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Abstract

The domination number v(H) of a hypergraph H = (V(H), E(H)) is the minimum
size of a subset D C V(H) of the vertices such that for every v € V(H) \ D there exist
a vertex d € D and an edge H € E(H) with v,d € H. We address the problem of
finding the minimum number n(k,~) of vertices that a k-uniform hypergraph H can
have if v(H) > ~ and H does not contain isolated vertices. We prove that

n(k,) =k + O(k'~1/7)

and also consider the s-wise dominating and the distance-I dominating version of the
problem. In particular, we show that the minimum number ng4.(k,,1) of vertices that
a connected k-uniform hypergraph with distance-I domination number + can have is

roughly % .

1 Introduction

In this paper we establish basic inequalities involving fundamental hypergraph parameters
such as order, edge size, and domination number.

Many problems in extremal combinatorics are of the following form: what is the small-
est or largest size that a graph, hypergraph, set system can have, provided it satisfies a
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prescribed property? In most cases, size is measured by the number of edges, hyperedges,
sets, respectively, contained in the object, and the number of vertices is usually included in
the prescribed property. However, sometimes it can be interesting and even applicable to
consider problems about the minimum or maximum number of vertices [18, 19, 20].

In the present paper we address the problem of finding the minimum number of vertices
in a k-uniform hypergraph that has large domination number. The domination number
7(G) of a graph G, a widely studied notion (see [10], [11]), is the smallest size that a subset
D C V(Q) of the vertices can have if every vertex v € V(G) \ D has a neighbor in D.

We will be interested in the hypergraph version of this notion, which was investigated
first in [1] and later studied in [2, 3, 4, 14, 16]. Let H = (V(H), E(H)) be a hypergraph.
The neighborhood' of a vertex v € V(H) is the set N, := {v} U Urer@ . ver £, and the
neighborhood of a set S C V(H) is defined as N(S) := |J,cg No- A set D C V(H) is called
a dominating set of H if DN N, # () for all v € V(H). Equivalently we can say that D is
a dominating set if and only if N(D) = V(H). The minimum size v(H) of a dominating
set in a hypergraph H is the domination number of H. As all isolated vertices always are
contained in every dominating set, they can be eliminated in an obvious way, therefore we
restrict our attention to hypergraphs without isolates.

Let n(k,~) be the minimum number of vertices that a k-uniform hypergraph with no
isolated vertices must contain if its domination number is at least 4. Beyond the trivial case
of n(k, 1) = k, the problem of determining n(k, ) is natural and seems interesting enough to
be addressed on its own right; neverhteless, Gerbner et al. (Problem 17 in [8]) arrived from
a combinatorial search-theoretic framework at the particular problem of deciding whether
n(k,3) > 2k + 3 holds or not. We answer this problem in the negative, determining the
asymptotic behavior of n(k,~) as a function of k for every fixed v, up to the exact growth
order of the second term. To state our result in full strength, we need to introduce two
generalizations of domination. For an integer s > 0 we call D C V(H) an s-dominating
set of H if [D N N,| > s for all v € V(H) \ D and we call D and s-tuple dominating set if
|IDNN,| > s for all v € V(H). Note that dominating sets are exactly the 1-dominating sets
and 1-tuple dominating sets. As introduced in [7] and [9], respectively, the minimum size
v(H,s) of an s-dominating set in a hypergraph H is the s-domination number of H and
the minimum size v« (H, s) of an s-tuple dominating set in a hypergraph # is the s-tuple
domination number? of H. By definition, we have v(H, s) < v« (H, s). For every pair v, s of
integers with v > s, let n(k,~, s) denote the minimum number of vertices that a k-uniform
hypergraph H must have if y(?, s) > v holds and there exist no isolated vertices in H and

n this paper we use the short term “neighborhood”, although this is called “closed neighborhood” in
the main part of the literature. We note that the inclusion of {v} in the definition of N, may be omitted if
v is not an isolated vertex in H.

2The standard notation for s-tuple domination in the graph theory literature is vx(G), but for the
different variants of domination in this paper we try to use notations which are similar to each other in their
form, this is why we put s in another position.



let ny (k,~, s) denote the minimum number of vertices that a k-uniform hypergraph H must
have if v(H,s) > v holds and there exist no isolated vertices. From the above, we have
T (ka Y S) S n(k7 Y5 S)'

Our main theorem about s-domination is the following.
Theorem 1.1. For every v > 2 and s > 1 with v > s we have
ko kYO < (ks 8) <k, y,s) < KA (4 o(1))RH O,

Another generalization of domination is distance-I domination, which was introduced by
Meir and Moon in [17]. This notion has been studied only for graphs so far. A good survey
of the results until 1997 is [12]. For more recent upper and lower bounds on the distance-
domination number of graphs see [13] and [6].

In distance-/ domination a vertex v dominates all vertices that are at distance at most
[ from v. As the definition of distance in graphs involves paths, and paths in hypergraphs
can be defined in several ways, distance-/ domination could be addressed with each of those
definitions. But as we will remark in Section 4, only so-called ‘Berge paths’ offer new
problems in our context. A Berge path of length [ is a sequence vy, Hy, vy, Ho, v, ..., H;, v
with v; € V(H) for i = 0,1,...,0 and v;_y,v; € H; € E(H) for i = 1,2,...,]. The distance
dy(u,v) of two vertices u,v € V(H) is the length of a shortest Berge path from u to v. The
ball centered at u and of radius | consists of those vertices of H which are at distance at most
[ from w; it will be denoted by Bj(u). We call D C V(H) a distance-l dominating set of H
if Uyep Bi(w) = V(H). Equivalently we can say that D C V(#) is a distance-I dominating
set if and only if D N By(v) # 0 for all v € V(H). Note that distance-1 dominating sets are
the usual dominating sets.

The minimum size of a distance-l dominating set in a hypergraph H is the distance-I
domination number v4(H, ). Let further ng(k,~,{) denote the minimum number of vertices
that a k-uniform hypergraph H with no isolated vertices can contain if ~v4(?,1) > v holds.
The next proposition shows that ng(k,~, 1) does not depend on [ once [ > 2 is supposed.

Proposition 1.2. For any k,l > 2 and v > 1 we have ny(k,7,l) = kv, and the unique
extremal hypergraph consists of v pairwise disjoint edges.

Proof. 1t is clear that the k-uniform hypergraph with just ~ disjoint edges yields the upper
bound ng4(k,v,1) < k7.

We prove the lower bound by induction on . The case v = 1 is trivial. So assume that
v > 2, and let H = (V(H), E(H)) be a k-uniform hypergraph with v4(H,1) > ~. Consider
an arbitrary v € V(H). Any vertex in N(B;_1(v)) is distance-l dominated by v, therefore
the k-uniform hypergraph H’ induced by the edge set {H € E(H) : HN B_1(v) = 0}
covers all vertices of H not distance-I dominated by v. The assumption v4(H, 1) > 7 implies
va(H', 1) > v — 1 and thus using that |B,_1(v)| > k for { > 2 and by induction we obtain

V(H) = [Bia )| + [V(H)| 2 k+ (v = Dk = 7k
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Strict inequality holds whenever v has degree at least two. [

The problem becomes more interesting when disconnected hypergraphs get excluded.
Hence, for k£ > 2 and [,y > 1 let ng.(k,~,!) denote the minimum number of vertices that a
k-uniform connected hypergraph H must contain if it has v4(H, 1) > 7.

To state our main result concerning ng4.(k,,1) we need to define the following function:
Lk + max{k, v} if [ is even,
[k, 1) = lQ“k .
= kv if [ is odd.

Theorem 1.3. (a) For any k,l > 2 we have

M < nge(k, 2,1) < min { WZ + 1)2(k i ﬂ 1+ 1)k:} .

(b) For any k > 2,1 >4 and v > 3 we have

k Kl_Tl - 1) ﬂ < nge(k, v, 1) < f(k,7,1).

(c¢) For any k > 2 and v > 3 we have
kv < ng.(k,7,2) < ky+ max{k,~v}.
(d) For any k > 2 and v > 3 we have

ky < nge(k,v,3) < 2ky.

The remainder of the paper is organized as follows: we prove Theorem 1.1 in Section 2,
and Theorem 1.3 in Section 3. Section 4 contains some final remarks, also including a general
upper bound on 74.(H,1) as a function of [, the number of vertices, and the edge size.

2 Proof of Theorem 1.1

In this section we prove our bounds on ny(k,~,s) and n(k,~,s). First we verify the bound
k+ E'Y/0=s+D) < (k,~,s). Observe that it is enough to prove the statement for s = 1,
since for any hypergraph H we have vy (H,s) — (s — 1) > ~x(#H,1) as for any s-tuple



dominating set D of H and a s'-subset D" of D the set D\ D' (s — s')-tuple dominates H.
Consequently

nx(k:77> S) > nx(kv'y - (3 - 1)7 1)7
which implies the statement.

To see n(k,7,1) > k + k'~Y/7 let H be a k-uniform hypergraph with v(#) > v > 2. Let
G = (V(H), E) be the graph with (u,v) € E if and only if no H € F(H) contains both u
and v. The v > 2 condition means that for any vertex v € V(H) there exists a u such that
no edge H € E(H) contains both u and v, thus G does not contain any isolated vertices.
Let us write n = |V(H)| = |[V(G)| = k + x and let ¢ be the number of edges in a largest
matching M = (V(M), E(M)) of G. Note that two distinct vertices u',v" outside V(M)
cannot be adjacent to two distinct endpoints u,v of an edge e € E(M) as the matching
(M\A{e})U{(u,u), (v,v")} would contradict the maximality of M. Then either just one of u
and v has neighbors outside M, or none of them have any, or they share their unique neighbor
outside M. We denote by e(v) the (or an) endpoint of e whose ‘outside’ neighborhood in
this sense contains the ‘outside’ neighborhood of the other endpoint, and let d.(,) denote the
size of Newy \ V(M).

By the definition of v = v, (H,1) = v(H,1) and G we have that for any set I" of v — 1
vertices in V(G) there is a vertex v € V(G) which is connected by edges in E(G) to all
the vertices of I'. If I is a subset of V(G) \ V (M), then the vertex which is adjacent to all
vertices of I' must be in V' (M), since M is maximal. By this we obtain

3 (o) > (V@O0
cem) N 1 -1
Writing d := maxce () de(v) the above inequality yields
td > (k+x—2t) 7

and rearranging gives
S k+x—2t

d 1
tr-1

Let e € E(M) be an edge with d.,) = d, and let H be any hyperedge H € E(H) containing
e(v). Just as any hyperedge, H must avoid an endpoint of each edge in M, and H is disjoint
from N \ V(M). Therefore, we obtain k+x =n > d+t+k and thus > d+t. Plugging
the previous inequality into this and rearranging yields:

1 32
t1(x—t+2t-1) > k+x.

—2

Now using that > t and t > t%, we obtain that the left-hand side of the previous
0

inequality is at most x7-T + x and therefore we have

0
x4+ x>k+ox,
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which proves the required lower bound.

To prove the bound n(k,~,s) < k + (4 + o(1))k' /051 we need a construction. This
involves projective geometries or linear vector spaces over finite fields. We will use the
Gaussian or ¢-binomial coefficient mq that denotes the number of k-dimensional subspaces
of a vector space of dimension n over F, i.e.

S e

and we will omit ¢ from the subscript when it is clear from the context. Let g be a
prime power, ¢ be any positive integer and U be a vy-dimensional vector space over F,. Let
Ei Es, ... E, be the 1-dimensional subspaces of U and Uy, Us, ..., U,, the y-dimensional
subspaces of U, where m = mq = [77 }q = +¢ 2+ +1. Let Ay, Ay,..., A, B be

1 -1
pairwise disjoint sets with B = {b1,ba,...,b,,} and |A;| =t for all 1 <7 < m. Let us define
Hq;%t - {Hl, Hg, ey Hm} by

JEiLU;

We claim that v(Hgy—st+1.,5) > 7. Suppose not and let D = Dp U D4 be a minimal s-
dominating set of H = Hyy—s11+ with Dg = DN B, Dy = D\ Dp and |D| < . As every
vertex d € Dpg is contained in exactly one hyperedge H, of H, each such d can be replaced
by a vertex d € V(H) \ (D U B) to obtain an s-dominating set D’ with D" C V(H) \ B
and |D'| = |D| < v. Let D' = {dy,ds,...,dp} and D" = {dy,ds,...,d,_s}. Then for
7 = ﬂjzaveD"mAj U; we obtain

dim(Z) > 1.

If E is a 1-subspace of Z, then the corresponding vertex b € V(H) is not dominated by any
vertex d € D" and thus at most (s — 1)-dominated by D’, which is a contradiction.

Let us consider the other parameters of the above hypergraph: n = |V(Hgy—st1,4)] =
m(t+ 1) and Hyr—st1,¢ 1S kgy—st1,-uniform with kg 511, = 1 + ¢7~%¢, therefore if ¢ = ¢,
then we obtain n = ¢" M +2(q"* + ¢+ +¢)+1and ky = kyysi14 =1+ ¢ 1,
thus we have n < k41 + 4k$:¥_(17_8+1). This finishes the proof of the upper bound if k is
one larger than the (v — s + 1)st power of a prime.

Finally, let us consider the general case when k' = 1+¢" 5" +e with e < ¢V =5+t — g7 F!
where ¢' is the smallest prime larger than ¢. It is well-known that ¢ = ¢ + o(q) and
thus e = o(¢" ™). Let C1,Cy,...,Cyq be pairwise disjoint sets all of size (Wﬁ}, all
being disjoint from V(H,—s+1,4). We renumber the subspaces Uy, Us, ..., U, in such a way
that Uy, Us, ..., Uz correspond to the dual of a (¢ + 1)-arc in PG(y — s,q), i.e. every 1-
subspace E of V is contained in at most v — s — 1 subspaces among Uy, Us, ..., U,. (For
a general introduction to finite geometries, see [15].) Therefore, for any 1 < ¢ < m, the sets



L ={j: 5,1 < j < q+1} satisty |I;] > ¢ — v+ s+ 2 and thus there exists a set
T; C Ujes f 81ze e. Let us define

jE1$UJ
By definition we have |H]| = k' for all i = 1,2,...,m. The s-domination number of the

new hypergraph is the same as that of the old one, as for any v € C; and u € A; we have
N, C N,. Moreover the number n’ of vertices in the new hypergraph is

nt | 1g+1) Sk +4k7Y074 e+ O (e/q) <K + (44 o(1))R1HO7+D,

.
g—v+s+1
as O,(e/q) = o(q"*) holds by e = o(q"**1). O

3 Distance domination

In this section we prove Theorem 1.3, the lower and upper bounds on ng.(k,~,1).

3.1 The j-radius of trees

We start with some definitions and an auxiliary statement that we will use in the proof.
Definition. For positive integers aq, as, ..., ay the spider graph, denoted by
S(ay,as, ..., ap),

is the tree on 1 + Z?:l a; vertices which is obtained from h paths of lengths aq,as, ..., ap,
respectively, by identifying the first vertices of those paths to a single vertex v of degree h.
Hence, S(ai,as,...,an) \ {v} has h connected components, say C,Cs,...,C}, where each
C; is a path P,, on a; vertices (for i = 1,2,..., h).

In a connected graph G = (V(G), E(G)), the excentricity of a vertex v € V(G) is defined
as

excg(v) := max{dg(u,v) : u € V(G)}
and let the radius of G is

r(G) := min{excg(v) : v € V(G)}.
More generally, for any () # W C V(G) let us write

excg(W) := max{min{dg(u,w) : w € W} :u € V(G)}
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and for an integer j > 1 let the j-radius of G be
r;(G) := min{exce(W) : W C V(G), |W| < j}.
Certainly we have r(G) = r1(G). Finally, let

r;(n) == max{r;(T) : [V(T)| =n, T is a tree}.

The numerical bounds themselves in the next lemma concerning the radius of a tree are
folklore; for later use, however, we need a more detailed assertion which describes some
structural properties, too. Some bounds on the function r;(n) can be derived also from
results of Meir and Moon [17], but the following is a little sharper.

Lemma 3.1. Let n > j be positive integers. Then we have
B n S ] (n) S - i .
J+1 Jj+1

(i) if n is even, then the only tree with r(T) = [%51] is the path P, on n vertices.

(ii) If n is odd and r(T) = [25*] holds, then T is a path P,_y with a pendant edge.
Furthermore, T contains two copies of P,_1 if and only iof T s either a path P, or a fork
F,,. Otherwise T contains just one copy of P,_1.

Moreover, r1(n) = [%51] and

Proof. Let us first prove the statements about 71(n). Let T" be an arbitrary tree on n vertices
and let v be a middle vertex of a longest path P in T. If P contains [ vertices, then any
vertex is at distance at most ( L1 from v. This implies all assertions of the lemma if n is
even. If n is odd, this implies that T must contain a path on n — 1 vertices and thus 7" is a
path P,_; and a pendant edge.

Let us now prove the general lower bound. We claim that

L’LJ Y (S(B:JLLJL%J»

holds, which proves the lower bound by the definition of 7;(n). To see that the claim is true,

observe that any set U C V(S (L]H |75l L"]%Il )) of size j is disjoint from at least

one component C' of S( g+1J nglJ o LnjillJ) \ {v}

Thus if v ¢ U, then the leaf of S([ 17 ], 75l L"ﬂ L]) belonging to C' has distance
at least

n—1 n
14 |- > | =
LHJ LHJ
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from any vertex of U.

If v € U holds, then U is disjoint from at least two components C7, Cy of
S( ?;llj 5550 L"ji;lj) \ {v}, and the leaf of S(LJHJ 75, - "ji;lj) belonging to
the larger path has distance at least L 7] from v and thus from U. Thls completes the proof

of the general lower bound.

To see the general upper bound, let T' be any tree on n vertices. We will use the following
claim repeatedly.

Claim 3.2. Let m < n be two positive integers. Then in any tree T" on n vertices there
exists a vertex v such that if Cy,Cy, ..., C, denote those components of 7"\ {v} whose all
vertices are at distance at most m from v, then > 7 | |C;| > m holds.

Proof of Claim 3.2. Let P be a longest path of T'. If P contains at most m vertices, then
any vertex can play the role of v. If P contains at least m + 1 vertices, then let v be the

(m 4+ 1)st vertex from one end of P. O
Fort=1,2,...,5 —1let my = ”;FTtIlJ and let 77 = T. We apply Claim 3.2 to T; and
my fort =1,2,...,7 — 1 to obtain v;; and then set

Tiyq = Tg \ Uf;10i,t>

where the C;; (i = 1,2, ..., k;) are the components of T3 \ {v;} whose vertices are at distance
at most m; from v,. By the claim we also have Zf;l |Cit] > my.
In this way we obtain a tree T} of at most [2-%7] vertices. Let v; be a vertex of T}

[V(T;)|-1
2

within distance [ | from all vertices of 7. Such a vertex exists by the result on

ri(n). Clearly, U = {v1, vz, ..., v;} is a set of vertices with excy(U) < [+7], which proves
ri(T) < [#451- o

3.2 Putting things together: the proof of Theorem 1.3

Let us first prove the upper bounds of Theorem 1.3. To do so we introduce two types of
hypergraphs with distance-/ domination number . The second construction will prove the
upper bounds of (b), (c), and (d). If v = 2, then the construction giving the smaller
number of vertices depends on the values of k£ and [. This is why we have the minimum of
two expressions in the upper bound of (a).

Construction 1:

Fori=1,...,2l(y — 1)+ 1 let U; be pairwise disjoint sets, and let v; and w be distinct

vertices Wthh are not elements of UZZ O During Construction 1 all the indices will

be taken modulo 2I(y — 1) 4+ 1, e.g. we then have 2I(y — 1) +2 = 1.



If k is odd, let |U;| = %5 for all i. We define a hypergraph H = (V(H), E(H)) in the

following way. Let
2(y—1)+1

VH) = ] (Uiufwd),

i=1
and let the hyperedges of H be

Hi = Ul U Ui+1 U {’Ul}
fori=1,...,2l(y — 1) 4+ 1. Then the size of V(H) is

2l(y-1)+1)(k+1)
5 :
If k is even, let |Uy| = & for i =1,...,1(y—1) and [Upis| = E—1for i =0,...,0(y—1).
We define ‘H with the vertex set

2A(y—1)+1

VH) :={w}u |J @U{v}),

i=1
and with the edge set F(H) :={H; |1 <i <2l(y—1)+ 1}, where
H; :=U; UU;11 U{v;}
ifi=1,...,2l(y—1), and
H; :=U; UU;11 U{v;, w}
if i =2I(y — 1) + 1. Then,

WV (H)| = (2l(y - 1)2+1)(k:+ D, % _ {(21(7— 1);1)(“ 1)} |

To see that v4(H, 1) > v holds in both cases, observe the following facts:

e vertex v; distance-/ dominates a vertex v; exactly for
jeli—Il+1,...,i+1—1},
e vertex w distance-/ dominates a v; exactly for
je{2(y—-1)=1+2,...,2l(y=1)+1},
e a vertex u € U; distance-l dominates a v; exactly for

jeli—1 ..,i+1—1}.

10



So, every vertex in V() distance-l dominates at most 21 vertices v;. This yields y4(H, 1) > 7.

Construction 2:

This construction relies on the spider graph S = S(ay, as, . .., a,) with all of the a; being
equal to [l/2]. Let v be the only vertex of S with degree 7. Let uy,ug,...,u, be the
neighbors of v in S, and let uy,us, ..., u, be the vertices of S that are at distamce |[/2]
from v.

Let W be a set of size max{k,v}. Take a partition (W, Ws,...,W,) of W such that

|W;| = L|W|+_1J Finally, for every u € V(S) \ {v}, let U, := U,1 U U, 2 be a set of size k
such that

e u € U, holds for all u € V(S) \ {v},

e U,NU, =0 holds for all u # v € V(S)\ {v},

e U,NW =0 holds for all u € V(S) \ {v},

o |Uy,1| = |W;| for all those u € V(S) \ {v} which lie in the same component of S\ {v}

as U;.

With the help of the previously defined sets we construct a k-uniform hypergraph H in the
following way, depending on the parity of [:

CAsE I: [ is even

Let the vertex set of H be V(H) = W UU,cy sy (o} Uu- Thus we have

K
V(#H)| = 5 + max{k,}.

The edge set E(H) contains the following four types of hyperedges:
1. all k-subsets of W, i.e. (")) C E(H),
2. for all u € V(S) \ {v}, we have U, € E(H),
3. foralli=1,2,...,ylet W;UU,, 2 € E(H),

4. for every edge (u,u') = e € E(S) with u,u’ # v if dg(u,v) < dg(u',v) holds, then let
Uu71 U Uu/72 € E(H)

Clearly, H is connected due to (') C E(H). We claim that v4(H, ) > v holds. Indeed,
if D C V(H) has size at most v — 1, then there exists an ¢ < such that

Dn(W;u | U,) =0

ueC;

11



Figure 1: Construction 2 in case of even [

holds where C; is the component of S\ {v} containing u;. Then u is at distance at least
1+ 2% = [+ 1 from any vertex of D and thus ] is not distance [-dominated by D.

CASE II: [ is odd

In addition to the sets defined above, let Zy, Zs, ..., Z, be pairwise disjont sets of size
k — |W;], each of which is disjoint from all previously defined sets. Let the vertex set of H
be
.
vy =wu |J wulJz
ueV (S)\{v} i=1

Thus we have ;

—|k~.

5 1k

As for the edge set of H, there is a fifth type of hyperedge:

5. forall 1 <i<ylet Uy UZ; € E(H).

VAl < T

The fact that v4(H, 1) > ~ follows similarly as in the previous case, because for any (y—1)-set
D C V(H) there exists an ¢ such that any vertex z € Z; is at distance at least [ 4+ 1 from D.

Let us now turn our attention to the lower bounds. We prove first that of (a). Consider
a connected k-uniform hypergraph H with v4(H,1) > 2. Let M be a maximal matching in

12



‘H obtained in the following way. Let
M1 = {H1}7 Il = {H € E(H) \ {Hl} cHN H1 # @} and RU = E(H) \ (Ml UIl)
Then for s > 2 we define a sequence My, Z;, R of partitions of E(H) such that:

1. My is a matching,
2. every hyperedge in Z, meets at least one hyperedge in M, and
3. all hyperedges in R, are disjoint from all hyperedges in M.

If M,,Z,, R, are defined with R, # (), then let H,,; € R, be a hyperedge such that
H, NI, # () for some I, € Z,. The existence of such H,, follows from the assumption that
‘H is connected. Set

M3+1 = Ms U {Herl}, IS+1 = Is U {R c RS \ {Hs+1} . Rﬂ Hs+1 7é (Z)}

and
Ry := E(,H) \ (MS—H U Is—i-l)'
For the smallest positive ¢ with R; = (), we let M := M,. Thus the size of M is t.

Now let us consider the auxiliary graph Ga with vertex set M and e = {H;, H;} €
E(G ) if and only if there exists H € H with HNH; # () and HN H; # (). By the definition
of M, the graph G/ is connected. For a vertex v € (Jy ., H let H, denote the only element
of M containing v.

Suppose that for a pair H, H' € M we have dg,,(H,H’) = r. Then for any pair of
vertices u € H,v € H' we have dy(u,v) < 14 2r. To see this, consider the sequence
H H. H;,,H., H,;,...,H. H' where e is the sth edge in a shortest path from H to H’
and H;, is the sth vertex (i.e. a hyperedge in ‘H) in the same path. By the maximality of
M, for every vertex w of H there exists an edge H,, containing w and an edge H € M with
H, N H # (, therefore by the observation above we have

dy(u,w) <24 2rq,,(u)
for every u € Uy H and w € V(H).

If t > 1+ 1 holds, then |V(H)| > kt > k(I + 1), proving the desired lower bound.

Now suppose that t <[ — 2 or t = [ — 1 with ¢ being odd. As we have noted, G, is
connected and thus by Lemma 3.1 we obtain
t—1
<[]

Therefore, there exists an H* € M = V(G ) such that r¢,,(H*) < [55] holds and so, by
the above, for a vertex v € H* we have

t—1
dy(v,v") <2+ 2 {T-‘
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for any vertex v" € V(H). So in this case a vertex v € H* distance-l dominates H, contra-
dicting v4(H, 1) > 2.

Ift=1—1 and t is even, then let T be a spanning tree of G,,. By Lemma 3.1 we obtain
that T" is a path on t vertices. So we may assume that

B(Gp) D {(Hy Hivy) 1i=1,...,t — 1},

Let e = (Hyjo, Hyjo11) and consider a vertex v € HysNH,. As for vertices v with H,NH; # 0
for some i > t/2, a shortest path in H between v and v" need not contain Hy/,. Thus we
obtain that v distance-l dominates H, contradicting v4(H, 1) > 2.

Finally, it remains to prove the lower bound of (a) in case of ¢ = [ and thus it is enough to
prove that [V (H)\Upyen H| = k/2 holds. We may and will assume that the radius of G oy is
V’Tl] Let T be a spanning tree of G . By Lemma 3.1 we know that T is a path if [ is even,
and T contains a path on [ — 1 vertices if [ is odd. We claim that even if [ is odd, T" must be
a path on t vertices. Indeed, otherwise any vertex v € H, distance-l dominates H where e
is the middle edge of a path on [ — 1 vertices that is contained in T'. This would contradict
va(H,1) > 2. By this we may assume that F(Gnr) D {(H;, Hiy1) :i=1,...,01 —1}.

Claim 3.3. We have the following:

(i) For any pair of edges e, ¢’ in T we have H, N H. = ().
(ii) There exist w,w" € V(H) \ Ugep H and H,,, H,y € E(H) with

w € H, and w' € Hyy,

such that H, meets only H; and H,, meets only H;, moreover H,and H, are disjoint from
all the other H € M and also from H, for all e € E(T).

Proof of Claim. We have two cases depending on the parity of [.
CASE I: [ is even.

Now we prove (i) in this case. Suppose that H., N H, # 0 with e; = (H;, Hiy1),e; =
(Hj,Hjq). Ifi < j < [1/2, then a vertex v € H,,, N Hjj41 distance-l dominates H,
contradicting vgst(H, 1) > 2.. Similarly, if ¢ < j and j > [/2, then a vertex v € H,,,, N Hy
distance-l dominates H, contradicting vg;s:(H,1) > 2. Also, if i < /2 < j, then if [/2 —i <
j—1/2, then a vertex v from Hy 1N H,,, , distance-l dominates H, while if [/2—i > j—1/2,
then a vertex v from Hj/o 9 N H, distance-l dominates H, contradicting vygs¢(H, 1) > 2.
We are done with (i) in CASE L.

To see (ii) suppose that, for every w € V(H) \ Uyen H and H,, containing w, the
hyperedge H,, meets H, for some e € E(T) or H,, meets some H, with z > 2. Then a vertex
in He,,, N Hyjoy1 distance-l dominates H, contradicting Yaist(H, 1) > 2. The existence of w’

and H,s can be shown analogously. This proves (ii) in CASE I.

/241
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CAsk II: [ is odd.

The proof of this case is very similar to the previous one. Let us just show (ii). Suppose
that, for every w € V(H) \ Uyer H and H,, containing w, the hyperedge H,, meets H, for
some e € E(T) or H, meets some H, with z > 2. Then a vertex in He., sy M Hpp o) distance-l
dominates H, contradicting vgist(H, 1) > 2. O

Note that Hy, N Hy C V(H)\ Upen H and also Hy U Hyy U U, ey He C V(H), and
thus writing I = |H,, N H,| we obtain |V(#H)| > max{lk+I,({+ 1)k — I} > lk+ k/2. This
finishes the proof of the lower bound of (a).

Next we prove the lower bound of (b). We will need the following lemma.

Lemma 3.4. For any 7,1l > 2, let t* denote smallest t with r_,(t) > l_Tl Then we have
nac(k,v,1) > t'k.

Proof. Let H be a connected k-uniform hypergraph with v4(#,[) > . Let M be a maximal
matching in H obtained as in the proof of the lower bound of part (a), and let us consider
the auxiliary graph Ga,. For a vertex v € UgenH let H, denote the only element of M
containing v. Let the size of M be t. We assume first that ¢ < ¢*, what means r,_;(t) < 5.

Suppose that for a pair H, H' € M we have dg,,(H,H') = r. Then for any pair of
vertices u € H,v € H' we have dy(u,v) < 1+ 2r. To see this, consider the sequence
HH. ,H, H., H,,,...,H., , H where e, is the sth edge in a shortest path from H to H’
and H;,_ is the sth vertex (i.e. a hyperedge in H) in the same path. Let & C M be a subset
of size v — 1 with r¢,, (U) = ry-1(Gm) < ry—1(t), and let L C V(H) be a set containing one
vertex from each U € U.

By the maximality of M, for every vertex w of H there exists an edge H,, containing
w and an edge H € M with H,, N H # (). Therefore by the observation above and by the
definition of U, there exists a U € U and a vertex u € U for which we have

[—1
dy(u,w) <24 2rq,, (U) <24 2r,_4(t) < 2+2T =1+1.

This means that if ¢ < ¢* holds, then the (v —1)-subset L distance-l dominates H. Therefore
M consists of at least t* hyperedges and thus |V (H)| > t*k holds. O

The lower bound of (b) follows by applying Lemma 3.1 with j = 7 — 1 together with
Lemma 3.4, noting that (ﬂ > =L implies }Y > =l

Finally, we prove the lower bound of (c¢) and (d). This will follow from the claim that
any maximal matching in the edge set E(H) of a connected hypergraph H with v4(#H,2) > v
has size at least . To see this suppose that M = {Hy, Hs, ..., H,,} is a maximal matching
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in E(H) and for any ¢ = 1,2,...,m let v; be a vertex of H;. As any vertex v € V(H) is
contained in a hyperedge H, which, by maximality of M, intersects some H; € M, the set
D =A{v;:1=1,2,...,m} distance-2 dominates H. Therefore m > v must hold as claimed.
[

4 Final remarks and open problems

We addressed the problem of finding the minimum number of vertices that a connected k-
uniform hypergraph with high domination number must contain, and we considered two main
variants of the problem. For the original notion of domination and for s-wise domination we
found general lower and upper bounds on n(k,~, s) in which even the order of magnitude of
the second term matches. The natural open problem occurs: it can be of interest to find the
constant coefficient of this second term.

Theorem 1.3, our main result concerning distance domination determines the asymptotics
of nge(k,,1) if k and v are fixed and [ tends to infinity, or if all three parameters tend to
infinity. Closing the gap of roughly 2kv between the upper and lower bounds remains an
interesting open problem.

We had a good reason to choose the notion of Berge paths in the definition of distance-I
domination. The most common other definitions of a path in hypergraphs are linear paths,
where two consecutive hyperedges of the path must share exactly one vertex (an even more
restrictive notion is a loose path) and tight paths where the vertices vy, vg, ..., Vg1 of the
path should be chosen in such a way that the ith hyperedge of the path is {v;, v;11, ..., Vik_1}
for all © = 1,2,...,l. This implies that consecutive hyperedges of a tight path share k£ — 1
vertices. Note that in the construction showing the upper bound of Theorem 1.1 no pair of
hyperedges has intersection size 1 or k — 1, therefore the construction does not contain linear
or tight paths of length larger than 1 and thus distance domination would not differ from
ordinary domination, had we used these notions of hypergraph paths to define distance.

There are various results on different domination numbers of a hypergraph in the litera-
ture: on the s-domination number in [2], on the inverse domination number in [16], on the
total domination number in [5], and on the connection of the domination number with the
transversal number in [3], [4]. Let us finish with the following theorem that can be obtained
simply by rearranging the lower bound of Theorem 1.3. In the style of Meir and Moon [17],
it uses only the size of the vertex set, the prescribed distance bound [, and the uniformity

of H.
Theorem 4.1. If H is a connected k-uniform hypegraph with |V (H)| = n, then
if l =2,3 or 4,

s if | > 4.

VdC(r’LL l) < {

3 =3

It remains an open problem to make these upper bounds tight.
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