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Abstract

In this paper we deduce some tight Turan type inequalities for Tricomi confluent hy-
pergeometric functions of the second kind, which in some cases improve the existing results
in the literature. We also give alternative proofs for some already established Turan type
inequalities. Moreover, by using these Turan type inequalities, we deduce some new in-
equalities for Tricomi confluent hypergeometric functions of the second kind. The key
tool in the proof of the Turdn type inequalities is an integral representation for a quotient
of Tricomi confluent hypergeometric functions, which arises in the study of the infinite
divisibility of the Fisher-Snedecor F' distribution.

1. Introduction

Let us start with the following inequality for the Legendre polynomials
P}(x) = Py (2)Pota(2) 2 0,

where x € [-1,1] and n € {1,2...}, which was first proved by the Hungar-
ian mathematician Paul Turdn [22] while studying the zeros of Legendre
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polynomials. Thereafter an inequality of this kind is known as a Turan type
inequality. G. Szegé [21] has given four elegant proofs of the above inequality.
There is an immense literature on the Turdn type inequalities for classical
(orthogonal) polynomials and special functions. For recent development on
the topic concerning special functions we suggest the reader to refer [2-20]
and references therein.

In this paper we study the Turan type inequalities for the confluent hy-
pergeometric functions of the second kind denoted by 1 (a, ¢, -) also known
as Tricomi confluent hypergeometric functions. This function is a particular
solution of Kummer’s differential equation [1, p. 504]

zy"(z) + (c — 2)y/(x) — ay(x) = 0,

and for @ > 0, ¢ € R, and = > 0 has the following integral representation [1,
p. 505]

1
F(a

(1.1) U(a,c,x) / —rtgam b )t e,
0

Recently Baricz and Ismail [8] deduced some Turan type inequalities for
confluent hypergeometric functions of the second kind. In [7], the author
found some tight bounds for Turdnian of modified Bessel functions of first
and second kind. Motivated by the results from [7], in this paper we find
tight bounds for the Turanians of confluent hypergeometric functions of the
second kind and we offer some alternative proofs of the Turdn type inequal-
ities given in [8]. Moreover, by using a technique similar to [3], we derive
some new inequalities for confluent hypergeometric functions of the second
kind. The organization of the paper is as follows: in Sect. 2 we state our
main results, while in Sect. 3 we prove the main results and we give some
alternative proofs of the Turdn type inequalities derived in [8].

2. Main results

Our first set of results deals with some tight Turan type inequalities for
confluent hypergeometric functions of the second kind, which improve the
existing Turan type inequalities proved in [8]. The first main result is related
to the bounds of the Turdnian of confluent hypergeometric functions of the
second kind when we shift both parameters.

THEOREM 1. If a >0, ¢ <1 and x > 0, then the following Turdn type
inequality is valid

a

:w2(a, c,x) < 1#2(a7 c,x)—YPla—1l,e—1,2)(a+1,c+ 1, 2).

(21) —5
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Similarly, if a > 1, ¢ < —1 and z > 0, then we have the next inequality

(22) ¢2(a7071’)—¢(a—170—1,35)@/)(@4‘1704‘1793)

< (1 + 22 (M)) ¥*(a, ¢, ).

In addition, the following Turdn type inequality

(23) g t?(acw) <W(a,00) ~pla—1,c— Layblat 1+ 1,2)

holds for all a >0, ¢ <1 and x > 0. The inequalities (2.1) and (2.3) are
sharp as x — oo, while (2.2) is sharp as x — 0.

We would like to mention here that for 22 > ¢(c — a — 1), the inequality
(2.1) is better than the Turdn type inequality [8, Theorem 2]

(24)  en) <Paen) —dla— Le- Lo+ Le+1,a),

c(c+1)
2(a—c)

(2.2) is better than the Turdn type inequality [8, Theorem 2]

which is valid for a > 0 > ¢, and x > 0, while for = <

, the inequality

(2.5) V3 (a,c,x) —hla—1,c— L, x)p(a+1,c+1,2) <0

which is valid for a >0, ¢<1 and x > 0. Moreover, observe that for
x> —5 >0, (2.3) is better than (2.4).

The next result is about the Turanian of confluent hypergeometric func-
tions of the second kind when we shift only the first parameter.

THEOREM 2. If a > 0> c and x > 0 then the following Turdn type in-
equalities are valid

(2.6)

1—|—2—C <1 + 210.%'> w?(a, C,LE) < wQ(a, C,-:U) — ¢(a, — 1,0’ x)¢(a + l,c’ x)
< %ﬁ(a,c,m)-

Moreover the right-hand side of (2.6) holds true for all a >0, ¢ <1 and
x > 0. In addition, the following Turdn type inequality

(2.7) 1+i—c (1 - (CQC(C_fl)) :v2) v¥(a,c,z)

<¢*(a,c,x) —Pla—Lez)p(a+1,ca)
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holds for a > 1, ¢ < —1 and z > 0. All of the above inequalities are sharp as
x — 0 except right-hand side of (2.6) which is sharp as x — oo.

We also note that when = < —2¢, the left-hand side of (2.6) improves
the Turdn type inequality [8, Theorem 3], namely

(28) wQ(aa C,l‘) _w(a_ 1,C,LL‘)¢(CZ+1,C,ZL‘) > Oa

which is valid for a >0, ¢ <1 and x > 0, while for = > 2(1 +a — ¢), the
right-hand side of (2.6) improves the Turan type inequality [8, Theorem 3]

R
l+a—c

(29) ¢2(G:Ca$) _¢(a— 1acv x>¢(a+1a073€) wQ(av C,l’),

which is valid @ > 1 > ¢ and x > 0. Note also that (2.7) is better than (2.8)
for a > 1, ¢ < —1 and x > 0 such that 2% < %

Now, we focus on the Turanian of confluent hypergeometric functions of
the second kind when we shift only the second parameter.

THEOREM 3. If a >0, ¢ <1 and x > 0 then the following Turdn type
inequality is valid

(2.10) —5v%(a,0) < ¥¥(a,0x) = dla,c — La(a,c+ 1),

In addition, if a > 1, ¢ < =1 and x > 0 then the following Turdn type in-
equality is valid

(2.11) V3 (a,c,x) —pla,c— 1, 2)p(a,c+ 1, z)

< m (1 + 2z (C(chral)» W2 (a, ¢, z).

The inequality (2.10) is sharp as x — oo, while (2.11) is sharp as x — 0.

For 22 > ¢(c —a — 1), the inequality (2.10) is better than the Turdn type
inequality [8, Theorem 4]

a

(2.12) c(l+a—c)

¥ (a,e.7) < 9¥(ase,x) —plase — La)p(a, e+ 1),

which is valid for all @ > 0 > ¢ and = > 0, while for 2 < SEZ—S:))’

(2.11) is better than the Turdn type inequality [8, Theorem 4]

the inequality

w2(aa ¢, I‘) - 10(@70 - 1,$)¢(CL,C—|— ].,$) < Oa
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which is valid for a,x > 0 and ¢ € R.

It is worth also to mention that very recently Simon [20] obtained also
some interesting Turan type inequalities for Tricomi confluent hypergeomet-
ric functions, however these inequalities cannot be directly comparable with
our present results. In [20] the following Turdn type inequalities appear

wQ(aa ¢, x) - w(a7c - 1,x)¢(a,c—|— 1,1’) 3 - w(aa ¢, x>w(avc - 1,33),

wQ(a7 Cy x) - w(a7c - 1,$)¢(G,C+ 171:) z -

8|~ 8

V¥ (a,c,x)pla+1,c+1,2),

where a >0, ¢ < a+2, > 0 in the first inequality, and a > 1, c < a4+ 1,
x > 0 in the second inequality.

Next, using some ideas from [3, Theorem 2] and the Turédn type inequali-
ties for confluent hypergeometric functions of the second kind [8], we deduce

some new inequalities for confluent hypergeometric functions of the second
kind.

THEOREM 4. If a > 0> c and x > 0, then the following inequalities are
valid:

1

(2.13) (Ww(a +1,c+ 1,56)) " < <F(Ic‘l(zi—|c—)l)¢(a, c,:v)) ’ ,
and

P(a, ¢ x) 1 (T(a—c+1) a
(2.14) 2<1/1(a+1,c+1,x)_c< 00 w(a,c,x))

Moreover, the following inequality

(2.15)

(F(ﬁ(zi_‘c_)l)w(a,c,x)> i <F(GF?_CCJ)F Dotat e+ 1,x)> o

1s valid for a > 0,¢ < =1, x > 0 and the inequality
1

(2.16) Y(a+1l,e+1,2) < —=9(a,c, )
c

s valid for a >0 > ¢ and x > 0.
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3. Proofs of main results

In this section we prove our main results and we also give alternative
proofs for the Turdn type inequalities (3.4), (3.11), (3.15) and left-hand side
of (3.16) in [8].

PROOF OF THEOREM 1. Taking into account the proof of [8, Theorem 2],
we know that for a > 0, ¢ < 1 and = > 0 we have

o0

pAac() / tPa,c(t)

3.1 $2actt) _ dt,
( ) wQ(%C?x) ($ +t)2
where

- t_ce_t’ Y(a,c, te”)’ -2
ocl) = T DM —ct 1)
and

»Aac(T) = 1/)2(a, c,x)—YPla—1l,c—Lx)p(a+1,c+ 1,z).
Observe that

o0

x2¢Aa7c(az))/ [ 2at%pac(t)
(W(avcal‘) a / (z +t)° d <0,

for all @ > 0, ¢ < 1 and x > 0. Thus, the function

:L‘QwAa,c(x)
¢2 (a7 C? CE)

T =

is strictly decreasing and maps (0, 00) into (—o0,0). Consequently we have
foralla >0, c<1andz >0,

332¢Aa7c(x) $2¢Aa7c(az) < Jim $2¢Aa7c(l‘)
T—300 wz(a,c,x) wQ(a,c,x) z—0 1/)2((170, q:)

= MNa,c-

Now to compute (g ., we use the asymptotic expansion [1, p. 508]

/ll}(a7 C7 '1:)

1 1 1
~ Y <1+a(c—a—1)x+2a(a+1)(a—|—1—c)(a+2—c)302—l—--->,
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which is valid for large real z and fixed a and ¢. Thus, we have
22y Ny () z?

V% (a,c, ) (1+a1(a,c)%+a2(a,c)x—l2+...)2

1 1 2
<1 + a1 (a, c); + as(a, C)ﬁ +. >

1 1
- 1—|—a1(a—1,0—1)5—1—042(@—1,0—1)?—1—...

1 1
X 1+a1(a+1,c+1);+a2(a+1,c+1)ﬁ+... ,

where
1
aj(a,c) =alc—a—1) and «as(a,c) = ia(a—f— Na+1—-c)(a+2—c).

Since 2a1(a,c) = aj(a—1,c—1)+aj(a+1,c+1), it follows that in the above
asymptotic expansion inside of square brackets the factor 1/x vanishes and
thus we just need to look at the coefficient of the factor 1/z2. But this is

2a5(a,¢) + at(a,c) —agla —1,c — 1) —ag(a+1,c+ 1)
—aj(a—1l,c—1aj(a+1,c+1).

After some algebra we obtain that the above expression becomes ¢ — a — 1,
and thus we have that

2
I A e €
(32) Ca7c = xh_}rglo m =C a 1,
that is, indeed the inequality (2.1) is valid.
Note that in view of the proof of [8, Theorem 2] we know that

. pAge() 1
: lim X=ac _ -
(3:3) Py V2 (a,c,x) ¢

for a > 0 > ¢, and thus it follows that

2
. 2t plg ()
fla,e = 1 V2 (a,c,x) 0
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In this case we obtain the Turdn type inequality (2.5).
Alternatively, (2.1) can be proved as follows. Using (3.2) and (3.1) we
have

o0
(3.4) /tgpac )=14a—c.
0
Now from (3.1) and (3.4), for all @ > 0, ¢ < 1 and x > 0 we have
oo
vAac(T) _ _/ ta,c(t) d
QZ)Q(CL,C,.CL') 0 ($+t 2

This gives another proof of (2.1).

Moreover, again using (3.1), (3.4) and the inequality (z +t)° > z°, we
can get another proof of (2.1). Namely, we have that

oD c(m) 2tg0ac( ) Qt@ac(t) c—a—1Y
- | = dt< | ———=dt=——— ) ,
wZ(a‘a ¢, .Z') (.’B + t) .iU3 ZL‘2
0 0
that is, the function

pAac(®) c—a-1

T —

is strictly decreasing on (0, 00). Since (see [8])

(3.5) lim ¥2ael®)

z—o0 Y% (a, ¢, )

=0,

it results that
A () - c—a—1

V3 (a, c,x) x?

which is exactly (2.1).
By using a similar trick as above we have that

(3'6) /Spa,c(t) =
0
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since (see proof of [8, Theorem 3])

lim ¢Aa(:c)

B i S A
Z—y00 @bg(a7 c, x) ’

and

(1+a-— C)¢Aa($) L 7ox2cpayc(t) i@t

7/}2(@’07 ‘/L‘) (JT +t)2

where ;A (z) =¥*(a,c,z) —(a—1,c,z)p(a+1,¢,2), a>0, ¢ <1 and
x> 0.
Now in view of (3.6) and the inequality 2tz < (t 4+ z)* we obtain

1 .
2z’

¢Aa,6(x) _ 7 tSOa,C(t)

1 (0]
= dt > —— [ pac(t)dt = —
Y2 (a,c, x) (z +1)? 7 T 0/90 ()

or equivalently

ZDQ(C% Cvx> - ¢(a —lc— 1,1‘)¢(G +1lc+ 1,.’E> > _%wQ(aa &) x)v

where a > 0, ¢ < 1 and x > 0. This proves the Turan type inequality (2.3).
Taking into account of the differentiation formula [1, p. 507]

(3.7) V'(a,c,x) = —ap(a+1,c+ 1, ),
we obtain
¢Aa,0($) ' _ (CL B 1)¢2(a,07$)¢(a + 1’0 + 171‘)
() e
(a+1)¢(a—1,c— 1L x)(a+2,c+2,2)Y(a,c )
" wg(% c, .Z')
2a)(a —1,c— 1, 2)Y%*(a+1,c+1,2)
- V3a,cx)

and in view of the asymptotic expansion [1, p. 508]

NGRS

(3.8) Y(a,c,x) ~ m7
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where a > 0 and ¢ < 1 are fixed and x — 0, we obtain that

(st ) (a— )1 gT(—0)
V2 (a,c,x) I3(1—c¢)

(a+ 11 -T2 —e)l(=1—¢) —2al'(2 — c)[%(—c)
* I3(1—c) ’

where a > 1 and ¢ < —1 are fixed and x — 0. After some algebra (using
MNa+1) =al'(a)) we get

m@)] F et

where @ > 1 and ¢ < —1. On the other hand, using (3.1) we obtain

: ¢Aa70(x) /_ 790a,0(t)
i () =2
0

Thus we have

o0

(3.9) / Paclt) 4y c—a
0

t2 - Alc+1)’

where ¢ > 1 and ¢ < —1. Now in view of (3.9) and the inequality (z +t)* >
t3 we have

o0 o0
() ’: / 2t<pa70(t3) it < 2/ ©a,c(t) gt = 2(c—a) i /’
Y2(a,c,x) (z+1) 12 Alc+1)
0 0
and thus the function
A _
ooy vBac(@) o c—a
V2 (a,c,x) A(c+1)
is strictly decreasing on (0,00) for a > 1 and ¢ < —1. Consequently in view
of (3.3) the Turan type inequality (2.2) follows.

Finally, observe that in view of (3.3) the inequality (2.2) is sharp as
x — 0, while (3.5) gives the sharpness of (2.1) and (2.3) as x — oo. O




84 A. BARICZ, S. PONNUSAMY and S. SINGH

PRrROOF OF THEOREM 2. Let us consider the Turanian
’L/)Aa(x) = ¢2(a7 C, .’L') - w(a - 17 C, x)w(a + 17 C, ‘T)
According to the proof of [8, Theorem 3| we know that

(L+a—cyda@) [ a2paclt)
(3.10) Paew) / (z+1t)° a

t,

where a > 0, ¢ < 1 and « > 0.

—c),Aa .
Now consider the function x — :BQ(% - 1). Since for all z > 0

and t > 0 we have
4 ! 3
2 2t
< x 2) _ x(m+3)>07
(x+1) (z+1)

and thus the above function is strictly increasing on (0,00). Since (see the
proof of [8, Theorem 3])

lim (I4+a—c)pAa(x)

=1
20 V2 (a,c, ) ’

fora > 1 > cand x > 0, it follows that

i 22 <(1 +a—c)pAa(z) 1) o,

2—0 V2 (a,c,x)

and thus we have the inequality (2.9), which is exactly the left-hand side of
(3.15) in [8).
By using (3.4), (3.10) and the inequality

< 2 we have

()3

oAa(2) >'__ 1 [ 2wtpa(t)
(W(a,c,x) a 1+a—co/ (z +t)° i

o0

/ Qt@a . 2\’
l+a-—c x)’
0
that is, the function
YA () 2

T —

V*a,cw) @
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is strictly increasing on (0, 00). Since (see the proof of [8, Theorem 3])

. wAa(x) _
e P, cm)

we deduce that

Y¥(a,e2) — la— 1 e.)pla+1,62) < 9A(acz),

where a > 0, ¢ < 1 and x > 0. This proves the right-hand side of (2.6).

We also note that (3.6) can be used to get another proof of (2.8), which
is the right-hand side of (3.15) in [8]. Namely, for a > 0, ¢ <1 and x > 0 we
have

o0

(L+a—c)yBalz) _fw

wZ(a,c, x) (z +t)2 dt >1— !wa?c(t) =0,

which gives right-hand side of (3.15) in [8].
Now, observe that in view of (3.1) and (3.3) we have

D@ 1 T pacld)
11 lim 2o 2 —/ < dt
(3.11) 250 Y2(a,c,z) ¢ t ’

where a > 0 > ¢. From (3.11) and the inequality (z + t)* > 2at we have for
alla>0>cand z >0,

14+a—c),As(x T2 ae 7 o
( u ():1—/‘“’0’(?dt>1—x/¢’(t)dt:1+x,
¢2(a7 c, ':U) (.%' + t) 2 t 2c
0

which proves the left-hand side of (2.6).
Now using (3.10), inequality (z 4 t)* > > and (3.9), we have for all a > 1
and ¢ < —1

o0 oo

((1 +a- %Aa(w))’ _ / 2wtpac(t) 1 o / Paclt) o,

wz(aﬂ Cvx) (.CU + t)3 t2

0

-(-(E=9)7)
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Thus, the function

X

(1—|—a—c)¢Aa(x) c—a 22
P (@)

is strictly increasing on (0,00) and hence using the limit

. (I+a-— c)wAa(x)
250 V2 (a,c,x)

=1,

the Turdn type inequality (2.7) follows.
Since (see proof of [8, Theorem 3])

. ¢Aa(x) 1
lim =
=0 Y2 (a,c,x)  l+a—c

and

. Ag(x)
P=a
3% $2(a, ¢, 2)

=0,

the left-hand side of (2.6), and the inequality (2.7) are clearly sharp as x — 0,
while the right-hand side of (2.6) is sharp as x — oo. O

PROOF OF THEOREM 3. By using (3.4), the inequality (z + ¢)* > z3 and
the next relation (see the proof of [8, Theorem 4])

o0

»Ac(T) ! B a 2tpa.c(t
<¢2(a,c,x)> 1 +a—co/ (x+t)3 @,

where
pAc(x) = (a,c,2) — Y(a,c — 1, z)Y(a,c+ 1, 1),

we get for all a >0, ¢ < 1land z >0
Ac(z) a\’
p=e) .
(W(a,c,m)) <(a)>

WALD) | a
T Racn) T

that is, the function
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is strictly decreasing on (0, 00). Since (see the proof of [8, Theorem 4])
A
(3.12) lim 2@ _
z—r00 )2 (a,c,x)
and hence we get the inequality (2.10).
By using (3.11) and the inequality (z + t)* > 2 we obtain
oo [ee]
pAc(z) _ a / tpa,c(t) dt > / Pa,c(
V2(a,c,x) 14+a—c (w—f—t)Q 1+a—c
0 0
B a
Cc(l+a—c)’
where a > 0 > ¢ and x > 0. This is the left-hand side of (3.16) in [8], that

is, the inequality (2.12).
Finally, using (3.9) for a > 1, ¢ < —1 and = > 0 we have

o0

M)/_ a [ 2paclt Pa,
<¢2(aaca$) _1+a—co/(x_|_t)3 1+CL—C/

0
- <1 +2; c <02§C_+a1)> x>/’

that is, the function

wAc(x) 2a c—a
e V2a,c,r) l+a—c <02(c+ 1)) v

is decreasing on (0, 00). Since (see the proof of [8, Theorem 4])

¢AC<37) B a
(3.13) ilféqp 2(a,c,z)  c(l+a—c)

we get the inequality (2.11).

Now in view of (3.12), the inequality (2.10) is sharp as z — oo while

(3.13) gives the sharpness of (2.11) as x — 0.

O

PrOOF OF THEOREM 4. To prove (2.13), consider the function f, . :

(0,00) — R, defined by

() =~ log(a ) -

logi(a+ 1+ 1,2),



88 A. BARICZ, S. PONNUSAMY and S. SINGH

which in view of the Turan type inequality (2.5) and the differentiation for-
mula (3.7) gives

/ ~Yla+2,c+2,7) YPla+1l,c+1,1)
fa,c(x) - w(a+ 1,c+ 1,[13) a lb(a, ¢ J}) -

Therefore f, . is increasing on (0,00) and hence f, () > fo..(0) for x >0
and consequently by using the asymptotic expansion (3.8), the inequality
(2.13) follows.

The inequality (2.14) follows from (2.13) and arithmetic-geometric mean
inequality. Namely, by using inequality (2.13) twice, we have

Pla+1,c+1,7)
1/}(00 C,ﬂf)

-(w(a,c,:ﬂ)) T(@b(a—i— 1l,c+ l,m)) ata

(g veen)

which by using the following arithmetic-geometric mean inequality

C

v(a,c,x) Y(a+1,c+1,2)

2 Ya+1,c+1,x) Y(a,c, x)

[IA

gives the inequality (2.14).

Now, to prove the inequality (2.15), consider the function gq . : (0,00) —
R, defined by

Gao(®) = @+ 1)

¢ )log¢(a,c,x)— logy(a+1,¢+ 1,2),

a(c+1

which in view of the Turdn type inequality (2.4) and the differentiation for-
mula (3.7) gives

Y(a+2,c+2,x) _c Y(a+1,c+1,x)
TIZ)((I—FLC—}—LZL‘) c+1 1/1((1,6,..’1))

gfz,c(x) = < 0.

Therefore gq . is decreasing on (0,00) and gq.c(z) < ga,c(0) for z > 0 and
hence by (3.8) the inequality (2.15) follows.
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To prove the inequality (2.16), consider the function hq : (0,00) = R,
defined by

ha,c(x) =log(a,c,z) —logy(a+1,c+1,x),

which according to the following Turan type inequality for confluent hyper-
geometric functions of the second kind [§]

(314)  ¢X(a,c1) ~Y(a—Le— Laypla+1,e+1,2) < v?(a,c,)

valid for @ > 0, ¢ € R and = > 0, and the differentiation formula (3.7) gives

Y(a+2,c+2,x) a Y(a+1l,c+1,z)
¢(a+176+1,$)_<a+1) ¥(a,c,x)

Hence hy  is increasing on (0, 00) and consequently in view of (3.8) inequal-
ity (2.16) follows.

We note that the Turdn type inequality (3.14) has been proved in [8]
using the classical Holder—Rogers inequality for integrals. Alternatively, this
inequality can be proved using convolution theorem for Laplace transforms.
Namely, by taking into account of the integral representation (1.1) and the
convolution theorem for Laplace transforms, it follows that

oDae(®) = W2 (a,c,z) —P(a—1,c— La)pla+1,c+1,2)

je—ﬂ( i (t—w)* "1t —u) !

0 0

hy () = > 0.

!

1
*(a)

X w14 ) du> dt

[ee] t

T T(a- 1)1I‘(a +1) O/G_H<O/ (¢ —u)*™
R )L
0 0

2a —1
x u? 1 4 u)To! (t —u > du) dt.

a
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Now by using the change of variable u = t“; y), it follows that,

| 21+t —u) e (1 4w L
fes ()
. / (CET) R IIIET)
y (t(12+y)>a—1 <1+t(12—|—y)> Ly —22aa)—|—1152dy

1 c—a—1
t2a—1 9 a—2 t 2 t2y2) 1 9
:2/22a1(1—y) (1+2> - E(1+(1—2a)y)dy.
0

On the other hand, by using similar steps, ¥?(a, ¢, ) /a can be rewritten as

00 t
1
5 /e (/ (t —u)" +t— ) T A ) du) dt
a)
0 0
o0 1
£2(1 —y)(1 ol
— /6 :rt/( +y)>
0 1

t(1—y)\ tl+y)\ 7t
S ~ dydt
><<1+ 5 > 1+ 5 5 W

Since for all a > 1 and y € (0, 1), we have

Lasa—2a2) < %(1 — ),

a
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it follows that ,Agc(7) < %1/12(61, ¢, x), that is, we have the Turdn type in-
equality (3.14) for a > 1, ¢ € R and = > 0, which is exactly the inequality

(3.11) in [8] ]
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