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Abstract

In this paper we deduce some tight Turán type inequalities for Tricomi confluent hy-
pergeometric functions of the second kind, which in some cases improve the existing results
in the literature. We also give alternative proofs for some already established Turán type
inequalities. Moreover, by using these Turán type inequalities, we deduce some new in-
equalities for Tricomi confluent hypergeometric functions of the second kind. The key
tool in the proof of the Turán type inequalities is an integral representation for a quotient
of Tricomi confluent hypergeometric functions, which arises in the study of the infinite
divisibility of the Fisher-Snedecor F distribution.

1. Introduction

Let us start with the following inequality for the Legendre polynomials

P 2
n(x)− Pn−1(x)Pn+1(x) ≧ 0,

where x ∈ [−1, 1] and n ∈ {1, 2 . . .}, which was first proved by the Hungar-
ian mathematician Paul Turán [22] while studying the zeros of Legendre
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polynomials. Thereafter an inequality of this kind is known as a Turán type
inequality. G. Szegő [21] has given four elegant proofs of the above inequality.
There is an immense literature on the Turán type inequalities for classical
(orthogonal) polynomials and special functions. For recent development on
the topic concerning special functions we suggest the reader to refer [2–20]
and references therein.

In this paper we study the Turán type inequalities for the confluent hy-
pergeometric functions of the second kind denoted by ψ(a, c, ·) also known
as Tricomi confluent hypergeometric functions. This function is a particular
solution of Kummer’s differential equation [1, p. 504]

xy′′(x) + (c− x)y′(x)− ay(x) = 0,

and for a > 0, c ∈ R, and x > 0 has the following integral representation [1,
p. 505]

(1.1) ψ(a, c, x) =
1

Γ(a)

∞
∫

0

e−xtta−1(1 + t)c−a−1 dt.

Recently Baricz and Ismail [8] deduced some Turán type inequalities for
confluent hypergeometric functions of the second kind. In [7], the author
found some tight bounds for Turánian of modified Bessel functions of first
and second kind. Motivated by the results from [7], in this paper we find
tight bounds for the Turánians of confluent hypergeometric functions of the
second kind and we offer some alternative proofs of the Turán type inequal-
ities given in [8]. Moreover, by using a technique similar to [3], we derive
some new inequalities for confluent hypergeometric functions of the second
kind. The organization of the paper is as follows: in Sect. 2 we state our
main results, while in Sect. 3 we prove the main results and we give some
alternative proofs of the Turán type inequalities derived in [8].

2. Main results

Our first set of results deals with some tight Turán type inequalities for
confluent hypergeometric functions of the second kind, which improve the
existing Turán type inequalities proved in [8]. The first main result is related
to the bounds of the Turánian of confluent hypergeometric functions of the
second kind when we shift both parameters.

Theorem 1. If a > 0, c < 1 and x > 0, then the following Turán type
inequality is valid

(2.1)
c− a− 1

x2
ψ2(a, c, x) < ψ2(a, c, x)− ψ(a− 1, c− 1, x)ψ(a+ 1, c+ 1, x).
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Similarly, if a > 1, c < −1 and x > 0, then we have the next inequality

ψ2(a, c, x)− ψ(a− 1, c− 1, x)ψ(a+ 1, c+ 1, x)(2.2)

<

(

1

c
+ 2x

(

c− a

c2(c+ 1)

))

ψ2(a, c, x).

In addition, the following Turán type inequality

(2.3) −
1

2x
ψ2(a, c, x) < ψ2(a, c, x)− ψ(a− 1, c− 1, x)ψ(a+ 1, c+ 1, x)

holds for all a > 0, c < 1 and x > 0. The inequalities (2.1) and (2.3) are
sharp as x→ ∞, while (2.2) is sharp as x→ 0.

We would like to mention here that for x2 > c(c− a− 1), the inequality
(2.1) is better than the Turán type inequality [8, Theorem 2]

(2.4)
1

c
ψ2(a, c, x) < ψ2(a, c, x)− ψ(a− 1, c− 1, x)ψ(a+ 1, c+ 1, x),

which is valid for a > 0 > c, and x > 0, while for x < c(c+1)
2(a−c) , the inequality

(2.2) is better than the Turán type inequality [8, Theorem 2]

(2.5) ψ2(a, c, x)− ψ(a− 1, c− 1, x)ψ(a+ 1, c+ 1, x) < 0

which is valid for a > 0, c < 1 and x > 0. Moreover, observe that for
x > − c

2 > 0, (2.3) is better than (2.4).
The next result is about the Turánian of confluent hypergeometric func-

tions of the second kind when we shift only the first parameter.

Theorem 2. If a > 0 > c and x > 0 then the following Turán type in-
equalities are valid

1

1 + a− c

(

1 +
1

2c
x

)

ψ2(a, c, x) < ψ2(a, c, x)− ψ(a− 1, c, x)ψ(a+ 1, c, x)

(2.6)

<
2

x
ψ2(a, c, x).

Moreover the right-hand side of (2.6) holds true for all a > 0, c < 1 and
x > 0. In addition, the following Turán type inequality

1

1 + a− c

(

1−

(

c− a

c2(c+ 1)

)

x2
)

ψ2(a, c, x)(2.7)

< ψ2(a, c, x)− ψ(a− 1, c, x)ψ(a+ 1, c, x)
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holds for a > 1, c < −1 and x > 0. All of the above inequalities are sharp as
x→ 0 except right-hand side of (2.6) which is sharp as x→ ∞.

We also note that when x < −2c, the left-hand side of (2.6) improves
the Turán type inequality [8, Theorem 3], namely

(2.8) ψ2(a, c, x)− ψ(a− 1, c, x)ψ(a+ 1, c, x) > 0,

which is valid for a > 0, c < 1 and x > 0, while for x > 2(1 + a− c), the
right-hand side of (2.6) improves the Turán type inequality [8, Theorem 3]

(2.9) ψ2(a, c, x)− ψ(a− 1, c, x)ψ(a+ 1, c, x) <
1

1 + a− c
ψ2(a, c, x),

which is valid a > 1 > c and x > 0. Note also that (2.7) is better than (2.8)

for a > 1, c < −1 and x > 0 such that x2 < c2(c+1)
c−a

.

Now, we focus on the Turánian of confluent hypergeometric functions of
the second kind when we shift only the second parameter.

Theorem 3. If a > 0, c < 1 and x > 0 then the following Turán type
inequality is valid

(2.10) −
a

x2
ψ2(a, c, x) < ψ2(a, c, x)− ψ(a, c− 1, x)ψ(a, c+ 1, x).

In addition, if a > 1, c < −1 and x > 0 then the following Turán type in-
equality is valid

ψ2(a, c, x)− ψ(a, c− 1, x)ψ(a, c+ 1, x)(2.11)

<
a

c(1 + a− c)

(

1 + 2x

(

c− a

c(c+ 1)

))

ψ2(a, c, x).

The inequality (2.10) is sharp as x→ ∞, while (2.11) is sharp as x→ 0.

For x2 > c(c− a− 1), the inequality (2.10) is better than the Turán type
inequality [8, Theorem 4]

(2.12)
a

c(1 + a− c)
ψ2(a, c, x) < ψ2(a, c, x)− ψ(a, c− 1, x)ψ(a, c+ 1, x),

which is valid for all a > 0 > c and x > 0, while for x < c(c+1)
2(a−c) , the inequality

(2.11) is better than the Turán type inequality [8, Theorem 4]

ψ2(a, c, x)− ψ(a, c− 1, x)ψ(a, c+ 1, x) < 0,
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which is valid for a, x > 0 and c ∈ R.
It is worth also to mention that very recently Simon [20] obtained also

some interesting Turán type inequalities for Tricomi confluent hypergeomet-
ric functions, however these inequalities cannot be directly comparable with
our present results. In [20] the following Turán type inequalities appear

ψ2(a, c, x)− ψ(a, c− 1, x)ψ(a, c+ 1, x) ≧ −
1

x
ψ(a, c, x)ψ(a, c− 1, x),

ψ2(a, c, x)− ψ(a, c− 1, x)ψ(a, c+ 1, x) ≧ −
1

x
ψ2(a, c, x)ψ(a+ 1, c+ 1, x),

where a > 0, c < a+ 2, x > 0 in the first inequality, and a > 1, c < a+ 1,
x > 0 in the second inequality.

Next, using some ideas from [3, Theorem 2] and the Turán type inequali-
ties for confluent hypergeometric functions of the second kind [8], we deduce
some new inequalities for confluent hypergeometric functions of the second
kind.

Theorem 4. If a > 0 > c and x > 0, then the following inequalities are
valid:

(2.13)

(

Γ(a− c+ 1)

Γ(−c)
ψ(a+ 1, c+ 1, x)

) 1
a+1

<

(

Γ(a− c+ 1)

Γ(1− c)
ψ(a, c, x)

) 1
a

,

and

(2.14) 2 <
ψ(a, c, x)

ψ(a+ 1, c+ 1, x)
−

1

c

(

Γ(a− c+ 1)

Γ(1− c)
ψ(a, c, x)

) 1
a

.

Moreover, the following inequality

(

Γ(a− c+ 1)

Γ(1− c)
ψ(a, c, x)

) c
a(c+1)

<

(

Γ(a− c+ 1)

Γ(−c)
ψ(a+ 1, c+ 1, x)

) 1
a+1

(2.15)

is valid for a > 0, c < −1, x > 0 and the inequality

(2.16) ψ(a+ 1, c+ 1, x) < −
1

c
ψ(a, c, x)

is valid for a > 0 > c and x > 0.
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3. Proofs of main results

In this section we prove our main results and we also give alternative
proofs for the Turán type inequalities (3.4), (3.11), (3.15) and left-hand side
of (3.16) in [8].

Proof of Theorem 1. Taking into account the proof of [8, Theorem 2],
we know that for a > 0, c < 1 and x > 0 we have

(3.1)
ψ∆a,c(x)

ψ2(a, c, x)
= −

∞
∫

0

tϕa,c(t)

(x+ t)2
dt,

where

ϕa,c(t) =
t−ce−t

∣

∣ψ(a, c, teiπ)
∣

∣

−2

Γ(a+ 1)Γ(a− c+ 1)
,

and

ψ∆a,c(x) = ψ2(a, c, x)− ψ(a− 1, c− 1, x)ψ(a+ 1, c+ 1, x).

Observe that

(

x2ψ∆a,c(x)

ψ2(a, c, x)

)′

= −

∞
∫

0

2xt2ϕa,c(t)

(x+ t)3
dt < 0,

for all a > 0, c < 1 and x > 0. Thus, the function

x 7→
x2ψ∆a,c(x)

ψ2(a, c, x)

is strictly decreasing and maps (0,∞) into (−∞, 0). Consequently we have
for all a > 0, c < 1 and x > 0,

ζa,c := lim
x→∞

x2ψ∆a,c(x)

ψ2(a, c, x)
<
x2ψ∆a,c(x)

ψ2(a, c, x)
< lim

x→0

x2ψ∆a,c(x)

ψ2(a, c, x)
=: ηa,c.

Now to compute ζa,c, we use the asymptotic expansion [1, p. 508]

ψ(a, c, x)

∼ x−a
(

1 + a(c− a− 1)
1

x
+

1

2
a(a+ 1)(a+ 1− c)(a+ 2− c)

1

x2
+ · · ·

)

,
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which is valid for large real x and fixed a and c. Thus, we have

x2ψ∆a,c(x)

ψ2(a, c, x)
∼

x2

(1 + α1(a, c)
1
x
+ α2(a, c)

1
x2

+ . . . )
2

·

[

(

1 + α1(a, c)
1

x
+ α2(a, c)

1

x2
+ . . .

)2

−

(

1 + α1(a− 1, c− 1)
1

x
+ α2(a− 1, c− 1)

1

x2
+ . . .

)

×

(

1 + α1(a+ 1, c+ 1)
1

x
+ α2(a+ 1, c+ 1)

1

x2
+ . . .

)

]

,

where

α1(a, c) = a(c− a− 1) and α2(a, c) =
1

2
a(a+ 1)(a+ 1− c)(a+ 2− c).

Since 2α1(a, c) = α1(a−1, c−1)+α1(a+1, c+1), it follows that in the above
asymptotic expansion inside of square brackets the factor 1/x vanishes and
thus we just need to look at the coefficient of the factor 1/x2. But this is

2α2(a, c) + α2
1(a, c)− α2(a− 1, c− 1)− α2(a+ 1, c+ 1)

− α1(a− 1, c− 1)α1(a+ 1, c+ 1).

After some algebra we obtain that the above expression becomes c− a− 1,
and thus we have that

(3.2) ζa,c = lim
x→∞

x2ψ∆a,c(x)

ψ2(a, c, x)
= c− a− 1,

that is, indeed the inequality (2.1) is valid.
Note that in view of the proof of [8, Theorem 2] we know that

(3.3) lim
x→0

ψ∆a,c(x)

ψ2(a, c, x)
=

1

c

for a > 0 > c, and thus it follows that

ηa,c = lim
x→0

x2.ψ∆a,c(x)

ψ2(a, c, x)
= 0.



TURÁN TYPE INEQUALITIES 81

In this case we obtain the Turán type inequality (2.5).
Alternatively, (2.1) can be proved as follows. Using (3.2) and (3.1) we

have

(3.4)

∞
∫

0

tϕa,c(t) = 1 + a− c.

Now from (3.1) and (3.4), for all a > 0, c < 1 and x > 0 we have

ψ∆a,c(x)

ψ2(a, c, x)
= −

∞
∫

0

tϕa,c(t)

(x+ t)2
dt > −

∞
∫

0

tϕa,c(t)

x2
=
c− a− 1

x2
.

This gives another proof of (2.1).

Moreover, again using (3.1), (3.4) and the inequality (x+ t)3 > x3, we
can get another proof of (2.1). Namely, we have that

(

ψ∆a,c(x)

ψ2(a, c, x)

)′

=

∞
∫

0

2tϕa,c(t)

(x+ t)3
dt <

∞
∫

0

2tϕa,c(t)

x3
dt =

(

c− a− 1

x2

)′

,

that is, the function

x 7→
ψ∆a,c(x)

ψ2(a, c, x)
−
c− a− 1

x2

is strictly decreasing on (0,∞). Since (see [8])

(3.5) lim
x→∞

ψ∆a,c(x)

ψ2(a, c, x)
= 0,

it results that

ψ∆a,c(x)

ψ2(a, c, x)
>
c− a− 1

x2
,

which is exactly (2.1).
By using a similar trick as above we have that

(3.6)

∞
∫

0

ϕa,c(t) = 1,
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since (see proof of [8, Theorem 3])

lim
x→∞

ψ∆a(x)

ψ2(a, c, x)
= 0,

and

(1 + a− c)ψ∆a(x)

ψ2(a, c, x)
= 1−

∞
∫

0

x2ϕa,c(t)

(x+ t)2
dt,

where ψ∆a(x) = ψ2(a, c, x)− ψ(a− 1, c, x)ψ(a+ 1, c, x), a > 0, c < 1 and
x > 0.

Now in view of (3.6) and the inequality 2tx < (t+ x)2 we obtain

ψ∆a,c(x)

ψ2(a, c, x)
= −

∞
∫

0

tϕa,c(t)

(x+ t)2
dt > −

1

2x

∞
∫

0

ϕa,c(t) dt = −
1

2x
;

or equivalently

ψ2(a, c, x)− ψ(a− 1, c− 1, x)ψ(a+ 1, c+ 1, x) > −
1

2x
ψ2(a, c, x),

where a > 0, c < 1 and x > 0. This proves the Turán type inequality (2.3).
Taking into account of the differentiation formula [1, p. 507]

(3.7) ψ′(a, c, x) = −aψ(a+ 1, c+ 1, x),

we obtain

(

ψ∆a,c(x)

ψ2(a, c, x)

)′

=
(a− 1)ψ2(a, c, x)ψ(a+ 1, c+ 1, x)

ψ3(a, c, x)

+
(a+ 1)ψ(a− 1, c− 1, x)ψ(a+ 2, c+ 2, x)ψ(a, c, x)

ψ3(a, c, x)

−
2aψ(a− 1, c− 1, x)ψ2(a+ 1, c+ 1, x)

ψ3(a, c, x)

and in view of the asymptotic expansion [1, p. 508]

(3.8) ψ(a, c, x) ∼
Γ(1− c)

Γ(a− c+ 1)
,
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where a > 0 and c < 1 are fixed and x→ 0, we obtain that

(

ψ∆a,c(x)

ψ2(a, c, x)

)′

∼
(a− 1)Γ2(1− c)Γ(−c)

Γ3(1− c)

+
(a+ 1)Γ(1− c)Γ(2− c)Γ(−1− c)− 2aΓ(2− c)Γ2(−c)

Γ3(1− c)
,

where a > 1 and c < −1 are fixed and x→ 0. After some algebra (using
Γ(α+ 1) = αΓ(α)) we get

[

ψ∆a,c(x)

ψ2(a, c, x)

]′

∼
2(c− a)

c2(c+ 1)
,

where a > 1 and c < −1. On the other hand, using (3.1) we obtain

lim
x→0

(

ψ∆a,c(x)

ψ2(a, c, x)

)′

= 2

∞
∫

0

ϕa,c(t)

t2
dt.

Thus we have

(3.9)

∞
∫

0

ϕa,c(t)

t2
dt =

c− a

c2(c+ 1)
,

where a > 1 and c < −1. Now in view of (3.9) and the inequality (x+ t)3 >
t3 we have

(

ψ∆a,c(x)

ψ2(a, c, x)

)′

=

∞
∫

0

2tϕa,c(t)

(x+ t)3
dt < 2

∞
∫

0

ϕa,c(t)

t2
dt =

(

2(c− a)

c2(c+ 1)
x

)′

,

and thus the function

x 7→
ψ∆a,c(x)

ψ2(a, c, x)
− 2x

(

c− a

c2(c+ 1)

)

is strictly decreasing on (0,∞) for a > 1 and c < −1. Consequently in view
of (3.3) the Turán type inequality (2.2) follows.

Finally, observe that in view of (3.3) the inequality (2.2) is sharp as
x→ 0, while (3.5) gives the sharpness of (2.1) and (2.3) as x→ ∞. �
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Proof of Theorem 2. Let us consider the Turánian

ψ∆a(x) = ψ2(a, c, x)− ψ(a− 1, c, x)ψ(a+ 1, c, x).

According to the proof of [8, Theorem 3] we know that

(3.10)
(1 + a− c)ψ∆a(x)

ψ2(a, c, x)
= 1−

∞
∫

0

x2ϕa,c(t)

(x+ t)2
dt,

where a > 0, c < 1 and x > 0.

Now consider the function x 7→ x2(
(1+a−c)ψ∆a(x)

ψ2(a,c,x)
− 1). Since for all x > 0

and t > 0 we have

(

x4

(x+ t)2

)′

=
2x3(x+ 2t)

(x+ t)3
> 0,

and thus the above function is strictly increasing on (0,∞). Since (see the
proof of [8, Theorem 3])

lim
x→0

(1 + a− c)ψ∆a(x)

ψ2(a, c, x)
= 1,

for a > 1 > c and x > 0, it follows that

lim
x→0

x2
(

(1 + a− c)ψ∆a(x)

ψ2(a, c, x)
− 1

)

= 0,

and thus we have the inequality (2.9), which is exactly the left-hand side of
(3.15) in [8].

By using (3.4), (3.10) and the inequality 2x
(x+t)3

< 2
x2

we have

(

ψ∆a(x)

ψ2(a, c, x)

)′

= −
1

1 + a− c

∞
∫

0

2xtϕa,c(t)

(x+ t)3
dt

> −
1

1 + a− c

∞
∫

0

2tϕa,c(t)

x2
dt =

(

2

x

)′

,

that is, the function

x 7→
ψ∆a(x)

ψ2(a, c, x)
−

2

x
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is strictly increasing on (0,∞). Since (see the proof of [8, Theorem 3])

lim
x→∞

ψ∆a(x)

ψ2(a, c, x)
= 0,

we deduce that

ψ2(a, c, x)− ψ(a− 1, c, x)ψ(a+ 1, c, x) <
2

x
ψ2(a, c, x),

where a > 0, c < 1 and x > 0. This proves the right-hand side of (2.6).
We also note that (3.6) can be used to get another proof of (2.8), which

is the right-hand side of (3.15) in [8]. Namely, for a > 0, c < 1 and x > 0 we
have

(1 + a− c)ψ∆a(x)

ψ2(a, c, x)
= 1−

∞
∫

0

x2ϕa,c(t)

(x+ t)2
dt > 1−

∞
∫

0

ϕa,c(t) = 0,

which gives right-hand side of (3.15) in [8].
Now, observe that in view of (3.1) and (3.3) we have

(3.11) lim
x→0

ψ∆a,c(x)

ψ2(a, c, x)
=

1

c
= −

∞
∫

0

ϕa,c(t)

t
dt,

where a > 0 > c. From (3.11) and the inequality (x+ t)2 > 2xt we have for
all a > 0 > c and x > 0,

(1 + a− c)ψ∆a(x)

ψ2(a, c, x)
= 1−

∞
∫

0

x2ϕa,c(t)

(x+ t)2
dt > 1−

x

2

∞
∫

0

ϕa,c(t)

t
dt = 1 +

x

2c
,

which proves the left-hand side of (2.6).

Now using (3.10), inequality (x+ t)3 > t3 and (3.9), we have for all a > 1
and c < −1

(

(1 + a− c)ψ∆a(x)

ψ2(a, c, x)

)′

= −

∞
∫

0

2xtϕa,c(t)

(x+ t)3
dt > −2x

∞
∫

0

ϕa,c(t)

t2
dt

=

(

−

(

c− a

c2(c+ 1)

)

x2
)′

.
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Thus, the function

x 7→
(1 + a− c)ψ∆a(x)

ψ2(a, c, x)
+

(

c− a

c2(c+ 1)

)

x2

is strictly increasing on (0,∞) and hence using the limit

lim
x→0

(1 + a− c)ψ∆a(x)

ψ2(a, c, x)
= 1,

the Turán type inequality (2.7) follows.
Since (see proof of [8, Theorem 3])

lim
x→0

ψ∆a(x)

ψ2(a, c, x)
=

1

1 + a− c

and

lim
x→∞

ψ∆a(x)

ψ2(a, c, x)
= 0,

the left-hand side of (2.6), and the inequality (2.7) are clearly sharp as x→ 0,
while the right-hand side of (2.6) is sharp as x→ ∞. �

Proof of Theorem 3. By using (3.4), the inequality (x+ t)3 > x3 and
the next relation (see the proof of [8, Theorem 4])

(

ψ∆c(x)

ψ2(a, c, x)

)′

=
a

1 + a− c

∞
∫

0

2tϕa,c(t)

(x+ t)3
dt,

where

ψ∆c(x) = ψ2(a, c, x)− ψ(a, c− 1, x)ψ(a, c+ 1, x),

we get for all a > 0, c < 1 and x > 0

(

ψ∆c(x)

ψ2(a, c, x)

)′

<
(

−
a

x2

)′

,

that is, the function

x 7→
ψ∆c(x)

ψ2(a, c, x)
+

a

x2
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is strictly decreasing on (0,∞). Since (see the proof of [8, Theorem 4])

(3.12) lim
x→∞

ψ∆c(x)

ψ2(a, c, x)
= 0

and hence we get the inequality (2.10).

By using (3.11) and the inequality (x+ t)2 > t2 we obtain

ψ∆c(x)

ψ2(a, c, x)
= −

a

1 + a− c

∞
∫

0

tϕa,c(t)

(x+ t)2
dt > −

a

1 + a− c

∞
∫

0

ϕa,c(t)

t
dt

=
a

c(1 + a− c)
,

where a > 0 > c and x > 0. This is the left-hand side of (3.16) in [8], that
is, the inequality (2.12).

Finally, using (3.9) for a > 1, c < −1 and x > 0 we have

(

ψ∆c(x)

ψ2(a, c, x)

)′

=
a

1 + a− c

∞
∫

0

2tϕa,c(t)

(x+ t)3
dt <

2a

1 + a− c

∞
∫

0

ϕa,c(t)

t2
dt

=

(

2a

1 + a− c

(

c− a

c2(c+ 1)

)

x

)′

,

that is, the function

x 7→
ψ∆c(x)

ψ2(a, c, x)
−

2a

1 + a− c

(

c− a

c2(c+ 1)

)

x

is decreasing on (0,∞). Since (see the proof of [8, Theorem 4])

(3.13) lim
x→0

ψ∆c(x)

ψ2(a, c, x)
=

a

c(1 + a− c)
,

we get the inequality (2.11).
Now in view of (3.12), the inequality (2.10) is sharp as x→ ∞ while

(3.13) gives the sharpness of (2.11) as x→ 0. �

Proof of Theorem 4. To prove (2.13), consider the function fa,c :
(0,∞) → R, defined by

fa,c(x) =
1

a
logψ(a, c, x)−

1

a+ 1
logψ(a+ 1, c+ 1, x),
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which in view of the Turán type inequality (2.5) and the differentiation for-
mula (3.7) gives

f ′a,c(x) =
ψ(a+ 2, c+ 2, x)

ψ(a+ 1, c+ 1, x)
−
ψ(a+ 1, c+ 1, x)

ψ(a, c, x)
> 0.

Therefore fa,c is increasing on (0,∞) and hence fa,c(x) > fa,c(0) for x > 0
and consequently by using the asymptotic expansion (3.8), the inequality
(2.13) follows.

The inequality (2.14) follows from (2.13) and arithmetic-geometric mean
inequality. Namely, by using inequality (2.13) twice, we have

ψ(a+ 1, c+ 1, x)

ψ(a, c, x)

<

(

Γ(−c)

Γ(a− c+ 1)

) 1
a+1

(

Γ(a− c+ 1)

Γ(1− c)

) 1
a

·
(

ψ(a, c, x)
)

1−a
a

(

ψ(a+ 1, c+ 1, x)
) a
a+a

< −
1

c

(

Γ(a− c+ 1)

Γ(1− c)
ψ(a, c, x)

) 1
a

,

which by using the following arithmetic-geometric mean inequality

2 ≦
ψ(a, c, x)

ψ(a+ 1, c+ 1, x)
+
ψ(a+ 1, c+ 1, x)

ψ(a, c, x)

gives the inequality (2.14).
Now, to prove the inequality (2.15), consider the function ga,c : (0,∞) →

R, defined by

ga,c(x) =
c

a(c+ 1)
logψ(a, c, x)−

1

(a+ 1)
logψ(a+ 1, c+ 1, x),

which in view of the Turán type inequality (2.4) and the differentiation for-
mula (3.7) gives

g′a,c(x) =
ψ(a+ 2, c+ 2, x)

ψ(a+ 1, c+ 1, x)
−

c

c+ 1

ψ(a+ 1, c+ 1, x)

ψ(a, c, x)
< 0.

Therefore ga,c is decreasing on (0,∞) and ga,c(x) < ga,c(0) for x > 0 and
hence by (3.8) the inequality (2.15) follows.
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To prove the inequality (2.16), consider the function ha,c : (0,∞) → R,
defined by

ha,c(x) = logψ(a, c, x)− logψ(a+ 1, c+ 1, x),

which according to the following Turán type inequality for confluent hyper-
geometric functions of the second kind [8]

(3.14) ψ2(a, c, x)− ψ(a− 1, c− 1, x)ψ(a+ 1, c+ 1, x) <
1

a
ψ2(a, c, x),

valid for a > 0, c ∈ R and x > 0, and the differentiation formula (3.7) gives

h′a,c(x) =
ψ(a+ 2, c+ 2, x)

ψ(a+ 1, c+ 1, x)
−

(

a

a+ 1

)

ψ(a+ 1, c+ 1, x)

ψ(a, c, x)
> 0.

Hence ha,c is increasing on (0,∞) and consequently in view of (3.8) inequal-
ity (2.16) follows.

We note that the Turán type inequality (3.14) has been proved in [8]
using the classical Hölder–Rogers inequality for integrals. Alternatively, this
inequality can be proved using convolution theorem for Laplace transforms.
Namely, by taking into account of the integral representation (1.1) and the
convolution theorem for Laplace transforms, it follows that

ψ∆a,c(x) = ψ2(a, c, x)− ψ(a− 1, c− 1, x)ψ(a+ 1, c+ 1, x)

=
1

Γ2(a)

∞
∫

0

e−xt
(

t
∫

0

(t− u)a−1(1 + t− u)c−a−1

× ua−1(1 + u)c−a−1 du

)

dt

−
1

Γ(a− 1)Γ(a+ 1)

∞
∫

0

e−xt
(

t
∫

0

(t− u)a−2

× (1 + t− u)c−a−1ua(1 + u)c−a−1 du

)

dt

=
1

Γ2(a)

∞
∫

0

e−xt

( t
∫

0

(t− u)a−2(1 + t− u)c−a−1

× ua−1(1 + u)c−a−1

(

t− u
2a− 1

a

)

du

)

dt.
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Now by using the change of variable u = t(1+y)
2 , it follows that,

t
∫

0

(t− u)a−2(1 + t− u)c−a−1ua−1(1 + u)c−a−1

(

t− u
2a− 1

a

)

du

=

1
∫

−1

(

t(1− y)

2

)a−2 (

1 +
t(1− y)

2

)c−a−1

×

(

t(1 + y)

2

)a−1 (

1 +
t(1 + y)

2

)c−a−1 y(1− 2a) + 1

2a

t2

2
dy

= 2

1
∫

0

t2a−1

22a−1
(1− y2)

a−2

(

(

1 +
t

2

)2

−
t2y2)

4

)c−a−1
1

a

(

1 + (1− 2a)y2
)

dy.

On the other hand, by using similar steps, ψ2(a, c, x)/a can be rewritten as

1

aΓ2(a)

∞
∫

0

e−xt
(

t
∫

0

(t− u)a−1(1 + t− u)c−a−1ua−1(1 + u)c−a−1 du

)

dt

=
1

aΓ2(a)

∞
∫

0

e−xt
1

∫

−1

(

t2(1− y)(1 + y)

4

)a−1

×

(

1 +
t(1− y)

2

)c−a−1 (

1 +
t(1 + y)

2

)c−a−1 t

2
dy dt

=
1

aΓ2(a)

∞
∫

0

e−xt



2

1
∫

0

t2a−1

22a−1
(1− y2)

a−2

×

(

(

1 +
t

2

)2

−
t2y2

4

)c−a−1
1

a
(1− y2) dy



 dt.

Since for all a > 1 and y ∈ (0, 1), we have

1

a

(

1 + (1− 2a)y2
)

<
1

a
(1− y2),



TURÁN TYPE INEQUALITIES 91

it follows that ψ∆a,c(x) <
1
a
ψ2(a, c, x), that is, we have the Turán type in-

equality (3.14) for a > 1, c ∈ R and x > 0, which is exactly the inequality
(3.11) in [8]. �
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[9] Baricz, Á. and Pogány, T. K., Turán determinants of Bessel functions, Forum
Math., 26(1) (2011), 295–322.
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