A we
need to compute only s¢(p), and for every p* | A we will look at »(p").
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p1 A Here p should be odd and

)(p) = Y Glp,—da)e(dap/1) = Y > < 4au)

(a,p)=1 (a,p)=1  u(p)

SR PRI G B0 v ot

(
(u (p A))

(u,p,A)=

) (a,p)=

1

- T le(—4;“)+ S e(-ta)

(a,p)=1

= 3 (D + o) = —o(p) + o(p) = 0.

(u,p)=1
But then in (4.5) we actually have only ¢’ =1 and
(A) 5~ #(d)

(5.1) R@) = hO)HO)TL7 > T +0

¢(d)

dA
When d | A we have

R RC SO,

(a,d)=1  u( (a,d)=1 (u,d)=

(udA):
_ —4a(ut — 1))
(adz) l(uclZ <

We introduce the notation

N

p(p*) = #{u(®®): v* =1 (mod p")}.

We have the following

Lemma 5.1.

p(p*) = (L,p— 1), p" 1) if p £ 2,

_[1 , if21¢
p(2k)_{ (20,28=1) | if2| 0.

Proof. See the discussion before Lemma 2.13 in §2.6, [8].

plA,p#2

S e R

(a,p)=1 (u,p)=

=p@e@) +@—-1-pp)(-1) = p)p-1)—(p

—4au’ >
p

()
log®z /)

—4au’ .
d

i)

d



(5.2) x(p)=pllip—1)—(p—1).

pF| Ak >2,pt20 Tf pt2¢, we have ordy(4¢) = s = 0 and, as k > 2, from Lemma 3.7 it
follows that G(p*, —4a) = 0. Thus

(5.3) »x(p*) =0.

So further we assume that s > 1:

PPl Ak>2,p|l,p#2 Here we have

() = Y Z <4au_1)>: o Y

(u,pF)=1 (a,p*) (u,pF)=1 (u,p®)=1
uéEI(pk) uéil(pk)
Al —4a(u£ -1)
= p(P")e(®*) + > e < oz )
n=0 (y,p*)=1 (a,p¥)=1
plluf—1

Obviously 4(u’ — 1) = Up™ with some p { U, and the inner sum becomes p™ copies of the
Ramanujan sum regarding p*~"(i.e. p"u(p*~")). Therefore, as pu(p*~") = 0 for n < k — 2
and pu(p) = —1, we have

k—1
x(pF) = p@M)e@)+> D ") = pF)e®) - D 1
n=0 (y,pk)=1 (u,pF)=1
pluf -1 e

= ")) = P (por" ) = (")) = PP (0~ 1) — PP )
+p" (") = p" (o) — p(P* 1)) .
After Lemma 5.1 in our case we have p(p*) = (£,p — 1)(£, p*~!) and
s2(p) = Pt — 1) (L) = (LPF)
Regard the case 2 < k < s+ 1. Then1 < k—1 < s = ordy,(4¢) and as p # 2 we have

(€,p" 1) = pF~Land (¢,p"2) = p*~2. Ifk > 542, then k—2 > s and (£, p*~2) = (¢,p"1) = p°.
We combine the result in the con81dered case:

o Gp=1D@*Ft—p?) if 2<k<s+1,
(5:4) %(p)_{o if k>s+2.
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p =2 We will show that

1
4

#(2F) =< 16
22k72

0

(5.5)

ifk=1,

ifk=2,

ifk =3,
if4<k<s+2and2]|/,
otherwise,

where ‘otherwise’ means either k >4 and 244, or k > s+ 3 and 2 | /.

Clearly »#(2) =1,

= > Z <4M_1> >, Z <_a“_1)>:4.4=16.

»#(4) =4 and

(u,8)=1 (a,8 (u,8)=1 (a,8)=
For k > 4
—4a(u’ — —a(u® —1)
k
D S N e R S S
(u,2k)=1 (a,2k)=1 (u,2k)=1 (a,2k)=1
= Y L+ Y
(u,2F)=1 (u,2F)=1
u2:1(2k—2) Z¢1(2k—2)
k=2),(2k ut—1)
= e Y Y Y o(M55Y)
n=0 (y,2k)=1 (a,2¥F)=1
2”Ilue—
n=0 (y,2%)=1 (u,27)=1
27| |uf—1 2F=3||lul -1

= Ap(2 () - 2 (22 - 202 2)

According to Lemma 5.1 p(2F) = 1 if 2 1 £, so in this case »#(2F) = 4p(2F) — 2F-1(8 — 4) =

4.0k=1 _ok=1 4 —

If 2 divides ¢ we have p(2¥) = (20,28 1) so #(2F) = 4(2¢,2F3).2k-1 —
21 (23(2¢,271) — 22(2¢,2F73)). If k—3 < s—1, then (2¢,2F73) = 2773 because 2°7! | 2¢ and

2k=3 | 25=1. Similarly (2¢,28=4) = 254, Then 5(2F) = 4.2~=3.2k=1_2k=1(23 2k=4_92 9k=3) —
22k—2.

If k—3>s—1,thenalso k —4>s—1and (2¢,2"73) = 2571 Then
%(Zk)

and finally this proves (5.5).

(2¢,2F1) =

= 229571 gkl _gk=1(93 9s=1 _ 92 9s—1y —
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6 Proof of Theorem 1.3

Here we complete the proof of the main theorem. We need to compute the sum in (5.1).
Let us use the shorter notation
-y #(d)
o(d)

A
We only have to combine the results of (5.2), (5.3), (5.4) and (5.5). We get
_ #p) #p) | =0
“‘H<”w<p>)£[%(” 5 )

p|lA
pr2¢e

The first product equals

H(1+ plbp -

p|lA
pf2¢

According to the cases considered in §5 we split the other product into two factors
1I=11I 1] =mm..

pl2¢  p|2¢ p=2
p#2

)Hp p—1).

@(p)

For the first factor we have

(e, s+1 (¢,p—1)( 2k1 2k—2
= H<1+(p<p( Z - (p) - )>

p|2¢ k=
p#2

2k—2(

s+1
- o, - P —1)
-1l (so(p) (bp=D+Er=13, pFip—1) )

p|2¢ k=2
p#2

s+1
_ ] l _ p Z k—1

p|2¢ k=2
p#2

= TN 2 i A (r
— }_[%(é,p 1)<¢(p)+pp_1> H(f,p 1)((p(p>+¢(p)(p 1)>
pF2 oo

_ _1) P s
i 1>90(p)p

p|2¢
p#2

For p = 2 and 2 { ¢ the factor Il is of the form 1+ 1/¢(2) + 4/¢(2%) + 16/p(23) =
1+1+2+4=8. For 2| ¢ we have the factor

5+2 59k—9 s5+2
M = 14+1424+44> - =8+)» 2"
P2 =

s+2
= 8—|—822k4 8+8(2°71—1) =4.2°
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Notice that in any case we have
2

My = —(2,0)2°,
because for (2,¢) = 1 we have s = ordy(4¢) = 2 and 2° = 4. Putting all these together we
arrive at
2 p p p
k=—=(2,02° || =——=U,p—1 ——(,p—1)p° =40(2,¢ —(,p—1).
@(2)( ) Hs@(p)( )Hw(p)( ) ( )Hw(p)( )
p|A pl2¢ plA
pf2¢ P#2

Note that ¢(A)/A = [[,a¢(p)/p because for any k > 2 we have o(p¥)/p* =

P~ 1o(p)/p* = @(p)/p. That is why when we substitute the expression for x we achieved
above into (5.1), we get

N p(A) p B a?
R(z) = f1(0)f2(0) A 45(235)}1@@)(&}7 1)+O(log3x)
1'2
- 4@(2,€>E<e,p ~1)/1(0)f2(0) + O (1og3x> -

This completes the proof of Theorem 1.3.
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