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1 Introduction

The Ruijsenaars—Schneider-van Diejen (RSvD) models [I] 2] are among the most intensively
studied integrable many particle systems, having numerous relationships with different branches
of theoretical physics and pure mathematics. They had found applications first in the theory
of the soliton equations [II, 3, 4, 5 [6], but soon they appeared in the Yang-Mills and the
Seiberg—Witten theories as well (see e.g. [7, 8, 9 10, [11]). Besides these well-known links,
the RSvD systems and their non-relativistic limits, the Calogero-Moser—Sutherland (CMS)
systems [12], 13|, [14], have appeared in the context of random matrix theory, too. Making use of
the action-angle duality between the different variants of the CMS and the RSvD systems, new
classes of random matrix ensembles emerged in the literature [15], [16, [17], exhibiting spectacular
statistical properties. Under the name of classical/quantum duality, it has also been observed
that the Lax matrices of the CMS and the RSvD models encode the spectra of certain quantum
spin chains, thereby the purely classical models provide an alternative way to analyze the
quantum systems, without any reference to the celebrated Bethe Ansatz techniques (for details
see e.g. [I8, 19, 20, 21]). Tt is also worth mentioning that in the recent papers [22, 23] the
authors have constructed new integrable tops, closely related to the CMS and the RSvD particle
systems. Besides the Lax representation of the dynamics, in their studies the associated r-
matrix structures also turn out to be indispensable.

The characteristic feature the above exciting new developments all share in common is the
prominent role played by the Lax matrices of the CMS and the RSvD models. However, all
these investigations are based on the translational invariant models associated with the A,
root system, exclusively. Apart from the technical difficulties, the probable explanation of this
state of affair is the very limited knowledge about the Lax representation of the RSvD models
in association with the non-A,-type root systems. Of course, one can easily construct Lax
representations for both the C),-type and the BC),-type RSvD models by the Z,-folding of the
Ay, 1 and the Ay, root systems, respectively [24]. However, this trivial approach is only of very
limited use, since the resulting models contain only a single coupling parameter. Nevertheless,
working in a symplectic reduction framework, in our papers [25] 26] we succeeded in constructing
Lax matrices for the rational C,, and the rational BC,, RSvD systems with the maximal number
of independent coupling constants. Motivated by the plethora of potential applications outlined
above, in this paper we work out the underlying classical r-matrix structures and also provide a
Lax representation of the dynamics for the rational BC,, RSvD model with three independent
coupling parameters.

Let us recall that the configuration space of the rational BC,, RSvD system is the open
subset

c={A=A,..., ) ER" A >...> )\, >0} CRY, (1.1)

that can be seen as an appropriate model for the standard open Weyl chamber of type BC),. The
cotangent bundle T™¢ is trivial, whence the phase space of the RSvD system can be identified
with the product manifold

PE=cxR"={(\,0)|\ec,0cR"}, (1.2)



that we endow with the symplectic form
W =2 "df. AdA.. (1.3)
c=1

We mention in passing that the unusual numerical factor in w? is inserted purely for consistency

with our earlier works [25] 26]. As for the dynamics, it is governed by the Hamiltonian
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where u, v and k are arbitrary real parameters satisfying u < 0 < v. Also, on these so-called
coupling constants in this paper we impose the condition vk > 0. As can be seen in [27], this
additional requirement ensures that the particle system possesses only scattering trajectories.
Having defined the models of our interest, now we wish to outline the content of the rest
of the paper. To keep our present work essentially self-contained, in Section 2] we briefly skim
through the necessary Lie theoretic machinery and the symplectic reduction background, that
provide the building blocks of the latter developments. Also, this section allows us to fix the
notations. Starting with Section [3] we present our new results. Section [3lis the longest and the
most technical part of our paper, in which we study of the r-matrix structure of the rational
C, RSvD model corresponding to the special choice k = 0. Sticking to the Marsden—Weinstein
reduction approach, in Subsection B.Il we construct local extensions for the Lax matrix of the
rational C,, RSvD model. Making use of these local sections, in Subsection a series of short
Propositions and Lemmas allows us to construct a classical r-matrix structure for the C,,-type
model. In this respect our main result is Theorem [I0, in which we formulate the r-matrix
structure in a convenient quadratic form. The resulting quadratic r-matrices turn out to be
fully dynamical, depending on all variables of the phase space P%. Subsequently, by switching
to a purely algebraic approach, in Section [4 we generalize Theorem to the rational BC),
RSvD system with three independent coupling constants. The quadratic r-matrix structure
of the BC,-type system is summarized in Theorem [[Il To make this important result more
transparent, in Theorem [I2] we describe the r-matrix structure in a more convenient choice of
gauge. In this gauge we also provide a Lax representation of the dynamics, as formulated in
Theorem [I3] Finally, in Section [§l we offer a short discussion on our results and also point out
some open problems related to the RSvD systems.

2 Preliminaries

In this section we overview those Lie theoretic notions and results that underlie the geometric
construction of the classical r-matrix structure for the rational C,, RSvD system. Our approach



is based on the symplectic reduction derivation of the RSvD models, that we also briefly outline.
In Subsection 2] we closely follow the conventions of the standard reference [28], whereas in
Subsection 2.2l we employ the notations introduced in our earlier work [25] on the RSvD systems.

2.1 Lie theoretic background
Take a positive integer n € N and keep it fixed. Let N = 2n and introduce the sets

N,={1,...,n} and Ny={1,...,N}. (2.1)
With the aid of the N x N matrix
0, 1,
o= [t 1] -

we define the non-compact real reductive matrix Lie group
G=U(n,n)={y € GL(N,C)|y*Cy=C1}, (2.3)
that we equip with the Cartan involution
0:G =G, y— (y H" (2.4)

Its fixed-point set
K={yeG|Oy)=y} (2.5)

is a maximal compact subgroup of G, having the identification K = U(n) x U(n).
On the Lie algebra

g=u(u,n)={Y € gl(N,C) | Y*C +CY =0} (2.6)

the corresponding involution
dig—g, YY" (2.7)

naturally induces the Cartan decomposition
g=tdp (2.8)
with the Lie subalgebra and the complementary subspace
¢t =ker(d —Id;) and p = ker(d+Id), (2.9)
respectively. That is, each element Y € g can be decomposed as
Y=Y, +Y_ (2.10)

with unique components Y, € € and Y_ € p. Notice that the Zy-gradation (2.8)) of g is actually
orthogonal with respect to the non-degenerate Ad-invariant symmetric bilinear form

()rgxg—=R, (V1Y) = tr(Y1Y2). (2.11)
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To make our presentation simpler, for all £,/ € Ny we introduce the standard elementary
matrix ey; € gl(V, C) with entries

(ek,l)k’,l’ = 5k,k’5l,l/ (k/, l/ € NN) (212)

Also, with each A = (A1,...,\,;) € R" we associate the N x N diagonal matrix

AN) =diag(Ag, . s An, = A1, ., —Ay) € P, (2.13)
The set of diagonal matrices
a={A\)|AeR"} (2.14)
forms a maximal Abelian subspace in p. Note that in a the family of matrices
1
D = —(ec,c - enJrc,nJrc) (C S Nn) (215)

©V2

forms an orthonormal basis, i.e. (D, ,D;) = 0.4 for all ¢,d € N,,.
The centralizer of the Lie algebra a inside K is the Abelian Lie group

M = Zg(a) = {diag(e™, ... X" X X))y, ..., x, € R} (2.16)
with Lie algebra
m = {diag(ix1, .-, Xns X1, - -5 1Xa) | X1+ -+, Xn € R} (2.17)
In this Abelian Lie algebra the set of matrices
i

D} = —(ece+ €nienic) (ceN,) (2.18)

V2

forms a basis obeying the orthogonality relations (D, DJ) = 4.4 (¢,d € N,,).
Let m* and a’ denote the sets of the off-diagonal elements of £ and p, respectively. With
these subspaces can write the refined orthogonal decomposition

g=mom- dadal. (2.19)
In other words, each element Y € g can be uniquely decomposed as
Y =Yo+ Yo + Y.+ Y, (2.20)

where each component belongs to the subspace indicated by the subscript. In order to provide
convenient bases in the subspaces m* and a', for each ¢ € N,, we introduce the linear functional

e R" =R, A= (Ag, ..., ) = A (2.21)
Let us observe that the set of functionals

Riy={eate|l<a<b<n}U{2.|ceN,} (2.22)

bt



can be seen as a realization of a set of positive roots of type C,,. Now, associated with the
positive root 2¢. (¢ € N,,), we define the matrices

; 1
XQ:E; = _ﬁ(ec,n-i-c + en—l—c,c)- (223)

In association with the other positive roots, for all 1 < a < b < n we define the following
matrices with purely real entries:

+.r 1
Xga—gb = §<ea,b T+ €ba + Entantb — €n+b,n+a>7

1 (2.24)
iisb = _i(ea,ner — €hnta + €n+ab T ener,a)u
together with the following ones with purely imaginary entries:
i1
Xaa—eb - i(ea,b + €b,a + En+a,n+b + en+b,n+a)7
_ ; (2.25)
X;Eﬁreb = _é(ea,n—l—b + €bn+a + €n+a,b + en—f—b,a)-

The point is that the set of vectors { X} forms a basis in the subspace m*, whereas the family
{X ¢} provides a basis in at. Moreover, they obey the orthogonality relations

<X;_7E, X;_/EI> = —50470/55’6/ and <X07’e, X;/e/) - 504,0/55,6’- (226)

Note that the family of vectors
{or} ={DFYU{Xx3} (2.27)

forms a basis in the real Lie algebra u(n,n). We mention in passing that it is a basis in the
complexification gl(N, C) = u(n, n), too.
Next we turn to the linear operator

adA(,\): g—9, Y — [A()\), Y], (2.28)

defined for each A € R". The real convenience of the basis (2.27) stems from the commutation

relations
adA(A)(Df) =0 and adA(,\)(Xojf’e) =a(N)X], (2.29)

where ¢c € N,,, « € R, and € € {r,i}. Notice that the subspace m* @ a' is invariant under the
linear operator ady(y), whence the restriction

ELEA()\) = adA()\)|mL€BaL S g[(mL b al) (230)
is well-defined for all A € R™, with spectrum

Spec(aday) = {£a(A\)|a € Ry} (2.31)



The regular part of a is defined by the subset
treg = {A(N) | XA € R" and Eém) is invertible}, (2.32)

in which the standard Weyl chamber {A(\) |\ € ¢} is an appropriate connected component.
Note that this Weyl chamber can be naturally identified with the configuration space ¢ (L.1) of
the rational BC,, RSvD system.

Having set up the algebraic stage, now we turn to some geometric results that are specific to
the symplectic reduction derivation of the rational RSvD models. First, recall that the regular

part of p (2.9) defined by
Preg = {kAN)E™ | A Ecand k € K} (2.33)
is a dense and open subset of p. It is an important fact that with the smooth free right M-action
M x (¢ x K)> (m,(\Ek))— (N km) € cx K (2.34)

the map
TieX K = Prog, (N E) = EAN)E™? (2.35)

is a smooth principal M-bundle, providing the identification
Preg = (¢ X K)/M = ¢ x (K/M). (2.36)

In the geometric construction of the dynamical r-matrix for the rational C;, RSvD model we
shall utilize certain local sections of m with the characteristic properties below.

Proposition 1. Take an arbitrary point \? € ¢ and let A©) = AN, Then there is a smooth
local section

Prog 2 Y = (e(Y),0(Y)) €c x K (2.37)
of m (2:33), defined on some open subset Preg T Preg, Such that

A €y, (e(A9),0(AD)) =D 1), ran(o, ) C mt. (2.38)

Moreover, under these conditions, at the point A the action of the derivatives of e and o on
the tangent vector 0Y € p = T\ ) Preg takes the form

€A ((5Y) = (5Y1,1, RN 5Yn,n) e R" = T\oc, (2.39)
0,00 (0Y) = —(ad,©) (Y )er) € m* C €= TYK. (2.40)

Proof. Notice that the point (\(?),1) € ¢ x K projects onto A? that is,
(A1) = A©), (2.41)
Differentiating = ([Z.35) at (A®, 1), let us observe that for each tangent vector
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we can write

Tor© 1) (OX & 0k) = {%m(m + O, eté’f)} = A(0N) — [AQ 5] (2.43)

t=0

Utilizing the linear operator (Z30), it is clear that
o0 1) (0N ® 3k) = A(ON) — ad 40 (k)1 ), (2.44)

from where we conclude that
ker(m,(y© 1)) = {0} & m. (2.45)

Since the subspace R” @ m' is a complementary subspace of ker(ﬁ*( A\ 1)) in the tangent space
T 1y(ex K), it is evident that there exists a local section (e, o) (2.37) satisfying the conditions
imposed in (238). Moreover, by differentiating the equation

o(e,o) = Ids,, (2.46)
at the point A(O), the relationship (2.44) entails that for all Y € p = T, 0)Preg We can write
Ale, 50 (8Y)) — ady0) (0,40 (3Y)) = 8Y. (2.47)

Projecting this equation onto the subspaces a and a*, respectively, the formulae for the deriva-

tives displayed in (2.39) and (2.40) follow at once. O

To proceed further, we introduce the set of complex column vectors
S={VelCY|CV+V=0and V*V = N}, (2.48)

that can be naturally identified with a sphere of real dimension 2n — 1. At each point V € S
the tangent space to S can be identified with the real subspace of the complex column vectors

TyS = {6V e CV |C§V + 6V =0 and (6V)*V + V*6V =0}, (2.49)
that we endow with the inner product
(0V, 0v)1, 5 = Re((6V)*6v) (0V,0v € Ty S). (2.50)
Next, we introduce the distinguished column vector E € S with components
E,=1 and E,,,=-1 (a € N,). (2.51)
Also, with each vector V' € S we associate the N x N matrix
EV)=ip(VV*=1)+i(p—v)C € L. (2.52)
Since the K-action on S defined by the smooth map

KxS>(kV)—kVeS (2.53)
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is transitive, and since k&(V)k™! = (kV) for all k € K and V € S, it is clear that the adjoint
orbit of K passing through the element £(FE) € £ has the form

O = {ke(E)k ke K} = {£(V)|V € S). (2.54)

As is known, the orbit O can be seen as an embedded submanifold of ¢, and for its tangent
spaces we have the identifications

T,O={[X,p]| Xt} Ct (pe0). (2.55)

In our earlier papers [29] 30 25, 26] we have seen many times that this non-trivial minimal
adjoint orbit plays a distinguished role in the symplectic reduction derivation of both the CMS
and the RSvD systems. In this paper, throughout the construction of a dynamical r-matrix for
the rational C,, RSvD system, we will also exploit that with the free U(1)-action

Ul x S35 (Y, V) e¥Ves (2.56)
the map
£:5 >0, Vi=V) (2.57)

is a smooth principal U(1)-bundle, providing the identification O = S/U(1). Recalling (2.52),
it is clear that the derivative of ¢ takes the form

Eav(OV) = ipu((0V)V* +V(0V)") € Te(r)O (Ves oVelys), (2.58)
whence it follows that
ker(&,) = RiV  and  (ker(&y))t = {6v € Ty S| (0v)*V = V*6v}. (2.59)
Let us also note that for all X € £ and V € S we have XV € TyS and
Ev(XV) = [X,E(V)] € Tew)O. (2.60)

The last two equations entail that for each §V° € Ty S one can find a Lie algebra element X € ¢
and a real number ¢ € R such that

§V = XV + V. (2.61)

Having determined the derivative of &, now we shall work out the derivatives of certain local
sections, that find applications it the latter developments.

Proposition 2. Let V) € S be an arbitrary point and define p© = (V) € O. Take a
smooth local section

W:0—=S, prW(p) (2.62)
of ¢ (2.57), defined on some open subset O C O, satisfying the conditions
p” 0, W)=V  ran(W, o) C (ker(&po))*. (2.63)

Then for the derivative of W at the point p'© we have

VO xpO)

Wepo (1,50 = 390 - D00 (e (2.60)



Proof. 1t is evident that there is a smooth local section W of the principal U(1)-bundle £ that
satisfies the conditions displayed in (2.63). Take an arbitrary tangent vector [X, p®] € Ty O
generated by some X € ¢, and introduce the shorthand notation

SW = W0 ([X. p) € (ker(€pi0))" (265)
By taking the derivative of the relationship £ o W = Id at the point p(®), we find that
Lo (OW) = &y 0 Wiy ([X, pV]) = [X, o] = £y (XV), (2.66)
therefore 6W — XV € ker(£,,,0) ). However, due to (259) we can write that
SW = XV 4 2ip® (2.67)

with a unique real number x. Its value can determined by the fact that the tangent vector W
belongs to subspace (ker(£,))*, leading to the formula (2.64). O

2.2 The rational C;,, RSvD model from symplectic reduction

Based on our earlier results, in this subsection we review the symplectic reduction derivation of
the rational C,, RSvD system. The surrounding ideas and the proofs can be found in [25]. An
important ingredient of the symplectic reduction derivation of the RSvD system of our interest
is the cotangent bundle T*G of the Lie group G (23]). For convenience, we trivialize T*G by the
left translations. Moreover, by identifying the dual space g* with the Lie algebra g (2.6]) via the
bilinear form (2IT]), it is clear that the product manifold P = G x g provides an appropriate
model for T*G. For the tangent spaces of the manifold P we have the natural identifications

T(yy)P = TyG e, Tyg = TyG Dg ((y, Y) - P), (268)
and for the canonical symplectic form w € Q?(P) we can write
Wiy (Dy & AY, 0y & 0Y) = (y Ay, 0Y) — (y "oy, AY) + ([y Ay, y~'oyl.Y),  (2.69)

where (y,Y) € P is an arbitrary point and Ay @ AY, oy @ 0Y € T,G @ g are arbitrary tangent
vectors. An equally important building block in the geometric picture underlying reduction
derivation of the RSvD model is the adjoint orbit O ([254)). Of course, it carries the Kirillov—
Kostant—Souriau symplectic form w® € Q2?(0), that can be written as

WX A (Z.0) = (p[X.2)  (peO X, Zet) (2.70)
Making use of the bundle ¢ (257) and the equations (Z60) and (2.61), one can easily see that
wey (& (0V), v (60)) = 2pudm((6V)*0v) (V€ S, 0V, 6v € TyS). (2.71)

Now, by taking the symplectic product of the symplectic manifolds (P,w) and (O, w®), we
introduce the extended phase space

(Pt W) = (P x O,w + w°). (2.72)
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To describe the Poisson bracket on this space, for each smooth function F' € C*(P*"), at each
point u = (y,Y, p) € P™', we define the gradients

VOF(u)eg, VF(u)eg, V9F(u)eT,0 (2.73)
by the natural requirement
Fo(Sy @ 0Y & [X, p]) = (VOF (u),y'6y) + (VO F(u),8Y) + (VOF (u), X), (2.74)

where 0y € T,GG, 0Y € g and X € ¢ are arbitrary elements. Now, one can easily verify that the
Poisson bracket on P! induced by the symplectic form w®™' can be cast into the form

{F, H}*"(u) = (VEF(u), V' H (u)) — (V*F(u), VEH (u)) (2.75)
—([VOF (u), V' H (u)],Y) + wd (VOF (u), VOH (u)), '

for all F, H € C>(P*). To proceed further, let us note that the smooth map
P (K x K) x P™ — P> ((kr,kgr), (y,Y,p)) — (krykyp', krYkp' krpk;')  (2.76)

is a symplectic left action of the product Lie group K x K on the extended phase space P,
and it admits a K x K-equivariant momentum map

TP k@t (v,Y.p) = (WYY )y +p) @ (=Y5). (2.77)

As we proved in [25], the rational C,, RSvD model can be derived by reducing the symplectic
manifold Pt at the zero value of the momentum map J&*.

Let us recall that the standard Marsden—Weinstein reduction consists of two major steps.
At the outset, we need control over the level set

Lo = (J*)1({0}) = {u € P [ J™(u) = 0}, (2.78)

that turns out to be an embedded submanifold of P** (Z7T2)). However, to get a finer picture,
we still need some more background material. First, for each a € N,, we define the rational

B v\ 2ip 2ip
CO A 2,(N) = <1+Aa) H (1+ Aa—Ad) <1+ Aa+Ad) e C. (2.79)

d=1
(d#a)

function

Also, we need the vector-valued function F: P® — CV with components
F, = eea\zaﬁ and Fpiq = e’e“Ea\za\’% (a € N,), (2.80)
that allows us to introduce the function A: P — exp(p) with the matrix entries

2i:LL-FUL-Tb 2i,u-FnJra-T.ner

= 2.—7 AnJra,ner )

1M+)\a_)\b 21/~L_)\a+)\b
2iﬂfa?n+b + l(lu — V)

PATTIESD WSS VRRRE VYRR B W

a,b
(2.81)

Aa,ner = Aner,a = by
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where a,b € N,,. As we have seen in [25], function A provides a Lax matrix for the rational C,,
RSvD model with the two independent parameters p and v. Next, let us consider the smooth
function V: P® — S defined by the equation

V=A:F (2.82)
and also introduce the product manifold
MEBE=PE x (K x K)/U(1),, (2.83)

where U(1), stands for the diagonal embedding of U(1) in the product group K x K. Having
equipped with the above objects, now we are in a position to provide a convenient parametriza-
tion of the level set £y (Z.78]). Indeed, in [25] we proved that the map

TR M pext (2.84)
defined by the assignment
(A6, (2, nr)U (1)) = (LA, 0)20g", neANng", nE VN, 0)n; ") (2.85)

is a smooth injective immersion with image Y#(MP%) = £;. Moreover, in [25] we also proved
that T gives rise to a diffeomorphism from M?* onto the embedded submanifold £,. In other
words, the pair (MZ% TT) provides a model for the level set £y ([Z.75).

To complete the Marsden—Weinstein reduction, notice that the (residual) K x K-action on

the model space M% (2.83)) takes the form

(kL7 kR) ' ()‘7 97 (TIL, nR)U<1>*) = ()‘7 97 (kLnb kRnR>U(1)*)7 (286)

thus the orbit space MT/(K x K) can be naturally identified with the base manifold of the
trivial principal (K x K)/U(1),-bundle

oty ME = PR (N0, (np,nr)U(1),) — (A, 6). (2.87)
Now, the crux of the matter is the relationship
(ﬂ_R)*wR _ (TR)*weXt, (288)

that we proved in [25] by applying a chain of delicate arguments. Therefore, for the symplectic
quotient in question we obtain the identification

(P Jo(K x K),w™) =2 (PF wh). (2.89)
Finally, note that the K x K-invariant function
1
fri PP =R, (y,Yip) = Str(yy”) (2.90)

survives the reduction, and by applying straightforward algebraic manipulations one can verify
that the corresponding reduced function coincides with the Hamiltonian of the rational C),
RSvD system with two independent coupling parameters p and v, that can be obtained from
the BC,-type Hamiltonian (IL4]) by setting x = 0.
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3 Dynamical r-matrix for the C),-type model

Building on the symplectic reduction picture outlined in the previous subsection, our goal is to
construct a classical r-matrix structure for the C),-type rational RSvD system with two inde-
pendent coupling parameters. In the context of the CMS models, this geometric approach goes
back to the work of Avan, Babelon, and Talon [31]. Eventually, in our paper [32], we succeeded
to construct a dynamical r-matrix for the most general hyperbolic BC),, Sutherland model with
three independent coupling constants, too. It is worth mentioning that the surrounding ideas
proves to be fruitful in the broader context of integrable field theories as well. For a systematic
review see e.g. [33].

As we have seen in [25], the eigenvalues of the Lax matrix A (2.81)) do commute, whence
it follows from general principles that A obeys an r-matrix Poisson bracket (for proof, see e.g.
[34, B5]). However, we wish to make this r-matrix structure as explicit as possible. For this
reason, Subsection [B.1] is devoted to the study of certain local extensions for the Lax matrix
of the rational C,, RSvD model. As it turns out, these local extensions are at the heart of the
construction of the dynamical r-matrix structure for the RSvD system, that we elaborate in
Subsection

3.1 Local extensions of the Lax matrix A

The backbone of our reduction approach is the construction of the so-called local extensions of
the Lax operator A (2.81]), that we wish to describe below. For this reason, take an arbitrary
point

(A@ 9y ¢ P (3.1)
and keep it fixed. Clearly the point
sO =\ 9O (1, 1)U(1),) e ME (3.2)

is one of the representatives of (A(?), §©)) in M ([Z83), that is, 7%(s®) = (A ). Moreover,
let us introduce the shorthand notations

A = AN 9O), FO = FAO,09), VO =y(a©,6), (3.3)

together with )
y O — (A(O))E, y (0 — A0 — A()\((])), O = g(V((J)), (3.4)

Corresponding to s (3.2), in the extended phase space we also introduce the reference point

w® = TR(50) = (y© y© ,0) ¢ pext, (3.5)

Now, associated with the elements given in (3.3H3.4)), let us choose a local section (e, o) of 7
(2.35), and also a local section W of ¢ (2.57]), as described in Propositions [l and [2, respectively.
Upon defining the open subset

g={Y eglY_epe} Co, (3.6)
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it is clear that

U:GxgxO—=CY (y,Y,p) oY)y W(p) (3.7)

is a well-defined smooth function. Due to the conditions imposed in the equations (2.38)) and
([2863), at the point u® (3H) for the first n components of ¥ we have

T, (u?)=FO  (aeN,). (3.8)

Since these components are strictly positive, there is an open subset Pt C G x g x O containing
the distinguished point u(?), such that for all a € N,, the map

W, (u)
[Wa(u)]

me: P = U(1), ur (3.9)

is well-defined and smooth. Let us keep in mind that by construction mq(u(®) = 1.

Now we are in a position to define those group-valued functions that play the most important
role in the construction of a dynamical r-matrix for the rational C,, RSvD system. First, making
use of the functions m, ([39), we build up the M-valued function

m: P = M, w s diag(my(u), ..., mu(u), my(u), ... ,mu(u)), (3.10)
which satisfies m(u(®) = 1. Next, we introduce the K-valued functions

k:P™ 5 K, (y,Y,p)— o(Y.), (3.11)
0: P 5 K, u— k(u)ym(u). (3.12)

Clearly we have k(u®) = p(u(®?) = 1. Finally, we define the functions

AV P S G (y,Yp) = YTy, (3.13)
AP G ue o(u) LAY (w)p(u). (3.14)

Notice that at the point «® @3) we have AV () = A(u®) = A, Having equipped with
the above objects, now we can formulate the central result of this subsection.

Lemma 3. The G-valued smooth function A (3.14) is a local extension of the Lax matriz A
(287) around the point u'?) in the sense that A(u®) = AN, 0©)) and

Ao Y| 1 pey = AT n) s ey (3.15)
Proof. 1t is enough to verify (3.I5). For, take an arbitrary point
s = (\ 6, (n, nR)U(1).) € (TR) (P (3.16)
with some A\ € ¢, # € R" and 7, nr € K. Also, for brevity we define
u=(y,Y,p) = TE(s) € Pt (3.17)
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Recalling (2.35)) and (2.85), it is clear that
Y = nRA<)‘>771_%1 = ﬂ-()‘u nR) € preg- (318)

On the other hand, since Y € g, we have Y_ € p,.,. Thus, making use of the local section (e, o)
introduced in (2.37]), we see that

Y =Y = n(e(Y ), 0(Y)) = nle(Y_), k(w) (3.19)
also holds. Recalling (2.34]), the comparison of (B.I8) and (3.19) yields that there is a unique

element

= diag (i, . . ., i, i1, - . ., 70m) € M (3.20)
such that
(0 ) = (V) k(u)i). (321)
Next, remembering the parametrization (2.85), we can write
VX, 0) =&V ). = p € O. (3.22)

However, utilizing the local section W introduced in (2.62)), we also have {(W(p)) = p, whence
by (256]) we can write that .
V(A 0) = "W (p) (3.23)

with some constant ¢ € R. From the above observations it readily follows that
W (p) = nL AN O) 2 F (X 0) = (v') 'neF(N.0) = (') h(mF(N0), (324
from where we get YW (u) = mF(\, ). Componentwise, for each a € N,, we can write
VW, (u) = maFa(X,0), (3.25)

thus the relationship |V, (u)| = F, (A, ) and also

= eYmyg(u) (3.26)
are evident. In other words, m = e¥m(u), whence from ([3.2I)) and (B.12) we conclude that
nr = k(u)m = " k(uw)m(u) = e¥o(u). (3.27)

Now, turning to the functions (813]) and (B.14)), notice that

A0 (u) = y*y = np AN, 0)ng, (3.28)

so from ([B.27) we infer that
Ao YE(s) = A(u) = o(u) TAQ (w)p(y) = AN, 0) = Ao (s). (3.29)
Since s (B.I0)) is an arbitrary element of (T#)~*(P*"), the Lemma follows. O
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3.2 Computing the r-matrix

The natural idea impregnated by Lemma [3] is that the Poisson brackets of the components of
the Lax matrix A (Z81]) can be computed by inspecting the Poisson brackets of the components
of the locally defined function A ([B.I4)). Indeed, since we reduce the symplectic manifold P
([2772) at the zero value of the K x K-equivariant momentum map J* (2.77)), and since the local
extension A is (locally) K x K-invariant on the level set £y (2.78), using the St. Petersburg
tensorial notation we can simply write

{AT AP, 00) = {45 A} (). (3:30)
However, for the function A® BI3) we clearly have
{AD @ Ayt — (3.31)

that is, A®) obeys an r-matrix bracket with the trivial zero r-matrix. Therefore, due to the
relationship A = ¢~ 'A©¢ [BI4), it is clear that A also obeys a linear r-matrix bracket

{A Q? A}eXt — [7:12, A & 1] — ['F217 1® A] (332)

with the transformed r-matrix
~ -1 -1 (0)yext, —1 1 ext, =1, _—1 4(0)
Ti2 =1 0y | —{p1, Ay} 0y +§[{<P1,<P2} 01 0y Ay w12 (3.33)

Now, recalling that ¢(u®) = 1, from the relationships (3.30) and (3:33) we infer that for the
Lax matrix A we can write

{AI,AQ}R(A(O),(?(O)) — [r12()\(0),9(0)),A1(>\(0),9(0))] _ [7*21()\(0),9(0)),A2(>\(0),9(0))] (3.34)
with the r-matrix
risA”,00) = (i1, APF W) + S[{or, @2} (W), OO, 0O)]. (335)
However, since ¢ = km (8.12), Leibniz rule yields
{00, AF W) = {k, A7) () + i, AP} (), (3.36)
together with

{1, @2}6Xt(u(0)) ={ky, k‘z}eXt(u(O)) + {ku, m2}eXt<u(0))

3.37
+ {my, ko (w®) + {my, mo )5 (u©). (3:37)

Thus, in order to provide an explicit formula for the above r-matrix (3.35]), we still have to work
out the Poisson brackets appearing in (3.36]) and (8.37). However, recalling (2.75]), it essentially
boils down to the computation of the gradients (2.73)) of the components of the functions AO)
k and m. We accomplish these tasks in the following series of short Propositions.
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Proposition 4. At the reference point u©) (33), for all matriz v € gl(N,C) we have

(VORe(tr(vA©))) (u®@) = (v +v")AO + ;-A(O))_l(v + U*)’ (3.38)
(VEIm (tr(vA©)) (u®) = (v —v")AY —2(;4(0))1(?/ - v*)’ (3.39)

whereas the remaining gradients of Re(tr(vA)) and Im(tr(vA®)) are trivial, i.e.

(VRe(tr(v AN (u?) = (VeIm(tr(vA®))) (@) = 0, (3.40)
(VORe(tr(vAN)) (u?) = (VOIm(tr(vAD))) (u?) = 0. (3.41)

Proof. Take an arbitrary tangent vector
Au =06y ® oY @ [X, p0] € T, 0P (3.42)

with some Lie algebra element X € €. By neglecting the second and the higher order terms in
the small real parameter ¢, one can easily find that

A(O)(U(O) +tAu+ )

= A9 1 (AD((yO)oy) + (¥ ) 1oy) AQ) 4 - (3:43)
from where we infer that
Re(tr(vA)), o0 (Au) = {%Re(tr(@A(o) (u® +tAu+ - ~)))}t_0
o ((U ) AO 4 gA(O))_l(U n U*)(y(‘)))—lay) | (3.44)
Similarly, one obtains immediately that
(oA ) (80) = tr (LA oty ) (o)

Since the N x N matrices appearing on the right hand side of both (8:38)) and (8:39)) do belong
to the Lie algebra g (2.6]), by the definition of the gradients (2.74]) the Proposition follows. [

Proposition 5. At the distinguished point u*) (33), for all Lie algebra element v € g we have
1 —
(VoRe(tr(vk)))(u?) = é(adAm))’l (v—v")_) and (VIm(tr(vk)))(u®) =0, (3.46)

while the remaining gradients of Re(tr(vk)) and Im(tr(vk)) are trivial, i.e.

(VGRe(tr(vk)))(u(O)) = (VGIm(tr(vk)))(u(O))
(VoRe(tr(vk)))(u(o)) = (Volm(tr(vk)))(u(o))

0, (3.47)
0. (3.48)
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Proof. As in the proof of Proposition ] take an arbitrary tangent vector Au as given in (3.42).
By applying a first order expansion on k (3.I1)) in the small real parameter ¢, Proposition [I]
tells us that

Eu® +tAu+---) = o(AD +t6Y)_) = o(AD +t(0Y)_) =1+ tdo + - - -, (3.49)

where .
6o = —(ad ) ((Y)er) € m™*. (3.50)
Since for all v € g we have

tr(vk) + tr(v k") tr(vk) — tr(v*k™1)

Re(tr(vk)) = 5 and Im(tr(vk)) = 5 , (3.51)
it is now evident that
Re(tr(vk(u® +tAu+---))) = M + ttr (U —21)* 50) +- (3.52)
Recalling the Cartan involution (2.7) we can write v — v* = v + ¥(v) € &, therefore
(Re(tr(v))) .o () = —3 (v+ 0(0), (ad ) (57 )or))
(3.53)

_ % ((@dp0)™ (0= v")pe) ,0Y ).

In complete analogy with (3.52]), for the function Im(tr(vk)) we can write the expansion

Im(tr(vk(u'® +tAu+---))) = M + ttr (v ;v* 50) - (3.54)

However, since v+ v* = v —19(v) € p, and since the subspaces ¢t and p ([2.9) are orthogonal with
respect to the bilinear form (ZI1]), we conclude that

(Im(tr(vk))) o (Au) = 21 (v —1"(v),d0) =0, (3.55)

1

thus by recalling (2.74) the Proposition follows. O

To find the gradients of the components of m (B.10) we find it convenient to introduce the

auxiliary function
7 C\{0} = U1), 2+ — (3.56)

KN

It is clearly smooth, and at each point x > 0 for its derivative we have

Foa(w) = 1% (w e C=Ty(C\ {0})). (3.57)

Note that with the aid of 7 the function m, (8.9) can be simply written as

me =70 V,. (3.58)
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Also, for each a € N,, we introduce the N x N matrix

(0)y* 0))p*
(el ™) +2C(f )iC 550

where e, € CV denotes the column vector with components
(ek)l = 5k,l (k‘,l € NN) (360)

As a matter of fact, the above matrix (, belongs to the Lie algebra g. Moreover, utilizing the
basis (2.21), we can write

2¢, =V2FODf — V2Re(F\D,) (X + X5)
+ Z < Xz—:—tlsa - Xs_fe ) Re<F1§(<]F)c)<X€t7Jlrea + Xs_chsa)
FIm(FL) (XL, + Xk (3.61)

+ Z (f(o X::EC + Xz—:_fe ) Re(‘Fn+c)(Xler€ + X€_a+€c)

c=a+1

0 r r
m(‘Fr(Hzc) (X:-i-ec Xea—i—ac)) .

Proposition 6. Take an arbitrary a € N,,, then at the reference point u\®) (33) the gradients
(2.73) of the function Re(m,) are all zeros. However, for the imaginary part of the function
ma (3.9) we have the non-trivial formulae

1
(VG(Im(ma)))(u(O)) = @Ca €y, (3.62)
1 —
(V3(Im(mq)))(u'”) = ﬁ(ad/w)_l((éa)ml) €at, (3.63)
(VO (Tm(ma))) (w?) = £y (Va) € Ty0 0O, (3.64)
where 0))3 0))3 (0)
_ C(AW)ze, — (A)2e, VYV
oV, = 4M‘F(§O) + 2N € TV(O) S. (3.65)

Proof. First, take an arbitrary tangent vector 0y € T G. Recalling ([3.7), and the conditions
238)), ([2.63), for small values of the real parameter ¢ we can write the first order expansion

3.66
= U((Y(O))7>*1<y(0) +toy + - - - )*W(p(o)) — o) _ tC(y(O))’l(éy)C]—"(o) oo ( )

thus for each a € N,, we have
U (y @ +toy +---, YO pO)y = FO 4 14, + - (3.67)

19



with w, = —tr(C(y@)~1(dy)CFOez) € C. Recalling (B.57), we can write

Im(w,)
70

a

ma(y(0)+t5y+---,Y(O),p(o)):T(F£O)+twa+---)=1+ti 4 (3.68)

thus clearly (V(Re(my)))(u®?) = 0. Moreover, by inspecting w, and (3.59), we obtain

Im(w,)  tr((y®)1oy)
7 R

(Im(mq)) ) (0y S 0D 0) = , (3.69)

so (B.62) also follows immediately.
Second, take an arbitrary tangent vector 6Y € g = Ty(g. According to Proposition I, for
small values of ¢ € R we have the first order expansion

o(YO 416Y) ) = o(AD +-(6Y) ) =1+ tdo +-- -, (3.70)
with the Lie algebra element do € m* displayed in (3.50). Therefore,
Ty, YO 1 6Y, pO) = o(YO +1t6Y) ) HyO)y W (p?) = FO —4(60)FO 4 ... | (3.71)
and so for each a € N,, we can write
T, (y D, YO 4 16Y, p0) = FO L 4. (3.72)
with w! = —tr((00)F©e) € C. Utilizing 7 (3.56) and its derivative ([3.57), we obtain
Im (wy,)
F
therefore (V¢(Re(mg)))(u”) = 0 is immediate. Remembering (3.59) it is also clear that
I (w}) = (o, 80) = = ((Calme (adp0) " ((0F )ar) ) = ((ady0) (Gt )0V ) (3.74)

Thus, by combining (3.73)) and (3.74]), we end up with the formula

ma(y @, YO 415V, p9) = 7(FO 4 tw! +--) =1+t

T (3.73)

Im(w)) 1 —~ .,
()i (08 87 ©0) = 25l — (g (G0 ). (379

that readily implies (3.63)).
Third, take an arbitrary X € ¢. Remembering (Z38), (Z63), and (37), notice that

Ty @, 7O o0 44X, pO] 4 ...)

0)\* 0
= FO 4 ((Aw));xyan - M;«n) . (3.76)
N 9
whence for all a € N,, we can write
Uy, YO, 0O 44X, pO) 4 o) = FO 4t + - (3.77)
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with the complex number

1 (0)
w! = tr((A9) X VOe) — Lo (xy O o)) (3.78)
It readily follows that
I "
ma(y @, YO 0O (X, p O+ ) =7 (FO 4wl + ) =1+ 8 H;EZUO) ) +---,  (3.79)
from where we get at once that (VO(Re(mg)))(u?) = 0 and
Im(w?”
(Im(114)) 0 (0@ 0 & [X, p¥]) = F((O)“) (3.80)
At this point notice that iV© (V()* € €. Therefore, recalling (3.59), we can write
s s F
Im(w!) = —tr((A?)2(,(AD) 2 X) + Ttr(iv(o) (VO)*x)
(3.81)

1 1 _1 1 *
= 70 {5 (14 a0)) + Tvopoy,x).

Now, one can verify that the column vector 0V, displayed in (B.65]) does belong to the tangent
space TyS (249). Furthermore, recalling (2.58) we find that

1 1 _1 i .
_ @ ((A(O))2Ca<~'4(0)) z)e + NV(O) (V(O)) — f*v(o)(5%)7 (382)
thus the relationship (3.64]) also follows. 0

Having the necessary gradients at our disposal, now we are ready to work out the tensorial
Poisson brackets appearing in (3.36) and (3.37]).
Lemma 7. At the point u'® ([33) we can write

X+,€ ® X*,é X+7€ ® X77€
O)yexty, (0)y _ 4(0) o o o o (0)
{k 9 A}t (y©) = A§ (Z Oy ) + (Z oy )A2 : (3.83)
{m e AV} W) =~ (Z Df e S§°>> - (Z Df e SSP) AP, (3.84)
a=1 a=1

where for each a € N,, we have

G0) _ 1 {_ V2Re(F, éfi)a)Xz’ai

NGD 5%
. *F(O Xs_fe Re(‘Fn+c)Xzs_+e Im(‘/—_;stc)XE_chsa
Z 0) 0 B (0) + () (3.85)
Ae )\ + Ao Ae +>\
+ i ‘F(O Xe_a ¢ Re(fr(grc) €a+€c - Im<Fr(L+)c>X€_a+€c )
el D L Y AD A AD 4 A0
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Proof. To prove ([3.83), we utilize the family of N x N matrices {v;} defined in (Z27), that
forms a basis in the complex linear space gl(/V, C). Recalling Proposition [l we see that among
the members of the basis {v;} only the vectors X ¢ (o € Ry, e € {£}) generate non-trivial

gradients of the form
1

a(A)
Let {v'} C gl(N,C) denote the dual basis of {v;} provided by the trace-pairing of gl(N, C).
Recalling Proposition [4] and the explicit expression of the gradients (3.80), the Poisson bracket
formula (2.75]) allows us to write

{k§ ADY(@W®) = “{tr(vrk), tr(v,AD) > (WO)o! @ v
I

Ve (Re(tr(X k) (u®) = X c (3.86)

B Z Z tr(vy AQX€) — tr(v;C X CAY)
o Cy()\(o))

Xocev’! (3.87)

@ (ADX + X AY),

—Z

o (3.83) follows immediately.
Making use of Propositions [4] and [@], let us notice that the Poisson bracket formula (275
yields

(m® A0 = =3 3 (AL, IO e+ Ersane) D
a=1 k,I=1 (3.88)

-- i D} @ V2 (AO(V3{Tm(m,))) (1) + (V(Ima(m))) () A”)

Therefore, by projecting the Lie algebra element (, (3.61]) onto the subspace m*, the application
of (3.:63) immediately leads to (3.84)). O
Lemma 8. At v (37) we have the trivial Poisson bracket {k ¥ k}**(u(?)) = 0, whereas

{m @ kY (u(?) Z DT, (3.89)

where for each a € N,, we have

70) — 1 V2Re(F, fﬂ)a)X 2+a;
V2

‘ 22
= (FOXI . Re(FO)XDL,  Im(FO)XIL
OO 0, 0 30, 0 (3:90)
— A0 A+ Ag A+ Ag
" f<° X5 Re(FQ)xML  m(FQ)XI
+ Z )\ )\(0 )\(0 )\(0 )\(0) (0) :
c=a+1 a c a + c a "—)\c

22



Proof. Working with the basis {v;} ([2.27) of gl(N, C), from Proposition [}l we see that
Ve(Re(tr(vrk)))(u®) € a* Cp. (3.91)

Keeping in mind the orthogonal Zs-gradation (2.8§)), the Poisson bracket formula (2.75]) gives
rise to the relationship

{tr(vrk), tr(ka;)}eXt(u(O))

3.92
= <[V9(Re(tr(v[k)))(u(0)), Vg(Re(tr(ka:)))(u(O))],A(O)> =0, ( )

thus the equation {k ¢ k}**(u(®) = 0 follows immediately.

As we have already observed at the beginning of the proof of Lemmal[7l, among the members
of the basis {v;} only the vectors v = X[*¢ generate non-trivial gradients for the component
functions tr(vk) at the point u(?). Utilizing these gradients (3.86]), Propositions [5 and 6 allow
us to write

n

{m 9k} (u (0 Z Z{ma’ tr( Xy Ek)}eXt< ))<ea,a + entanta) ® (X3
== > (VIIm(ma)) (), VO(Re(tr(XK)) () V2D © X
— O‘ﬂ (3.93)
e 70 YD Z Cas (ad ) T (X)) X e

a=1
n

_ Ynre ]\f(ad,\(o)) (G

a=1

Remembering the explicit formula of (, (3.61]) and the commutation relations (2.29)), the Poisson
bracket (3.89)) also follows. O

Lemma 9. At the distinguished point u® (33) we have the Poisson bracket

{mem}=w®) = > v(Df e Df - Df © DY) (3.94)

1<a<b<n

with the coefficients

1 )\(0) . )\(0)
w0 — + @7 . (3.95)
Proof. Using the antisymmetry of the Poisson bracket, we find that
{m Q? m}eXt (U(O)) = Z {maa mb}eXt (U(O))(ea,a + en—i—a,n-l—a) ® (eb,b + en—l—b,n—i—b)
a,b=1 (396)
= =2 3 {mm}*@®)(D} ® D - D} ® D}).
1<a<b<n
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To proceed further, let us choose arbitrary a,b € N,, satisfying a < b. Notice that the Poisson
bracket formula (Z75) naturally leads to the expression

{ma, my}** (u®) = = (VE(Im(mq)) (@), (V*(Im(m,))) (u))
(VA (Im(mq))) (™), (VE (Im(m))) (u®)) (3.97)
= wto) (VO (Im(my))) (u®), (VO (Tm(my))) (u™)).

o

+

However, by utilizing Proposition [6, each term on the right hand side of the above equation
can be cast into a fairly explicit form. Starting with the first term, the application of (B.61])
gives rise to the relationship

1
(VE(Im(mq))) (), (V8 (Im(my))) (u)) = FOFO 5 (Car (ad50) (G )
3.98
1 [ FOFY Re(FUIR(EY)  Im(FO)m(FY,) (398)
AFOFD \AY -0 A+ A AP+ A
Keeping in mind that a < b, a similar argument provides
(Vo (Im(mq))) (@), (V€ (Im(my))) (u'))
1 [ FORD Re(FLIRAD)  In(FL)n(FD) (3.99)
aFO R\ ALY AP AP A0 PYRREPYS

Now, let us turn to the third appearing in (3.97). Utilizing the concise formula (2Z71]) for the
symplectic form w® ([270), the application of the equations (3.64)), (B.65) and (Z.81)) yields that

Wi (VO (Im(ma))) (u®), (VO (Im(ms)) (@) = wetyon (Ewo (0Va), Ewo (6V5))
)

AL 1oAY Y (3.100)
= 2ulm((6V,)*0V,) = 2ulm % = — O b :
8u2Fa Fy 2000 = A2 g2
Now, by simply putting together the above equations, the Lemma follows at once. O

At this point we are in a position to provide an explicit formula for the r-matrix (3:35]).
Remembering (3.36)), let us notice that Lemma [7 itself implies that r is in fact linear in A,
having the form

r2(A®,69) = (p) VA + A (pi) (3.101)
with the g ® g-valued functions

XX, O 1 ox
(i) == ooy T > D@ SP £ {p% e} (). (3.102)
a=1

a,e

Recalling ([B.37), the above expressions can be further expanded. Indeed, by simply plugging
the formulae displayed in Lemmas [§ and [ into (3102), we may obtain explicit expressions
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for both pi, and r. However, since r is linear in A as dictated by (BI01)), the linear r-matrix
Poisson bracket (3.34) can be cast into a quadratic form. Also, since the point (A©, 9(©)) (31))
we fixed at the beginning of Subsection B.Jlwas an arbitrary element of P¥, the zero superscripts
become superfluous and can be safely omitted. With the usual conventions for the symmetric
and the antisymmetric tensor products,

XVY=X®Y+Y®X and XAY =X®Y -Y®X, (3.103)

we end up with the following result.

Theorem 10. The Laz matriz A (2.81) of the rational C,, RSvD model with two independent
coupling parameters obeys the quadratic Poisson bracket

{A Q? A}R = CL12A1.AQ + A1b12./42 - A2612A1 - A1.A2d12 (3.104)

with the g ® g-valued dynamical structure coefficients

X ANXEe &
ap =) % +Y DFA(Sa+T)+ Y. DS ADY, (3.105)
Q€ a a=1 1<a<b<n
X VXD e + + A Dt
b=~ =Y (DIV S+ DIAT) — Y WapDf AD], (3.106)
a,e a( ) a=1 1<a<b<n
X VXIS oyt + + A Dt
cr= St Y (DFVS.—=DIAT)+ Y WD ADY, (3.107)
Q€ Oé( ) a=1 1<a<b<n
XN X &
dip =) W +Y DFA(Sa—T.)— > WuDi AD/, (3.108)
a,e a=1 1<a<b<n

where the constituent objects are defined in Lemmas[7, [8 and [4

Proof. Due to (B.101]), the Poisson bracket (3.34]) takes the quadratic form (3.104]) with

ap; = p;rz - p;p by = —pIL2 — P2, Ci2 = —p; — Pay  di2 = Py — Doy (3-109)

Remembering ([B.102), (B37), and the explicit formulae displayed in Lemmas [§ and @], the
Theorem follows. O

We conclude this section with an important remark. Since the quadratic structure matri-
ces (B.I05H3I0Y) are derived from an r-matrix linear in A as described in (BI01)), from the
relationships ([B.109) it follows immediately that they satisfy the consistency conditions

Az = —ai, dy = —di, by =cp2, app+bp=cp+dno. (3.110)

The above observation can be paraphrased as follows. If a Lax matrix A obeys a tensorial
Poisson bracket ([3.34), and if the governing r-matrix is itself linear in A as in (B.I01), then
the tensorial Poisson bracket can be rewritten as a quadratic bracket ([B104) with quadratic
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structure matrices obeying the consistency conditions ([B.110) automatically. It is a nice, but
essentially trivial algebraic fact that the converse of this statement is also true. Indeed, suppose
that a Lax matrix A obeys a quadratic Poisson bracket (BI04 with coefficients satisfying
(BI10). Under these assumptions the quadratic bracket can be cast into a linear form (3.34).
More precisely, the governing r-matrix can be written in the form of (BI01]) with

L G2t Uup d » — diy — by —cip — up
P12 = 9 and  Ppp = B )

(3.111)

where w5 is an arbitrary g V g-valued function on the phase space, i.e. it obeys the symmetry
condition wg; = wi9. This observation plays a crucial role in the developments of the next
section.

4 Classical r-matrix structure of the B(C-type model

Utilizing a symplectic reduction framework, so far we have studied the classical r-matrix struc-
ture for the rational C,, RSvD model with two independent coupling parameters p and v.
However, to handle the BC),-type model as well, in this section we slightly change our point
of view. Switching to a purely algebraic approach, we shall generalize Theorem [I0 to cover
the most general rational BC,, RSvD model with three independent coupling constants. As an
added bonus, at the end of this section we will provide a Lax representation of the dynamics,
too.

To describe the Lax matrix of the rational BC,, RSvD system with the additional third real
parameter k, we need the functions

T+ Va2 + k2 1 1

a(xr) = and B(z) =ik , 4.1
W S Y PR .

where x € (0,00). Also, with each A = (\1,...,\,) € ¢ we associate the group element

diag(a(A1),...,a(N,)) diag(B(A1),...,B8(\.))
h(A) = . : €. 4.2
)= | _diag(B0\),- . B(A)) diagla(A). () (4.2)
In [26] we proved that the smooth function A: PF — G defined by the formula

AN 0) = RN TANORN) T (A,0) € P (4.3)

provides a Lax matrix for the rational BC,, RSvD model ([.4]) with the independent coupling
parameters p, v and k. Our first goal in this section to construct a quadratic algebra relation
for the Lax matrix A with structure coefficients satisfying the consistency conditions analogous
to (BI110).

Recalling (2.15]) and (2.81]), we start with the observation

0A
06,

=V2(D; A+ AD.)  (ceN,). (4.4)
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Therefore, upon introducing the g ® g-valued function

I & 0™
I =— E D 4.
2 V2 — e ® o\ (45)

we can write the tensorial Poisson bracket

{AL by HE =T A+ Al (4.6)
Now, by simply applying the Leibniz rule, from ([B104]) we get that
{A® AV = a1 A1 Ay + A1b1o Ay — Agéin Ay — Ay Ayds (4.7)

with the dynamical coefficients

a1y = hy'hytaishihe + hi'Tighihy — hy'Torhihs, (4.8)
by = hihy biohT  hy + hiT1ohy Y he — hyhy 'Taiho, (4.9)
Cip = hf1h2c12h1h51 — hfthFuhl + thglhlhgl, (4.10)
dyy = hihadishi ' hy ' — hiholiohi ' + hihoTarhy ' (4.11)

Since the decorations coming from h are ‘equally distributed’ among these new functions, we
expect that likewise they satisfy the consistency conditions analogous to (B.I10). Somewhat
surprisingly, this naive idea is fully confirmed by the following result.

Theorem 11. The functions ({.844.11) appearing in the tensorial Poisson bracket (4.7) obey
the consistency conditions

az = —az, C~i21 = —312, 521 =Ci2, Q2+ 512 =c2+ C~112- (4.12)

In other words, the Laz matriz A (4-3) of the rational BC,, RSvD system satisfies a quadratic
Poisson bracket (4.71) characterized by the consistent dynamical structure coefficients (4.844.11)).

Proof. A moment of reflection reveals that a21 = —a1o, d21 = —d12, and b21 = €19, Whence
it is enough to prove that a;s + b12 = €9 + d12 Since the verification of this last equation is
basically an involved algebraic computation, in the following we wish to highlight only the key
steps. First, we introduce the functions

2

Pla) =11+ and Q)= % (z € (0,00)). (4.13)
Remembering (4.1]), we see that
P(z) = a(r)? — B(x)* and Q(7) = 2a(x)B(x). (4.14)

To make the presentation a slightly simpler, we also introduce the G-valued function

H = h°. (4.15)
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Now, recalling (4.1), (42]) and (£14]), with the notations
Po=PA) and Q,=Q(\) (aeN,) (4.16)

we can clearly write

diag(Py,...,Pn) diag(Qi,...,9n)
= . . . 4.17
H —diag(Qy,...,Q,) diag(Pi,...,Py) (4.17)
To proceed further, we also define the g ® g-valued function
912 — —(h;lflg + Flghgl)Hg. (418)

Remembering the form of 'y (A3]), Leibniz rule yields

1 < OH
Oy = — § D@ (H , 4.19
N \/é c=1 ‘ ? ( a)\c) ( )
where for the derivatives we can easily find that

oH \/_/<; P
e A/ N+ Xoe.

Bearing in mind the above objects, from (Z8HLTI) one can derive that

Hfl

(ceN,). (4.20)

hithy H@is 4 biy — €12 — dig)hihy
= 7-[1_17{2_1@127%17'12 + H2_1b127'[2 - H1_1612H1 —dy (4.21)
— H QoM + Hy Qo Ha — Qo + Qa1

To handle the right hand side of the above equation, we need the commutation relations listed
below. First, for each ¢ € N,, we have

H'DIH = DI,

H'D;H = (P? — Q%) D, +2iP.Q.X,.",
HXH = (P2 — Q)X +2iP.Q.D;
HX0H = X,

4.22
4.23
4.24

(
(
(
(4.25

)
)
)
)

Also, if a,b € N,, and a < b, then we can write

HXTE M = (PP + QuQ) XL, +1(PuQy — PyQu) X ke, (4.26)
WX H = (PaPy— QuQy) X", +i(PaQy +Pan)X;;€b, (4.27)
HXLH = (PaPy — Qu Q) X, ieb —i(PaQs + PoQu) X1, (4.28)
H'X o H = (PaPy+ QaQp) X e, — 1(PaQy — Pan)X:I_%, (4.29)
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together with the relations

H™ 1X€+l€b = PPy + QuQy) X1, —1(PaQy — PoQu) X1, (4.30)
HAX L H = (PP — QuQy) X, — i(PaQbJerQa)X;iab, (4.31)
HOX L H =<Pan—QaQb>X;ieb i(PaQy+ Py Qu) X e, (4.32)
HX L H = (PuPo+ QuQu) Xk, +1(PaQy — PoQu) X, (4.33)

Now, let us examine the first four terms appearing on the right hand side of (£21]). Recalling
(BI05H3.108), the application of [£22) itself yields the formula
H;nglamHle + H;lblgHz - 7’[;16127{1 — d12
. Z (H_lX(;’EH + X(;’E) N (H_lX;’EH — X;_’E) (434)
- a(A) '

However, in order to further simplify this expression, we still have to exploit some functional
equations obeyed by P and Q. By inspecting the definitions ({.I3]), we see immediately that

P(z)* — Q(x)* =1+ 2— (z € (0,00)). (4.35)

A slightly longer calculation also reveals that

P@)"Ply)* — (Q)Q(y) = 1)°  P2)*Qly)* — P(y)* Q)"

B . =0, (4.36)
P()Q)’ - Pu)*Qw) | P)*P)’ — (Qn)Qw) + 1 _ (4.37)
Ty Tty 7 .

where z,y € (0,00) and = # y. Having equipped with the relations (4.35H4.37)), let us note
that the application of the commutation relations ({L.22H4.33]) does give rise to an even greater
simplification in (£34). Indeed, we find that

5 (HUXH + X)) A (HTIXHH — X5
a(A)

e

2K 2K
:Z<A3 XQEC/\XQEC—I—E 1+A D; /\X2€C>

c=1 ¢

(4.38)

Now, let us turn to the last four terms appearing on the right hand side of (£21]). Recalling

(#£19), E20), and (£35]), we can write that

- 2 . 2
Hi Qo + Qo= D ( ; X @ X+ 5 1+ v D ®X2€c> (4.39)
c=1 c c

Now, by plugging (4£34)), (£38) and (£39) into (£.21]), we obtain at once that
hy'hy' (@12 + biy — €15 — diz)hihy =0, (4.40)

whence the proof is complete. O
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Having completed the proof, now we offer a few remarks on the result. First, since the Lax
matrix A obeys the quadratic bracket (4.7) with the dynamical objects (L8H4.11]) satisfying the
consistency conditions (LI2)), the quadratic bracket (47) can be rewritten as

{-'leale}R = [7712,-211] — [Ta1, Az] (4.41)

Indeed, recalling our discussion at the end of the previous section, an appropriate r-matrix is
provided by the formula . )
7’;12 - ﬁE’—QAQ + AQﬁl_Q, (442)

where - -
5 - I ST
P2 = 2— and Py, = = -2 B cr 'u,12’ (4-43)

with an arbitrary g V g-valued dynamical object 5.

Second, one may raise the objection that the formulae (L.8H4TT]) for the quadratic structure
matrices in the BC), case are ‘less explicit’ than the analogous objects (BI05H3.I08)) in the C,,
case. The trouble is mainly caused by the derivatives of h™! appearing in the definition of
I’y (@3). Though these derivatives can be worked out rather easily, we propose an alternative
approach to cure the problem. Namely, let us apply the gauge transformation

AN, 0) = h(AV)AN RN (A, 0) e PR, (4.44)

on the Lax matrix A (43). By applying the corresponding transformation on 7 (£.42), it turns
out that the transformed r-matrix takes the form

T19 = 15?2/12 + A2ﬁ1—27 (4.45)
where
Py = hihopiohi thyt + hilay  and  pry = hihepphy thy ' + hiHaTo Hy (4.46)

Since 713 is linear in fl, the tensorial Poisson bracket for A can be cast into a quadratic form
with structure matrices obeying the consistency conditions analogous to (£I2]). To save time
on the algebraic details, we present only the resulting formulae.

Theorem 12. For the transformed Lax matrix A= AH! of the rational BC,, RSvD model

we have o o o ) ) o

{A1, A} = ap A1 Ay + A1bip Ay — AgernAr — A Asdya, (4.47)
where the dynamical objects

&12 = ajo, (448)

) 1 < OH

T <b12 % > (’H‘lﬁ) ® D;) HY, (4.49)
c=1 ¢

) 1 L OH _

cio = Hy <C12+EZDC ® (7‘[ 10)\ )>H21, (4.50)
c=1 ¢

. 1 < OH
dy, = do+—=> D -1 CUHS! 4.51
12 7'[17'[2( 12 + \/iczl A ('H a)\c)> Hi H, (4.51)
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are built up from the explicitly given functions (3I10M3108), ({-17) and ({.20). Furthermore,

by construction, they satisfy the consistency conditions
ay = —ay, do = —&12, by = Ci2, G2+ bis = 12 + dia. (4.52)

As an immediate consequence of the r-matrix formalism, now we can easily construct a Lax
pair for the rational BC,, RSvD system. For this reason, let us recall the partial trace operation
on the second factor of gl(N,C) @ gl(N, C), which is uniquely determined by the condition

(X ®Y) = tr(Y)X  (X,Y € gl(N,C)). (4.53)

As we proved in [26], for the Hamiltonian of the rational BC,, RSvD model we can write
R 1 it ]_ "
H" = §tr(A) = itr(.A). (4.54)

Therefore, by expanding the Lax matrix A (444)) in an arbitrary basis of the complex linear
space gl(N, C), say in the basis {v;} ([2.27)), we can write

HE = %tr <Z AJ'UJ> = %ZAJU(UJ). (4.55)
7 7

Making use of this expansion, for the action of the Hamiltonian vector field X yr € X(PF) on
the Lax operator A we obtain

X pe[A] =) X pa[ Aoy =Y {A", H "}y,

1

= %Z{fl[, Ay (v))op = %trg (Z{AI,AJ}RW ® 'UJ) (4.56)
1,J

1,J

—_

. X 1 ~
= 51?1'2 ([7212, Al] - [f217-’42]) = é[trQ(f12)7A]'

Since for p7; (E46) we can write

R as + wio . CA112 — 612 — C12 — U2
plo=——— and pp,= , (4.57)
2 2
where w2 is a g V g-valued function, the application of (£453]) and (A52]) yields that
tra(r12) = tra((G12 — 612)-'212)- (4.58)
Upon introducing the alternative Lax matrix
A=HTAH =H A, (4.59)

the combination of the formulae ([4.48), ([A50), (A56) and ([A58), together with the explicit
expressions (3.105]) and (3107), leads to the following result.
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Theorem 13. With the aid of the g-valued function

R +el A A —€ —e( A +,€
g Ly O A X — (e (A )X

2 a(A)
o " (X ) (4.60)
N . tr ’
o A—A)pr -2y =l p-
Z T ( )) c 2 Czl )\c /)\g + /{2

the derivative of the Lax matriz A ([F74) along the Hamiltonian vector field X yr takes the Lax
form X gr[A] = [B, A]. In other words, B provides a Lax pair for A.

5 Discussion

One of the most important objects in the algebraic formulation of the theory of classical inte-
grable systems is undoubtedly the r-matrix structure encoding the tensorial Poisson bracket of
the Lax matrix. In the context of the A, -type CMS and RSvD models the underlying dynamical
r-matrix structure is under complete control, even in the elliptic case (see e.g. [30, 37, B8, 39]).
In sharp contrast, for the models associated with the non-A,-type root systems the theory is
far less developed. By generalizing the ideas of Avan, Babelon and Talon [31], in our earlier
paper [32] we constructed a dynamical r-matrix structure for the most general hyperbolic BC,,
Sutherland system with three independent coupling constants. However, for the elliptic case
only partial results are available [40]. For the non-A,-type RSvD systems the situation is even
more delicate. Prior to our present paper, the r-matrix structure of the BC,, RSvD systems
was studied only in [41], based on the special one-parameter family of Lax matrices coming
from Zo-folding of the A,,, root system. Nevertheless, in the present paper we succeeded in con-
structing a quadratic r-matrix structure for the rational BC,, RSvD systems with the maximal
number of three coupling parameters, as formulated in Theorems [I1] and 12 It is also clear
that by applying a standard analytic continuation argument on our formulae, one can easily
derive a dynamical r-matrix structure for the rational RSvD system appearing in [42].
Regarding the hyperbolic, trigonometric and elliptic variants of the non-A,-type RSvD
systems we also face many interesting questions. Indeed, except from some very special cases
[24, 43, 44], even the construction of Lax matrices for these models is a wide open problem.
However, let us note that in the last couple of years many results for the A,-type models have
been reinterpreted in a more geometric context using advanced techniques from the theory of
reductions (see e.g. [45, 40]). Relatedly, it would be of considerable interest to see whether the
underlying classical r-matrix structures can be explored from these geometric pictures along the
line of our present paper. We also expect that the various reduction approaches eventually may
lead to a progress in the rigorous geometric theory of the non-A,,-type trigonometric, hyperbolic
and elliptic RSvD systems as well. As a starting point, it is worth mentioning the recent paper
[47], in which a Hamiltonian reduction approach based on the Heisenberg double of SU(n,n)
gives rise to a new integrable particle system, that in the cotangent bundle limit gives back the
familiar hyperbolic BC,, Sutherland model with three independent coupling parameters.
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Turning back to our quadratic r-matrix algebra (4.47), let us observe that the structure
matrices aia, 612, ¢1o and Ellg are fully dynamical, i.e. they depend on all variables of the
phase space PF (L2) in an essential way. It is in contrast with the CMS models, where
the naturally appearing dynamical r-matrices usually depend only on the configuration space
variables. Moreover, in many variants of the CMS models the r-matrices can be related to
the dynamical Yang-Baxter equation, as first realized in [48]. However, in the A, case Suris
[49] observed that in some special choice of gauge the CMS and the RSvD models can be
characterized by the same dynamical r-matrices. Working in this gauge, Nagy, Avan and
Rollet proved that the quadratic structure matrices of the hyperbolic A,, RSvD system do obey
certain dynamical quadratic Yang-Baxter equations (see Proposition 1 in [50], and relatedly
also [51]). As a natural next step, we find it an important question whether such claims can be
made about the quadratic algebra relation (4.47)) in an appropriate gauge. Also, it would be of
considerable interest to investigate whether the non-A,,-type RSvD models can be characterized
by numerical, i.e. non-dynamical r-matrices. In the A, case the answer is in the affirmative
(see [52]), but in the BC,, case the analogous tasks seem to be quite challenging even for the
rational models. Nevertheless, we wish to come back to these problems in later publications.
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